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�¡®§ ç¨¬ ç¥à¥§ �n�;�, 0 � � < 1, 0 � � � �, n = 1; 2; 3; : : : ; ª« áá à¥£ã«ïàëå ¢ ªàã£¥ E =
fz : jzj < 1g äãªæ¨© w = g(z), g(0) = 0, g0(0) = 0, g00(0) = 0; : : : ; g(n�1)(0) = 0, g(n)(0) = (n� 1)!,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
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¯à¨ ¤«¥¦¨â ª« ááã ¢ë¯ãª«ëå äãªæ¨©, â® ª« áá � 1�;� ï¢«ï¥âáï ¯®¤ª« áá®¬ ¯®çâ¨ ¢ë¯ãª«ëå
äãªæ¨© [1],   ¥£® äãªæ¨¨, á«¥¤®¢ â¥«ì®, ®¤®«¨áâë.

�à¨ n = 1 äãªæ¨ï  (z) = 1
i
g(iz) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

Re[(1 � 2iz cos � � z2) 0(z)] > �:

�âáî¤  ¯à¨ � = �=2 ¯®«ãç ¥¬ ¯®¤ª« áá Q� [2] ¯®çâ¨ ¢ë¯ãª«ëå äãªæ¨© w =  (z),  (0) = 0,
 0(0) = 1, ®¯à¥¤¥«ï¥¬ëå ãá«®¢¨¥¬

Re[(1� z2) 0(z)] > �: (2)

� ¬¥â¨¬, çâ® ¯à¨ � = 0 ¨§ (2) ¯®«ãç ¥¬ ¯®¤ª« áá äãªæ¨©, ¢ë¯ãª«ëå ¯®  ¯à ¢«¥¨î ¬¨¬®©
®á¨.

�§ (1) ¨¬¥¥¬

g0(z) = zn�1 p(z) + h

(1 + h)(1 � 2zn cos � + z2n)
; h =

�

1� �
;

£¤¥ p(z) ¯à¨ ¤«¥¦¨â ª« ááã P à¥£ã«ïàëå ¢ E äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ¢ E ãá«®¢¨ï¬
p(0) = 1, Re p(z) > 0.

�¡®§ ç¨¬ ç¥à¥§ On
�;� ª« áá à¥£ã«ïàëå ¢ E äãªæ¨© w = s(z), s(0) = s0(0) = s00(0) = � � � =

s(n�1)(0) = 0, s(n)(0) = n!, â ª¨å, çâ® s(z) = zg0(z), g(z) 2 �n�;�.
�áâ ®¢¨¬ â®çë¥ £à ¨æë ¢ë¯ãª«®áâ¨ ¢ ª« áá¥ �n�;�. �«ï äãªæ¨© íâ®£® ª« áá   å®¤¨¬
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;

â® à ¤¨ãá ¢ë¯ãª«®áâ¨ ®¯à¥¤¥«¨âáï  ¨¬¥ìè¨¬ ¯®«®¦¨â¥«ìë¬ ª®à¥¬ ãà ¢¥¨ï T n�;�(r) = 0.
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�ãáâì ¯®¤ª« áá P2 � P á®áâ®¨â ¨§ äãªæ¨© ¢¨¤ 

p(z) = �1
1 + ze�it1

1� ze�it1
+ �2

1 + ze�it2

1� ze�it2
;

£¤¥ t1 ¨ t2 | ¯à®¨§¢®«ìë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« ,   ¥®âà¨æ â¥«ìë¥ �1 ¨ �2 ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î �1 + �2 = 1. �§¢¥áâ® [3], çâ® ¬¨¨¬ã¬ (3) ¤®áâ¨£ ¥âáï ¢ P2. �á¯®«ì§ãï [3], ¨¬¥¥¬
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� h+ n(an + �nj cos �j)�1; (4)
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;
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;

1 + z2n

1� z2n
= an + �ne

i#; �� � # < �; r = jzj; z 2 E:
�¡®§ ç¨¬ p+ h = Rei!, â®£¤  (4) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥
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(h2 + 2ah+ 1 +R2 � 2R(a+ h) cos!) + h:

� ª¨¬ ®¡à §®¬, § ¤ ç  á¢¥« áì ª  å®¦¤¥¨î ¬¨¨¬ã¬  ¢¥«¨ç¨ë B+ n(an+ �nj cos �j)�1 ¢
ªàã£¥ jRei! � (a + h)j � �. �®¦® ã¡¥¤¨âìáï, çâ® íâ®â ¬¨¨¬ã¬ ¤®áâ¨£ ¥âáï ¯à¨ ! = 0. �ã¤¥¬
¨¬¥âì

B0 =
�
B + n(an + �nj cos �j)�1

�
!=0

= R+
h2 + ah

R
� a� 2h+ n(an + �nj cos �j)�1: (5)

� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ãà ¢¥¨¥ ¤«ï ®¯à¥¤¥«¥¨ï à ¤¨ãá  ¢ë¯ãª«®áâ¨

2
p
h2 + ah� a� 2h+ n(an + �nj cos �j)�1 = 0: (6)

�á«¨ R = R1 =
p
h2 + ah ¯à¨ ¤«¥¦¨â ®âà¥§ªã [a � � + h; a + � + h], â® à ¤¨ãá ¢ë¯ãª«®áâ¨

®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬ (6). �á«¨ (a� �)2+h(a� 2�) > 0, â® R1 =2 [a� �+h; a+ �+h] ¨ à ¤¨ãá
¢ë¯ãª«®áâ¨ ¤®áâ¨£ ¥âáï ¢ â®çª¥ R = a��+h. �à ¢¥¨¥ ¤«ï ®¯à¥¤¥«¥¨ï à ¤¨ãá  ¢ë¯ãª«®áâ¨
¤«ï íâ®£® á«ãç ï ¨¬¥¥â ¢¨¤

�(a� �)(a� �+ h)�1 � n(an + �nj cos �j)�1 = 0: (7)

�â ª, à ¤¨ãá ¢ë¯ãª«®áâ¨ ®¯à¥¤¥«ï¥âáï «¨¡® ãà ¢¥¨¥¬ (7), «¨¡® (6). �®¦® ã¡¥¤¨âìáï,
çâ® á ç «  á«¥¤ã¥â ¯®«ì§®¢ âìáï ãà ¢¥¨¥¬ (7), § â¥¬ (6). �¥à¥å®¤®¥ § ç¥¨¥ h0(�) ®¯à¥-
¤¥«ï¥âáï  ¨¬¥ìè¨¬ ¯®«®¦¨â¥«ìë¬ ª®à¥¬ á¨áâ¥¬ë ¨§ ãà ¢¥¨© (6) ¨ (7). �ª®ç â¥«ì®
¯®«ãç¥ 

�¥®à¥¬ . �à¨ ®â®¡à ¦¥¨¨ äãªæ¨ï¬¨ g(z) 2 �n�;� à ¤¨ãá ¢ë¯ãª«®áâ¨ r0n(h; �) ¢ëç¨á«ï¥â-

áï ¯® ä®à¬ã«¥

r0n(h; �) =
q
(a0n � 1)(a0n + 1)�1;

¯à¨ç¥¬ ¯à¨ h < h0(�) a0n | ¥¤¨áâ¢¥ë© ¡®«ìè¨© ¥¤¨¨æë ª®à¥ì ãà ¢¥¨ï (7),   ¯à¨ h > h0
a0n | ¥¤¨áâ¢¥ë© ¡®«ìè¨© ¥¤¨¨æë ª®à¥ì ãà ¢¥¨ï (6).
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� ¬¥ç ¨¥. �à¨ n = 1 ¯®«ãç ¥¬ à¥§ã«ìâ âë [4],   ¯à¨ n = 1, � = �=2 | à¥§ã«ìâ âë ¨§ [5].
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�
; g(z) 2 �n�;�; s(z) 2 On

�;�;

¯à¨ ®â®¡à ¦¥¨¨ äãªæ¨ï¬¨ ª« áá  On
�;� à ¤¨ãá §¢¥§¤®áâ¨ r

�
n(h; �) à ¢¥ à ¤¨ãáã ¢ë¯ãª«®áâ¨

r0n(h; �) ¨§ â¥®à¥¬ë.
�ªáâà¥¬ «ìë¥ äãªæ¨¨, à¥ «¨§ãîé¨¥ â®çë¥ ®æ¥ª¨ à ¤¨ãá®¢ ¢ë¯ãª«®áâ¨ ¨ §¢¥§¤®áâ¨,

®¯à¥¤¥«ïîâáï   «®£¨ç® [3], [5].
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