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1. �®áâ ­®¢ª  § ¤ ç¨. �á­®¢­ë¥ à¥§ã«ìâ âë

� áá¬®âà¨¬ á¨áâ¥¬ã

LiU � K(y)uixx + uiyy + ai(x; y)uix + bi(x; y)uiy +
nX
j=1

cij(x; y)uj = fi(x; y); (1)

£¤¥ K(y) = jyj� sgn y, � > 0, i = 1; n, n � 2, U = (u1; u2; : : : ; un), ¢ ®¡« áâ¨ D, ®£à ­¨ç¥­­®© ¯à¨
y < 0 å à ªâ¥à¨áâ¨ª ¬¨ AC, BC á¨áâ¥¬ë (1), ¨áå®¤ïé¨¬¨ ¨§ â®ç¥ª A(0; 0) ¨ B(l; 0), l > 0,  
¯à¨ y > 0 | ¯à®áâ®© ªà¨¢®© � á ª®­æ ¬¨ ¢ â®çª å A ¨ B. � áâ¨ ®¡« áâ¨ D, ¢ ª®â®àëå y > 0 ¨
y < 0; ®¡®§­ ç¨¬ á®®â¢¥âáâ¢¥­­® ç¥à¥§ D+ ¨ D�.

�«ï á¨áâ¥¬ë (1) ¢ ®¡« áâ¨ D à áá¬®âà¨¬ á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã.

� ¤ ç  �à¨ª®¬¨. � ©â¨ äã­ªæ¨î U(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

U(x; y) 2 C(D) \C1(D) \ C2(D+ [D�); (2)

LiU(x; y) � fi(x; y); (x; y) 2 D+ [D�; i = 1; n; (3)

U(x; y) = �(x; y); (x; y) 2 �; (4)

U(x; y)
��
AC

= 	(x); 0 � x � l=2; (5)

£¤¥ � = ('1; '2; : : : ; 'n) ¨ 	 = ( 1;  2; : : : ;  n) | § ¤ ­­ë¥ ¤®áâ â®ç­® £« ¤ª¨¥ ¢¥ªâ®à-äã­ªæ¨¨,
'i(0; 0) =  i(0).

�à ¤¨æ¨®­­® § ¤ ç  �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨© ¨ á¨áâ¥¬ á¬¥è ­­®£® â¨¯  ¨§ãç « áì  ­ -
«¨â¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨. � ª, ¢ [1], [2] ¡ë« ¯à¥¤«®¦¥­ ­®¢ë©  ­ «¨â¨ç¥áª¨© ¬¥â®¤ à¥è¥­¨ï § ¤ -
ç¨ �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {�¨æ ¤§¥. � [3] ãáâ ­®¢«¥­ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¬®¤ã«ï

jU(x; y)j =
s

nP
i=1

u2i (x; y) à¥è¥­¨ï § ¤ ç¨ T ¤«ï á¨áâ¥¬ë (1) ¯à¨ K(y) = y, ai(x; y) = bi(x; y) � 0,

(cik(x; y)), i; k = 1; n, n � 2, | ®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ , ª®¬¯®­¥­âë ª®â®à®© ¢
®¡« áâ¨ D+ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �:

(n� 1)(cik(x; y) + cki(x; y)) � 2(cii(x; y)ckk(x; y))
1=2; i 6= k;

  ¢ ®¡« áâ¨ D� ¤®áâ â®ç­® ¬ «ë, | ¨§ ª®â®à®£® á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ T.
�  ®á­®¢¥ â¥®à¥¬ë ¥¤¨­áâ¢¥­­®áâ¨ ¬¥â®¤®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¯®«ãç¥­  â¥®à¥¬  áãé¥-
áâ¢®¢ ­¨ï à¥£ã«ïà­®£® à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¯à¨ ®àâ®£®­ «ì­®¬ ¯®¤å®¤¥ ªà¨¢®© � ª ®á¨
 ¡áæ¨áá. �®¤ à¥£ã«ïà­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ T ¯®­¨¬ ¥âáï äã­ªæ¨ï U(x; y), ã¤®¢«¥â¢®àïîé ï
ãá«®¢¨ï¬ (2){(5).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 02-01-97901.
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�â¬¥â¨¬, çâ® ¢ [4], [5] § ¤ ç¨ �à¨ª®¬¨ ¨ �¥««¥àáâ¥¤â  ¨áá«¥¤®¢ ­ë ¤«ï á¨áâ¥¬ ãà ¢­¥­¨©
á¬¥è ­­®£® â¨¯  ¯¥à¢®£® ¯®àï¤ª . �­ «®£ § ¤ ç¨ �à¨ª®¬¨ ¤«ï á¨áâ¥¬ë ¢ëáè¥£® ¯®àï¤ª  ¨§-
ãç¥­ ¢ [6].

� [7] ­  ®á­®¢ ­¨¨ [8], [9] ¡ë«¨ ãáâ ­®¢«¥­ë íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  à¥è¥­¨© § ¤ ç¨ (2){
(5), á ¯®¬®éìî ª®â®àëå ¡ë«¨ á­ïâë ®£à ­¨ç¥­¨ï (�) ¬ «®áâ¨ ª®íää¨æ¨¥­â®¢ cik(x; y) ¢ ®¡« áâ¨
£¨¯¥à¡®«¨ç­®áâ¨ ¨ ­  ¯®¤å®¤ ªà¨¢®© � ª ®á¨ ¨§¬¥­¥­¨ï â¨¯  á¨áâ¥¬ë (1).

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  ¬¥â®¤®¬ ª®­¥ç­ëå
à §­®áâ¥© ¨§ãç «®áì ¢ [10]{[26]. � ª, ­ ¯à¨¬¥à, ¢ [10], [11] ¯à¥¤«®¦¥­ ¬¥â®¤ ª®­¥ç­ëå à §­®áâ¥©
¤«ï ®¯à¥¤¥«¥­¨ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï uh § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {
�¨æ ¤§¥ ¢ ®¡« áâ¨ D ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï â®ç­®£® à¥è¥­¨ï. �à¨ íâ®¬ ¯à¨¡«¨¦¥­­®¥
à¥è¥­¨¥ á¢®¤¨âáï ª  «£¥¡à ¨ç¥áª®© á¨áâ¥¬¥ á ç¨á«®¬ ­¥¨§¢¥áâ­ëå, à ¢­ë¬ ª®«¨ç¥áâ¢ã ã§«®¢
á¥âª¨ ¢ ®¡« áâ¨ D. � [12]{[15] § ¤ ç  �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {�¨æ ¤§¥ ¯à¨¢®¤¨âáï
ª í««¨¯â¨ç¥áª®© § ¤ ç¥, ª®â®à ï à¥è ¥âáï ¬¥â®¤®¬ ª®­¥ç­ëå à §­®áâ¥©.

� [13] ãª §ë¢ ¥âáï ­  â®, çâ® \¬¥â®¤ ª®­¥ç­ëå à §­®áâ¥© ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­ ¨ ª ª
¢ëç¨á«¨â¥«ì­ë© ¬¥â®¤, ¨ ª ª ¬¥â®¤ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ áãé¥áâ¢®¢ ­¨ï, ¨, ­ ª®­¥æ, ª ª
¬¥â®¤ ¨áá«¥¤®¢ ­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå á¢®©áâ¢ à¥è¥­¨©". �«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï
à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {�¨æ ¤§¥ ¬¥â®¤ ª®­¥ç­ëå à §­®áâ¥© ¡ë«
¢¯¥à¢ë¥ ¯à¨¬¥­¥­ ¢ [16].

