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�¯¥ªâà «ì ï â¥®à¥¬  ¨£à ¥â äã¤ ¬¥â «ìãî à®«ì ¢ äãªæ¨® «ì®¬   «¨§¥. �  ¨-
â¥á¨¢® ¨á¯®«ì§ã¥âáï,  ¯à¨¬¥à, ¯à¨ ¯®áâà®¥¨¨ ª¢ â®¢®© â¥®à¨¨ ¬¥àë ¨ ¨â¥£à «  [1]. �§-
¢¥áâ® ®¡®¡é¥¨¥ íâ®© â¥®à¥¬ë   ®¯¥à â®àë ¢ ¯à®áâà áâ¢¥ á ¡¨«¨¥©®© ä®à¬®© (¡. ä.), ®¯à¥-
¤¥«ïîé¥© ¨¤¥ä¨¨âãî ¬¥âà¨ªã ([2]; [3], £«. IV, á. 252). � ¤ ®© áâ âì¥ á¯¥ªâà «ì ï â¥®à¥¬ 
à á¯à®áâà ï¥âáï   ®¯¥à â®àë, á ¬®á®¯àï¦¥ë¥ ®â®á¨â¥«ì® ®£à ¨ç¥ëå ¡.ä., ®¯à¥¤¥«ï-
¥¬ëå ®£à ¨ç¥® ®¡à â¨¬ë¬¨ ®¯¥à â®à ¬¨.

�ãáâì H | ª®¬¯«¥ªá®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ (á. ¯.) (�; �).
�¡®§ ç¨¬ ç¥à¥§ B(H) ¬®¦¥áâ¢® ¢á¥å ®£à ¨ç¥ëå ®¯¥à â®à®¢ ¢ H ¨ ç¥à¥§ G | ¬®¦¥áâ¢®
¢á¥å ®¯¥à â®à®¢ ¨§ B(H), ¨¬¥îé¨å ®£à ¨ç¥ë© ®¡à âë©. �ãáâì T 2 B(H). �¢¥¤¥¬ ¡.ä.
hf; giT := (Tf; g) 8f , g 2 H. � á¯¥æ¨ «ì®¬ á«ãç ¥ T 2 G, T > 0 ¡¨«¨¥©ãî ä®à¬ã h�; �iT ¡ã¤¥¬
®¡®§ ç âì ¨®£¤  ç¥à¥§ (�; �)T . �â¬¥â¨¬, çâ® (�; �)T ®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨ á. ¯., ¨ «¨¥©®¥
¯à®áâà áâ¢® H,  ¤¥«¥®¥ (�; �)T , ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬. �ã¤¥¬ ®¡®§ ç âì ¥£® ç¥à¥§ HT .

�.ä. a(�; �)  §®¢¥¬ ã¨â à®¯®à®¦¤¥®©, ¥á«¨ áãé¥áâ¢ã¥â ã¨â àë© ®â®á¨â¥«ì® (�; �)
®¯¥à â®à Y â ª®©, çâ® a(�; �) = (Y �; �). �¯¥à â®à B� 2 B(H)  §®¢¥¬ á®¯àï¦¥ë¬ ª B 2 B(H) (=
T -á®¯àï¦¥ë¬) ®â®á¨â¥«ì® ¡. ä. h�; �iT , ¥á«¨ hBf; giT = hf;B�giT 8f , g 2 H. �«ï ã¨â à®£®
á ¬®á®¯àï¦¥®£® J 2 G, J 6= �I ¡. ä. h�; �iJ ®¡ëç® ®¡®§ ç ¥âáï ç¥à¥§ [�; �]J ¨  §ë¢ ¥âáï

¨¤¥ä¨¨â®© ¬¥âà¨ª®©. �ãáâì ¢áî¤ã ¨¦¥ U =
2�R
0

ei�eU (d�) | ã¨â àë© ®¯¥à â®à. �¤¥áì

eU : BS ! �U | á¯¥ªâà «ì ï ¬¥à    �- «£¥¡à¥ BS ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ¢ ¥¤¨¨ç®©
áä¥àë S � C ¨ �U | ¬®¦¥áâ¢® ¢á¥å ®àâ®£® «ìëå ¯à®¥ªâ®à®¢ ¢ H.

�â¬¥â¨¬ ®ç¥¢¨¤®¥

�à¥¤«®¦¥¨¥ 1. �ãáâì T 2 G. �¯¥à â®à B T -á ¬®á®¯àï¦¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
B = T�1B�T (= T ��1B�T �) ¨«¨, çâ® â® ¦¥ á ¬®¥, TB = B�T .

�á«¨ B T -á ¬®á®¯àï¦¥, â® (T �T�1)B� = B�(T �T�1).
�ãáâì T 2 G, T = XY , £¤¥ X > 0 ¨ X;Y 2 G. �¯¥à â®à A 2 B(H) T -á ¬®á®¯àï¦¥ ¢ H

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A Y -á ¬®á®¯àï¦¥ ¢ HX.
A ¨ A� U -á ¬®á®¯àï¦¥ë, ®¤®¢à¥¬¥® ¯à¨ íâ®¬ U(AA�) = (A�A)U , U(A�A) = (AA�)U .

�®ª ¦¥¬,  ¯à¨¬¥à, ¯®á«¥¤¥¥ à ¢¥áâ¢®. �ãáâì A U -á ¬®á®¯àï¦¥. �§ A = U�1A�U =
UA�U�1 ¨¬¥¥¬ UA = A�U ¨ UA� = AU . �®íâ®¬ã

U(A�A) = (UA�)A = (AU)A = A(UA) = A(A�U):

�ãáâì T 2 B(H), T > 0. �á«¨ ®¯¥à â®à Y 2 B(H) â ª®¢, çâ® Y �1 = T�1Y �T , â® Y | ã¨â àë©
®¯¥à â®à ¢ HT .

