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1. �¢¥¤¥­¨¥

� à ¡®â¥ à áá¬ âà¨¢ ¥âáï ï¢­ë© ç¨á«¥­­ë© ¬¥â®¤ à¥è¥­¨ï á¨áâ¥¬ ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �¢­ë¥ ¬¥â®¤ë ¨¬¥îâ á¢®¨ ¯®«®¦¨â¥«ì­ë¥ ¨ ®âà¨æ â¥«ì­ë¥ ª ç¥áâ¢ .
�à¥¤¨ ¯®«®¦¨â¥«ì­ëå ª ç¥áâ¢ ï¢­ëå ¬¥â®¤®¢ ¬®¦­® ­ §¢ âì á«¥¤ãîé¨¥: ®­¨ ¯à®áâë ¯à¨ à¥-
 «¨§ æ¨¨, «¥£ª® à á¯ à ««¥«¨¢ îâáï ¨ âà¥¡ãîâ ®â­®á¨â¥«ì­® ­¥¡®«ìè®£® ®¡ê¥¬  ¯ ¬ïâ¨. �
à ¡®â å [1], [2] ¨á¯®«ì§ãîâáï ¯¥à¥¬¥­­ë¥ è £¨ ¯® ¢à¥¬¥­¨, á¢ï§ ­­ë¥ ®¯à¥¤¥«¥­­ë¬¨ á®®â­®-
è¥­¨ï¬¨ á ª®à­ï¬¨ ¬­®£®ç«¥­  �¥¡ëè¥¢ . � à¥§ã«ìâ â¥ ¯®«ãç îâáï áå¥¬ë ¯¥à¢®£® ¯®àï¤ª ,
¢ ª®â®àëå áà¥¤­¨© è £ ¯® ¢à¥¬¥­¨ ¯®«ãç ¥âáï §­ ç¨â¥«ì­® ¢ëè¥, ç¥¬ ¢ áå¥¬ å á ¯®áâ®ï­­ë¬
è £®¬. � à ¡®â å [2]{[6] à áá¬ âà¨¢ îâáï â ª¦¥ ¬¥â®¤ë ¢â®à®£® ¯®àï¤ª  â®ç­®áâ¨ ¯® ¢à¥¬¥-
­¨. � ¤ ç  ¯®áâà®¥­¨ï â ª®£® à®¤  ¬¥â®¤®¢ á¢®¤¨âáï ª ¯®áâà®¥­¨î ¬­®£®ç«¥­®¢, ®¡« ¤ îé¨å
á¢®©áâ¢®¬ ç¥¡ëè¥¢áª®£®  «ìâ¥à­ ­á  ­  ®¯à¥¤¥«¥­­®¬ § ¤ ­­®¬ ®âà¥§ª¥ ¨  ¯¯à®ªá¨¬¨àãîé¨å
íªá¯®­¥­âã á® ¢â®àë¬ ¯®àï¤ª®¬ â®ç­®áâ¨ ¢ ®ªà¥áâ­®áâ¨ ­ã«ï. �âã § ¤ çã ¬®¦­® á¢¥áâ¨ ª ¯®-
áâà®¥­¨î ¬­®£®ç«¥­®¢, ­ ¨¬¥­¥¥ ®âª«®­ïîé¨åáï ®â ­ã«ï [2], [5], á ¢¥á®¬. � à ¡®â å [5], [6]
â ª¦¥ à áá¬®âà¥­ë ç¨á«¥­­ë¥ ¬¥â®¤ë ¯®áâà®¥­¨ï â ª¨å ¬­®£®ç«¥­®¢. � [3], [7] ¯®ª § ­®, çâ®
¬­®£¨¥ ¨§ â ª¨å ¬­®£®ç«¥­®¢ ¢ëà ¦ îâáï ç¥à¥§ ¬­®£®ç«¥­ë �®«®â à¥¢ . �á¯®«ì§ãï íâ¨ à¥§ã«ì-
â âë, ã¤ ¥âáï áä®à¬ã«¨à®¢ âì § ¤ çã ¯®áâà®¥­¨ï ï¢­ëå ¬¥â®¤®¢ ¢â®à®£® ¯®àï¤ª  á ã¢¥«¨ç¥­-
­®© ®¡« áâìî ãáâ®©ç¨¢®áâ¨ ¨ ­ ©â¨ ¯ à ¬¥âàë íâ¨å ¬¥â®¤®¢, ª®â®àë¥ ¢ëà ¦ îâáï ç¥à¥§ ª®à­¨
¬­®£®ç«¥­®¢ �®«®â à¥¢ . � ©¤¥­ë ¯ à ¬¥âàë íâ¨å ¬­®£®ç«¥­®¢ ¨ ¢ ¯à¨«®¦¥­¨¨ ¤ ­ë â ¡«¨æë
ª®à­¥©, ç¥à¥§ ª®â®àë¥ ¢ëà ¦ îâáï ¯ à ¬¥âàë ï¢­®£® ¬¥â®¤  ¢â®à®£® ¯®àï¤ª  á ¬ ªá¨¬ «ì­®©
¢¥é¥áâ¢¥­­®© ®¡« áâìî ãáâ®©ç¨¢®áâ¨.

