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� áâ âì¥ à áá¬ âà¨¢ ¥âáï ¢ à¨ æ¨® ï § ¤ ç  ¬¨¨¬¨§ æ¨¨ äãªæ¨® « 

I[Y ] =
Z b

a

F (x; Y; Y 0)dx (1)

¯à¨ ãá«®¢¨¨

lim
kZk!1

F (x; Y; Z)=kZk = w(x; Y; cos ); (2)

£¤¥ w | ¥¯à¥àë¢ ï ¯® á®¢®ªã¯®áâ¨ á¢®¨å  à£ã¬¥â®¢ äãªæ¨ï ([1]{[9]).
�«ï ãáâ ®¢«¥¨ï â¥®à¥¬ áãé¥áâ¢®¢ ¨ï ¯®áâ ¢«¥®© ¢ à¨ æ¨®®© § ¤ ç¨ ¢ [5], [6] ¡ë«

¢¢¥¤¥ á¯¥æ¨ «ìë© ª« áá ®¡®¡é¥ëå á¯àï¬«ï¥¬ëå ªà¨¢ëå (���), ª®â®àë© ï¢«ï¥âáï ¬®¤¨ä¨-
ª æ¨¥© ¯à®áâà áâ¢  �£ {� ªè¥©  ([10], [11]) ¨ ®â«¨ç ¥âáï ®â à áè¨à¥¨© �à®â®¢  à §àë¢-
®© ¢ à¨ æ¨®®© § ¤ ç¨ (1), (2), ¯®áâà®¥ëå   ®á®¢¥ ¯®ïâ¨© (y; z)-«¨¨© ¨ (y; z)-®¡ê¥ªâ®¢
([7]{[9]).

�  ï à ¡®â  ¯®á¢ïé¥  ãáâ ®¢«¥¨î ãá«®¢¨© íªáâà¥¬ã¬  § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ (1) ¢
¯à¥¤¯®«®¦¥¨¨ ¢ë¯®«¥¨ï ãá«®¢¨ï (2) ¯®áà¥¤áâ¢®¬ ¨áá«¥¤®¢ ¨ï á®¯àï¦¥®© ¯ à ¬¥âà¨-
ç¥áª®© ¢ à¨ æ¨®®© § ¤ ç¨ ¢ ª« áá¥ OCK. �®«ãç¥ë¥ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¡®¡é îâ ª« á-
á¨ç¥áª¨¥ ãà ¢¥¨ï �î �ã {� ©¬®¤  ¨ �©«¥à , ã£«®¢ë¥ ãá«®¢¨ï �¥©¥àèâà áá {�à¤¬   ¨
ãá«®¢¨ï à §àë¢  � §¬ ¤§¥.

1. �á®¢ë¥ ®¯à¥¤¥«¥¨ï

1. �®¯ãáâ¨¬ë¥ ªà¨¢ë¥ C (ª« áá �). � à ¬¥âà¨ç¥áª¨¬ ¯à¥¤áâ ¢«¥¨¥¬  ¡á®«îâ® ¥¯à¥àë¢-
®© ¯à®áâà áâ¢¥®© ªà¨¢®© C ¡ã¤¥¬  §ë¢ âì  ¡á®«îâ® ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ f(t) =
(x(t); Y (t)) = (x(t); y1(t); : : : ; yp(t)) ®âà¥§ª  [t1; t2] � R1 ¢ R1+p. � à ¬¥âà¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥¨ï
f1(t0), t0 2 [t01; t

0
2]; f2(t

00), t 2 [t001 ; t
00
2 ] ¡ã¤¥¬ áç¨â âì íª¢¨¢ «¥âë¬¨, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥  ¡-

á®«îâ® ¥¯à¥àë¢ë¥ ¢®§à áâ îé¨¥ äãªæ¨¨ t0 = '0(t), t00 = '00(t), t 2 [t1; t2], çâ® '0(ti) = t0i,
'00(ti) = t00i (i = 1; 2), f1['0(t)] = f2['00(t)], t 2 [t1; t2]. �à¨¢®© C : ff(t); t 2 [t1; t2]g  §®¢¥¬ á®-
¢®ªã¯®áâì ¢á¥å ¯ à ¬¥âà¨ç¥áª¨å ¯à¥¤áâ ¢«¥¨©, íª¢¨¢ «¥âëå f(t), t 2 [t1; t2]. �¥£ª® ¢¨¤¥âì,
çâ® «î¡ãî ªà¨¢ãî ¢á¥£¤  ¬®¦® ¯à¥¤¯®« £ âì ¯ à ¬¥âà¨ç¥áª¨ § ¤ ®©   ®âà¥§ª¥ [0; 1] ([12],
á. 136{137). �®á¨â¥«ì ªà¨¢®© C : ff(t); t 2 [t1; t2]g ¥áâì ¯® ®¯à¥¤¥«¥¨î ¬®¦¥áâ¢® § ç¥¨©
äãªæ¨¨ f(t), t 2 [t1; t2], ¨ ®, ®ç¥¢¨¤®, ¥ § ¢¨á¨â ®â ¢¨¤  ¯ à ¬¥âà¨§ æ¨¨ ªà¨¢®©.

� ¤¥«¨¬ ¬®¦¥áâ¢® ¢á¥å  ¡á®«îâ® ¥¯à¥àë¢ëå ªà¨¢ëå áâàãªâãà®© ¬¥âà¨ç¥áª®£® ¯à®-
áâà áâ¢ , ¯®« £ ï �(C1; C2) = inf max

[0;1]
kf1(t) � f2(t)k, £¤¥ â®ç ï ¨¦ïï £à ì ¡¥à¥âáï ¯® ¢á¥-

¢®§¬®¦ë¬ ¯ à ¬ ¯ à ¬¥âà¨ç¥áª¨å ¯à¥¤áâ ¢«¥¨© ªà¨¢ëå C1, C2, ®¯à¥¤¥«¥ëå   [0; 1] ([12],
á. 136).

�ãáâì 
 = f(x; Y ) : x 2 [a; b]; jykj � y0k; k = 1; : : : ; pg (a < b, y0k > 0) ¨ A = (a;A1),
B = (b;B1) 2 
.

�¡á®«îâ® ¥¯à¥àë¢ ï ªà¨¢ ï C : ff(t); t 2 [0; 1]g ¯à¨ ¤«¥¦¨â ª« ááã ¤®¯ãáâ¨¬ëå ªà¨-
¢ëå �, ¥á«¨

1) (x(t); Y (t)) 2 
, t 2 [0; 1];
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2) f(0) = A, f(1) = B;
3) áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì «®¬ ëå �n : ffn(x) = (x; Yn(x)); x 2 [a; b]g, çâ®

lim
n!1

�(C; �n) = 0.

� á¨«ã ¤ ®£® ®¯à¥¤¥«¥¨ï ª« áá � ï¢«ï¥âáï § ¬ªãâë¬ ¬®¦¥áâ¢®¬. �¥£ª® ¢¨¤¥âì, çâ®
¤«ï ª ¦¤®© ªà¨¢®© C ª« áá  � ¬®¦¥â áãé¥áâ¢®¢ âì ¥ ¡®«¥¥ ç¥¬ áç¥â®¥ ç¨á«® ¤ã£ �l, çì¨
®á¨â¥«¨ æ¥«¨ª®¬ «¥¦ â ¢ £¨¯¥à¯«®áª®áâïå x = xl ([2], á. 48).

2. �®¯ãáâ¨¬ë© ª« áá äãªæ¨© (ª« áá ��). �ãáâì C 2 � ¨ fCkg| ¯à®¥ªæ¨ï ®á¨â¥«ï ªà¨¢®©
C   ¯«®áª®áâì (x; yk). � ¦¤®© â®çª¥ x 2 [a; b] ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á®¢®ªã¯®áâì ¢á¥å â®ç¥ª
Pk 2 fCkg, ¨¬¥îé¨å x á¢®¥© ¯à®¥ªæ¨¥©   ®áì 0x. �¥¬ á ¬ë¬ ¯®«ãç ¥¬ äãªæ¨î yk(x), x 2 [a; b],
¢®®¡é¥ £®¢®àï, ¥ ®¤®§ çãî. �ç¥¢¨¤®, yk(x) (k = 1; : : : ; p) ¥ § ¢¨áïâ ®â ¯ à ¬¥âà¨ç¥áª®£®
¯à¥¤áâ ¢«¥¨ï ªà¨¢®© C.