� [17] ¨§ãç¥­  § ¤ ç  �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï, ª®â®à®¥ ¯®«ãç ¥âáï ¨§ á¨áâ¥¬ë (1) ¯à¨
K(y) = y, ai = bi = cij = 0, n = 1, ¬¥â®¤®¬ ª®­¥ç­ëå à §­®áâ¥© ¢® ¢á¥© á¬¥è ­­®© ®¡« -
áâ¨ D. �­ «®£¨ç­ë© à¥§ã«ìâ â ¯®«ãç¥­ ¤«ï ¡®«¥¥ ®¡é¥£® ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  ¯à¨
K(y) = sgn yjyjm, m > 0, n = 1 ¢ [18], [19].

�¨áá¥àâ æ¨¨ [20], [21] ¯®á¢ïé¥­ë ¨áá«¥¤®¢ ­¨î ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ªà ¥¢ëå § ¤ ç ¤«ï
ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {�¨æ ¤§¥ á ®âå®¤®¬ ®â å à ªâ¥à¨áâ¨ª ¨«¨ á ãá«®¢¨ï¬¨ á®¯àï¦¥­¨ï
�à ­ª«ï. � [24]{[26] ¬¥â®¤®¬ ª®­¥ç­ëå à §­®áâ¥© ¨áá«¥¤®¢ ­  § ¤ ç  â¨¯  �à¨ª®¬¨ ¤«ï ãà ¢-
­¥­¨© á¬¥è ­­®£® â¨¯  á ¤¢ã¬ï ¯¥à¯¥­¤¨ªã«ïà­ë¬¨ «¨­¨ï¬¨ ¢ëà®¦¤¥­¨ï.

�á«¨ ªà¨¢ ï � ¨§ ª« áá  �ï¯ã­®¢  ¢ â®çª å A ¨ B ®ª ­ç¨¢ ¥âáï áª®«ì ã£®¤­® ¬ «ë¬¨
¤ã£ ¬¨ \­®à¬ «ì­®©" ªà¨¢®©, � 2 C1(�), 	 2 C3[0; l=2], 	(0) = �(0; 0) = �(l; 0) = 0, â® áã-
é¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥£ã«ïà­®¥ à¥è¥­¨¥ § ¤ ç¨ T. �á«¨ äã­ªæ¨ï � 2 C(�), 	 2 C3[0; l=2],
	(0) = �(0; 0) = �(l; 0) = 0, â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ T ¯à¨
¯à®¨§¢®«ì­®¬ ¯®¤å®¤¥ ªà¨¢®© � ª ®á¨  ¡áæ¨áá, ªà®¬¥ á«ãç ¥¢ ª á ­¨ï. �®¤ ®¡®¡é¥­­ë¬ à¥-
è¥­¨¥¬ § ¤ ç¨ T ¤«ï á¨áâ¥¬ë (1) ¯®­¨¬ ¥âáï à ¢­®¬¥à­ë© ¢ § ¬ëª ­¨¨ ®¡« áâ¨ D ¯à¥¤¥«
¯®á«¥¤®¢ â¥«ì­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨© § ¤ ç¨ T. �â¨ ãâ¢¥à¦¤¥­¨ï ¤®ª § ­ë ¢ [7].

� ¤ ­­®© à ¡®â¥ ¯®áâà®¥­ à §­®áâ­ë©  ­ «®£ § ¤ ç¨ �à¨ª®¬¨ ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© (1),
ãáâ ­®¢«¥­ë ¯à¨­æ¨¯ë ¬ ªá¨¬ã¬  ¤«ï á¥â®ç­®© á¨áâ¥¬ë ãà ¢­¥­¨© ¢ ®¡« áâïå í««¨¯â¨ç­®áâ¨,
£¨¯¥à¡®«¨ç­®áâ¨ ¨, ¢ æ¥«®¬, ¢ á¬¥è ­­®© ®¡« áâ¨. �  ¨å ®á­®¢¥ ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¨
¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï à §­®áâ­®© § ¤ ç¨ �à¨ª®¬¨.

2. �¯¯à®ªá¨¬ æ¨ï ¤¨ää¥à¥­æ¨ «ì­®© á¨áâ¥¬ë ãà ¢­¥­¨© à §­®áâ­®©.
�®áâ ­®¢ª  à §­®áâ­®© § ¤ ç¨ �à¨ª®¬¨

�®áâà®¨¬ á¥â®ç­ãî ®¡« áâì. � §¤¥«¨¬ ®âà¥§®ª AB ­  N = 2N1 à ¢­ëå ç áâ¥© ¤«¨­ë h.
�®áâà®¨¬ á¥âªã ¯à¨ y < 0. �«ï íâ®£® ç¥à¥§ â®çª¨ ¤¥«¥­¨ï ¯à®¢¥¤¥¬ å à ªâ¥à¨áâ¨ª¨

� = x� 2
� + 2

(�y)(�+2)=2 = mh; � = x+
2

� + 2
(�y)(�+2)=2 = mh; m = 1; 2; : : : ; N;

á¨áâ¥¬ë (1) (á¬. à¨á. 1).
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�à¨ y < 0 á¥âª  á®áâ®¨â ¨§ â®ç¥ª ¯¥à¥á¥ç¥­¨ï íâ¨å «¨­¨©. �ãáâì H(x) =
�
�+2
2
x
� 2
�+2 , â®£¤ 

ãà ¢­¥­¨¥ å à ªâ¥à¨áâ¨ª¨ AC ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ y = �H(x). �¥à¥§ (k;m) ®¡®§­ ç¨¬
ã§¥« (xkm;�ym), xkm = kh+mh=2, ym = H(mh=2), k;m = 0; 1; : : : , h | è £ á¥âª¨ ¯® x; lm { è £
á¥âª¨ ¯® y; lm = ym � ym�1. �à¨ y � 0 á¥âª  ¯àï¬®ã£®«ì­ ï. �¤¥áì ¯®¤ (k;m) ¡ã¤¥¬ ¯®­¨¬ âì
ã§¥« (kh; ym), k = 0;�1; : : : , m = 0; 1; : : : �¥à¥§ Dh, D

+
h , D

�
h ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ã§«®¢,

¯à¨­ ¤«¥¦ é¨å D, D+, D� á®®â¢¥âáâ¢¥­­®.
�«ï äã­ªæ¨¨ U(k;m) = (u1(k;m); : : : ; un(k;m)), ®¯à¥¤¥«¥­­®© ¢ á¥â®ç­®© ®¡« áâ¨ Dh, ¯®-

áâà®¨¬ à §­®áâ­ë© ®¯¥à â®à R. � ¬¥­¨¢ §­ ç¥­¨ï ç áâ­ëå ¯à®¨§¢®¤­ëå ¢ ã§«¥ (k;m) 2 D�
h

(á¬. à¨á. 2) ­  á®®â¢¥âáâ¢ãîé¨¥ à §­®áâ­ë¥ ®â­®è¥­¨ï

uix
��
(k;m)

� [ui(k;m)� ui(k � 1;m)]=h; uiy
��
(k;m)

� [ui(k;m� 1)� ui(k � 1;m+ 1)]=(lm + lm+1);

uixx
��
(k;m)

� 4[ui(k � 1;m) � 2ui0 + ui(k;m)]=h
2;

uiyy
��
(k;m)

� 2[lmui(k � 1;m+ 1)� (lm + lm+1)ui0 + lm+1ui(k;m� 1)]=((lm + lm+1)lmlm+1);

¯®«ãç¨¬

RiU(k;m) =
1

lmlm+1

�
2lm+1

lm + lm+1

ui(k;m� 1) +
2lm

lm + lm+1

ui(k � 1;m+ 1)�

� ui(k � 1;m) � ui(k;m)
�
+ ai(k;m)

1
h
[ui(k;m)� ui(k � 1;m)] +

+ bi(k;m)
1

lm + lm+1

[ui(k;m� 1)� ui(k � 1;m+ 1)] +
nX
j=1

cij(k;m)uj(k;m): (6)