2. �¥ª®â®àë¥ ¯®­ïâ¨ï ¨ ®¯à¥¤¥«¥­¨ï

�ãáâì y(t) = (y1(t); y2(t); : : : ; yn(t)) (n � 1) | ¢¥ªâ®à-áâ®«¡¥æ á ª®®à¤¨­ â ¬¨, § ¢¨áïé¨¬¨ ®â
¢à¥¬¥­¨ t. � áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã �®è¨: ¯à¨ t0 � t � T ­ ©â¨ y(t) ª ª à¥è¥­¨¥ § ¤ ç¨:

dy

dt
= f(y; t); y(t0) = y0; (1)

£¤¥ y0 = (y01; y02; : : : ; y0n) | § ¤ ­­ë© ¢¥ªâ®à.
�ãáâì

J(t) = J(y; t) = jjfi=yj jj (2)

| ¬ âà¨æ  �ª®¡¨ ®â f(y; t); ¢ ­¥© y(t) | à¥è¥­¨¥ (1).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â 96-01-
01481. �à ä¨ª¨ ¡ë«¨ á¤¥« ­ë á ¯®¬®éìî £à ä¨ç¥áª®© ¡¨¡«¨®â¥ª¨, «î¡¥§­® ¯à¥¤®áâ ¢«¥­­®© ¯à®ä¥áá®-
à ¬¨ �. � ­­¥à®¬ ¨ �.� ©à¥à®¬.
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�à¥¤¯®«®¦¥­¨¥ 2.1. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢á¥ �i(t) ¤¥©áâ¢¨â¥«ì­ë, ¨¬ á®®â¢¥â-

áâ¢ã¥â ¯®«­ ï á¨áâ¥¬  á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ �i(t) (i = 1; : : : ; n) ¨ Sp (J(t)) ¤ ¥â ¢¥à­ãî

¨­ä®à¬ æ¨î ® ª ç¥áâ¢¥­­®¬ ¯®¢¥¤¥­¨¨ à¥è¥­¨ï ãà ¢­¥­¨ï (1) (á¬. [8], ¯à¨¬¥à �¨­®£à ¤ ).
�ãé¥áâ¢ã¥â ¯®áâ®ï­­ ï C0 > 0 â ª ï, çâ®

�i(t) �M(t) � C0 ¤«ï t 2 [t0; T ]; i = 1; : : : ; n: (3)

�à¨ íâ¨å ãá«®¢¨ïå ¯ãáâì

M =M(t) = max
i
(��(t)) > 0; (4)

S = (T � t)M � 1 (5)

¯à¨ t 2 [t0; T ]. � ¤ çã �®è¨ (1) ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (3){(5) ­ §®¢¥¬ ¦¥áâª®©. �¥«¨ç¨­ã

cou = 2=M

­ §®¢¥¬ ªãà ­â®¬ ; 0 < cou� 1, ¥á«¨ M � 1.

�§¢¥áâ­®, çâ® ¢ ¯à®áâ¥©è¥© ï¢­®© à §­®áâ­®© áå¥¬¥ ¯¥à¢®£® ¯®àï¤ª  (¬¥â®¤¥ «®¬ ­ëå �©-
«¥à ):

y(t1) = y(t0) + hf(y(t0); t0)

ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã

h � cou;

ª®â®à®¥ ¢® ¬­®£¨å § ¤ ç å, ¢ ç áâ­®áâ¨, ¢ ­¥áâ æ¨®­ à­ëå § ¤ ç å ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨,
­ ª« ¤ë¢ ¥â á¨«ì­ë¥ ®£à ­¨ç¥­¨ï ­  à §¬¥àë ¢à¥¬¥­­ëå è £®¢. �ë ¡ã¤¥¬ ­ å®¤¨âì ¯à¨¡«¨-
¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ y(t), ¨á¯®«ì§ãï ï¢­ãî à §­®áâ­ãî áå¥¬ã á ¯¥à¥¬¥­­ë¬¨ è £ ¬¨
¯® ¢à¥¬¥­¨ á«¥¤ãîé¥£® ¢¨¤  [1]:

Y0 = y0;

Ui+ 1

2

= Yi + h�i+1f(ti; Yi); ti+ 1

2

= ti + h�i+1;

