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�¢¥¤¥¨¥. � áá¬®âà¨¬ ¢¥é¥áâ¢¥ãî á¨áâ¥¬ã «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© L"z = F
á ¯ à ¬¥âà®¬ " � 0 á«¥¤ãîé¥£® ¢¨¤ :

L"z =
�
A B
BT �"C

� 
u

p

!
=

 
f

g

!
= F; (1)

£¤¥ A = AT > 0, C = CT > 0 | ª¢ ¤à âë¥ ¬ âà¨æë à §¬¥à®¢ Nu � Nu ¨ Np � Np,   B |
¯àï¬®ã£®«ì ï, ¢ ®¡é¥¬ á«ãç ¥, ¬ âà¨æ  à §¬¥à  Nu �Np. � «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¥¢ëà®-
¦¤¥®áâì ¬ âà¨æë L" ¯à¨ «î¡®¬ " � 0. � ¤ ç¨ â ª®£® â¨¯  ¢®§¨ª îâ ¯à¨ ç¨á«¥®¬ à¥è¥¨¨
á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¢ â¥®à¨¨ ã¯àã£®áâ¨ ¨ £¨¤à®¤¨ ¬¨ª¥ (§ ¤ ç  �â®ªá ),   â ª¦¥ ¯à¨
¨á¯®«ì§®¢ ¨¨ á¬¥è ëå  ¯¯à®ªá¨¬ æ¨© ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª  (á¬.,
 ¯à., [1], [2] ¨ æ¨â¨à®¢ ãî â ¬ «¨â¥à âãàã).

� â®çª¨ §à¥¨ï ¯à¨«®¦¥¨© ®¤¨¬ ¨§  ¨¡®«¥¥ ¢ ¦ëå ç áâëå á«ãç ¥¢ § ¤ ç¨ (1) ï¢«ï-
¥âáï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  â¨¯  �â®ªá  | L0z = F (á«ãç © " = 0),   á ¬ë¬ ¯®¯ã«ïàë¬
¯®¤å®¤®¬ ª ¥¥ à¥è¥¨î | ¯®áâà®¥¨¥  «£®à¨â¬®¢ â¨¯  �¤§ ¢ë [3], [4], áà¥¤¨ ª®â®àëå  ¨¡®«¥¥
íää¥ªâ¨¢ë ¬¥â®¤ë, ¨á¯®«ì§ãîé¨¥ ¯¥à¥¬¥ë¥ ¨â¥à æ¨®ë¥ ¯ à ¬¥âàë. �à âª®¥ ¨§«®¦¥¨¥
íâ®© ¨¤¥¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬. � ç «  á¨áâ¥¬  L0z = F ¯¥à¥¯¨áë¢ ¥âáï ¢ à ¢®á¨«ì®¬ ¢¨¤¥

A0p = G;
u = A�1(f �B p);

(2)

£¤¥ A0 = BTA�1B, G = BTA�1f � g. �à¨ íâ®¬ ãá«®¢¨¥ det(L0) 6= 0 ¢ á¨«ã ®ç¥¢¨¤®© ä ªâ®à¨-
§ æ¨¨ (I | ¥¤¨¨ç ï ¬ âà¨æ )

L0 =
�
A 0
BT I

��
A�1 0
0 �BTA�1B

��
A B
0 I

�
£ à â¨àã¥â ¯®«®¦¨â¥«ìãî ®¯à¥¤¥«¥®áâì ¬ âà¨æë A0. � «¥¥ ¢¢®¤¨âáï á¯¥ªâà «ì®-íª¢¨¢ -
«¥âë© A0 ®¯¥à â®à C (¥ ®¡ï§ â¥«ì® á®¢¯ ¤ îé¨© á ®¤®¨¬¥ë¬ ¨§ (1)) â ª®©, çâ®

C = CT > 0; �(C�1A0) 2 [;�];  > 0:

�¥¯¥àì ¤«ï à¥è¥¨ï ¯¥à¢®£® ãà ¢¥¨ï (2) ¬®¦® ¨á¯®«ì§®¢ âì âà¥åá«®©ë¥ ¬¥â®¤ë á«¥¤ãî-
é¥£® ¢¨¤ :

Cpk+1 = e�k+1(C � e�k+1A0)pk + (1� e�k+1)Cpk�1 + e�k+1e�k+1G;
Cp1 = (C � e�1A0)p0 + e�1G; (3)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  96-01-01394).
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£ à â¨àãîé¨¥ á ¯à®¨§¢®«ì®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï p0  ¨«ãçèãî ¤«ï «î¡®£® k = 1; 2; : : :
®æ¥ªã ¯®£à¥è®áâ¨ ([5], c. 318)

kpk � pkDp
� �k kp0 � pkDp

; �k =
2qk0

1 + q2k0
; (4)

á q0 = (1 � p
�)=(1 +

p
�), � = =�, ¢ ¬¥âà¨ª¥, ¯®à®¦¤ ¥¬®© ®¯¥à â®à®¬ Dp = DT

p > 0 â ª¨¬,
çâ® DpC

�1A0 = (DpC
�1A0)T . �à¨æ¨¯¨ «ì® à §«¨çë¬¨ á â®çª¨ §à¥¨ï § ¤ ¨ï  ¯à¨®à®©

¨ä®à¬ æ¨¨  «£®à¨â¬ ¬¨ â ª®£® à®¤  ï¢«ïîâáï
¯®«ã¨â¥à æ¨®ë© ¬¥â®¤ �¥¡ëè¥¢ 

e�k = 2
 + �

; e�k+1 = 4
4� q21 e�k ; k = 1; 2; : : : ; (5)