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥®.

�à¥¤«®¦¥¨¥ 2. �ãáâì T 2 G, T > 0. �â®¡à ¦¥¨¥ �T (�) := T�1=2 � T 1=2 ®áãé¥áâ¢«ï-
¥â ¨§®¬®àä¨§¬ «¨¥ «  á ¬®á®¯àï¦¥ëå ®¯¥à â®à®¢ (à¥è¥âª¨ ®àâ®£® «ìëå ¯à®¥ªâ®à®¢
(=¨¤¥¬¯®â¥â®¢)) ¢ H ¨ «¨¥ «  á ¬®á®¯àï¦¥ëå ®¯¥à â®à®¢ (à¥è¥âª¨ ®àâ®£® «ìëå
¯à®¥ªâ®à®¢) ¢ HT .

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â 99-01-00441, ¨ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï �®áá¨¨, £à â E00-01-172.
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�«¥¤ãîé¨¥ á¢®©áâ¢  ¥ ¨¬¥îâ   «®£®¢ ¤«ï á ¬®á®¯àï¦¥ëå ¨ J-á ¬®á®¯àï¦¥ëå ®¯¥-
à â®à®¢:

(i) eá«¨ A U -á ¬®á®¯àï¦¥, â® UA ¥ ®¡ï§ â¥«ì® á ¬®á®¯àï¦¥ (¤«ï ª®âà¯à¨¬¥à  ¤®-
áâ â®ç® à áá¬®âà¥âì A = J , U = ei�J);

(ii) eá«¨ hAx; xiU � 0 8x 2 H, â® A ¥ ®¡ï§ â¥«ì® U -á ¬®á®¯àï¦¥ ( ¯à., A = e�i�J ,
U = ei�J);

(iii) eá«¨ A U -á ¬®á®¯àï¦¥, â® A ¥ ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, à §®áâìî ®¯¥à â®à®¢ á®
á¢®©áâ¢®¬ ¯®«®¦¨â¥«ì®áâ¨ (ii) ( ¯à., ª®£¤  A = I ¨ U = ei�J).

�¡®§ ç¨¬ ç¥à¥§ BU (H) ¬®¦¥áâ¢® ¢á¥å U -á ¬®á®¯àï¦¥ëå ®¯¥à â®à®¢. �«ï «î¡®£® ¯®¤-
¬®¦¥áâ¢  M � B(H) ¢¢¥¤¥¬ ¬®¦¥áâ¢® M 0 := fB 2 B(H) : BA = AB 8A 2 Mg. �¡®§ ç¨¬
ç¥à¥§ Mpr ¬®¦¥áâ¢® ¢á¥å ®àâ®£® «ìëå ¯à®¥ªâ®à®¢ ¨§ M . �ãáâì R(U) (R(U 2)) | á« ¡®§ -
¬ªãâ ï � «£¥¡à , ¯®à®¦¤¥ ï ®¯¥à â®à®¬ U (U 2 á®®â¢¥âáâ¢¥®). �ç¥¢¨¤®,

R(U 2) � R(U) � R0(U) � R0(U 2):

�ãáâì A 2 BU(H). �®£¤  A + A� 2 BU(H) \ R0(U) ¨ U�(A � A�)U = �(A � A�). �á«¨ A +
A� =

R
�de� | á¯¥ªâà «ì®¥ à §«®¦¥¨¥ ®¯¥à â®à  A + A�, â® e� 2 BU (H) \ R0(U) 8�. �ãáâì

P 2 Rpr(U). �®£¤  P?(A+A�)P = 0; §¤¥áì P? := I � P . �âáî¤ 

P?AP = �P?A�P = �(PAP?)�; (1)

PAP? = �PA�P? = �(P?AP )�: (2)

�à¥¤«®¦¥¨¥ 3. �«ï «î¡ëå A 2 BU (H) ¨ P 2 Bpr(U) ¨¬¥¥¬ jP?A�P j = jP?AP j ¨
jP?AP j 2 R0(U).

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥¨ï U -á ¬®á®¯àï¦¥®£® ®¯¥à â®à  ¨¬¥¥¬

U�jP?AP j2U = U�(PA�P?)(P?AP )U = P (U�A�U)P?(U�AU)P =

= (PAP?)(P?A�P ) = jP?A�P j2:

� á¨«ã (1), (2) ¯®«ãç ¥¬

U�jP?AP j2U = U�(�PAP?)(�P?A�P )U =

= P (U�AU)P?(U�A�U)P = (PA�P?)(P?AP ) = jP?AP j2:

�®íâ®¬ã jP?A�P j = jP?AP j ¨ jP?AP j 2 R0(U).

�á¯®«ì§ãï (1), ¢ëç¨á«¨¬

jP?AP j = ((P?AP )�(P?AP ))1=2 = (�(PAP?)(P?AP ))1=2 = ((PAP 2)� PA2P )1=2:

�à¥¤«®¦¥¨¥ 4. �ãáâì ã¨â àë© ®¯¥à â®à U â ª®¢, çâ® R(U) 6= R(U 2) ¨ P 2 Rpr(U) n
R(U 2). �®£¤  ç áâ¨ç ï ¨§®¬¥âà¨ï w ¨§ ¯®«ïà®£® ¯à¥¤áâ ¢«¥¨ï P?AP = wjP?AP j ®¯¥à -
â®à  P?AP , A 2 BU(H), â ª®¢ , çâ® U�wU = �w.

�®ª § â¥«ìáâ¢®. � á¨«ã (1) ¨ ¯à¥¤«®¦¥¨ï 3 ¯®«ãç ¥¬

� wjP?AP j = �P?AP = P?A�P = P?U�AUP = U�(P?AP )U =

= (U�wU)U�jP?AP jU = (U�wU)jP?AP j:

� á¨«ã ¥¤¨áâ¢¥®áâ¨ ¯®«ïà®£® ¯à¥¤áâ ¢«¥¨ï ¨¬¥¥¬ U�wU = �w.