Ui+1 = Ui+ 1

2

+ h�i+1f(ti+ 1

2

; Ui+ 1

2

); ti+1 = ti+ 1

2

+ h�i+1;

Yi+1 = Ui+1 � h�i+1�i+1(f(ti+ 1

2

; Ui+ 1

2

)� f(ti; Yi)) =

= Ui+1 � �i+1(Ui+1 � 2Ui+ 1

2

+ Yi); i = 0; : : : ; s� 1;

y1 = Ys ¥á«¨ s ç¥â­®¥, ¨«¨

y1 = Ys�1 + h�sf(ts�1; Ys�1) ¥á«¨ s ­¥ç¥â­®¥.

(6)

� ¤ «ì­¥©è¥¬ ¡ã¤¥â ¯à¥¤«®¦¥­ á¯®á®¡ ¢ë¡®à  ¯ à ¬¥âà®¢ �i, �i, ¤«ï ª®â®àëå à §¬¥à è £  h
¬®¦¥â ¡ëâì §­ ç¨â¥«ì­® ¡®«ìè¥:

h � 0:814 � s2 � cou =2: (7)

3. �áá«¥¤®¢ ­¨¥ â®ç­®áâ¨ ¨ ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë

�á«¨ ¯à¨¬¥­¨âì áå¥¬ã (6) ª ãà ¢­¥­¨î

dy

dt
= �� � y;

â® à¥è¥­¨¥¬ ¡ã¤¥â y1 = Ps(�h)y0, z = �h. �ã­ªæ¨î Ps(�h) ­ §ë¢ îâ äã­ªæ¨¥© ãáâ®©ç¨¢®áâ¨.
� á«ãç ¥ ï¢­®£® ¬¥â®¤  íâ  äã­ªæ¨ï ï¢«ï¥âáï ¯®«¨­®¬®¬. �«ï â®£® çâ®¡ë ¬¥â®¤ ¡ë« ¬¥â®-

¤®¬ ¢â®à®£® ¯®àï¤ª , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨ï ãáâ®©ç¨¢®áâ¨  ¯¯à®ªá¨¬¨à®¢ « 
íªá¯®­¥­æ¨ «ì­ãî äã­ªæ¨î á® ¢â®àë¬ ¯®àï¤ª®¬ [5]

Ps(z) = 1� (�h) + (�h)2=2 +
sX

i=3

ai(�h)i: (8)

56



�«ï ¬¥â®¤  (6) ¬­®£®ç«¥­ ãáâ®©ç¨¢®áâ¨ ¨¬¥¥â ¢¨¤:

Ps(�h) =
s=2Y
i=1

[(1� �i�h)2 � �i�
2
i (�h)

2]; (9)

�«ï â®£® çâ®¡ë ¬­®£®ç«¥­ (9) ¨¬¥« ¢¨¤ (8) ¨ ¬¥â®¤ ¨¬¥« ¯®àï¤®ª p = 2, ­¥®¡å®¤¨¬® ¨ ¤®áâ -
â®ç­®, çâ®¡ë ¢ë¯®«­ï«¨áì à ¢¥­áâ¢ 

2
s=2X
i=1

�i = 1; 2
s=2X
i<j

�i�j +
s=2X
i=1

�2
i (1 � �i) = 1=2: (10)

�á«¨ ¯à¨­ïâì

�i =
1=wj + 1=wj+1

2
; j = 2i;

�i = 1�
4=wjwj+1

1=wj + 1=wj+1

; i = 1; : : : ; s=2;
(11)

£¤¥ wj | ª®à­¨ ¬­®£®ç«¥­  (6) (¯à¨ç¥¬, ¥á«¨ wj | ª®¬¯«¥ªá­ë© ª®à¥­ì, â® wj = wj+1), â®£¤ 
¯®¤áâ ¢¨¢ §­ ç¥­¨ï ¨§ (11) ¢ (10), ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©, á¢ï§ë¢ îéãî ª®à­¨ ¬­®£®-
ç«¥­  (9). �«¥¤®¢ â¥«ì­®, § ¤ ç  ¯®áâà®¥­¨ï ¬¥â®¤  ¢â®à®£® ¯®àï¤ª  á¢®¤¨âáï ª ¯®áâà®¥­¨î
¬­®£®ç«¥­  (9) ¢¨¤  (8).