�®¢®ªã¯®áâì ¢á¥å ¢¥ªâ®à-äãªæ¨© Y (x) = (y1(x); : : : ; yp(x)), x 2 [a; b], á®®â¢¥âáâ¢ãîé¨å
¢á¥¢®§¬®¦ë¬ ªà¨¢ë¬ C 2 � ¯® ¢ëè¥ãª § ®¬ã ¯à ¢¨«ã,  §®¢¥¬ ª« áá®¬ �� ¤®¯ãáâ¨¬ëå
äãªæ¨©.

�¥ªâ®à-äãªæ¨ï Y (x) 2�� ¬®¦¥â ¨¬¥âì ¢ [a; b] ¥ ¡®«¥¥ ç¥¬ áç¥â®¥ ç¨á«® â®ç¥ª à §àë¢ 
x = xl (l = 1; 2; : : : ) ¨ ï¢«ï¥âáï  ¡á®«îâ® ¥¯à¥àë¢®©   ª ¦¤®¬ ¨â¥à¢ «¥ ®¤®§ ç®áâ¨
(xm; xm+1) (m = 1; 2; : : : ).

3. �« ááë OK ¨ OCK. �ãáâì ¯®¤¬®¦¥áâ¢® R1+p
+ � fU = (u0; u1; : : : ; up) 2 R1+p : u0 �

0; �1 < uk < 1 (k = 1; : : : ; p)g ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  R1+p  ¤¥«¥® ®â®á¨â¥«ì®© â®¯®«®-
£¨¥©. �¡®§ ç¨¬ ç¥à¥§ B ¡®à¥«¥¢áªãî �- «£¥¡àã ¯à®áâà áâ¢  R1+p

+ .
�ãáâì C : ff(t); t 2 [t1; t2]g | ªà¨¢ ï ª« áá  �, T | ¬®¦¥áâ¢® § ç¥¨© t 2 [t1:t2], ¤«ï

ª®â®àëå áãé¥áâ¢ãîâ ª®¥çë¥ ¯à®¨§¢®¤ë¥ _x, _yk(t) (mesT = t2�t1).1 �ãáâì, ¤ «¥¥, ¤«ï ª ¦¤®£®
t 2 T § ¤ ë ¬¥àë �(t), ®¯à¥¤¥«¥ë¥   ¨§¬¥à¨¬®¬ ¯à®áâà áâ¢¥ (R1+p

+ ;B), ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨ï¬

A) ¤«ï «î¡®©  (U) =  (u0; u1; : : : ; up) 2 C(R1+p
+ ) äãªæ¨ï

'(t) =
Z
R1+p
+

 (U)�(t)(dU)

ï¢«ï¥âáï ¨§¬¥à¨¬®©   [0; 1];
B) ¤«ï ª ¦¤®£® t 2 T �(t) | ¯®«®¦¨â¥«ì ï, ª®¥ç ï ¬¥à  á ®£à ¨ç¥ë¬ ®á¨â¥«¥¬ ¨

â ª ï, çâ® Z
R1+p
+

u0�(t)(dU) = _x(t);
Z
R1+p
+

uk�(t)(dU) = _yk(t) (k = 1; : : : ; p):

� àã ff(t); t 2 [t1; t2]; �(t); t 2 Tg, £¤¥ C : ff(t); t 2 [t1; t2]g | ªà¨¢ ï ª« áá  �, �(t),
t 2 T , | ¬¥àë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ A), B), ¡ã¤¥¬  §ë¢ âì ¯à¥¤áâ ¢«¥¨¥¬ ¥ª®â®à®©
®¡®¡é¥®© ªà¨¢®©.

�¡®§ ç¨¬ ç¥à¥§ CH(
�R1+p
+ ) ª« áá äãªæ¨© �(x; Y; U), ¯®«®¦¨â¥«ì® ®¤®à®¤ëå ¯¥à¢®©

áâ¥¯¥¨ ®â®á¨â¥«ì® U ¨ ¥¯à¥àë¢ëå ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå (x; Y ) 2 
, U 2 R1+p
+ .