� ¬¥ç ¨¥ 1. � ¢¥áâ¢® U�wU = �w ¢«¥ç¥â w�; w 2 R0(U 2) ¨ w�w;ww� 2 R0(U).

�«¥¤ãîé¥¥ ¯à¥¤«®¦¥¨¥ ¢ë¤¥«ï¥â \áä¥à¨ç¥áªãî" (=EU),   ¯à¥¤«®¦¥¨¥ 6 | \£¨¯¥à¡®«¨-
ç¥áªãî" (=FU) ç áâ¨ ã¨â à®£® ®¯¥à â®à  U .

�à¥¤«®¦¥¨¥ 5. �ãáâì � := fp 2 Rpr(U 2) : 8q 2 Rpr(U) q � p) q 2 R(U 2)g ¨ E := supfp :
p 2 �g. �®£¤  AE = EA = A�E 8A 2 BU (H).
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�¥©áâ¢¨â¥«ì®, ¨§ ®¯à¥¤¥«¥¨ï � á«¥¤ã¥â, çâ® E 2 R(U 2) ¨

ER(U 2) = ER(U) � ER0(U) = ER0(U 2):

�®íâ®¬ã EA = AE ¨ UEA = AEU = AUE = UA�E = UEA�. �

�¡®§ ç¨¬ ç¥à¥§ W ¬®¦¥áâ¢® ¢á¥å ç áâ¨çëå ¨§®¬¥âà¨© w, w 6= 0, â ª¨å, çâ® U�wU = �w.
�â¬¥â¨¬ ¯à¥¤«®¦¥¨¥

W 6= ;, ¥á«¨ R(U)nR(U 2) 6= ;.

�¥©áâ¢¨â¥«ì®, ¢ á«ãç ¥ R(U) n R(U 2) 6= ; áãé¥áâ¢ã¥â P 2 Rpr(U) n R(U 2). �¡®§ ç¨¬ ç¥à¥§
K ®àâ®£® «ìë© ¯à®¥ªâ®à   § ¬ëª ¨¥ R0(U 2)PH, â. ¥. K | æ¥âà «ìë© ®á¨â¥«ì ¢ R0(U 2)
¯à®¥ªâ®à  P . �®áª®«ìªã P =2 R(U 2), â® K > P . � ª¨¬ ®¡à §®¬,  ©¤¥âáï A 2 BU(H) â ª®©, çâ®
P?AP 6= 0. �®íâ®¬ã ç áâ¨ç ï ¨§®¬¥âp¨ï w ¨§ ¯®«ïà®£® ¯à¥¤áâ ¢«¥¨ï P?AP = wjP?AP j
®¯¥à â®à  P?AP ï¢«ï¥âáï ¥ã«¥¢®© ¨§®¬¥âà¨¥© ¨§ W . �

� á¨«ã ¢ª«îç¥¨© E 2 Rpr(U 2) ¨ w 2 R0(U 2) ¨¬¥¥¬ Ew = wE. �à¥¤¯®«®¦¨¬, çâ® w = wE.
�®£¤  ¢ á¨«ã ¢ª«îç¥¨ï w 2 ER0(U) (= ER0(U 2)) ¨¬¥¥¬ Uw = wU ,   § ç¨â, w = U�wU = �w.
�®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á w 6= 0. �â ª, w = E?w (= wE?), w 2W .

�à¥¤«®¦¨¬ ¤àã£ãî å à ªâ¥à¨áâ¨ªã ¯à®¥ªâ®à  F := I � E. �â¬¥â¨¬, çâ® F 6= 0 â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  R(U 2) 6= R(U).

�à¥¤«®¦¥¨¥ 6. �á«¨ F 6= 0, â® F =
W
fw�w : w 2Wg.

�®ª § â¥«ìáâ¢®. �ãáâì Q :=
W
fw�w : w 2 Wg. �® § ¬¥ç ¨î 1 Q 2 R0(U): � ª ª ª

wF = w, â® Q � F . �à¥¤¯®«®¦¨¬, çâ® Q < F . �¡®§ ç¨¬ ç¥à¥§ K ®àâ®£® «ìë© ¯à®¥ªâ®à  
§ ¬ëª ¨¥ R0(U)(F �Q)H, â. ¥. K | æ¥âà «ìë© ®á¨â¥«ì ¢ R0(U) ¯à®¥ªâ®à  F �Q. �«¥¤®¢ -
â¥«ì®, K 2 R(U). �ç¥¢¨¤®, K � F .

�á«¨ ¯à¥¤¯®«®¦¨âì   ¢à¥¬ï, çâ® ¤«ï ª ¦¤®£® q 2 Rpr(U) ¥à ¢¥áâ¢® q � K ¢«¥ç¥â q 2
R(U 2), â® ¯®«ãç¨¬ K 2 � ¨, á«¥¤®¢ â¥«ì®, K � E. �¬¥áâ¥ á ¥à ¢¥áâ¢®¬ K � F (= I �E) íâ®
®§ ç ¥â, çâ® K = 0. �® 0 6= F �Q � K. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�â ª, áãé¥áâ¢ã¥â P 2 Rpr(U) n R(U 2), P � K. �ãáâì A 2 BU(H) â ª®¢, çâ® P?AP 6= 0, ¨
¯ãáâì w 2 W | ç áâ¨ç ï ¨§®¬¥âà¨ï ¨§ ¯à¥¤«®¦¥¨ï 4. �®áª®«ìªã w�w � P , â® áãé¥áâ¢ã¥â
B 2 R0(U) â ª®©, çâ® w�wB(F �Q) 6= 0. �ãáâì

w�wB(F �Q) = vjw�wB(F �Q)j

| ¯®«ïà®¥ ¯à¥¤áâ ¢«¥¨¥ ®¯¥à â®à  w�wB(F � Q). �ç¥¢¨¤®, wv | ¥ã«¥¢ ï ç áâ¨ç ï
¨§®¬¥âà¨ï. �®áª®«ìªã v 2 R0(U), â® U�wvU = �wU�vU = �wv. �® ¯®áâà®¥¨î 0 6= v�w�wv �
F �Q, çâ® ¥¢®§¬®¦®. � ª¨¬ ®¡à §®¬, ¯à¥¤¯®«®¦¥¨¥ Q < F ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î.