�­ «®£¨ç­®, ¤«ï ª ¦¤®£® ã§«  (k;m) 2 D+
h ¨¬¥¥¬

RiU(k;m) =
K(m)
h2

[ui(k + 1;m)� 2ui(k;m) + ui(k � 1;m)] +

+
2

lm(lm + lm+1)
ui(k;m� 1)� 2

lmlm+1

ui(k;m) +
2

lm+1(lm + lm+1)
ui(k;m+ 1) +

+ ai(k;m)
1
2h
[ui(k + 1;m)� ui(k � 1;m)] +
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+ bi(k;m)
1

lm + lm+1

[ui(k;m+ 1)� ui(k;m� 1)] +
nX
j=1

cij(k;m)uj(k;m): (7)

�§ ãá«®¢¨ï (2) á«¥¤ã¥â ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ U(x; y) ¢¬¥áâ¥ á ¯à®¨§¢®¤­®© Uy(x; y) ­ 
®âà¥§ª¥ AB. � ¦¤®¬ã ã§«ã (x; 0) 2 AB á®¯®áâ ¢¨¬ á¨áâ¥¬ã

RiU � [ui(x; y2)� 2ui(x; 0) + ui(x;�y2)]=y2 = 0; i = 1; n: (8)

� §®¢¥¬ £à ­¨ç­ë¬¨ â®çª ¬¨ á¥âª¨ Dh, ¢®-¯¥à¢ëå, â®çª¨ Dh, «¥¦ é¨¥ ­  AC, ¨, ¢®-¢â®àëå,
â®çª¨ ®¡« áâ¨ Dh, «¥¦ é¨¥ ¢ ¯®«ã¯«®áª®áâ¨ y � 0, ¤«ï ª®â®àëå ­¥ ¢á¥ á®á¥¤­¨¥ â®çª¨ ¯à¨­ ¤-
«¥¦ â Dh. �«ï â®çª¨ (k;m) 2 D+

h á®á¥¤­¨¬¨ ­ §®¢¥¬ ç¥âëà¥ â®çª¨, ¢å®¤ïé¨¥ ¢ á¨áâ¥¬ã (7),  
¤«ï â®çª¨ (x; 0) | ¤¢¥ â®çª¨ (x; y2) ¨ (x;�y2), ¢å®¤ïé¨¥ ¢ á¨áâ¥¬ã (8). �­®¦¥áâ¢® £à ­¨ç­ëå
â®ç¥ª á¥âª¨, ¯à¨­ ¤«¥¦ é¨å ¯®«ã¯«®áª®áâ¨ y � 0, ®¡®§­ ç¨¬ ç¥à¥§ �h.

�à ­¨ç­ë¥ ãá«®¢¨ï (4){(5) § ¬¥­¨¬ á«¥¤ãîé¨¬¨:
1) ¢ â®çª å á¥âª¨, «¥¦ é¨å ­  AC, ¯®«®¦¨¬ U = 	;

2) ¯à®¤®«¦¨¬ äã­ªæ¨î � ¯® ­¥¯à¥àë¢­®áâ¨ ­  D
+
¨ ®¡®§­ ç¨¬ ¯®«ãç¥­­ãî äã­ªæ¨î ç¥à¥§

�D, ¢ â®çª å �h ¯®«®¦¨¬ U = �D.
�ãáâì R | à §­®áâ­ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¯® § ª®­ã, ãª § ­­®¬ã ¢ «¥¢ëå ç áâïå à -

¢¥­áâ¢ (6){(8), ­  «î¡ãî äã­ªæ¨î, ®¯à¥¤¥«¥­­ãî ¢ Dh. �®£¤  ¯®«ãç¨¬ à §­®áâ­ãî § ¤ çã.

� ¤ ç  Th. � ©â¨ à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨©

RU(k;m) = F �(k;m); (k;m) 2 Dh; (9)

ã¤®¢«¥â¢®àïîé¥¥ £à ­¨ç­ë¬ ãá«®¢¨ï¬

U = �D ­  �h; U = 	 ­  AC; (10)

£¤¥ F � = (f1; : : : ; fn) ¢ D
+
h [D�

h , F
� = 0 ­  AB.

� «¨­¥©­®© á¨áâ¥¬¥ ãà ¢­¥­¨© (9) ç¨á«® ãà ¢­¥­¨© à ¢­® ç¨á«ã ­¥¨§¢¥áâ­ëå (­¥¨§¢¥áâ­ë¬¨
ï¢«ïîâáï §­ ç¥­¨ï ª®¬¯®­¥­â äã­ªæ¨¨ U ¢ â®çª å á¥âª¨ Dh). � «¥¥ ¤®ª ¦¥¬, çâ® § ¤ ç  (9),
(10) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �áá«¥¤ã¥¬ ¯à¥¦¤¥ ¢á¥£® â®ç­®áâì  ¯¯à®ªá¨¬ æ¨¨. �ãáâì " > 0
| ¯à®¨§¢®«ì­® ¬ «®¥ ç¨á«®. �¢¥¤¥¬ ¬­®¦¥áâ¢  D"+ = f(x; y) 2 D+ j y > "g, D"� = f(x; y) 2
D� j y < �"g. �¥à¥§ D"+

h , D"�
h ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ã§«®¢, ¯à¨­ ¤«¥¦ é¨å D"+, D"�.

�¥¬¬  1. �ãáâì äã­ªæ¨ï U(x; y) ¯à¨­ ¤«¥¦¨â ª« ááã C2(D"+ [ D"�). �®£¤  RiU ! LiU
à ¢­®¬¥à­® ¯à¨ h! 0 ¢ ã§« å D"+

h [D"�
h .

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ®

max
i

max
D"+

h
[D"�

h

jLiU �RiU j ! 0 ¯à¨ h! 0:

1) �ãáâì max
i

max
D"+

h

jLiU � RiU j = jLpU(Q) � RpU(Q)j, 1 � p � n, Q = (k;m) 2 D+
h . � á¨«ã

£« ¤ª®áâ¨ äã­ªæ¨¨ U(x; y) à §«®¦¨¬ ¥¥ ª®¬¯®­¥­âë, ¢å®¤ïé¨¥ ¢ (7), ¯® ä®à¬ã«¥ �¥©«®à  ¢
®ªà¥áâ­®áâ¨ â®çª¨ Q. �®£¤  ¯®«ãç¨¬

RpU(Q) =
K(m)
2

[upxx(k � �1; m) + upxx(k + �3; m)] +
1

lm + lm+1

[lm+1 upyy(k; m+ �4) +

+lm upyy(x; m� �2)] + ap(Q)upx(Q) + ap(Q)
h

4
[upxx(k + �3; m)� upxx(k � �1; m)] +

+bp(Q)upy(Q) +
bp(Q)

lm + lm+1

[l2m+1 upyy(k; m+ �4)� l2m upyy(k; m� �2)] +
nX
j=1

cpj(Q)uj(Q);
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£¤¥ 0 < �i < 1, i = 1; : : : ; 4. �á«¨ h! 0, â® ¢á¥ �i ! 0,   §­ ç¨â, ¨ jLpU(Q)�RpU(Q)j ! 0.
2) �á«¨ max

i
max
D"�

h

jLiU�RiU j = jLpU(Q)�RpU(Q)j, 1 � p � n, Q = (k;m) 2 D�
h , â®  ­ «®£¨ç­®

¯®«ãç¨¬

jLpU(Q)�RpU(Q)j �
����Kupxx(Q) + h2

2lmlm+1

upxx(k � �1;m)� h2

4(lm + lm+1)lmlm+1

�

�[lm+1upxx(k;m� �2) + lmupxx(k � 1;m+ �4)]
����+ h

lm + lm+1

jupxy(k;m� �2)� upxy(k � 1;m+ �4)j+

+
����upyy � 1

lm + lm+1

[lmupxx(k;m� �2) + lm+1upxx(k � 1;m+ �4)]
����+ jap(Q)upxx(k � �1;m)jh2 +

+jbp(Q)[upxx(k;m� �2)� upxx(k;m+ �4)]j h2

8(lm + lm+1)
+

+jbp(Q)[upxy(k;m� �2)lm+1 � upxy(k;m+ �4)lm]j h

2(lm + lm+1)
+

+jbp(Q)[upyy(k;m� �2)l2m � upyy(k;m+ �4)l2m+1]j
h

2(lm + lm+1)
:

�®ª ¦¥¬, çâ® ����K +
h2

4lmlm+1

����! 0 ¯à¨ h! 0:

�®áª®«ìªã H 0(x) = 1
�p�K(y) ¨

lm = ym � ym�1 = H

�
mh

2

�
�H

�
mh� h

2

�
=
h

2
H 0

�
mh� �h

2

�
; 0 < � < 1;

â®

K(�ym) + h2

4lmlm+1

= K(�ym) +
q
�K(�ym � �1lm+1)

q
�K(�ym + �2lm); (11)

£¤¥ 0 < �i < 1, i = 1; 2. � á¨«ã ­¥¯à¥àë¢­®áâ¨ K(y) ¨ (11) ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.