�¢  ¯à¥¤áâ ¢«¥¨ï ff1(t); t 2 [t1; t2]; �1(t); t 2 T1g, ff2(�); � 2 [�1; �2]; �2(�); � 2 T2g
¡ã¤¥¬ áç¨â âì íª¢¨¢ «¥âë¬¨, ¥á«¨ ¤«ï ª ¦¤®© äãªæ¨¨ �(x; Y; U) ª« áá  CH(
� R1+p

+ ) ¨§
áãé¥áâ¢®¢ ¨ï ®¤®£® ¨§ ¨â¥£à «®¢Z t2

t1

dt

Z
R1+p
+

�(x1(t); Y1(t); U)�1(t)(dU);

Z �2

�1

d�

Z
R1+p
+

�(x2(�); Y2(�); U)�2(�)(dU)

á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¤àã£®£® ¨ ¨å à ¢¥áâ¢®.

1mesT | ¬¥à  �¥¡¥£  ¬®¦¥áâ¢  T .
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�¡®¡é¥®© ªà¨¢®© C� : ff(t); t 2 [t1; t2]; �(t); t 2 Tg ª« áá  OK  §®¢¥¬ á®¢®ªã¯®áâì ¢á¥å
¯à¥¤áâ ¢«¥¨©, íª¢¨¢ «¥âëå ff(t); t 2 [t1; t2];�(t); t 2 Tg. �à¨¢ ï C : ff(t); t 2 [t1; t2]g ª« áá 
�  §ë¢ ¥âáï á«¥¤®¬ ®¡®¡é¥®© ªà¨¢®© C� : ff(t); t 2 [t1; t2]; �(t); t 2 Tg. �¡®¡é¥ ï ªà¨¢ ï

C� ¯à¨ ¤«¥¦¨â ª« ááã OCK, ¥á«¨ ¥¥ ¤«¨  L[C�] �
t2R
t1

dt
R

R1+p
+

kUk�(t)(dU) ª®¥ç .1 � ([6], á. 21{

22) ¯®ª § ®, çâ® ¤«ï ª ¦¤®© ®¡®¡é¥®© ªà¨¢®© C� 2 OCK áãé¥áâ¢ã¥â â ª®¥ ¯à¥¤áâ ¢«¥¨¥
ff(t); t 2 [0; 1]; �(t); t 2 Tg, çâ® �(t)(R1+p

+ ) = 1, t 2 T .
4. �®¯àï¦¥ë© ¯ à ¬¥âà¨ç¥áª¨© äãªæ¨® « J [C�]. �ãáâì ¨â¥£à â F (x; Y; Z) äãªæ¨-

® «  I[Y ] ï¢«ï¥âáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¥© ¢ ®¡« áâ¨ (x; Y ) 2 
, �1 <
zk < 1 (k = 1; : : : ; p) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î áãé¥áâ¢®¢ ¨ï ¯à¥¤¥«  (2), £¤¥ äãªæ¨ï
w(x; Y; cos ) ¥¯à¥àë¢  ¢¬¥áâ¥ á® á¢®¨¬¨ ¯à®¨§¢®¤ë¬¨ w0

x, w
0
y, w

0
cos i

(i = 1; : : : ; p) ¯à¨
(x; y) 2 
, k cos k � 1.2

�®¯àï¦¥ë© ¯ à ¬¥âà¨ç¥áª¨© ¨â¥£à â G ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨:

G(x; Y; _x; _Y ) = _xF
�
x; Y;

_Y
_x

�
; _x > 0; G(x; Y; 0; 0) = 0:

�®®¯à¥¤¥«¨¬ äãªæ¨î G ¤«ï _x = 0 á«¥¤ãîé¨¬ ®¡à §®¬: G(x; Y; 0; _Y ) = lim
_x!+0

G(x; Y; _x; _Y ) =

k _Y kw(x; Y; cos ). �¯à¥¤¥«¥ ï â ª¨¬ ®¡à §®¬ äãªæ¨ï G(x; Y; _x; _Y ) ¯à¨ ¤«¥¦¨â ª« ááã
CH(
�R1+p

+ ).
�¥à¢ë¥ ¯à®¨§¢®¤ë¥ ¯ à ¬¥âà¨ç¥áª®£® ¨â¥£à â  G ¨¬¥îâ ¢¨¤:

G0
x = _xF 0

x

�
x; Y;