�«¥¤áâ¢¨¥ 1. �à®¥ªâ®à E ¨§ ¯à¥¤«®¦¥¨ï 5 ¥áâì  ¨¡®«ìè¨© ¯à®¥ªâ®à ¨§ R(U 2), ¤«ï ª®-
â®à®£® ®¯¥à â®à AE á ¬®á®¯àï¦¥ ¯à¨ «î¡®¬ A 2 BU(H).

�®ª § â¥«ìáâ¢®. �ãáâì N 2 Rpr(U 2) ¨ N ^ E? 6= 0. � á¨«ã ¯à¥¤«®¦¥¨ï 6 ¨ § ¬¥ç ¨ï 1
 ©¤¥âáï ç áâ¨ç ï ¨§®¬¥âà¨ï w 2W , ¤«ï ª®â®à®© (N ^E?)w(N ^E?) = w. �¯¥à â®à w�w� 2
BU (H) ¨ ¥ ï¢«ï¥âáï á ¬®á®¯àï¦¥ë¬. � â® ¦¥ ¢à¥¬ï (w � w�)N = w � w�. �«¥¤®¢ â¥«ì®,
¥á«¨ K 2 Rpr(U 2) ¨ ®¯¥à â®à AK á ¬®á®¯àï¦¥ ¤«ï «î¡®£® A 2 BU(H), â® K � E.

�ç¥¢¨¤®, U =
R

[0;�)

ei�(eUd(�) � eU (d� + �)) ¨ U 2 =
R

[0;�)

ei2�(eU (d�) + eU (d� + �)). �¯à¥¤¥«¨¬

®¯¥à â®à JU := e+�e�, £¤¥ e+ := eU ([0; �)) ¨ e� := I�e+. �®«®¦¨¬ VU :=
R

[0;�)

ei�(eU (d�)+eU(d�+

�)). �ç¥¢¨¤®, VU 2 R(U 2), JU 2 R(U) ¨ VUJU = JUVU = U .

�à¥¤«®¦¥¨¥ 7. �á«¨ e 2 (R0(U))pr ¨ e � e+ ¨«¨ e � e�, â® ewe = 0 8w 2W .
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�®ª § â¥«ìáâ¢®. �ãáâì,  ¯à¨¬¥à, e � e+. �®£¤  á¯à ¢¥¤«¨¢®áâì ¯à¥¤«®¦¥¨ï ¢ëâ¥ª ¥â
¨§ á«¥¤ãîé¨å à ¢¥áâ¢:

�eweU = Uewe = VUJUewe = VUewe = eweVU = eweJUVU = eweU:

�«¥¤®¢ â¥«ì® ewe = 0.

�à¥¤«®¦¥¨¥ 8. �á«¨ e+ 2 R(U 2), â® R(U 2) = R(U).

�®ª § â¥«ìáâ¢®. �¡¥¤¨¬áï, çâ® e � e+ ¨ e 2 Rpr(U) ¢«¥ç¥â e 2 R(U 2). �à¥¤¯®«®¦¨¬ ¯à®-
â¨¢®¯®«®¦®¥: e =2 R(U 2). �®£¤  ¯® ¯à¥¤«®¦¥¨î 4 áãé¥áâ¢ã¥â ¥ã«¥¢ ï ç áâ¨ç ï ¨§®¬¥âà¨ï
w 2 W á  ç «ìë¬ ¯à®¥ªâ®à®¬ ¢ e ¨ ª®¥çë¬ ¢ e+ � e. �â® § ç¨â, çâ® e+we+ = w, çâ®
¯à®â¨¢®à¥ç¨â ¯à¥¤«®¦¥¨î 7. �â ª, e 2 R(U 2). � «®£¨ç®, e � I � e+ ¨ e 2 Rpr(U) ¢«¥ç¥â
e 2 R(U 2). � ª¨¬ ®¡à §®¬, Rpr(U 2) = Rpr(U). �â® ¢«¥ç¥â R(U 2) = R(U).

�¡é¨© ¢¨¤ U -á ¬®á®¯àï¦¥®£® ®¯¥à â®à . �ãáâì A 2 BU (H). �¬¥¥¬

U(e+Ae+) = e+(UA)e+ = e+A�Ue+ = (e+A�e+)U:

�«¥¤®¢ â¥«ì®, e+Ae+ 2 BU (H) � R0(U 2). �®áª®«ìªã VU 2 R(U 2), ¯®«ãç ¥¬

U(e+Ae+) = VUJU (e+Ae+) = VU (e+Ae+)JU = (e+Ae+)U:

� ª¨¬ ®¡à §®¬, e+Ae+ = e+A�e+. �®   «®£¨¨ e�Ae� = e�A�e� ¨ e�Ae� 2 R0(U). �â¬¥â¨¬, çâ®
¥á«¨ e+ 2 R(U 2), â® e�Ae+ = 0. �ãáâì e�Ae+ = wje�Ae+j | ¯®«ïà®¥ ¯à¥¤áâ ¢«¥¨¥ ®¯¥à â®à 
e�Ae+. �® ¯à¥¤«®¦¥¨î 3 je�Ae+j 2 R0(U). � á¨«ã à ¢¥áâ¢  (2)

A = e+Ae+ + e�Ae� + wje�Ae+j � je�Ae+jw�:

�¡à â®, ¯ãáâì A1; A2 2 R0(U) | á ¬®á®¯àï¦¥ë¥ ®¯¥à â®àë ¨ w 2W . �¯à¥¤¥«¨¬ ®¯¥à â®à

A := A1 + wA2 �A2w
�: (3)

�¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ã¡¥¦¤ ¥¬áï, çâ® A 2 BU(H). � ª¨¬ ®¡à §®¬, à ¢¥áâ¢® (3) ¤ ¥â
®¡é¨© ¢¨¤ ®¯¥à â®à  ¨§ BU (H).