3. �à¨­æ¨¯ ¬ ªá¨¬ã¬  ¢ ®¡« áâ¨ í««¨¯â¨ç­®áâ¨

�«ï ¤ «ì­¥©è¨å à ááã¦¤¥­¨© ã¤®¡­® ¯à¥®¡à §®¢ âì á¨áâ¥¬ã (7) ª ¢¨¤ã

RiU � K(m)uixx + (1 + tm)uiyy + ai(k;m)(uix + uix)=2 +

+ bi(k;m)[(1 � tm)uiy + (1 + tm)uiy]=2 +
nX
j=1

cij(k;m)uj = fi(k;m);

£¤¥ tm = (lm � lm+1)=(lm + lm+1), i = 1; n; uix, uix, uixx | à §¤¥«¥­­ë¥ à §­®áâ¨ ª®¬¯®­¥­âë ui
äã­ªæ¨¨ U ¯® x, uiy, uiy, uiyy | ¯® y, â. ¥.

uiy = [ui(k;m+ 1)� ui(k;m)]=lm+1; uiy = [ui(k;m)� ui(k;m� 1)]=lm;

uiyy = [uiy(k;m)� uiy(k;m� 1)]=lm:

�¥®à¥¬  1. �ãáâì 1) RiU � 0 ¢ D+
h ; 2) ãá«®¢¨ï

jaijh < 2K; (12)

jbijlm < 2; (13)

cij � 0 ¯à¨ i 6= j; cii +
nX
j 6=i

cij � 0 (14)
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¢ë¯®«­¥­ë ¢ D+
h ¤«ï ¢á¥å i = 1; n. �á«¨ max

i
max
D
+

h

ui � 0, â® íâ®â ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ­ 

�h [AB.
�®ª § â¥«ìáâ¢®. �ãáâì max

i
max
D+

h

ui = uj(k;m) � 0. �®¯ãáâ¨¬, çâ® â®çª  Q = (k;m) =2
�h [ AB. �â  â®çª  ­¥ ï¢«ï¥âáï £à ­¨ç­®©, ¯®íâ®¬ã ­ ©¤ãâáï ç¥âëà¥ ¥¥ á®á¥¤­¨¥ â®çª¨, ¢
ª®â®àëå ui � uj(Q), i = 1; n. �® ­¥ ¢® ¢á¥å ¨§ íâ¨å á®á¥¤­¨å â®ç¥ª ui = uj(Q). � á¨«ã ãá«®¢¨©
(12){(14) ¢ëç¨á«¨¬

RjU(Q) = K(m)ujxx(Q) + (1 + tm)ujyy(Q) + aj(Q)(ujx(Q) + ujx(Q))=2 +

+bj(Q)[(1 � tm)ujy(Q) + (1 + tm)ujy(Q)]=2 +
nX

k=1

cik(Q)uk(Q) =

=
K(m)
h2

[uj(k + 1;m)� 2uj(Q) + uj(k � 1;m)] +
2

lm(lm + lm+1)
uj(k;m� 1)�

� 2
lmlm+1

uj(k;m) +
2

lm+1(lm + lm+1)
uj(k;m+ 1) +

nX
k=1

cjk(k;m)uj(Q) +

+aj(Q)
1
2h
[uj(k + 1;m)� uj(k � 1;m)] + bj(Q)

1
lm + lm+1

[uj(k;m+ 1)� uj(k;m� 1)] <

<
2K(m)
h2

[uj(k + 1;m) � uj(Q)] + 2
lmlm+1

[uj(k;m+ 1)� uj(Q)] +

+
nX

k 6=j

cjk[uk(Q)� uj(Q)] + uj(Q)
�
cjj +

nX
k 6=j

cjk

�
� 0;

­®, á ¤àã£®© áâ®à®­ë, RjU(Q) � 0. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ .
�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¢® ¢á¥å á®á¥¤­¨å á â®çª®© Q ã§« å ¢ë¯®«­ï¥âáï ui = uj(Q), â®, ¯à®¢®¤ï
 ­ «®£¨ç­ë¥ ¤¥©áâ¢¨ï ¤«ï íâ¨å ã§«®¢, ¯à¨¤¥¬ ª ¯à®â¨¢®à¥ç¨î ¨«¨ ª â®¬ã, çâ® äã­ªæ¨ï U(k;m)
¯®áâ®ï­­  ¢ ®¡« áâ¨ D+

h .

� ¬¥â¨¬, çâ® ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ®¡é¥£® á¥â®ç­®£® ãà ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯ 
¯à¨¢¥¤¥­ ¢® ¬­®£¨å à ¡®â å, ­ ¯à¨¬¥à, ([22], c. 226).

�¥¬¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1), 2) â¥®à¥¬ë 1 ¨, ªà®¬¥ â®£®, ui(k;m) � 0 ­  �h,
ui(x; 0) �M , M = const > 0, ­  AB. �á«¨ uj(Q) =M , Q = (xq; 0) 2 AB, â® uj(xq; 0) > uj(xq; y2).

�®ª § â¥«ìáâ¢®. �®£« á­® â¥®à¥¬¥ 1 ¨¬¥¥¬ ui(k;m) � M , i = 1; n, ¢ D+
h . �á«¨ â®çª 

(xq; y2) 2 �h, â® ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. �ãáâì (xq; y2) 2 D+
h , uj(xq; y2) = M . �®£¤  ¨§ (7) á

ãç¥â®¬ (12), (13) ¯®«ãç¨¬ RjU(Q) < 0, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î RjU(Q) � 0 ¨«¨ â®¬ã, çâ®
uj = M ¢ ç¥âëà¥å á®á¥¤­¨å á ã§«®¬ (xq; y2) â®çª å. � ç áâ­®áâ¨, uj(xq; y4) = M . �à®¤®«¦ ï
¯®¤®¡­ë¥ à ááã¦¤¥­¨ï ª®­¥ç­®¥ ç¨á«® à §, ¯à¨¤¥¬ ª ¯à®â¨¢®à¥ç¨î á RjU(Q) � 0 ¢ D+

h ¨«¨
¯®«ãç¨¬ uj =M ¢ ­¥ª®â®à®© â®çª¥ ¨§ �h, çâ® ¯à®â¨¢®à¥ç¨â ®¤­®¬ã ¨§ ãá«®¢¨© «¥¬¬ë.

� ¬¥ç ­¨¥ 1. �á«¨ ª®íää¨æ¨¥­âë ai, bi á¨áâ¥¬ë (1) ¢ ®¡« áâ¨D+ ­¥¯à¥àë¢­ë, ®£à ­¨ç¥­ë
¨

y1��=2ai ! 0 à ¢­®¬¥à­® ¯à¨ y ! 0; (15)

â® ¯à¨ ¤®áâ â®ç­® ¬ «®¬ è £¥ h ª®íää¨æ¨¥­âë á¨áâ¥¬ë (9) ¢ ®¡« áâ¨ D+
h ã¤®¢«¥â¢®àïîâ ãá«®-

¢¨ï¬ (12), (13) â¥®à¥¬ë 1.