_Y
_x

�
; G0

yk
= _xFyk

�
x; Y;

_Y
_x

�
;

G0
_x = F

�
x; Y;

_Y
_x

�
�

_yk
_x
Fy0

k

�
x; Y;

_Y
_x

�
; G0

_yk
= Fy0

k

�
x; Y;

_Y
_x

�

¤«ï _x > 0 ¨

G0
x = k _Y kw0

x(x; Y; cos ); G0
yk
= k _Y kwyk(x; Y; cos );

G0
_yk
= cos kw + w0

cos k
� cos k cos iwcos i

¤«ï _x = 0.
�  ª« áá¥ OCK ®¡®¡é¥ëå á¯àï¬«ï¥¬ëå ªà¨¢ëå C� ®¯à¥¤¥«¨¬ á®¯àï¦¥ë© ¯ à ¬¥âà¨-

ç¥áª¨© äãªæ¨® «

J [C�] =
Z 1

0
dt

Z
R1+p
+

G(x; Y; U)�(t)(dU):

�à¨ ®â®¦¤¥áâ¢«¥¨¨ ªà¨¢®© C : ff(t); t 2 Tg ª« áá  � á ®¡®¡é¥®© á¯àï¬«ï¥¬®© ªà¨¢®©
C� : ff(t); t 2 [0; 1]; �( _x(t); _Y (t)); t 2 Tg ¨¬¥¥¬

3

J [C�] =
Z 1

0

dt

Z
R1+p
+

G(x(t); Y (t); u0; u1; : : : ; up)�( _x(t); _Y (t))(dU) =

=
Z 1

0

G(x(t); Y (t); _x(t); _Y (t))dt = J [C]: (3)

1kUk = (ui; ui)1=2, £¤¥ ¯® ¯®¢â®àïîé¥¬ãáï ¨¤¥ªáã i ¨¤¥â áã¬¬¨à®¢ ¨¥ ®â 0 ¤® p.
2cos  = (cos 1; : : : ; cos p), cos k =

zk
kZk , kZk = (zkzk)

1=2 (áã¬¬¨à®¢ ¨¥ ¯® k ®â 1 ¤® p).
3�M | ¬¥à  �¨à ª  ¢ â®çª¥ M .
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5. �ãªæ¨® « I[y]   ª« áá¥ äãªæ¨© H�. �  ª« áá¥ áãé¥áâ¢¥® à §àë¢ëå äãªæ¨© H�
®¯à¥¤¥«¨¬ äãªæ¨® «

I[y] =
X
m

Z xm+1

xm

F (x; Y; Y 0)dx+
X
l

Z
�l

w(xl; Y; cos )ds; (4)

£¤¥ xm, xl | â®çª¨ à §àë¢  äãªæ¨¨ y(x) 2 H�. � á«ãç ¥, ª®£¤  y(x)  ¡á®«îâ® ¥¯à¥àë¢ 
¢ [a; b], äãªæ¨® « (4) ¯à¨¨¬ ¥â á¢®© ®¡ëçë© ¢¨¤ (1). �¥âàã¤® ¢¨¤¥âì ([1], á. 25; [2]; [3]),
çâ® I[y] = J [C], £¤¥ C : ff(t); t 2 [0; 1]g | ªà¨¢ ï ª« áá  �, á®®â¢¥âáâ¢ãîé ï y(x) 2 H�, ¨,
á«¥¤®¢ â¥«ì®, I[y] = J [C�], C� : ff(t); t 2 [0; 1]; �( _x; _Y ); t 2 Tg.

2. �®áâà®¥¨¥ á¥¬¥©áâ¢  ®¡®¡é¥ëå
á¯àï¬«ï¥¬ëå ªà¨¢ëå áà ¢¥¨ï ª« áá  OCK

�ãáâì C�
0 : ff0(t) = (x0(t); Y0(t)); t 2 [0; 1]; �0(t); t 2 Tg | ®¡®¡é¥ ï á¯àï¬«ï¥¬ ï ªà¨¢ ï