£¤¥ e�1 = 2, q1 = (1� �)=(1 + �),
¨ ¬¥â®¤ë á®¯àï¦¥ëå  ¯à ¢«¥¨©

e�k+1 = (rk;Dpw
k)

(wk;Dpwk)
; k = 0; 1; 2; : : : ;

e�k+1 = �1� e�k+1e�k (rk;Dpw
k)

(rk�1;Dpwk�1)
1e�k
�
�1

; k = 1; 2; : : : ;
(6)

£¤¥ e�1 = 1, wk = C�1xk, A0r
k = xk, xk = A0p

k � G. �à¨ íâ®¬ ¢ ¯¥à¢®¬ á«ãç ¥ ¢ë¡®à ¬¥âà¨ª¨
¤®áâ â®ç® ¯à®¨§¢®«¥ ( ¯à., Dp = C ¨«¨ Dp = A0),   ¢® ¢â®à®¬ |  ¨¡®«¥¥ ã¯®âà¥¡¨â¥«ì-
ë¬ ï¢«ï¥âáï ®¯¥à â®à Dp = A0 (¬¥â®¤ á®¯àï¦¥ëå £à ¤¨¥â®¢), á ¤¥â «ï¬¨ ¨á¯®«ì§®¢ ¨ï
ª®â®à®£® ¬®¦® ®§ ª®¬¨âìáï ¢ ([5], c. 354; [6]).

�â¬¥â¨¬ â ª¦¥ ¯à¨¢®¤ïé¨© ª ®æ¥ª¥ (4) ¬¥â®¤ �¨ç à¤á® 

Cpn+1 = (C � e�n+1A0)pn + e�n+1G; n = 0; 1; : : : ; k � 1; (7)

á ç¥¡ëè¥¢áª¨¬  ¡®à®¬ ¯ à ¬¥âà®¢

e�n = 2
( + �)(1 + q1�n)

; n = 1; 2; : : : ; k; (8)

�n 2 @k =
�
� cos

2i� 1
2k

�; i = 1; 2; : : : ; k
�
:

�¤ ª® ¥®¡å®¤¨¬®áâì ¯®áâà®¥¨ï ¬®¦¥áâ¢  @k ¤«ï § à ¥¥ ®¯à¥¤¥«¥®£® ª®«¨ç¥áâ¢  ¨â¥à -
æ¨© k, ¨ ªà®¬¥ â®£®, âà¥¡®¢ ¨¥ ã¯®àï¤®ç¥®áâ¨ ¥£® í«¥¬¥â®¢ ¤«ï ¢ëç¨á«¨â¥«ì®© ãáâ®©ç¨-
¢®áâ¨ ¤¥« îâ ¥£® ¬¥¥¥ ¯à¨¢«¥ª â¥«ìë¬ á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥¨ï ¯® áà ¢¥¨î á ¯à¨¢¥-
¤¥ë¬¨ ¢ëè¥ âà¥åá«®©ë¬¨ ¬¥â®¤ ¬¨.

� ª®¥æ, ¯®á«¥ â®£®, ª ª á ¯®¬®éìî ¬¥â®¤®¢ (3) ¨«¨ (7) ¤®áâ¨£ãâ  âà¥¡ã¥¬ ï â®ç®áâì �k
¢ ®æ¥ª¥ (4), ®¯à¥¤¥«ï¥âáï uk+1 ¨§ á®®â®è¥¨ï

Auk+1 +B pk = f;

çâ® ¯à¨¢®¤¨â ª ®æ¥ª¥ ¯®£à¥è®áâ¨

kuk+1 � ukDu
� kRk kpk � pkDp

; (9)

£¤¥ R = D1=2
u A�1BD�1=2p , Du = DT

u > 0. �à¨ ¢ë¡®à¥ Du = A, Dp = A0 á¯à ¢¥¤«¨¢  ®æ¥ª 
kRk � 1,   ¯à¨ Du = A, Dp = C | á®®â¢¥âáâ¢¥® kRk � �=.

� ª¨¬ ®¡à §®¬,  «£®à¨â¬ë â¨¯  �¤§ ¢ë ®áãé¥áâ¢«ïîâ íää¥ªâ¨¢®¥  å®¦¤¥¨¥ à¥è¥¨ï
¢á¯®¬®£ â¥«ì®© ¯®¤á¨áâ¥¬ë A0p = G á ¯®á«¥¤ãîé¨¬ ®¯à¥¤¥«¥¨¥¬ ¥¤®áâ îé¥© ª®¬¯®¥âë
à¥è¥¨ï u.
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� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï  «£®à¨â¬ �àà®ã{�ãà¢¨æ  [3] (¨áªãááâ¢¥®© á¦¨¬ ¥¬®áâ¨)
á ¯¥à¥¬¥ë¬¨ ¨â¥à æ¨®ë¬¨ ¯ à ¬¥âà ¬¨ �k+1, �k+1 ¤«ï à¥è¥¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë
â¨¯  �â®ªá  L0z = F