�®¯à®áë ãáâ®©ç¨¢®áâ¨ ¢á¥£® æ¨ª«  è £®¢ ¬ë ¡ã¤¥¬ ¨áá«¥¤®¢ âì ¤«ï ®¤­®à®¤­®© «¨­¥©­®©
§ ¤ ç¨ �®è¨

dy

dt
= �Ay; y(t0) = y0; (12)

£¤¥ ®â­®á¨â¥«ì­® ¬ âà¨æë A ¯à¥¤¯®« £ ¥âáï, çâ® ®­  ¨¬¥¥â ¯®«­ë© ­ ¡®à á®¡áâ¢¥­­ëå ¢¥ªâ®-
à®¢ ¨ ¥¥ á®¡áâ¢¥­­ë¥ ç¨á«  ­¥®âà¨æ â¥«ì­ë �i � 0 (i = 1; : : : ; n). � §« £ ï y0 ¯® á®¡áâ¢¥­­ë¬
¢¥ªâ®à ¬ f�ig

n
1

y0 =
nX
1

di�i; (13)

¯®«ãç ¥¬, çâ® à¥è¥­¨¥ (13) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

y(t) =
nX
1

di�i exp(��it):

�à¨¬¥­ïï  «£®à¨â¬ (6) ª § ¤ ç¥ (12), ¯®«ãç ¥¬ ä®à¬ã«ã ¤«ï ®¯¥à â®à  ¯¥à¥å®¤  ®â y0 ª y1

y1 = Ps(A)y0 =
nX
1

Ps(�h)di�i; (14)

£¤¥ ¬­®£®ç«¥­ Ps áâ¥¯¥­¨ s ¨¬¥¥â ¢¨¤ (9).
�ãáâì

Rj
s(�) =

jY
i=1

[(1� �iz)2 � �i�
2
i z

2]; R0
s(�) = 1;

Qj
s(�) =

s=2Y
i=j+1

[(1 � �iz)
2 � �i�

2
i z

2]; Qs
s(�) = 1;

rjs = max
m���M

jRj
s(�)j; qjs = max

m���M
jQj

s(�)j;
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£¤¥ i = 1; : : : ; s=2, m = min
�i�0

�i. �ã¤¥¬ áç¨â âì, çâ®  «£®à¨â¬ (6) ãáâ®©ç¨¢ ¨  ¯¯à®ªá¨¬¨àã¥â á

¯®àï¤ª®¬ O(h2) § ¤ çã (1), ¥á«¨ ¯ à ¬¥âàë ¢ ­¥¬ ¢ë¡à ­ë â ª, çâ®¡ë ¢ë¯®«­ï«¨áì á«¥¤ãîé¨¥
ãá«®¢¨ï:

1) ãá«®¢¨¥ (13);
2) Ps(0) = 1, jPs(�)j < 1 ¯à¨ 0 < � �M ;

3) ¢¥«¨ç¨­ë rjs, q
j
s,

s=2P
1
qjs à ¢­®¬¥à­® ®£à ­¨ç¥­ë ª®­áâ ­â ¬¨.

�á«®¢¨¥ 1) ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«­¥­¨¥ ãá«®¢¨©  ¯¯à®ªá¨¬ æ¨¨ ¢ ¯à®æ¥áá¥ à¥ «¨§ æ¨¨  «£®à¨â¬ 
(6). �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï 2) ¯à®¨áå®¤¨â ã¬¥­ìè¥­¨¥ ª®¬¯®­¥­â â¥å ®è¨¡®ª, ¢®§­¨ª îé¨å
­  ¯à¥¤ë¤ãé¨å à¥ «¨§ æ¨ïå  «£®à¨â¬ , ª®â®àë¥ ¢ à §«®¦¥­¨¨ â¨¯  (14) á®®â¢¥âáâ¢ãîâ á®¡-
áâ¢¥­­ë¬ ¢¥ªâ®à ¬ á �i > 0. �á«®¢¨¥ 3) ®¡¥á¯¥ç¨¢ ¥â ®£à ­¨ç¥­­®áâì  ­ «®£¨ç­ëå ®è¨¡®ª,
¢®§­¨ª îé¨å ¢­ãâà¨ ¯à®¢®¤¨¬®£® æ¨ª«  ¢ëç¨á«¥­¨© (¢ ¤ ­­®© à ¡®â¥ ­¥ ¨áá«¥¤ã¥âáï ¢ë¯®«-
­¥­¨¥ íâ®£® ãá«®¢¨ï).