â ª ï, çâ® �0(t)(R
1+p
+ ) = 1, á«¥¤ C0 «¥¦¨â æ¥«¨ª®¬ ¢ãâà¨ 
 ¨ á®¤¥à¦¨â ®¤ã ¤ã£ã �l : fx =

xl; Y = Y0(t); t 2 [t1; t2]g, ®á¨â¥«ì ª®â®à®© «¥¦¨â ¢ £¨¯¥à¯«®áª®áâ¨, ®àâ®£® «ì®© ®á¨ 0x.
�ãáâì '(t), 	(t) = ( 1(t); : : : ;  p(t)) | ¯à®¨§¢®«ìë¥  ¡á®«îâ® ¥¯à¥àë¢ë¥   [0; 1] äãªæ¨¨,
ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ '(0) = 	(0) = '(1) = 	(1) = 0, '(t) = '0, t 2 [t1; t2] ('0 | const);
¯à®¨§¢®¤ë¥ _'(t), _ k(t) ª®¥çë ¯à¨ t 2 T .

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ t 2 T . � ª ª ª ®á¨â¥«ì supp�0(t) | ®£à ¨ç¥®¥ ¬®¦¥áâ¢®, â®
 ©¤¥âáï â ª ï ¯®áâ®ï ï �(t) > 0, çâ® supp�0(t) � S�(t) � fU 2 R1+p

+ : kUk � �(t)g. �  ª« áá¥
äãªæ¨© �(U) 2 C(S�(t)) ®¯à¥¤¥«¨¬ ¥¯à¥àë¢ë© äãªæ¨® « Vt(�) =

R
S�(t)

��(U)�0(t)(dU), £¤¥

��(U) = �(u0+" _'(t); u1+" _ 1(t); : : : ; up+" _ p(t)). �¥¬¥©áâ¢® B(S�(t)) � fE0 2 B : E0 = E\S�(t); E 2
Bg ï¢«ï¥âáï ¡®à¥«¥¢áª®© �- «£¥¡à®© ¯®¤¬®¦¥áâ¢ ¬®¦¥áâ¢  S�(t) ([13], á. 30). �® â¥®à¥¬¥ �¨áá 
([14], á. 228) áãé¥áâ¢ã¥â â ª ï ª®¥ç ï ¯®«®¦¨â¥«ì ï à¥£ã«ïà ï ¬¥à  e�"(t), ®¯à¥¤¥«¥ ï  
¨§¬¥à¨¬®¬ ¯à®áâà áâ¢¥ (S�(t);B(S�(t))), çâ®

Vt(�) =
Z
S�(t)

�(U)e�"(t)(dU):
�®£¤  äãªæ¨ï ¬®¦¥áâ¢ �"(t), ®¯à¥¤¥«¥ ï   ¨§¬¥à¨¬®¬ ¯à®áâà áâ¢¥ (R1+p

+ ;B) à ¢¥-
áâ¢®¬ �"(t)(E) = e�"(t)(E \ S�(t)), E 2 B, ï¢«ï¥âáï ¯®«®¦¨â¥«ì®© ª®¥ç®© à¥£ã«ïà®© ¬¥à®©
(supp�"(t) � S�(t)).

�®«®¦¨¬ x"(t) = x0(t) + "'(t), Y"(t) = Y0(t) + "	(t), t 2 T . �®£¤ Z
R1+p
+

u0�"(t)(dU) =
Z
R1+p
+

(u0 + " _'(t))�0(t)(dU) = _x0(t) + " _'(t) = _x"(t); t 2 T;

  «®£¨ç®, Z
R1+p
+

uk�"(t)(dU) = _y"k(t); t 2 T:

�«¥¤®¢ â¥«ì®, C�
" : ff"(t) = (x"(t); Y"(t)); t 2 [0; 1]; �"(t); t 2 Tg ¯à¨ ¤«¥¦¨â ª« ááã OK,

ªà®¬¥ â®£®, ¨á¯®«ì§ãï ¥à ¢¥áâ¢® �¨ª®¢áª®£®, «¥£ª® ã¡¥¤¨âìáï, çâ® C� ï¢«ï¥âáï á¯àï¬«ï¥-
¬®© ®¡®¡é¥®© ªà¨¢®©. � ª¨¬ ®¡à §®¬, C� ®ª §ë¢ ¥âáï ¢ª«îç¥®© ¢ á¥¬¥©áâ¢® ®¡®¡é¥ëå
ªà¨¢ëå áà ¢¥¨ï fC�

" g ¯à¨ " = 0.

3. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï íªáâà¥¬ã¬  äãªæ¨® «  J [C�]
¢ ª« áá¥ OCK ¨ ¨å á«¥¤áâ¢¨ï

�¯à¥¤¥«¥¨¥ 1. �¡®¡é¥ ï á¯àï¬«ï¥¬ ï ªà¨¢ ï C�
0 ¤®áâ ¢«ï¥â äãªæ¨® «ã J [C

�]  ¡á®-
«îâë© ¬¨¨¬ã¬ ¢ ª« áá¥ OCK, ¥á«¨ J [C�

0 ] � J [C�] ¤«ï ¢á¥å C� 2 OCK.

�¯à¥¤¥«¥¨¥ 2. �¡®¡é¥ ï á¯àï¬«ï¥¬ ï ªà¨¢ ï C�
0 ¤®áâ ¢«ï¥â äãªæ¨® «ã J [C

�] á¨«ì-
ë© ®â®á¨â¥«ìë© ¬¨¨¬ã¬, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ® J [C�

0 ] � J [C�] ¤«ï ¢á¥å C�, á«¥¤ë
C ª®â®àëå ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã �(C0; C) < �.
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�ãáâì C�
0 2 OCK ¤®áâ ¢«ï¥â á¨«ìë© ®â®á¨â¥«ìë© ¬¨¨¬ã¬ äãªæ¨® «ã J [C�]. �à¥¤¯®-

«®¦¨¬, çâ® C�
0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ x 2 ¨ fC

�
" g| ¯®áâà®¥®¥ á¥¬¥©áâ¢® ªà¨¢ëå áà ¢¥¨ï.

�à¨¬¥ïï ¤«ï ¢ëç¨á«¥¨ï ¯¥à¢®© ¢ à¨ æ¨¨ �J = lim
"!0

1
"
fJ [C�

" ]� J [C�
0 ]g à ááã¦¤¥¨ï,   «®-

£¨çë¥ ([4]; [1], á. 26{30), «¥£ª® ¯®«ãç ¥¬ ¤«ï ¥¥ á«¥¤ãîé¥¥ ¢ëà ¦¥¨¥1:

�J =
Z t1

0
dt

Z
R1+p
+

fG0
x'+G0

_x _'+G0
yk
 k +G0

_yk
_ kg�0(t)(dU) +

+
Z t2

t1

dt

Z
R1+p
+

fG0
x'0 +G0

yk
 k +G _yk

_ kg�0(t)(dU) +

+
Z 1

t2

dt

Z
R1+p
+

fG0
x'+G0

_x _'+G0
yk
 k +G _yk

_ kg�0(t)(dU);

ª®â®à®¥ à ¢ï¥âáï ã«î ¢ á¨«ã íªáâà¥¬ «ì®£® á¢®©áâ¢  ªà¨¢®© C�
0 .

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¯à®¨§¢®«ì®áâì ¢ë¡®à  äãªæ¨© '(t) ('(t) = const, t 2 [t1; t2]),  k(t)
(k = 1; : : : ; p), ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï íªáâà¥¬ã¬ :Z

R1+p
+

G0
_x�0(t)(dU) �

Z t

0
dt

Z
R1+p
+

G0
x�0(t)(dU) = c0 ¤«ï ¯. ¢. t 2 (0; t1) [ (t2; 1); (5)

Z
R1+p
+

G0
_yk
�0(t)(dU)�

Z t

0

dt

Z
R1+p
+

G0
yk
�0(t)(dU) = ck ¤«ï ¯. ¢. t 2 (0; 1); k = 1; 2; : : : ; p;

(6)Z
R1+p
+

G0
_xjt=t1

�0(t1)(dU) �
Z
R1+p
+

G0
_xjt=t2

�0(t2)(dU) +
Z t2

t1

dt

Z
R1+p
+

G0
x�0(t)(dU) = 0 (7)

(c0, ck | const). �à ¢¥¨ï (5), (6) ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡®¡é¥¨ï ¥®¡å®¤¨¬ëå ãá«®¢¨©
�î �ã {� ©¬®¤ .