A uk+1�uk

�k+1
+Auk +Bpk = f;

�C pk+1�pk

�k+1
+BTuk+1 = g:

(10)

�á®¢ë¬ à¥§ã«ìâ â®¬ ï¢«ï¥âáï ª®áâàãªâ¨¢ë© ¢ë¡®à ¯ à ¬¥âà®¢, ¯à¨ ª®â®àëå ¤®áâ¨£ îâáï
®æ¥ª¨ (4), (9). �â®â ä ªâ ¥ ï¢«ï¥âáï âà¨¢¨ «ìë¬, ¯®áª®«ìªã ®¯¥à â®à ¯¥à¥å®¤  ¢ ¬¥â®¤¥ (10)
¢ ®¡é¥¬ á«ãç ¥ ¥á¨¬¬¥âà¨§ã¥¬. �â¬¥â¨¬ â ª¦¥, çâ® à ¥¥ ¨§ãç «¨áì ¢®¯à®áë áå®¤¨¬®áâ¨ ¨
®¯â¨¬¨§ æ¨¨ ¬¥â®¤  â®«ìª® ¯à¨ ¯®áâ®ïëå § ç¥¨ïå ¯ à ¬¥âà®¢ [7]{[10].

1. �à¥®¡à §®¢ ¨¥  «£®à¨â¬ . �¡®§ ç¨¬ ¯®£à¥è®áâì ¬¥â®¤    k-© ¨â¥à æ¨¨ ç¥à¥§

(vk; rk) = (uk � u; pk � p);

£¤¥ (u; p) | â®ç®¥ à¥è¥¨¥ § ¤ ç¨ (1) ¯à¨ " = 0, â®£¤  ¨§ á®®â®è¥¨© (10) ¨¬¥¥¬ ¤«ï k =
0; 1; : : :

vk+1 = (1� �k+1)vk � �k+1A
�1B rk;

rk+1 = (I � �k+1�k+1C
�1A0)rk + �k+1(1� �k+1)C�1BTvk:

(11)

�®á«¥ ¨áª«îç¥¨ï ª®¬¯®¥âë ¯®£à¥è®áâ¨ v ¨§ á®®â®è¥¨© (11) ¨¬¥¥¬ ¤«ï k = 1; 2; : : :

rk+1 = �k+1(I � �k+1C
�1A0)rk + (1� �k+1)rk�1; (12)

£¤¥

�k+1 = 1 +
�k+1
�k

(1� �k+1); �k+1 = ��1k+1�k+1�k+1: (13)

� «®£¨ç®, ¯®á«¥ ¨áª«îç¥¨ï ª®¬¯®¥âë ¯®£à¥è®áâ¨ r ¨§ á®®â®è¥¨© (11) ¨¬¥¥¬ ¤«ï k =
1; 2; : : :

vk+1 = e�k+1(I � e�k+1A�1B0)vk + (1� e�k+1)vk�1; (14)

£¤¥ B0 = BC�1BT ,   ¯ à ¬¥âàë ¨¬¥îâ ¢¨¤

e�k+1 = 1 +
�k+1
�k

(1� �k); e�k+1 = e��1k+1�k+1�k: (15)

� ª¨¬ ®¡à §®¬, ¤«ï ¯®£à¥è®áâ¨ ¬¥â®¤  (10) á®¢¬¥áâ ï ¤¢ãåá«®© ï ä®à¬ã«  (11) á¢®¤¨â-
áï ª ¤¢ã¬ ¥§ ¢¨á¨¬ë¬ âà¥åá«®©ë¬ ä®à¬ã« ¬ (12) ¨ (14), çâ® ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥
¯ à ¬¥âà®¢ ¨  ç «ì®£® ¯à¨¡«¨¦¥¨ï ¬®¦¥â ¯à¨¢¥áâ¨ ª ¯®«ãç¥¨î ¨áª®¬ëå ®æ¥®ª.

�¤¥áì ¦¥ ®â¬¥â¨¬ ¨áª«îç¨â¥«ìë© á«ãç © �k = 1, k = 1; 2; : : : , ã¯à®é îé¨© ä®à¬ã«ë (12)
¨ (14) ¤® ¤¢ãåá«®©ëå, â.ª. �k = e�k = 1. �¤¥áì ¢ë¡®à �n = e�n, n = 1; 2; : : : ; k, ¨§ (8) ¯à¨¢®-
¤¨â ª â®¦¤¥áâ¢¥®¬ã á®¢¯ ¤¥¨î ¬¥â®¤  (10) á ¬¥â®¤®¬ �¨ç à¤á®  (7), çâ® ¢ á¢®î ®ç¥à¥¤ì
£ à â¨àã¥â ¢ë¯®«¥¨¥ ®æ¥®ª (4), (9).

2. �á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë. � íâ®¬ à §¤¥«¥ ®â¬¥ç îâáï ¯®«¥§ë¥ á¢®©áâ¢  ä®à¬ã«
¨â¥à æ¨®ëå ¯ à ¬¥âà®¢ (5), (6), (13).