4. �¥ª®â®àë¥ ®æ¥­ª¨ ¤«ï ¬­®£®ç«¥­®¢

�ãáâì �2
n | ª« áá ¬­®£®ç«¥­®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ n ¢¨¤ 

Pn(t) = 1� lnt+ l2nt
2=2 +

nX
3

ait
i;

£¤¥ ln � 0,   ai (i = 3; : : : ; n) | ¯à®¨§¢®«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« , n � 2. �®£¤  Pn(0) = 1,
P 0
n(0) = �ln, P 00

n (0) = l2n, ln > 0. �î¡®© ¬­®£®ç«¥­ ª« áá  �2
n ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

P (t) =
nY
1

(1� 
it);

£¤¥ 
i | ¢¥«¨ç¨­ë, ®¡à â­ë¥ ª ª®à­ï¬ íâ®£® ¬­®£®ç«¥­ . �®£¤ 

ln =
nX
i=1


i = �P 0
n(0); l2n =

nX
i6=j=1


i
j = P 00
n (0):

� ª ª ª � nX
i=1


i

�2

�
nX

i6=j=1


i
j = l2n � l2n = 0;

â®
nX
i=1


2i = 0; (15)

®âáî¤  á«¥¤ã¥â, çâ® «î¡®© ¬­®£®ç«¥­ ¨§ ª« áá  �2
n ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ¤¢  ª®¬¯«¥ªá­ëå

ª®à­ï. �ãáâì 0 < m < M ¨ 0 < � � 1 | § ¤ ­­ë¥ ç¨á« . � áá¬®âà¨¬ ¬­®£®ç«¥­ ª« áá  �2
n. �

®ªà¥áâ­®áâ¨ ­ã«ï | íâ® ã¡ë¢ îé ï äã­ªæ¨ï. �¡®§­ ç¨¬ ç¥à¥§m0(Pn) ¡«¨¦ ©è¨© ª ­ã«î (¯à¨
t > 0) «®ª «ì­ë© ¬¨­¨¬ã¬ ¬­®£®ç«¥­  Pn(t) (P 0

n(m0) = 0), ¥á«¨ â ª®£® «®ª «ì­®£® ¬¨­¨¬ã¬ 
­¥â, â® m0(Pn) ¡ã¤¥â ®§­ ç âì ¡«¨¦ ©è¨© ª ­ã«î (¯à¨ t > 0) ª®à¥­ì ¬­®£®ç«¥­  Pn(t).

�¥¬¬  4.1. �«ï «î¡ëå n > 1, M > 0, 0 < � � 1 áà¥¤¨ ¬­®£®ç«¥­®¢ Pn(t) 2 �2
n, ã¤®¢«¥â¢®-

àïîé¨å ãá«®¢¨î

max
m0(Pn)

jPn(t)j � �; (16)

­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ ª®íää¨æ¨¥­â  l = ln ¨¬¥¥â ¬­®£®ç«¥­ Qn(t) 2 �2
n áâ¥¯¥­¨ n, ã ª®â®à®£®

­  ®âà¥§ª¥ [m0(Qn);M ] áãé¥áâ¢ã¥â n� 1 â®ç¥ª ti â ª¨å, çâ® m0(Qn) � t1 < � � � < tn�1 �M , ¨

Qn(ti) = (�1)i+1�: (17)
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�®ª § â¥«ìáâ¢® ®â ¯à®â¨¢­®£®. �¤¥áì ¤«ï ¯à®áâ®âë ¡ã¤¥â ¯à¥¤¯®« £ âìáï, çâ® � = 1. �à¥¤-
¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¤àã£®© ¬­®£®ç«¥­ Pk(t) 2 �2

n

Pk(t) = 1� lkt+ l2kt
2=2 +

nX
i=3

bit
i; (18)

¤«ï ª®â®à®£® lk > ln. �®£¤  áãé¥áâ¢ã¥â ¬­®£®ç«¥­

bPk(t) = 1� lnt+ l2nt
2=2 +

nX
i=3

bbiti; (19)

£¤¥ bbi = bi(ln=lk)i, ®¡« ¤ îé¨© á¢®©áâ¢®¬ (16), ­® ã¦¥ ­  ®âà¥§ª¥ [m0(Pk)lk=ln; Mlk=ln], lk=ln > 1
(íâ®â ¬­®£®ç«¥­ ¯®«ãç¥­ § ¬¥­®© ¯¥à¥¬¥­­ëå t �! tln=lk). � áá¬®âà¨¬ à §­®áâì ¤¢ãå ¬­®£®-
ç«¥­®¢

v(t) = Qn(t)� bPk(t) = nX
i=3

�it
i: (20)

�«ï ¬­®£®ç«¥­  (20) ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

v(t1) � 0;

v(t2) � 0;

: : :

v(tn�1) � 0;

¯à¨ ç¥â­ëå n, ¨

v(tn�1) � 0;

¯à¨ ­¥ç¥â­ëå n;

(21)