�¡®§ ç¨¬ ç¥à¥§ PU ¬®¦¥áâ¢® ¢á¥å U -á ¬®á®¯àï¦¥ëå (=U -®àâ®£® «ìëå) ¯à®¥ªâ®à®¢.
�ãáâì (p+ p�)+, p 2 PU , | ¯®«®¦¨â¥«ì ï ç áâì ®¯¥à â®à  p+ p�. �¡®§ ç¨¬ ç¥à¥§ f+ ®àâ®£®-
 «ìë© ¯à®¥ªâ®à   ¯®¤¯à®áâà áâ¢® (p+ p�)+H. �ãáâì x := f+pf+. � [4] ¤®ª § ®, çâ® x � f+
¨ x 2 R0(U). �¡é¨© ¢¨¤ U -á ¬®á®¯àï¦¥®£® ¯à®¥ªâ®à  ãáâ  ¢«¨¢ ¥â á«¥¤ãîé¥¥

�à¥¤«®¦¥¨¥ 9 ([4]). �ãáâì p 2 PU ¨ f?+ pf+ = wjf?+ pf+j | ¯®«ïà®¥ ¯à¥¤áâ ¢«¥¨¥ ®¯¥-

à â®à  f?+ pf+. �®£¤  U
�wU = �w ¨ á¯à ¢¥¤«¨¢  ä®à¬ã« 

p = x+ w(x2 � x)1=2 � (x2 � x)1=2w� � w(x� Fx)w�: (4)

�¤¥áì Fx | ®àâ®£® «ìë© ¯à®¥ªâ®à   ¯®¤¯à®áâà áâ¢® xH.
�¡à â®, ¯ãáâì x 2 R0(U) ¨ x � Fx. �ãáâì áãé¥áâ¢ã¥â ç áâ¨ç ï ¨§®¬¥âà¨ï w,

U�wU = �w, á  ç «ìë¬ ¯à®¥ªâ®à®¬ Fx ¨ ª®¥çë¬ e â ª¨¬, çâ® e ? f+. �®£¤  ä®à¬ã-
«  (4) ®¯à¥¤¥«ï¥â ¯à®¥ªâ®à ¨§ PU .

�ãáâì T 2 B(H). � ¬®á®¯àï¦¥ë© ®â®á¨â¥«ì® ¡. ä. h�; �iT ®¯¥à â®à A 2 B(H)  §®¢¥¬
h�; �iT -¥®âà¨æ â¥«ìë¬ (=T -¥®âà¨æ â¥«ìë¬, T -¥¯®«®¦¨â¥«ìë¬), ¥á«¨ hAx; xiT � 0 ¨«¨
=hAx; xiT > 0 (hAx; xiT � 0 ¨«¨ =hAx; xiT < 0 á®®â¢¥âáâ¢¥®) ¤«ï «î¡ëå x 2 H. �â¬¥â¨¬,
çâ® ¢¢¥¤¥®¥ ®¯à¥¤¥«¥¨¥ á®£« á®¢ë¢ ¥âáï á ¨§¢¥áâë¬ ®¯à¥¤¥«¥¨¥¬ J-¥®âà¨æ â¥«ì®£® (J-
¥¯®«®¦¨â¥«ì®£®) ®¯¥à â®à  ¢ ¯à®áâà áâ¢ å á ¨¤¥ä¨¨â®© ¬¥âà¨ª®© (á¬.,  ¯à., [3]).

�ãáâì A 2 BU (H). �á¯®«ì§ãï ¢ª«îç¥¨ï VU 2 R(U 2) ¨ A 2 R0(U 2), ¯®«ãç ¥¬

A = U�A�U = V �
U (JUA

�JU )VU = JUA
�JU : (5)

�à¥¤«®¦¥¨¥ 10. �ãáâì A 2 B(H). �¯¥à â®à A U -á ¬®á®¯àï¦¥ (U -¥®âà¨æ â¥«¥,
U -¥¯®«®¦¨â¥«¥) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A 2 R0(U 2) ¨ A JU -á ¬®á®¯àï¦¥ (JU -
¥®âà¨æ â¥«¥, JU -¥¯®«®¦¨â¥«¥ ).
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�®ª § â¥«ìáâ¢®. �¥à¢ ï ç áâì ãâ¢¥à¦¤¥¨ï ®ç¥¢¨¤® á«¥¤ã¥â ¨§ (5).
�ãáâì A U -¥®âà¨æ â «¥. �®£« á® (5) JUA á ¬®á®¯àï¦¥. �à¥¤¯®«®¦¨¬, çâ® JUA ¨¬¥¥â

¥ã«¥¢ãî ®âà¨æ â¥«ìãî ç áâì (JUA)�. �ãáâì P� | ®àâ®£® «ìë© ¯à®¥ªâ®à   § ¬ëª ¨¥
(JUA)�H. �«ï «î¡®£® x 2 P�H, x 6= 0 ¨¬¥¥¬

hAx; xiU = (UAx; x) = (VUJUAx; x) = (VU (JUA)�x; x):

�ç¨âë¢ ï, çâ® VU2R(U 2) ¨ JUA2R0(U 2), ¨¬¥¥¬ ¨«¨ (VU (JUA)�x; x)<0, ¨«¨ =(VU (JUA)�x; x)<0.
�®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á U -¥®âà¨æ â¥«ì®áâìî A. �â ª, JUA � 0. �«¥¤®¢ â¥«ì®, A
JU -¥®âà¨æ â¥«¥.