�¥©áâ¢¨â¥«ì­®, ãá«®¢¨¥ (13) ®ç¥¢¨¤­® ¢ë¯®«­ï¥âáï ¢ á¨«ã ®£à ­¨ç¥­­®áâ¨ bi ¨ ¬ «®áâ¨ lm.
�à¨ ãá«®¢¨¨ (12) ¨¬¥¥¬

ym = r(mh)s 2 D+
h ; r = (2s)(�s); s =

2
� + 2

:
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�®£¤ 

2K(ym)� aih = 2K(ym)
�
1� aih

2(ym)�

�
=

= 2K(ym)
�
1� (ym)

1��=2 aih

2(ym)1=s

�
= 2K(ym)

�
1� (ym)

1��=2ais

m

�
:

�®ª ¦¥¬, çâ® ¢ëà ¦¥­¨¥ ¢ ª¢ ¤à â­ëå áª®¡ª å ¡®«ìè¥ 1=2. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ¢ë¯®«-
­¥­¨ï ãá«®¢¨ï (15) áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ® ¯à¨ 0 < ym < � á¯à ¢¥¤«¨¢®

1� (ym)1��=2
ais

m
>
1
2
, �(ym)1��=2ai > �m2s:

�à¨ ym � � ¨ ¤®áâ â®ç­® ¬ «ëå h ãá«®¢¨¥ (12) á¯à ¢¥¤«¨¢® ¢ á¨«ã ®£à ­¨ç¥­­®áâ¨ K(ym)
á­¨§ã ¯®«®¦¨â¥«ì­®© ¯®áâ®ï­­®© ¨ ®£à ­¨ç¥­­®áâ¨ ai.

� ¬¥â¨¬, çâ® ãá«®¢¨¥ (15)  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«­ï¥âáï ¯à¨ � < 2 ¨ ®£à ­¨ç¥­­ëå ai. �® ¯à¨
� � 2 íâ® ãá«®¢¨¥ ­ ª« ¤ë¢ ¥â ¤®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï ­  ª®íää¨æ¨¥­âë ai.

4. �à¨­æ¨¯ ¬ ªá¨¬ã¬  ¢ ®¡« áâ¨ £¨¯¥à¡®«¨ç­®áâ¨

� ®¡« áâ¨ D� ¯¥à¥©¤¥¬ ª å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®®à¤¨­ â ¬ (�; �). � íâ¨å ª®®à¤¨­ â å á¨-
áâ¥¬  (1) ¨¬¥¥â ¢¨¤

NiU � ui�� + ai(�; �)ui� + bi(�; �)ui� +
nX
j=1

cij(�; �)uj = fi(�; �); (16)

£¤¥ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (16) ¨ fi ¨§¢¥áâ­ë¬ ®¡à §®¬ ¢ëà ¦ îâáï ç¥à¥§ ª®íää¨æ¨¥­âë
¨áå®¤­®© á¨áâ¥¬ë (1)

ai(�; �) = eai(�; �)
bi(�; �) = ebi(�; �)

)
= � s

� � �
� 1
4

�
4

� + 2

�4s
ai

(� � �)4s
� 1
4

�
4

� + 2

�2s
bi

(� � �)2s
;

cij(�; �) = ecij(�; �) = �14
�

4
� + 2

�4s
cij

(� � �)4s
; fi(�; �) = efi(�; �) = �14

�
4

� + 2

�4s
fi

(� � �)4s
;

0 < s =
�

2(� + 2)
<
1
2
; i = 1; n:

�¡« áâì D� ¯à¥®¡à §ã¥âáï ¢ � = f(�; �) : 0 <
� < � < 1g. �ãáâì A0 = (0; 0), B0 = (1; 1), C0 = (0; 1)
| ¢¥àè¨­ë âà¥ã£®«ì­¨ª  �.

�ç¥©ª¨ á¥âª¨ D�
h áâ ­®¢ïâáï ª¢ ¤à â­ë¬¨

á ¤«¨­®© áâ®à®­ë h
p
2. �­®¦¥áâ¢® ã§«®¢, ¯à¨-

­ ¤«¥¦ é¨å � (�), ®¡®§­ ç¨¬ �h (�h). �à®-
­ã¬¥àã¥¬ ã§«ë �h á«¥¤ãîé¨¬ ®¡à §®¬: á­ ç -
«  ã§«ë, «¥¦ é¨¥ ­  A0C0 ¢ ¯®àï¤ª¥ ¢®§à -
áâ ­¨ï �: (0; 0); (0; 1); (0; 2); : : : ; (0; N); § â¥¬ ã§-
«ë, «¥¦ é¨¥ ­  � = h ¢ â®¬ ¦¥ ¯®àï¤ª¥:
(1; 0); (1; 1); (1; 2); : : : ; (1; N � 1) ¨ â. ¤. � ¤ «ì­¥©-
è¥¬, ¯®¤ §­ ç¥­¨¥¬ ª ª®©-«¨¡® äã­ªæ¨¨ ¢ ã§«¥
(k;m) ¡ã¤¥¬ ¯®­¨¬ âì ¥¥ §­ ç¥­¨¥ ¢ â®çª¥ á ª®-
®à¤¨­ â ¬¨ (kh; (m + k)h).

� ¬¥­¨¬ §­ ç¥­¨ï ç áâ­ëå ¯à®¨§¢®¤­ëå ¢ ã§«¥
(k;m) 2 �h ­  á®®â¢¥âáâ¢ãîé¨¥ à §­®áâ­ë¥ ®â­®-
è¥­¨ï
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ui�
��
(k;m)

� [ui(k;m)� ui(k;m� 1)]=h;

ui�
��
(k;m)

� [ui(k;m)� ui(k � 1;m+ 1)]=h;

ui��
��
(k;m)

� [ui(k;m)� ui(k � 1;m+ 1)� ui(k;m� 1) + ui(k � 1;m)]=h2:

�®«ãç ¥¬ á¨áâ¥¬ã à §­®áâ­ëå ãà ¢­¥­¨©

R�
iU(k;m) � [(1 + aih+ bih)ui(k;m)� (1 + aih)ui(k � 1;m+ 1)�

� (1 + bih)ui(k;m� 1) + ui(k � 1;m)]=h2 +
nX
j=1

cijuj(k;m) = fi; i = 1; n; (17)

£¤¥ ç¥à¥§ ai, bi, cij , fi ®¡®§­ ç¥­ë §­ ç¥­¨ï á®®â¢¥âáâ¢ãîé¨å ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë ãà ¢­¥­¨©
(16) ¢ ã§«¥ (k;m).

�¨áâ¥¬  à §­®áâ­ëå ãà ¢­¥­¨© (17)  ¯¯à®ªá¨¬¨àã¥â á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
(16), â. ¥. ¥á«¨ U(�; �) 2 C 2(�), â®

max
i

max
�h

jNiU �R�
iU j ! 0 ¯à¨ h! 0:

�â¢¥à¦¤¥­¨¥ ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® «¥¬¬¥ 1.

�¥®à¥¬  2. �ãáâì

1) äã­ªæ¨ï U(k;m) ®¯à¥¤¥«¥­  ¢ �h ¨ R
�
iU(k;m) � 0 ¢ �h, i = 1; n;

2) ª®íää¨æ¨¥­âë á¨áâ¥¬ë (17) ¢ ®¡« áâ¨ �h ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

cij(k;m) � 0; i 6= j;
nX
i=1

cij(k;m) � 0; (18)

3) áãé¥áâ¢ã¥â â ª®¥ h0 > 0, çâ® ¤«ï ¢á¥å 0 < h < h0 ¢ �h ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

1 + ai(k;m)h � 0; 1 + bi(k;m)h � 0; (19)

(1 + ai(k + 1;m� 1)h)(1 + bi(k;m)h) � 1 + ai(k;m)h+ bi(k;m)h + h2
nX
j=1

cij(k;m) > 0; (20)

4) ui(0;m) � 0, [1 + ai(1;m)h]ui(0;m + 1) � ui(0;m) ­  A0C0, £¤¥ m = 1; N � 1, i = 1; n;
ui(k; k) � 0 ­  A0B0, £¤¥ k = 1; N � 1, i = 1; n.