£¤¥ t 2 [m0;M ]. �¨áâ¥¬  ­¥à ¢¥­áâ¢ ®§­ ç ¥â, çâ® ¬­®£®ç«¥­ v(t) ­  ®âà¥§ª¥ [m0(Qn);M ] ¨¬¥¥â
n� 2 ¢¥é¥áâ¢¥­­ëå ª®à­ï, ªà®¬¥ â®£® ¬­®£®ç«¥­ v(t) ¨¬¥¥â âà®©­®© ª®à¥­ì ¢ â®çª¥ 0. �® â®£¤ 
¬­®£®ç«¥­ áâ¥¯¥­¨ n ¨¬¥¥â n+1 ª®à¥­ì; ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® ­¥ áãé¥áâ¢ã¥â ¬­®£®ç«¥­ 
¢¨¤  (19), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î (16) ­  ®âà¥§ª¥ [m0( bPk);�], � = Mlk=ln ¯à¨ � > M , (â. ¥.
lk=ln > 1); á«¥¤®¢ â¥«ì­® ­¥ áãé¥áâ¢ã¥â ¨ ¬­®£®ç«¥­  (18) á lk > ln, ã¤®¢«¥â¢®àïîé¥£® (16).

�§ á¨áâ¥¬ë ­¥à ¢¥­áâ¢ (21) á«¥¤ã¥â, çâ® ­  ®âà¥§ª¥ [t1; tn�1] ¨¬¥¥âáï n � 2 ¢¥é¥áâ¢¥­­ëå
ª®à­ï,   ¨§ à ¢¥­áâ¢  (15) á«¥¤ã¥â, çâ® áà¥¤¨ n ª®à­¥© ¬­®£®ç«¥­  Qn(t) ¥áâì ª®¬¯«¥ªá­ë¥
ª®à­¨ ¨ ¨å à®¢­® n� (n� 2) = 2, ¯®íâ®¬ã ¬­®£®ç«¥­ Qn(t) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

Qn(t) = (1� at+ bt2)
nY
i=3

(1� 
it) = 1� lnt+ l2nt
2=2 +

nX
3

ait (22)

á® ¢áî¤ã ¯®«®¦¨â¥«ì­ë¬ ª¢ ¤à â­ë¬ âà¥åç«¥­®¬

�(t) = 1� at+ bt2 > 0:

�§«®¦¨¬  «£®à¨â¬ ¯®áâà®¥­¨ï ¬­®£®ç«¥­  Qn(t), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬

1) (Q0
n(0))

2 = Q00
n(0),

2) jQ(t)j � 1 ¯à¨ 0 < t �M ;
3) ¤«ï Qn(t) ¢ë¯®«­¥­ë ãá«®¢¨ï (17) ¨§ «¥¬¬ë 4.1.

�¢â®àë à¥è¨«¨ íâã § ¤ çã ¤¢ã¬ï à §­ë¬¨ á¯®á®¡ ¬¨. � [2], [5] ®¯¨á ­ ç¨á«¥­­ë© á¯®á®¡
à¥è¥­¨ï íâ®© § ¤ ç¨ á ¯®¬®éìî  á¨¬¯â®â¨ç¥áª¨å ä®à¬ã« ¨ ¯à®£à ¬¬ë BERN (á¬. [5]). � [3]
­ ©¤¥­® â®ç­®¥ à¥è¥­¨¥ íâ®© § ¤ ç¨ á ¯®¬®éìî  ­ «¨â¨ç¥áª¨å ä®à¬ã« ¤«ï ¬­®£®ç«¥­  �®-
«®â à¥¢  1-£® à®¤  ¢â®à®£® â¨¯ . �¤¥áì ¬ë ®¯¨è¥¬ íâ®â á¯®á®¡ à¥è¥­¨ï § ¤ ç¨. �«ï íâ®£®
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¯¥à¥ä®à¬ã«¨àã¥¬ § ¤ çã ¯®áâà®¥­¨ï ¬­®£®ç«¥­  ¤«ï ®âà¥§ª  [�1; 1]. � áá¬®âà¨¬ ¬­®£®ç«¥­
�®«®â à¥¢  1-£® à®¤ , 2-£® â¨¯  [3]

y(x) = Z2n(x; k; 1);

£¤¥

Z2n(x; k; �) =
1
2

h�H(a+ u)�1(a+ u)
H(a� u)�1(a� u)

�n
+
�H(a� u)�1(a� u)
H(a+ u)�1(a+ u)

�ni
;

x =
cn(2a)cn(2u) � 1
cn(2u)� cn(2a)

;

k | ¬®¤ã«ì í««¨¯â¨ç¥áª¨å äã­ªæ¨©, K | ¯®«­ë© í««¨¯â¨ç¥áª¨© ¨­â¥£à « 1-£® à®¤ ,   ¯ à -
¬¥âà¨ç¥áª ï ¯¥à¥¬¥­­ ï u ¨§¬¥­ï¥âáï ®â 0 ¤® Ki, ª®£¤  x ¬¥­ï¥âáï ®â �1 ¤® 1. �ãáâì x0 > 1,
â ª®¥, çâ®

t(x0) = (y0(x0))2 � ry00(x0) = 0; (23)