�¡à â®, ¯ãáâì A 2 R0(U 2) ¨ A JU -¥®âà¨æ â¥«¥. �âáî¤  (JUAx; x) � 0 8x 2 H. �®áª®«ìªã
VU 2 R(U 2) ¨ JUA 2 R0(U 2), â®

=hAx; xiU = =(UAx; x) = =(VU (JUA)x; x) > 0

¨«¨
hAx; xiU = (UAx; x) = (VU (JUA)x; x) � 0:

� «®£¨çë¥ à ááã¦¤¥¨ï ¬®¦® ¯à®¢¥áâ¨ ¨ ¤«ï U -¥¯®«®¦¨â¥«ì®£® ®¯¥à â®à .

�á®¢ ï

�¥®à¥¬  1. �ãáâì A | ®£à ¨ç¥ë© ¥®âà¨æ â¥«ìë© ®â®á¨â¥«ì® ã¨â à®¯®à®-
¦¤¥®© ¡. ä. a(�; �) ®¯¥à â®à. �®£¤  ª ¦¤®¬ã ¢¥é¥áâ¢¥®¬ã ç¨á«ã � 6= 0 ¬®¦® ¯®áâ ¢¨âì
¢ á®®â¢¥âáâ¢¨¥ ®¤¨ ¨ â®«ìª® ®¤¨ â ª®© á ¬®á®¯àï¦¥ë© ®â®á¨â¥«ì® a(�; �) ¯à®¥ªâ®à
E�, çâ® äãªæ¨ï �! E� ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) ¥á«¨ � � �, â® E�E� = E�E� = E�;
2) ¥á«¨ � < 0, â® E� a(�; �)-¥¯®«®¦¨â¥«¥, ¥á«¨ � > 0, â® I �E� a(�; �)-¥®âà¨æ â¥«¥;
3) ¥á«¨ � < �kAk, â® E� = 0, ¥á«¨ � > kAk, â® E� = I;
4) ¥á«¨ � 6= 0, â® áãé¥áâ¢ã¥â á¨«ìë© ¯à¥¤¥« s� lim

�&�
E� = E�+0;

5) ¥á«¨ T | ®£à ¨ç¥ë© ®¯¥à â®à, ª®¬¬ãâ¨àãîé¨© á A, â® E�T = TE�;
6) á¯¥ªâà �(AjE�H) «¥¦¨â ¢ (�1; �],   �(Aj(I �E�)H) «¥¦¨â ¢ [�;+1).

�®«¥¥ â®£®, ¨â¥£à «
kAkR

�kAk�0

�dE� áå®¤¨âáï ¢ á¨«ì®© ®¯¥à â®à®© â®¯®«®£¨¨ ª ª ¥á®¡-

áâ¢¥ë© ¨â¥£à « á á¨£ã«ïà®© â®çª®© � = 0,   ®¯¥à â®à S := A�
kAkR

�kAk�0

�dE� ï¢«ï¥âáï ®£à -

¨ç¥ë¬ a(�; �)-¥®âà¨æ â¥«ìë¬, S2 = 0, SE� = E�S = 0 ¯à¨ � < 0 ¨ S(I�E�) = (I�E�)S = 0
¯à¨ � > 0.

�®ª § â¥«ìáâ¢®. �ãáâì E ¨§ ¯à¥¤«®¦¥¨ï 5 ¨ ã¨â àë© ®¯¥à â®à U â ª®¢, çâ® E = I.
�®£¤  ¢á¥ ®¯¥à â®àë ¨§ BU (H) á ¬®á®¯àï¦¥ë ¨ ¯à®¥ªâ®àë E� ¨§ ¨å á¯¥ªâà «ì®£® à §«®¦¥¨ï
¤ ¤ãâ ¨áª®¬ãî ¯à®¥ªâ®à®§ çãî äãªæ¨î. �®íâ®¬ã ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¨â¥à¥á®
â®«ìª® ¤«ï á«ãç ï, ª®£¤ E < I. � ¬¥â¨¬, çâ® ®® ¤«ï á«ãç ï U = J ( ¯®¬¨¬, çâ® J = J� ¨ I 6=
�I) ¯®«ãç¥® ¬®£¨¬¨ ¬ â¥¬ â¨ª ¬¨. �®ª § â¥«ìáâ¢®, ¢ ç áâ®áâ¨, ¨§ [2] (á¬. â ª¦¥ [3], £«. IV,
á. 252) ¢ ¤®áâ â®ç®© áâ¥¯¥¨  «£¥¡à ¨ç¥áª®¥, ®ª §ë¢ ¥âáï ¡¥§ ¢áïª¨å ¨§¬¥¥¨© ®¡®¡é ¥âáï  
 «£¥¡àë �¥©¬  . � ãç¥â®¬ íâ®£® ®¡®¡é¥¨ï, ä®à¬ã«ë (5) ¨ ¯à¥¤«®¦¥¨ï 10 ®® ¯¥à¥®á¨âáï ¨
  U -¥®âà¨æ â¥«ìë¥ ®¯¥à â®àë. � ªâ¨ç¥áª¨, ãç¨âë¢ ï ¯à¥¤«®¦¥¨¥ 10, ®áâ ¥âáï ã¡¥¤¨âìáï
â®«ìª®, çâ® ¯à®¥ªâ®à®§ ç ï äãªæ¨ï �! E�, ¯®áâà®¥ ï ª ª ¢ [2], [3] (â®«ìª® ¯® á¨¬¬¥âà¨¨
JU ), ¯à¨¨¬ ¥â § ç¥¨ï ¢ R0(U 2). �®íâ®¬ã ¯à¨¢e¤e¬ §¤¥áì ¤®ª § â¥«ìáâ¢® â®«ìª® ¯¯. 1), 2) ¨
¯®á«¥¤¥© ç áâ¨ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 1.