�¥¬¬  1. �â¥à æ¨®ë¥ ¯ à ¬¥âàë e�k, e�k ¢ ¯®«ã¨â¥à æ¨®®¬ ¬¥â®¤¥ �¥¡ëè¥¢  (3), (5)
ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬ ¤«ï k = 1; 2; : : :

e�k > 0; 2 � e�k > 1;

¯à¨ç¥¬ â®«ìª® e�1 = 2.
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�®ª § â¥«ìáâ¢®. �¥à¢®¥ ¥à ¢¥áâ¢® ¢ëâ¥ª ¥â ¨§ ï¢®£® ¯à¥¤áâ ¢«¥¨ï e�k = 2=( + �),
k = 1; 2; : : : , ¨ á¢®©áâ¢ á¯¥ªâà  �(C�1A0) 2 [;�],  > 0,   ¢â®à®¥ á«¥¤ã¥â ¨§ ¯à¥¤áâ ¢«¥¨ï ([5],
£«. 7, x 3, á. 322)

e�k+1 = 2q0(1 + q2k0 )

q1(1 + q2k+20 )
; k = 1; 2; : : : ; ¨ e�1 = 2:

�¥©áâ¢¨â¥«ì®, â.ª.

q0 =
1�p

�

1 +
p
�
; � =



�
< 1; ¨ q1 =

1� �

1 + �
=

2q0
1 + q20

;

â®

2 > e�k+1 = 1 +
q20 + q2k0
1 + q2k+20

> 1:

� ¯®¬¨¬, çâ® e�1 = 2.

�¥¬¬  2. �â¥à æ¨®ë¥ ¯ à ¬¥âàë e�k; e�k ¢ ¬¥â®¤¥ á®¯àï¦¥ëå  ¯à ¢«¥¨© (3), (6)
ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬ ¤«ï k = 1; 2; : : :

e�k > 0; e�k � 1;

¯à¨ç¥¬ â®«ìª® e�1 = 1.

�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢®áâì ¯¥à¢®£® ¥à ¢¥áâ¢  á«¥¤ã¥â ¨§ ¯à¥®¡à §®¢ ¨ï ¯¥à¢®©
ä®à¬ã«ë (6). �®áª®«ìªã wk = C�1xk = C�1A0r

k, ¨¬¥¥¬

e�k+1 = (rk;Dpw
k)

(wk;Dpwk)
=
(rk;DpC

�1A0r
k)

(wk;Dpwk)
:

� «¥¥, ¢ á¨«ã Dp = DT
p > 0 ¨ DpC

�1A0 = (DpC
�1A0)T > 0 ¯®«ãç ¥¬ e�k > 0 ¤«ï ¢á¥å k = 1; 2; : : :

�«ï ¤®ª § â¥«ìáâ¢  ¥à ¢¥áâ¢  e�k+1 > 1 ¯à¨ k = 1; 2; : : : ¯¥à¥¯¨è¥¬ ¢â®àãî ä®à¬ã«ã (6) ¢
¢¨¤¥

e�k+1 = 1 +
e�k+1e�k+1e�ke�k (rk;DpC

�1A0r
k)

(rk�1;DpC�1A0rk�1)
:

�¥¯¥àì ¨áª®¬®¥ ¥à ¢¥áâ¢® «¥£ª® ¤®ª §ë¢ ¥âáï ¯® ¨¤ãªæ¨¨, â.ª. ¢á¥ á®¬®¦¨â¥«¨ ¢® ¢â®à®¬
á« £ ¥¬®¬ ¯®«®¦¨â¥«ìë. � ¯®¬¨ ¨¥ ® â®¬, çâ® e�1 = 1, § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.

�¥¬¬  3. �ãáâì ¤«ï ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢ �k, �k, ®¯à¥¤¥«ï¥¬ëå ä®à¬ã« ¬¨ (13) ¤«ï
á®®â®è¥¨ï (12), á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  ¯à¨ k = 1; 2; : : :

�k+1 > 1; �k+1 > 0:

�®£¤  ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ ª ¯ à ¬¥âà ¬ �k, �k ¨áå®¤®£®  «£®à¨â¬  (10) ®¤®§ ç® ®¯à¥-
¤¥«ï¥âáï ä®à¬ã« ¬¨

�k+1 = �k(�k+1 � 1) + �k+1�k+1 > 0;
1 > �k+1 = �k+1�k+1=�k+1 > 0

(16)

¤«ï k = 1; 2; : : : , ¥á«¨ �1 > 0.

�®ª § â¥«ìáâ¢®. �â®à ï ä®à¬ã«  ¢ (13) ¤ ¥â

�k+1�k+1 = �k+1�k+1:

�¥¯¥àì ¤«ï ¥ª®â®à®£® �k > 0 ( ¯®¬¨¬, çâ® ¯® ¯à¥¤¯®«®¦¥¨î �1 > 0) ¨§ ¯¥à¢®© ä®à¬ã«ë
¢ (13) ¨¬¥¥¬

�k+1 = �k(�k+1 � 1) + �k+1�k+1:

�âáî¤  ¢ á¨«ã ãá«®¢¨ï «¥¬¬ë ¯®«ãç ¥¬ �k+1 > 0, ¨ á®®â¢¥âáâ¢¥® �k+1 = �k+1�k+1=�k+1 > 0.
�®¤áâ ®¢ª  ¢ ¯®«ãç¥ãî ä®à¬ã«ã ï¢®£® ¢¨¤  ¤«ï �k+1 ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ã �k+1 < 1.
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3. �ë¡®à ¯ à ¬¥âà®¢ ¤«ï p. �«ï ¯à®¨§¢®«ì®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï (u0; p0) ¢ë¡¥à¥¬
¨â¥à æ¨®ë¥ ¯ à ¬¥âàë �k, �k ¢ ¬¥â®¤¥ (10) á«¥¤ãîé¨¬ ®¡à §®¬:

�1 = 1; �1 = e�1; �k+1 = �k(e�k+1 � 1) + e�k+1e�k+1;
�k+1 = e�k+1e�k+1=�k+1; k = 1; 2; : : : ;

(17)

£¤¥ e�k, e�k ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (5) ¨«¨ (6).
�¥®à¥¬  1. �«ï ¯à®¨§¢®«ì®£® k = 1; 2; : : : ¯à¨¡«¨¦¥¨ï pk, ¯®«ãç ¥¬ë¥ ¯® ä®à¬ã« ¬ (10)

á ¯ à ¬¥âà ¬¨ (17), ã¤®¢«¥â¢®àïîâ ®æ¥ª¥ ¯®£à¥è®áâ¨ (4).

�®ª § â¥«ìáâ¢®. � á¨«ã á¯à ¢¥¤«¨¢®áâ¨ «¥¬¬ 1, 2 ¯ à ¬¥âàë ¯®«ã¨â¥à æ¨®®£® ¬¥â®¤ 
�¥¡ëè¥¢  (3), (5) ¨ ¬¥â®¤  á®¯àï¦¥ëå  ¯à ¢«¥¨© (3), (6) ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬

e�k > 0; e�k > 1; k = 2; 3; : : : ;

¨, á«¥¤®¢ â¥«ì®, ¤®¯ãáª îâ ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ (16). �®íâ®¬ã ¢ë¡®à ¯ à ¬¥âà®¢ ¯® ä®à-
¬ã« ¬ (17) ¢ ¬¥â®¤¥ (10) ¢ á¨«ã «¥¬¬ë 3 ¯®à®¦¤ ¥â ¤«ï ¯®£à¥è®áâ¨ rk = pk�p á®®â®è¥¨¥ (12)
á �k+1 = e�k+1, �k+1 = e�k+1 ¤«ï k = 1; 2; : : : ¨ r1 = (I � �1C

�1A0)r0, çâ® ¨ ¯à¨¢®¤¨â ª ¨áª®¬®©
®æ¥ª¥ ¯®£à¥è®áâ¨ [5].

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¥á«¨ ¤®¯®«¨â¥«ì® ¨¬¥¥âáï ®£à ¨ç¥¨¥ e�k+1 < 2 (ª ª ¢ ¯®«ã¨â¥à -
æ¨®®¬ ¬¥â®¤¥ �¥¡ëè¥¢ ), â® ä®à¬ã«ë (17) ãáâ®©ç¨¢ë ª ®è¨¡ª ¬ ®ªàã£«¥¨©.

� «¥¥, ¯à¨ ¥®¡å®¤¨¬®áâ¨ ®¯à¥¤¥«¨âì uk+1, ã¤®¢«¥â¢®àïîé¥¥ ®æ¥ª¥ (9), ¤®áâ â®ç® ¢§ïâì
�k+1 = 1 ¨ ¯®á«¥ íâ®£® § ¢¥àè¨âì ¢ëç¨á«¥¨ï. � ª¨¬ ®¡à §®¬, ä®à¬ã«ë (10), (17) ¨««îáâà¨-
àãîâ ®¡®¡é¥¨¥  «£®à¨â¬®¢ â¨¯  �¤§ ¢ë ¢ á«ãç ¥ ¨á¯®«ì§®¢ ¨ï ¯¥à¥¬¥ëå ¨â¥à æ¨®ëå
¯ à ¬¥âà®¢.

4. �á®¡¥®áâì ¢ë¡®à  �1 = 1. �à®  «¨§¨àã¥¬ á«¥¤áâ¢¨¥ ¯¥à¢®£® è £  ¯à¨ �1 = 1 á ¯à®¨§-
¢®«ì®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï (u0; p0) ¤«ï ¨á¯®«ì§®¢ ¨ï ä®à¬ã«ë (12). �§ (11) ¨¬¥¥¬

v1 = �A�1B r0; v2 = (I � �2�1A
�1B0)v

1: (18)

�âáî¤  á«¥¤ã¥â, çâ®  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ u0 ä ªâ¨ç¥áª¨ ¥ ãç áâ¢ã¥â ¢ ¢ëç¨á«¥¨ïå ¨,
á«¥¤®¢ â¥«ì®, v0 | ¢ ®æ¥ª å ¯®£à¥è®áâ¨. �àã£¨¬¨ á«®¢ ¬¨, ¬®¦® áç¨â âì, çâ® ¢ ¬¥â®¤¥ (10)
¢¥«¨ç¨  u1 ¢ë¡¨à ¥âáï á¯¥æ¨ «ìë¬ ®¡à §®¬

Au1 +B p0 = f: (19)

� «¥¥  ¬ ¯®âà¥¡ã¥âáï ¨ä®à¬ æ¨ï ® á¯¥ªâà¥ ¬ âà¨æëA�1B0 ( ¯®¬¨¬, çâ®B0 = BC�1BT ).