�®£¤  ¢á¥ ª®¬¯®­¥­âë äã­ªæ¨¨ U(k;m) ­¥®âà¨æ â¥«ì­ë ¢ �h.

�«¥¤áâ¢¨¥ 1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 2), 3) â¥®à¥¬ë 2 ¨ U(k;m) | à¥è¥­¨¥ á¨áâ¥-
¬ë (17), à ¢­®¥ ­ã«î ­  å à ªâ¥à¨áâ¨ª¥ A0C0, fi(k;m) � 0, (k;m) 2 �h, i = 1; n. �á«¨
max
i
max
�h

ui(k;m)>0, â® íâ®â ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ­  A0B0.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¨ á«¥¤áâ¢¨ï 1 ¯à¨¢¥¤¥­® ¢ [27].

� ¬¥ç ­¨¥ 2. �á«¨ ª®íää¨æ¨¥­âë ai, bi, cij ¨ ai� á¨áâ¥¬ë (16) ­¥¯à¥àë¢­ë ¢ ®¡« áâ¨ � ¨

ILi � ai� + aibi �
nX
j=1

cij � 0; cij � 0; i 6= j;
nX
i=1

cij � 0;

â® ¯à¨ ¤®áâ â®ç­® ¬ «®¬ è £¥ h ª®íää¨æ¨¥­âë á¨áâ¥¬ë (17) ¢ ®¡« áâ¨ �h ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬ 2), 3) â¥®à¥¬ë 2.
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�¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬ ãá«®¢¨¥ (20). �«ï ¥£® ¢ë¯®«­¥­¨ï ¤®áâ â®ç­® ­¥à ¢¥­áâ¢ 

ILHi � [ai(k + 1;m� 1)� ai(k;m)]=h + ai(k + 1;m� 1)bi(k;m) �
nX
j=1

cij(k;m) � 0;

ª®â®à®¥ á¯à ¢¥¤«¨¢® ¢ á¨«ã ILi � 0 ¨

max
i

max
�h

jILi � ILHij ! 0 ¯à¨ h! 0:

�áâ «ì­ë¥ ãá«®¢¨ï ¢ë¯®«­ïîâáï ¢ á¨«ã ¬ «®áâ¨ h ¨ ®£à ­¨ç¥­­®áâ¨ ãª § ­­ëå ª®íää¨æ¨-
¥­â®¢.

5. �à¨­æ¨¯ ¬ ªá¨¬ã¬  ¢ á¬¥è ­­®© ®¡« áâ¨

�¥®à¥¬  3. �ãáâì

1) ª®íää¨æ¨¥­âë á¨áâ¥¬ë (7) ¢ ®¡« áâ¨ D+
h ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (12){(14);

2) ¢ ®¡« áâ¨ �h ª®íää¨æ¨¥­âë á¨áâ¥¬ë (17) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (18){(20);
3) U(k;m) | à¥è¥­¨¥ á¨áâ¥¬ë (9), à ¢­®¥ ­ã«î ­  å à ªâ¥à¨áâ¨ª¥ AC, RU � 0 ¢ Dh.

�á«¨ max
i
max
Dh

ui > 0, â® íâ®â ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ­  �h.

�®ª § â¥«ìáâ¢®. �ãáâì max
i
max
Dh

ui = uj(Q) > 0. �®£¤  ¢ á¨«ã á«¥¤áâ¢¨ï 1 ¨§ â¥®à¥¬ë 2

â®çª  Q 2 D+

h . �  ®á­®¢ ­¨¨ â¥®à¥¬ë 1 â®çª  Q â ª¦¥ ­¥ ¯à¨­ ¤«¥¦¨â D+
h .

�ãáâì Q = (x; 0) 2 AB, M = max
i
max
�h

ui(k;m) ¨ uj(Q) > M . �®£¤  ¤«ï äã­ªæ¨¨ V =

(u1 �M; : : : ; un �M) ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï «¥¬¬ë 2. �¥©áâ¢¨â¥«ì­®, RV � 0 ¢ Dh, vi � 0 ­ 
�h ¨ vi � uj(Q) �M ­  AB, ¯à¨ç¥¬ uj(Q) �M > 0. �«¥¤®¢ â¥«ì­®, vj(x; y2) < uj(x; 0) �M ,  
§­ ç¨â,

RjU(Q) = [uj(x; y2)� 2uj(x; 0) + uj(x;�y2)]=y2 < 0;

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î RU � 0 ¢ Dh. �â ª, Q 2 �h.
�«¥¤áâ¢¨¥ 2. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 3, â® § ¤ ç  Th ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥-

­¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì W = (w1; : : : ; wn) | à¥è¥­¨¥ ®¤­®à®¤­®© á¨áâ¥¬ë ãà ¢­¥­¨©

RW = 0 ¢ Dh; wi = 0 ­  AC [ �h:
�«ï äã­ªæ¨© W ¨ V = �W ¢ Dh ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 3. �âáî¤  á«¥¤ã¥â W � 0
¢ Dh. �­ ç¨â, ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (9) ­¥ à ¢¥­ ­ã«î, ¯®íâ®¬ã § ¤ ç  Th ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥.

�«¥¤áâ¢¨¥ 3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 3 ¨ U = (u1; : : : ; un) | ¯à®¨§¢®«ì­ ï
äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¢ á¥â®ç­®© ®¡« áâ¨ Dh, ¤«ï ª®â®à®© ¢¥«¨ç¨­ë

B1 = max
i
max
�h

juij; B2 = max
i

max
AC

j[ui(0;m) � ui(0;m+ 1)]=lm+1j; B3 = max
i

max
Dh

jRiU j
ª®­¥ç­ë. �®£¤  ¤«ï ¤®áâ â®ç­® ¬ «ëå h ¢ ®¡« áâ¨ Dh á¯à ¢¥¤«¨¢  ®æ¥­ª 

juij � B1 + C(B2 +B3); i = 1; n; (21)

£¤¥ C � 0 | ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â à §¬¥à®¢ ®¡« áâ¨ D ¨ ª®íää¨æ¨¥­â®¢ bi ¨ cij .

�®ª § â¥«ìáâ¢®. �ãáâì Y = sup
D
jyj. � ®¡« áâ¨ Dh ®¯à¥¤¥«¨¬ á¥â®ç­ãî äã­ªæ¨î E á«¥¤ã-

îé¨¬ ®¡à §®¬:

E(�ym) = (1� �lm)E(�ym�1) ¢ D�
h ;

E(ym) = (1 + 2� lm)E(ym�1) ¢ D+
h ;

E(0) = exp(2�Y );
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£¤¥ � | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï. �®§ì¬¥¬ h ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë ¤«ï ¢á¥å m ¢ë¯®«­ï-
«®áì ­¥à ¢¥­áâ¢®

1� �lm � 1
1 + 2�lm

> exp(�2�lm):
�­® á¯à ¢¥¤«¨¢® ¯à¨ �lm � 1=2. � ª¨¬ ®¡à §®¬, ¢ ã§« å á¥âª¨ ¨§ D�

h ¨¬¥¥¬ á®®â­®è¥­¨¥

E(�ym) = exp(2�Y )
mY
i=1

(1� �li) > 1:

� ã§« å ¨§ D+
h á¯à ¢¥¤«¨¢  ®æ¥­ª 

E(ym) = exp(2�Y )
mY
i=1

(1 + 2�li) < exp(4�Y ):

� ª¨¬ ®¡à §®¬, E| ¯®«®¦¨â¥«ì­ ï, ­¥ã¡ë¢ îé ï, à ¢­®¬¥à­® (®â­®á¨â¥«ì­® h) ®£à ­¨ç¥­­ ï
äã­ªæ¨ï. �®¯®«­¨â¥«ì­® ¯®«®¦¨¬ h ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë ¢ë¯®«­ï«®áì á®®â­®è¥­¨¥

1
y2
� bi(x; 0)

2
; i = 1; n;

â®£¤  ¢ Dh á¯à ¢¥¤«¨¢  ®æ¥­ª 

RiE � �2 � 3 jbij�+ 2
nX
j=1

cij :

� ã§« å, «¥¦ é¨å ­  å à ªâ¥à¨áâ¨ª¥ AC, ¨¬¥¥¬ ®æ¥­ªã

[E(0;m) �E(0;m + 1)]=lm+1 = �E(�ym) � �:

�ë¡¥à¥¬ � ­ áâ®«ìª® ¡®«ìè¨¬, çâ®¡ë ¤«ï ¬ «ëå h ¢ë¯®«­ï«®áì RiE � 1, i = 1; n, ¢ Dh ¨
[E(0;m) �E(0;m + 1)]=lm+1 � 1 ­  AC.