£¤¥ 1 � r � r0, r0 | ¤®áâ â®ç­® ¡«¨§ª ï ª 1 ¢¥«¨ç¨­ ,   k0 | ª®à¥­ì ãà ¢­¥­¨ï

r = y(x0) = Z2n(x0; k; 1): (24)

� ¤ ç  4.1. �«ï § ¤ ­­®£® 1 � r � r0, ®¯à¥¤¥«¨âì x0, k ª ª à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨©

(23), (24), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬: x � 1, 0 < k � k0.

�à¥¤¯®«®¦¨¬, ¬ë ­ è«¨ à¥è¥­¨¥ § ¤ ç¨ 4.1, â®£¤  ¬®¦­® ­ ©â¨ ª®à­¨ ¬­®£®ç«¥­  �®«®-
â à¥¢  f�ign1

y(x) = Z2n(x; k0; 1);

¨ á¤¥« ¢ ¯à¥®¡à §®¢ ­¨¥

ti =
x0 � �i
x0 + �i

�; i = 1; : : : ; n; (25)

¯®«ãç¨âì ª®à­¨ ¬­®£®ç«¥­ 

Qn(t) =
nY
i=1

(1� t=ti) = Z2n((x0 � (x0 + 1)t); k0; 1)=r:

�®ª ¦¥¬, çâ® ¤«ï íâ®£® ¬­®£®ç«¥­  ¡ã¤ãâ ¢ë¯®«­¥­ë ãá«®¢¨ï 1), 2), 3). �¥©áâ¢¨â¥«ì­®,
�¥à¢®¥ ãá«®¢¨¥ á«¥¤ã¥â ¨§ ãà ¢­¥­¨ï (23) ¤«ï Z2(x; k0; 1).
�â®à®¥ ãá«®¢¨¥ á«¥¤ã¥â ¨§ â®£®, çâ® 1 � r � r0,   ¬ ªá¨¬ã¬ ®âª«®­¥­¨ï ®â ­ã«ï ¬­®£®ç«¥­ 

�®«®â à¥¢  Z2(x; k0; 1) ­  ®âà¥§ª¥ [�1; 1] à ¢¥­ ¥¤¨­¨æ¥, á«¥¤®¢ â¥«ì­®, Qn(t) = Z2n((x0 � (x0 +
1)t); k0; 1)=r < 1 ­  ®âà¥§ª¥ [0;�], â. ¥. ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2).

�à¥âì¥ ãá«®¢¨¥ á«¥¤ã¥â ¨§ á¢®©áâ¢ ¬­®£®ç«¥­  �®«®â à¥¢  Z2(x; k0; 1). �â¨ ¬­®£®ç«¥­ë
¨¬¥îâ ç¥¡ëè¥¢áª¨©  «ìâ¥à­ ­á ­  ®âà¥§ª¥ [�1; 1], (á¬. [3]), á«¥¤®¢ â¥«ì­®, ¬­®£®ç«¥­ Qn(t)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (17), £¤¥ � = 1=r.

�¥¬ á ¬ë¬, ­ ©¤ï à¥è¥­¨¥ § ¤ ç¨ 4.1 ¨ á¤¥« ¢ ¯à¥®¡à §®¢ ­¨¥ (25), ¬ë ­ ©¤¥¬ ¯ à ¬¥âàë
¬­®£®ç«¥­  (22): 
i = 1=ti, i = 1; : : : ; n. �¥è¥­¨¥ § ¤ ç¨ 4.1 ¡ë«® ¯®«ãç¥­® ç¨á«¥­­® á ¯®¬®éìî
¤¢ãå ¯à®£à ¬¬ ZOL ¨ ZOLM. �à®£à ¬¬  ZOL ¨é¥â à¥è¥­¨¥ ãà ¢­¥­¨ï (24),   ¯à®£à ¬¬  ZOLM,
­  ®á­®¢¥ ¯à®£à ¬¬ë ZOL, à¥ «¨§ã¥â ¨â¥à æ¨®­­ë© ¯à®æ¥áá

ki+1 = ki + �(r � Z2n(bx0; ki; 1);
£¤¥ � | ¯ à ¬¥âà, ª®â®àë© ¬ë ¢ë¡¨à «¨ íªá¯¥à¨¬¥­â «ì­®,   bx | ­ ©¤¥­­®¥ á ¯®¬®éìî ¯à®-
£à ¬¬ë ZOL §­ ç¥­¨¥ x0.