�¥¬¬  4. �¥ã«¥¢ë¥ á®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë A�1B0 ¯®«®¦¨â¥«ìë ¨ á ãç¥â®¬

ªà â®áâ¥© á®¢¯ ¤ îâ á á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨ ¬ âà¨æë C�1A0. �à¨ íâ®¬ ¨¬¥¥âáï à®¢®

Nu �Np � 0 ã«¥¢ëå á®¡áâ¢¥ëå § ç¥¨©.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¨¬¥¥â ¬¥áâ® ®£à ¨ç¥¨¥   à §¬¥à®áâ¨ ¯®¤á¨áâ¥¬: Nu �
Np � 0 (¢ ¯à®â¨¢®¬ á«ãç ¥ ker(B) ¥ ¯ãáâ®, â.¥. ¬ âà¨æ  ¨áå®¤®© á¨áâ¥¬ë L" ¢ëà®¦¤¥ ).

�¥¯¥àì, ¥á«¨ ¢¢¥áâ¨ ®¡®§ ç¥¨ï R = C�1BT , S = A�1B, â® ¬ âà¨æë C�1A0 ¨ A�1B0

¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ RS ¨ SR á®®â¢¥âáâ¢¥®. � â¥à¬¨ å å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥ 
�T (�) = det(� I � T ) ª¢ ¤à â®© ¬ âà¨æë T íâ® ¯à¨¢®¤¨â ª à ¢¥áâ¢ã

�A�1B0(�) = �Nu�Np�C�1A0(�)

  ®á®¢ ¨¨ â¥®à¥¬ë 1.3.20 ¨§ [12]. �®áª®«ìªã �(C�1A0) 2 [;�],  > 0, â® ®âáî¤  áà §ã á«¥¤ã¥â
¨áª®¬®¥ ãâ¢¥à¦¤¥¨¥.
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�¡®§ ç¨¬ ç¥à¥§ U ¨ P ¥¢ª«¨¤®¢ë ¯à®áâà áâ¢  ¢¥ªâ®à®¢ à §¬¥à®áâ¥© Nu ¨ Np á®®â¢¥â-
áâ¢¥®. �®áª®«ìªã ¢ ®¡é¥¬ á«ãç ¥ Nu � Np, â® ã¤®¡® ®¡®§ ç¨âì ker(A�1B0) (¬®¦¥áâ¢®
¢¥ªâ®à®¢ à §¬¥à®áâ¨ dim(H) = Nu �Np) ç¥à¥§ H. �á®, çâ®

H = fu 2 U : BTu = 0g:
� «¥¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì à §«®¦¥¨¥ ¯à®áâà áâ¢  U ¢ ¯àï¬ãî áã¬¬ã U = H � G, £¤¥ G |
®àâ®£® «ì®¥ ¤®¯®«¥¨¥ ª H. �®ª ¦¥¬, çâ® ¬¥â®¤ (10) ¯à¨ ¢ë¡®à¥  ç «ì®£® ¯à¨¡«¨¦¥¨ï
¢¨¤  (19) íª¢¨¢ «¥â¥ ¨â¥à¨à®¢ ¨î ®è¨¡ª¨ vk ¢ ¯®¤¯à®áâà áâ¢¥ G.

�¥¬¬  5. �«ï «î¡®© ¨â¥à æ¨¨ k ¯¥à¢ ï ª®¬¯®¥â  vk ¯®£à¥è®áâ¨ ¨â¥à æ¨®®£® ¬¥-

â®¤  (10), áâ àâãîé¥£® á  ç «ì®£® ¯à¨¡«¨¦¥¨ï ¢¨¤  (19), ï¢«ï¥âáï í«¥¬¥â®¬ ¯®¤¯à®-

áâà áâ¢  G (â.¥. (Avk; h) = 0 8h 2 H).

�®ª § â¥«ìáâ¢®. �§ á®®â®è¥¨ï (19) á«¥¤ã¥â, çâ®  ç «ì ï ¯®£à¥è®áâì (v1; r0) ã¤®¢«¥-
â¢®àï¥â à ¢¥áâ¢ã

Av1 +B r0 = 0

¨, á«¥¤®¢ â¥«ì®, v1 ï¢«ï¥âáï í«¥¬¥â®¬ G. �¥©áâ¢¨â¥«ì®, ¤«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  h 2 H
á¯à ¢¥¤«¨¢® BTh = 0, ¯®íâ®¬ã

(Av1; h) = �(Br0; h) = �(r0; BTh) = 0:

� «¥¥ ¯®ª ¦¥¬, çâ® ¥á«¨ vk 2 G, â® ¨ vk+1 2 G. �®¬¯®¥â  vk ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î

vk+1 = (1� �k+1)vk � �k+1A
�1Brk;

¯®íâ®¬ã ¨¬¥¥¬

(Avk+1; h) =
�
(1� �k+1)Av

k � �k+1Br
k; h
�
= (1� �k+1)(Av

k; h) 8h 2 H:

� ª¨¬ ®¡à §®¬, ¨¤ãªâ¨¢ë© ¯¥à¥å®¤ ¨  ç «ì®¥ ãá«®¢¨¥ £ à â¨àãîâ, çâ® ¤«ï «î¡®© ¨â¥à -
æ¨¨ k ¢¥ªâ®à vk 2 G.