�¥¯¥àì ®¯à¥¤¥«¨¬ äã­ªæ¨¨ V = (v1; : : : ; vn) ¨ W = (w1; : : : ; wn) ¢ ®¡« áâ¨ Dh á«¥¤ãîé¨¬
®¡à §®¬:

vi = ui +B1 + (B2 +B3)E; wi = �ui +B1 + (B2 +B3)E:

�®áª®«ìªã ¤«ï ¢¢¥¤¥­­ëå äã­ªæ¨© ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ , â® max
i

max
Dh

vi

¨ max
i
max
Dh

wi ­¥®âà¨æ â¥«ì­ë ¨ ¤®áâ¨£ îâáï ­  �h. �«¥¤®¢ â¥«ì­®, ®æ¥­ª  (21) á¯à ¢¥¤«¨¢  ¯à¨

C � exp(4�Y )� 1.

�«¥¤áâ¢¨¥ 4. �ãáâì U = (u1; u2; : : : ; un) | à¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¤«ï á¨áâ¥¬ë (1), eU =
(eu1; eu2; : : : ; eun) | à¥è¥­¨¥ § ¤ ç¨ (9), (10). �®£¤ , ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 3, â®

lim
h!0

max
i
max
Dh

jui � euij = 0:

�®ª § â¥«ìáâ¢®. � á¨«ã £« ¤ª®áâ¨ äã­ªæ¨¨ U(x; y) ¨ «¥¬¬ë 1 ¤«ï «î¡®£® " > 0 ¬®¦­®
¢ë¡à âì â ª®¥ ¬ «®¥ h1, çâ® ¯à¨ h < h1 ¤«ï ¢á¥å i = 1; n ¢ ®¡« áâ¨ Dh

jLiU �RiU j < "; (22)

£¤¥ U | à¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¤«ï á¨áâ¥¬ë (1). �ãáâì eU | à¥è¥­¨¥ § ¤ ç¨ Th. �®áª®«ìªã
LiU = Ri

eU = fi ¢ Dh, â® ¨§ (22) á«¥¤ã¥â

max
i
jRi( eU � U)j < ": (23)

�à®¬¥ â®£®, ¯®áª®«ìªã eU = �D ­  �h, U = � ­  � ¨ �D | ­¥¯à¥àë¢­®¥ ¯à®¤®«¦¥­¨¥ �, â®
áãé¥áâ¢ã¥â â ª®¥ ¬ «®¥ h2 > 0, çâ® ¯à¨ h < h2 ¢ ã§« å ¨§ �h

max
i
jeui � uj < ": (24)
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�  A0C0 ¢ë¯®«­ï¥âáï eui� u = 0, ¯®íâ®¬ã ¨§ (22){(24) ¢ á¨«ã á«¥¤áâ¢¨ï 3 ¯®«ãç ¥¬, çâ® ¯à¨
h < minfh0; h1; h2g ¢ Dh

max
i
jeui � uj < C"; C = const > 0: �

�®ª ¦¥¬, çâ® § ¤ çã (9), (10) ¬®¦­® à¥è âì ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©. �«ï
íâ®£® § ­ã¬¥àã¥¬ ¢á¥ ¢­ãâà¥­­¨¥ ã§«ë á¥âª¨ Dh á«¥¤ãîé¨¬ ®¡à §®¬. �ë¡¥à¥¬ ã§«ë ®¡« áâ¨
D+

h c ­ ¨¡®«ìè¥© ®à¤¨­ â®© ¨ § ­ã¬¥àã¥¬ ¨å ¢ ¯à®¨§¢®«ì­®¬ ¯®àï¤ª¥, § â¥¬ ¢ë¡¥à¥¬ ã§«ë á
­ ¨¡®«ìè¥© ®à¤¨­ â®© ¨§ ®áâ ¢è¨åáï ¨ ¢­®¢ì § ­ã¬¥àã¥¬ ¨å ¢ ¯à®¨§¢®«ì­®¬ ¯®àï¤ª¥ ¨ â. ¤.
� ª®­¥æ, § ­ã¬¥àã¥¬ ¢á¥ â®çª¨ AB â ª¦¥ ¢ ¯à®¨§¢®«ì­®¬ ¯®àï¤ª¥. �®á«¥ íâ®£® ¡ã¤¥¬ ­ã¬¥-
à®¢ âì ã§«ë D�

h , á­ ç «  â®çª¨ (1;m) ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï m, § â¥¬ â®çª¨ (2;m) ¢ â®¬ ¦¥
¯®àï¤ª¥ ¨ â. ¤. �¡é¥¥ ª®«¨ç¥áâ¢® ¯®«ãç¨¢è¨åáï â®ç¥ª ®¡®§­ ç¨¬ ç¥à¥§ P .

� §à¥è¨¬ ª ¦¤®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (9) ®â­®á¨â¥«ì­® §­ ç¥­¨© ui ¢ ®¤­®© ¨§ â®ç¥ª: ãà ¢-
­¥­¨ï ¢¨¤  (6) ¨ (7) ®â­®á¨â¥«ì­® ui(k;m),   ¢¨¤  (8) | ®â­®á¨â¥«ì­® ui(x; 0). �å®¤ïé¨¥ ¢ íâ¨
ãà ¢­¥­¨ï §­ ç¥­¨ï ui ¢ â®çª å �h [AC § ¬¥­¨¬ ¨§¢¥áâ­ë¬¨ §­ ç¥­¨ï¬¨ á®£« á­® (10). �®£¤ 
á¨áâ¥¬  (9) ¯à¨¬¥â ¢¨¤

ui(p) =
PX
j 6=p

rpjui(j) +
nX
j 6=i

epjuj(p) + sp; i = 1; n; p = 1; P ; (25)

£¤¥ ç¥à¥§ ui(p) ®¡®§­ ç¥­® §­ ç¥­¨¥ ª®¬¯®­¥­âë ui ¢¥ªâ®à-äã­ªæ¨¨ U ¢ ã§«¥ á ­®¬¥à®¬ p.

� ¬¥ç ­¨¥ 3. �¥è¥­¨¥ § ¤ ç¨ (9), (10) ¬®¦¥â ¡ëâì ¯®«ãç¥­® ¨â¥à æ¨®­­ë¬ ¯à®æ¥áá®¬ �¥©-
¤¥«ï, â. ¥. ¥á«¨ ®¡®§­ ç¨âì ç¥à¥§ u(m)

i (p), i = 1; n, p = 1; P , m-¥ ¯à¨¡«¨¦¥­¨¥ à¥è¥­¨ï á¨áâ¥¬ë
(25), § ¤ âì ­ã«¥¢®¥ ¯à¨¡«¨¦¥­¨¥ ¯à®¨§¢®«ì­®,   ¤ «ì­¥©è¨¥ ¯à¨¡«¨¦¥­¨ï ¢ëç¨á«ïâì ¯® ä®à-
¬ã«¥

u(m+1)
i (p) =

p�1X
j=1

rpju
(m+1)
i (j) +

PX
j=p+1

rpju
(m)
i (j) +

nX
j 6=i

epju
(m)
j (p) + sp; i = 1; n; p = 1; P ; (26)

â® ¯à¨ m!1 ¯®«ãç¨¬ u
(m)
i ! ui, £¤¥ Up | à¥è¥­¨¥ á¨áâ¥¬ë (25).