�®«®¦¨¬ B := JUA. �® ¯à¥¤«®¦¥¨î 10 B � 0. � ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥ ®¯¥à â®à C :=

B1=2JUB
1=2 = C�. �¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® CB1=2 = B1=2A. �ãáâì C =

kAkR
�kAk�0

�df� |

á¯¥ªâà «ì®¥ à §«®¦¥¨¥ ®¯¥à â®à  C. �¤¥áì ãçâ¥®, çâ® kCk � kBk � kAk. �ã¤¥¬ áç¨â âì
à §«®¦¥¨¥ ¥¤¨¨æë f� ¥¯à¥àë¢ë¬ á¯à ¢ . �®«®¦¨¬ C� := C j f�H ¯à¨ � < 0 ¨ C� :=
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C j (I � f�)H ¯à¨ � > 0. �¯à¥¤¥«¨¬ ®¯¥à â®àë E� := JUB
1=2C�1

� f�B
1=2 ¯à¨ � < 0 ¨ F� :=

JUB
1=2C�1

� (I � f�)B1=2, E� := I �F� ¯à¨ � > 0. � ¬¥â¨¬, çâ® ¢á¥ ®¯¥à â®àë, ¯®áâà®¥ë¥ ¢ íâ®¬
 ¡§ æ¥, ¯à¨ ¤«¥¦ â  «£¥¡à¥ R0(U 2).

�¯¥à â®àë E� ï¢«ïîâáï ®£à ¨ç¥ë¬¨ ¯à¨ ª ¦¤®¬ � 6= 0. � «¥¥, ¥á«¨ � < 0 (á®®â¢¥âáâ¢¥-
® � > 0), â® C�1

� f� � 0 (C�1
� (I�f�) � 0 á®®â¢¥âáâ¢¥®). C«¥¤®¢ â¥«ì®, ®¯¥à â®àë C�1

� f�, � < 0,
¨ C�1

� (I � f�), � > 0, ï¢«ïîâáï á ¬®á®¯àï¦¥ë¬¨. �â® ®§ ç ¥â, çâ® ®¯¥à â®à E� ¯à¨ � < 0
(I � E� ¯à¨ � > 0) JU -¥¯®«®¦¨â¥«¥ (JU -¥®âà¨æ â¥«¥ á®®â¢¥âáâ¢¥®). �à¨¬¥¨¬ â¥¯¥àì
¯à¥¤«®¦¥¨¥ 10. �®«ãç¨¬, çâ® E�, � < 0, U -¥¯®«®¦¨â¥«¥,   I �E�, � > 0, U -¥®âà¨æ â¥«¥.

�á«¨ CC�1
� f� = f� ¯à¨ � < 0 ¨ CC�1

� (I � f�) = I � f� ¯à¨ � > 0, â® E�E� = E�E� = E� ¯à¨
� < �. � ª¨¬ ®¡à §®¬, E� | ¯à®¥ªâ®àë.

�ãáâì â¥¯¥àì " > 0. �¥¯®áà¥¤áâ¢¥® ¯à®¢¥àïîâáï à ¢¥áâ¢ Z �"

�kAk�0

�dE� = JUB
1=2C�1

�"

Z �"

�kAk�0

�df�B
1=2 = JUB

1=2C�1
�"C�"f�"B

1=2 = JUB
1=2f�"B

1=2

¨ Z kAk

"

�dE� = �
Z kAk

"

�d(I �E�) = �JUB
1=2C�1

"

Z kAk

"

�d(I � f�)B1=2 =

= JUB
1=2C�1

"

Z kAk

"
�df�B

1=2 = JUB
1=2C�1

" C"(I � f")B
1=2 =

= JUB
1=2(I � f")B

1=2 = A� JUB
1=2f"B

1=2:

� ª¨¬ ®¡à §®¬, Z kAk

�kAk�0

�dE� = A� JUB
1=2(f0 � f�0)B1=2:

�®«®¦¨¬ S := JUB
1=2(f0 � f�0)B1=2. � ª ª ª f0 � f�0 | ¯à®¥ªâ®à   KerC, â®

S2 = JUB
1=2(f0 � f�0)B1=2JUB

1=2)f0 � f�0B
1=2 = JUB

1=2(f0 � f�0)C(f0 � f�0)B1=2 = 0:

� «®£¨ç®, SE� = E�S = 0 ¯à¨ � < 0 ¨ S(I �E�) = (I �E�)S = 0 ¯à¨ � > 0.

�â¬¥â¨¬, çâ® áä®à¬ã«¨à®¢ ë© ¢ â¥®à¥¬¥ ¯. 2) ¯®«ãç¨« ¡®«¥¥ ¥áâ¥áâ¢¥®¥, ç¥¬ ¢ [3], §¢ã-
ç ¨¥. �à ¢¥¨¥ ãá«®¢¨ï 2) ¨ ãá«®¢¨ï 2) ¨§ ([3], á. 252) ¯à¨¢¥¤¥® ¢ á«¥¤ãîé¥¬ «¥£ª® ãáâ  -
¢«¨¢ ¥¬®¬ § ¬¥ç ¨¨ ª â¥®à¥¬¥.

� ¬¥ç ¨¥. �á«®¢¨ï 1) ¨ 2) â¥®à¥¬ë 1 ¢«¥ªãâ ¢ë¯®«¥¨¥ ãá«®¢¨ï 20) ¥á«¨ � < � < 0, â®
[E�x; x]JU � [E�x; x]JU ,   ¥á«¨ 0 < � < �, â® [E�x; x]JU � [E�x; x]JU ¯à¨ ¢á¥å x 2 H.