�á«¨ íªáâà¥¬ «ì ï ªà¨¢ ï C�
0 ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ ff0(t); t 2 [0; 1]; �( _x0(t); _Y0(t)); t 2 Tg, çâ®,

¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (3), á®®â¢¥âáâ¢ã¥â á«ãç î ¬¨¨¬¨§ æ¨¨ á«¥¤®¬ C0 äãªæ¨® «  J [C] ¢
ª« áá¥ �, â® ãá«®¢¨ï (5){(7) ¯à¨¨¬ îâ ¢¨¤

G0
_x �

Z t

0

G0
xdt = c0 ¤«ï ¯. ¢. t 2 (0; t1) [ (t2; 1); (8)

G0
_yk
�

Z t

0
G0
yk
dt = ck ¤«ï ¯. ¢. t 2 (0; 1); (9)

G0
_xjt=t1

�

Z t1

t�
k _Y kw0

xdt = G0
_xjt=t2

�

Z t2

t�
k _Y kw0

xdt; (10)

c0, ck | const; t� | ¯à®¨§¢®«ì ï â®çª  ¨§ (t1; t2).
�à¥¤¯®«®¦¨¬, ¤ «¥¥, çâ® ¬¨¨¬¨§¨àãîé ï ªà¨¢ ï C0 2 � ï¢«ï¥âáï ªãá®ç®-£« ¤ª®©. �®-

£¤  ¨§ ãà ¢¥¨© �î �ã {� ©¬®¤  ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥ (8), (9) á«¥¤ã¥â ¢ë¯®«¥¨¥  
ãç áâª å ¥¯à¥àë¢®© ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ¥®¡å®¤¨¬ëå ãá«®¢¨© �©«¥à 

G0
x �

d

dt
G0

_x = 0;

G0
yk
�

d

dt
G0

_yk
= 0 (k = 1; 2; : : : ; p);

(11)

  ¢ â®çª å ¨§«®¬  ts | \ã£«®¢ëå" á®®â®è¥¨© �¥©¥àèâà áá {�à¤¬  

G _ykjts�0 = G _ykjts+0: (12)

1�à£ã¬¥â ¬¨ ¢ ¯®¤¨â¥£à «ìëå äãªæ¨ïå ï¢«ïîâáï x0(t), Y0(t), U .
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�«¥¤®¢ â¥«ì®, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (10){(12), áãé¥áâ¢¥® à §àë¢ ï äãªæ¨ï Y (x) 2
H�, á®®â¢¥âáâ¢ãîé ï ªà¨¢®© C0, ¨, § ç¨â, ¬¨¨¬¨§¨àãîé ïäãªæ¨® « (4), ¤®«¦    ãç áâ-
ª å ®¤®§ ç®áâ¨ ã¤®¢«¥â¢®àïâì ãà ¢¥¨ï¬

F 0
yk
�
d

dt
Fy0

k
= 0; F 0

x �
d

dx
(F � y0kF

0
y0
k
) = 0;

  ¢ â®çª å à §àë¢  xl | ãá«®¢¨ï¬

F 0
y0
k
jxl�0 = (cos �kw + w0

cos k
� cos �k cos 

�
jwcos j )jxl�0;

F 0
y0
k
jxl+0

= (cos ��k w + w0
cos k

� cos ��k cos ��j wcos j )jxl+0;�
F � y0kF

0
y0
k
�

Z (x;Y (x))

(x;Y �)

w0
xds

����
xl�0

=
�
F � y0kF

0
y0
k
�

Z (x;Y (x))

(x;Y �)

w0
xds

����
xl+0

;

£¤¥ cos �k , cos 
��
k |  ¯à ¢«ïîé¨¥ ª®á¨ãáë ª á â¥«ì®© ª ¤ã£¥ �l á®®â¢¥âáâ¢¥® ¢ â®çª å

(xl; Y (xl � 0)), (xl; Y (xl + 0)) (á¬. [1], [4]). �®á«¥¤¨¥ âà¨ á®®â®è¥¨ï ï¢«ïîâáï ®¡®¡é¥¨ï-
¬¨   á«ãç © áãé¥áâ¢¥® à §àë¢ëå äãªæ¨© \ã£«®¢ëå" ãá«®¢¨© �¥©¥àèâà áá {�à¤¬   ¨
¥®¡å®¤¨¬ëå ãá«®¢¨© à §àë¢  � §¬ ¤§¥.
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