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ äã­ªæ¨î \®è¨¡ª¨" m-£® ¯à¨¡«¨¦¥­¨ï

vmi = ui � u(m)
i ; i = 1; n:

� ­­ ï äã­ªæ¨ï ï¢«ï¥âáï à¥è¥­¨¥¬ ®¤­®à®¤­®© á¨áâ¥¬ë

v
(m+1)
i (p) =

p�1X
j=1

rpjv
(m+1)
i (j) +

PX
j=p+1

rpjv
(m)
i (j) +

nX
j 6=i

epjv
(m)
j (p); i = 1; n; p = 1; P :

� ª¨¬ ®¡à §®¬, v(m)
i ï¢«ï¥âáï ¨ m-¬ ¯à¨¡«¨¦¥­¨¥¬ à¥è¥­¨ï ®¤­®à®¤­®© á¨áâ¥¬ë

RV (k;m) = 0; (k;m) 2 Dh;

V = 0 ­  �h; V = 0 ­  AC:

�à¥¤¯®«®¦¨¬

v(m)
i (p) �M; i = 1; n; p = 1; P : (27)

�§ (7) ¢ëà §¨¬ §­ ç¥­¨¥ ¢ â®çª¥ (k;m) ç¥à¥§ ®áâ «ì­ë¥�
2K
h2

+
2

lmlm+1

� cii

�
ui(k;m) = ui(k � 1;m)

2K � aih

2h2
+ ui(k + 1;m)

2K + aih

2h2
+

+ui(k;m+ 1)
2 + bilm+1

lm+1(lm + lm+1)
+ ui(k;m� 1)

2� bilm
lm(lm + lm+1)

+
nX
j 6=i

cijuj(k;m) � fi:
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�­ ç¥­¨¥ vm+1
i (1) á®£« á­® ¢¢¥¤¥­­®© ­ã¬¥à æ¨¨ â®ç¥ª ¨ ®¤­®à®¤­®áâ¨ á¨áâ¥¬ë § ¢¨á¨â «¨èì

®â §­ ç¥­¨© ¢ ã§« å (k � 1;m), (k + 1;m), (k;m � 1), ª®â®àë¥ á®£« á­® (27) ­¥ ¯à¥¢®áå®¤ïâ M .
�®£¤  á¯à ¢¥¤«¨¢  ®æ¥­ª 

vm+1
i (1) �M

�
2K
h2

+
2� bilm

lm(lm + lm+1)
+

nX
j 6=i

cij

���
2K
h2

+
2

lmlm+1

� cii

�
=

=
�
1�

�
2 + bilm+1

lm+1(lm + lm+1)
�

nX
j=1

cij

���
2K
h2

+
2

lmlm+1

� cii

��
M:

�ë¡¥à¥¬ è £ á¥âª¨ ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë ®â­®è¥­¨¥ ¢ ª¢ ¤à â­ëå áª®¡ª å ¡ë«® ¡®«ìè¥
¨«¨ à ¢­® ­¥ª®â®à®© ª®­áâ ­âe �, 0 < � < 1. �®£¤  ¡ã¤¥¬ ¨¬¥âì ®æ¥­ªã

v
(m+1)
i (1) � (1� �)M: (28)

�­ «®£¨ç­ ï ®æ¥­ª  ¢¥à­  ¤«ï ¢á¥å p ã§«®¢ \¢¥àå­¥£®" àï¤ . �¥¯¥àì à áá¬®âà¨¬ (p + 1)-©
ã§¥«. �­ ç¥­¨¥ v(m+1)

i (p+ 1) ®¯à¥¤¥«ï¥âáï ç¥à¥§ §­ ç¥­¨¥ (m+ 1)-© ¨â¥à æ¨¨ ¢ \¢¥àå­¥¬" ã§«¥
¨ m-© ¨â¥à æ¨¨ ¢ ®áâ «ì­ëå. �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (27), (28), ¯®«ãç¨¬

vm+1
i (p+ 1) �M

�
2K
h2

+
2� bilm

lm(lm + lm+1)
+

nX
j 6=i

cij +
2 + bilm+1

lm+1(lm + lm+1)
(1� �)

���
2K
h2

+
2

lmlm+1

� cii

�
=

=
�
1�

�
2 + bilm+1

lm+1(lm + lm+1)
��

nX
j=1

cij

���
2K
h2

+
2

lmlm+1

� cii

��
M �

�
�
1�

�
2 + bilm+1

lm+1(lm + lm+1)
�

nX
j=1

cij

���
2K
h2

+
2

lmlm+1

� cii

�
�

�
M = (1� �2)M:

� ª ª ª 1 � � < M , â® ¯®¤®¡­ë¥ à ááã¦¤¥­¨ï á¯à ¢¥¤«¨¢ë ¤«ï ¢á¥å â®ç¥ª \¢â®à®£®" àï¤ .
�à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¤«ï â®ç¥ª \¯®á«¥¤­¥£®" ¢ D+

h r-£® àï¤  ¯®«ãç¨¬ ®æ¥­ªã

v
(m+1)
i � (1� �r)M:

�á¯®«ì§ãï ¯®á«¥¤­îî ®æ¥­ªã ¨ á®®â­®è¥­¨ï ­  AB, ¤«ï ¢á¥å ã§«®¢ D+
h [AB ¯®«ãç¨¬

v(m+1)
i � (1� �r=2)M: (29)

�à¨¬¥­¨âì ¤ ­­ë¥ à ááã¦¤¥­¨ï ª â®çª ¬ ®¡« áâ¨ D�
h ­¥ ã¤ ¥âáï, ¯®â®¬ã çâ® ¢ íâ®¬ á«ãç ¥

¨§-§  ¢ë¡à ­­®£® è ¡«®­   ¯¯à®ªá¨¬ æ¨¨ ¨ ­ã¬¥à æ¨¨ â®ç¥ª ¢ (26) ¢â®à®© áã¬¬ë ­¥ ¡ã¤¥â.
�¤­ ª® ¢ á¨«ã â®£®, çâ® ¢ ¤ ­­®¬ á«ãç ¥ v(m+1)

i ã¤®¢«¥â¢®àï¥â à §­®áâ­®© á¨áâ¥¬¥ RV (m+1) = 0
¢ D�

h , V
(m+1) = 0 ­  AC, max

i
max
Dh

v
(m+1)
i ¤®áâ¨£ ¥âáï ­  AB. �­ ç¨â, ®æ¥­ª  (29) ¢ë¯®«­ï¥âáï ¨

¢ â®çª å D�
h ,   á«¥¤®¢ â¥«ì­®, ¨ ¢ Dh.

�ë¯®«­ïï ¤ ­­ãî ¯à®æ¥¤ãàã ¤«ï �v(m+1)
i , ¯®«ãç¨¬

jv(m+1)
i j � (1� �r=2)M:

�á«¨ â¥¯¥àì ¯à®¨§¢®«ì­® ®¯à¥¤¥«¨âì ­ã«¥¢®¥ ¯à¨¡«¨¦¥­¨¥ u(0)i , â® ¯®«ãç¨¬

jvm+1
i j � (1� �r=2)mM0;

£¤¥ M0 = max
p

max
i
jui(p)� u

(0)
i (p)j.

� ª¨¬ ®¡à §®¬ ¤®ª § ­®, çâ® v(m)
i (p)! 0 ¯à¨ m!1.
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