�¡à â®, ¨§ 20) ¨ ãá«®¢¨ï 3) â¥®à¥¬ë 1 á«¥¤ã¥â 2).

�ãáâì A |  «£¥¡à  �¥©¬  . �¨â à®¯®à®¦¤¥ãî ¡.ä. a(�; �)  §®¢¥¬ ¯à¨á®¥¤¨¥®© ª
A, ¥á«¨ ¢ ¯à¥¤áâ ¢«¥¨¨ a(�; �) = h�; �iU ã¨â àë© ®¯¥à â®à U ¯à¨ ¤«¥¦¨â A.

�â¬¥â¨¬, çâ® ¢á¥ áä®à¬ã«¨à®¢ ë¥ ¢ëè¥ ®¯à¥¤¥«¥¨ï ¨ ¯à¥¤«®¦¥¨ï ¥áâ¥áâ¢¥ë¬ ®¡à -
§®¬ ¯¥à¥ä®à¬ã«¨à®¢ë¢ îâáï    «£¥¡àë �¥©¬  . �®ª § â¥«ìáâ¢  ¦¥ íâ¨å ãâ¢¥à¦¤¥¨© ¤®-
á«®¢® ¯¥à¥®áïâáï ¨    «£¥¡àë �¥©¬  . � ª¨¬ ®¡à §®¬, â¥®à¥¬  1 ®¡®¡é ¥âáï á«¥¤ãîé¨¬
®¡à §®¬.

�¥®à¥¬  2. �ãáâì A |  «£¥¡à  �¥©¬   ¢ H, a(�; �) | ã¨â à®¯®à®¦¤¥ ï ¯à¨á®¥¤¨-
¥ ï ª A ¡. ä. �ãáâì A 2 A, a(�; �) | ¥®âà¨æ â¥«ìë© ®¯¥à â®à. �®£¤  ª ¦¤®¬ã ¢¥é¥-
áâ¢¥®¬ã ç¨á«ã � 6= 0 ¬®¦® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ®¤¨ ¨ â®«ìª® ®¤¨ â ª®© á ¬®á®-
¯àï¦¥ë© ®â®á¨â¥«ì® a(�; �) ¯à®¥ªâ®à E� 2 A, çâ® äãªæ¨ï � ! E� ã¤®¢«¥â¢®àï¥â ¢á¥¬
ãâ¢¥à¦¤¥¨ï¬ â¥®à¥¬ë 1.

�ä®à¬ã«¨àã¥¬ àï¤ ¥à¥è¥ëå § ¤ ç.

�à®¡«¥¬  1. �¥ ï¢«ï¥âáï «¨ ¢áïª ï ¡.ä. h�; �iC , C 2 G, ã¨â à®¯®à®¦¤¥®©?

�à¨¢¥¤¥¬ ®¯¥à â®àë© íª¢¨¢ «¥â íâ®© § ¤ ç¨. �¬¥¥â «¨ ¢ G à¥è¥¨¥ á¨áâ¥¬  ãà ¢¥¨©

XY = D; X�1Y �X = Y �1 (6)
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á X > 0? �¤¥áì D 2 G | § ¤ ë© ®¯¥à â®à.

�à®¡«¥¬  2. �¯¨á âì ®¯¥à â®àë, ª®â®àë¥ áâ ®¢ïâáï ã¨â àë¬¨ (®à¬ «ìë¬¨) ¯®á«¥
§ ¬¥ë áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢ H. �®ç¥¥, ®¯¨á âì ®¯¥à â®àë D 2 G, ¤«ï ª®â®àëå áãé¥-
áâ¢ã¥â X > 0 â ª®©, çâ® D�1 = X�1D�X = D# (DD# = D#D, â. ¥. D(X�1D�X) = (X�1D�X)D
á®®â¢¥âáâ¢¥®).

�®¬¬¥â à¨¨. 1) �à¥¤áâ ¢«¥¨¥ D = XY , £¤¥ X > 0 ¨ Y �1 = X�1Y �X ¬®¦®  §¢ âì ®¡-
®¡é¥ë¬ ¯®«ïàë¬ ¯à¥¤áâ ¢«¥¨¥¬ ®¯¥à â®à  D. �à®¡«¥¬  1 â®£¤  §¢ãç¨â â ª: ¤«ï ¢áïª®£®
«¨ C 2 G áãé¥áâ¢ã¥â ®¡®¡é¥®¥ ¯®«ïà®¥ ¯à¥¤áâ ¢«¥¨¥?

2) �á«¨ D 2 G | ®à¬ «ìë© ®¯¥à â®à ¨ D = V jDj | ¥£® ¯®«ïà®¥ ¯à¥¤áâ ¢«¥¨¥, â®
X := jDj, Y := V ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (6).

3) �á«¨ à¥è¥¨¥ á¨áâ¥¬ë (6) áãé¥áâ¢ã¥â, â® Y 2 = D��1D.
4) �§ãç¥¨î ®¯¥à â®à®£® ãà ¢¥¨ï ¢¨¤  T�1S = ST � ¯®á¢ïé¥ àï¤ à ¡®â (á¬.,  ¯à.,

[5]{[7]).
5) � ¤¢ã¬¥à®¬ ¢¥é¥áâ¢¥®¬ á«ãç ¥ ®â¢¥â   ¯à®¡«¥¬ã 1 ®âà¨æ â¥«¥.
�¢â®àë ¡« £®¤ àë �.�. �¨ªç¥â ¥¢ã §  ¯®«¥§®¥ ®¡áã¦¤¥¨¥ ¯à®¡«¥¬ë 1.
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