�âáî¤    ®á®¢ ¨¨ «¥¬¬ 4, 5 ¬®¦® á¤¥« âì ¢ë¢®¤, çâ® ¬¥â®¤ (10) ¤«ï à¥è¥¨ï § ¤ ç¨ (1),
áâ àâãîé¨© á  ç «ì®£® ¯à¨¡«¨¦¥¨ï (19), íª¢¨¢ «¥â¥, á â®çª¨ §à¥¨ï á®®â®è¥¨© ¤«ï
¯®£à¥è®áâ¨, ¬¥â®¤ã (18), (14) à¥è¥¨ï ãà ¢¥¨ï A�1B0 u = A�1BC�1g, u 2 G. �à¨ íâ®¬
®¯¥à â®à A�1B0 á¨¬¬¥âà¨§ã¥¬ ¨ (y; y) � (A�1B0y; y) � �(y; y) 8y 2 G,  > 0. �á«¨ ¢¢¥áâ¨
®¯¥à â®à Du = DT

u > 0 â ª®©, çâ® DuA
�1B0 = (DuA

�1B0)T , â®   «®£¨ç® (6) ¬®¦® ®¯à¥¤¥«¨âì
ä®à¬ã«ë ¬¥â®¤®¢ á®¯àï¦¥ëå  ¯à ¢«¥¨©

e�k+1 = (vk;Duw
k)

(wk;Duwk)
; k = 0; 1; 2; : : : ;

e�k+1 = �1� e�k+1e�k (vk;Duw
k)

(vk�1;Duwk�1)
1e�k
�
�1

; k = 1; 2; : : : ;
(20)

£¤¥ e�1 = 1, wk = C�1xk, B0v
k = xk(vk 2 G), xk = B0u

k �BC�1g.
� «¥¥ ®¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì®áâì ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢ �k, �k, ¯à¨¢®¤ïéãî ª ®æ¥ª¥

¯®£à¥è®áâ¨ ¤«ï «î¡®£® k

kuk+1 � ukDu
� �k ku1 � ukDu

; (21)

£¤¥ �k ®¯à¥¤¥«¥ë ¢ (4).

5. �ë¡®à ¯ à ¬¥âà®¢ ¤«ï u. �á¯®«ì§ãï á¢®©áâ¢  ¯®«ãè £  á �1 = 1, ¤«ï ¯à®¨§¢®«ì®£® p0

®¯à¥¤¥«¨¬ u1. �â® ¤ ¥â ¢®§¬®¦®áâì ®¯à¥¤¥«¨âì e�2 ¯® ä®à¬ã« ¬ (5) ¨«¨ (20). � á®®â¢¥âáâ¢¨¨
á (18) ¯®«ãç ¥¬ �1�2 = e�2, çâ® ¯®à®¦¤ ¥â ¥ª®â®àë© ¯à®¨§¢®« ¢ ¢ë¡®à¥ �1 (¥®¡å®¤¨¬®, çâ®¡ë
�2 6= 1). � ä¨ªá¨à®¢ ¢ ª ª¨¬-«¨¡® ®¡à §®¬ �1, áà §ã ¦¥ ¯® ä®à¬ã« ¬ (10) ¨¬¥¥¬ ¢®§¬®¦®áâì

70



¢ëç¨á«¨âì p1 ¨ u2. �â® ¢ á¢®î ®ç¥à¥¤ì ¯®à®¦¤ ¥â § ç¥¨ï e�k+1, e�k+1 ¯à¨ k = 2 ¯® ä®à¬ã« ¬ (5)
¨«¨ (20). �¥¯¥àì, ¨á¯®«ì§ãï ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ ä®à¬ã« (15), ¯®«ãç¨¬

�k+1 =
(e�k+1 � 1)�k

1� �k
; �k =

e�k+1e�k+1
�k+1

; (22)

£¤¥ e�k+1 = e�k+1, e�k+1 = e�k+1 ¨§ (5) ¨«¨ (20). �â® ¯à¨¢®¤¨â ª ¯®«ãç¥¨î pk ¨ uk+1 ¤«ï k = 2, ¨
¤ «¥¥ íâ®â ¯à®æ¥áá ¬®¦¥â ¡ëâì ¯à®¤®«¦¥ áª®«ì ã£®¤® ¤®«£®.

�§ ä®à¬ã« (22) á«¥¤ã¥â, çâ® ¨å ¯à¨¬¥¨¬®áâì ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ 0 < �k < 1, k = 2; 3; : : : ,
çâ® ¢ á¢®î ®ç¥à¥¤ì § ¢¨á¨â ®â ¢ë¡®à  �1.

�¥¬¬  6. �«ï ¯à®¨§¢®«ì®£® k = 2; 3; : : : ; k0 áãé¥áâ¢ã¥â 0 < �2 = �2(k0) < 1 â ª®¥, çâ®

¥á«¨ 1 < e�k+1 < 2, â® ¢á¥ �k+1 ¨§ (22) ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã 0 < �k+1 < 1.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§ ç¥¨ï yk = ��1k ¨ �k+1 = (e�k+1 � 1)�1. �¡à â¨¬ ¢¨¬ ¨¥,
çâ® ¢á¥ �k+1 > 1, ¨ ¯¥à¥¯¨è¥¬ ¯¥à¢ãî ä®à¬ã«ã (22) ¢ ¢¨¤¥

yk+1 = �k+1(yk � 1); k = 2; 3; : : : ; k0:

�â® ¤ ¥â

yk0+1 =
� k0+1Y

j=3

�j

�
y2 �

k0+1X
j=3

k0+1Y
s=j

�s =
� k0+1Y

j=3

�j

��
y2 � 1�

k0X
j=3

k0Y
s=j

��1s

�
:

�ãáâì

y2 � 2 +
k0X
j=3

k0Y
s=j

��1s ;

â®£¤  ¤«ï «î¡®£® k = 2; 3; : : : ; k0 á¯à ¢¥¤«¨¢®

yk+1 �
k+1Y
j=3

�j > 1;

¨«¨ 0 < �k+1 < 1. �®¡¨âìáï ¦¥ ¢ë¯®«¥¨ï ¨áª®¬®£® ¥à ¢¥áâ¢  ¤«ï y2 ¥á«®¦®, ¢§ï¢,  -
¯à¨¬¥à, �2 = �2(k0) = y�12 = k�10 .

� ¯®¬®éìî ¯®«ãç¥ëå à¥§ã«ìâ â®¢ ¯®ª ¦¥¬, çâ® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �«ï ¯à®¨§¢®«ì®£® k = 1; 2; : : : áãé¥áâ¢ã¥â  ¡®à ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢

�1 = 1, �2�1 = e�2, ¤ «¥¥ ¯® ä®à¬ã« ¬ (22) á e�k+1 = e�k+1 (1 < e�k+1 < 2), e�k+1 = e�k+1 ¨§ (5)
¨«¨ (20), â ª®©, çâ® ¬¥â®¤ (10) £¥¥à¨àã¥â ¯à¨¡«¨¦¥¨ï uk, ã¤®¢«¥â¢®àïîé¨¥ ®æ¥ª¥ ¯®-

£à¥è®áâ¨ (21).

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¥ª®â®à®¥ k0 ¨ ¯®«®¦¨¬ �1 = e�2k0. �®£¤  ¢ á¨«ã «¥¬¬ë 6
ä®à¬ã«ë (22) ª®àà¥ªâë ¨ ¯®à®¦¤ îâ  ¡®à ¯ à ¬¥âà®¢ �k+1, �k ¯à¨ k = 2; 3; : : : ; k0 ¤«ï (10).
� á¢®î ®ç¥à¥¤ì íâ® ¯à¨¢®¤¨â ª á®®â®è¥¨î (14) ¤«ï ®è¨¡ª¨ vk = uk � u á ¯ à ¬¥âà ¬¨ (15),
£ à â¨àãîé¥¬ã ¤«ï «î¡®£® k = 1; 2; : : : ; k0 ®æ¥ªã (21).

�à®ª®¬¬¥â¨àã¥¬ ¯®«ãç¥ë¥ à¥§ã«ìâ âë. � ¥¥ ¤«ï à¥è¥¨ï § ¤ ç¨ L0z = F ¡ë«¨ ¨§-
¢¥áâë  «£®à¨â¬ë (â¨¯  �¤§ ¢ë), ¯à¨¢®¤ïé¨¥ ¤«ï ¯®£à¥è®áâ¨ rk = pk � p ª  ¨«ãçè¥© ¯à¨
§ ¤ ®© ¨ä®à¬ æ¨¨ ®æ¥ª¥ (4). �ëè¥ ¡ë«® ¯®ª § ® (á¬. â¥®à¥¬ã 1), çâ® ¢á¥ ®¨ ¬®£ãâ ¡ëâì
¯à¥¤áâ ¢«¥ë ¢ ä®à¬¥  «£®à¨â¬  �àà®ã{�ãà¢¨æ  (10) ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ¨â¥à æ¨-
®ëå ¯ à ¬¥âà®¢. �à®¬¥ â®£®, ¥á«¨ ¨§¢¥áâë £à ¨æë á¯¥ªâà  0 < ;� ¬ âà¨æë C�1A0, â®
¬®¦® â ª¦¥, ¯®«ì§ãïáì â®«ìª® ä®à¬ã« ¬¨ (10), ¤®¡¨âìáï   «®£¨ç®© ®æ¥ª¨ (21) ¤«ï ¯®£à¥è-
®áâ¨ vk = uk � u §  áç¥â á¯¥æ¨ «ì®£® ¢ë¡®à  ¯ à ¬¥âà®¢ (22). � ¤ «ì¥©è¥¬ ¯à¥¤áâ ¢«ï¥âáï
¨â¥à¥áë¬ ¯à®  «¨§¨à®¢ âì ¢ëç¨á«¨â¥«ìãî ª®àà¥ªâ®áâì íâ®£® ¯®¤å®¤ , ¥á«¨ ¯ à ¬¥âàë
¢ëç¨á«ïîâáï ¨§ ¢ à¨ æ¨®ëå ¯à¨æ¨¯®¢.
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