�¢â®à ¬¨ ¡ë«¨ ¯®«ãç¥­ë ª®à­¨ ¬­®£®ç«¥­®¢ Qn(t) ¯à¨ M = 1 ¨ á®áâ ¢«¥­ë â ¡«¨æë íâ¨å
¬­®£®ç«¥­®¢ ¤® 81 áâ¥¯¥­¨ ¢ª«îç¨â¥«ì­®. �®à­¨ ¬­®£®ç«¥­  ¯à¨ s = 9, M = 1, � = 0:98
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¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥ 1. �¥«¨ç¨­  ls=s2 ¨ ¬ ªá¨¬ «ì­ ï ¢¥«¨ç¨­  è £  ls ¯à¨¢¥¤¥­  ¢ â ¡«¨æ¥ 2.
�§ â ¡«¨æë 2 ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® (7).

� ¡«¨æ  1. �®à­¨ ¬­®£®ç«¥­  ¢â®à®£® ¯®àï¤ª  ¯à¨ s = 9, M = 1 ¨ � = 0:98.

(2.009240424759090�2 , �2.061952927342528�2), 1.543656460615529�1 ,
3.109158421544090�1 , 4.869665784848753�1 , 6.625649785572404�1 ,
8.168457305202050�1 , 9.313141399634781�1 , 9.922116229981993�1

� ¡«¨æ  2. � ªá¨¬ «ì­ë¥ ¢¥«¨ç¨­ë è £®¢ ls = �P 0
s(0) ¯à¨ M = 1 ¨ ¢¥«¨ç¨­  ls=s2.

s ls ls=s
2 s ls ls=s

2

5 19.3894067 0.7755762 7 38.988738 0.7956885
9 65.044521683 0.830187 17 234.00230480 0.896965
25 507.2981125 0.8116769 35 995.34377963 0.8125255
45 1646.031671 0.8128551

5. �¯à¥¤¥«¥­¨¥ ¯ à ¬¥âà®¢ à §­®áâ­ëå ãà ¢­¥­¨©

�«ï ®¯à¥¤¥«¥­¨ï ¯ à ¬¥âà®¢ áå¥¬ë § ¤ ¤¨¬áï è £®¬ ¨­â¥£à¨à®¢ ­¨ï h ¯à ª®â®àë© ¯à¥¤¯®-
«®¦¨â¥«ì­® ¤ ¥â ­ã¦­ãî â®ç­®áâì à¥è¥­¨ï. �«ï íâ®£® ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¬¥â®¤ ¢«®¦¥­­ëå
ä®à¬ã«, ª®â®àë© ®¯¨á ­ ¢ á«¥¤ãîé¥¬ ¯ã­ªâ¥. �¤¥áì ¡ã¤¥¬ áç¨â âì h ¯à § ¤ ­­ë¬.

�¯à¥¤¥«ïâì ª®«¨ç¥áâ¢® áâ ¤¨© ¢ ¬¥â®¤¥ (6) ¡ã¤¥¬ ¨áå®¤ï ¨§ ­¥®¡å®¤¨¬®£® ãá«®¢¨ï ãáâ®©ç¨-
¢®áâ¨ ¬¥â®¤  (6): çâ®¡ë ­  á¯¥ªâà¥ ïª®¡¨ ­  § ¤ ç¨ (2), ¤«ï äã­ªæ¨¨ ãáâ®©ç¨¢®áâ¨ Ps(�h) (9)
¡ë«® ¢ë¯®«­¥­® ãá«®¢¨¥ (16). �«ï íâ®£® ¢®§ì¬¥¬ ¯®«¨­®¬ë (22), ¯®áâà®¥­­ë¥ ¤«ï ®âà¥§ª  [0; 1]
¨ á ¯®¬®éìî § ¬¥­ë ¯¥à¥¬¥­­ëå t = t=M à áá¬®âà¨¬ íâ®â ¬­®£®ç«¥­ ­  ®âà¥§ª¥ [0;M ], £¤¥
M(t) � M | ¬ ªá¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ ç¨á«® ïª®¡¨ ­  (4) ­  ¨­â¥à¢ «¥ [t0; t0 + h]. �®£¤  ­ 
®á­®¢ ­¨¨ «¥¬¬ë 4.1 ¤«ï ª ¦¤®© áâ¥¯¥­¨ ¯®«¨­®¬  s ¨¬¥¥¬ ¬ ªá¨¬ «ì­® ¢®§¬®¦­ãî ¢¥«¨ç¨­ã
ls = ls=M , ¯à¨ ª®â®à®© ¢ë¯®«­¥­® ãá«®¢¨¥ (16) ­  á¯¥ªâà¥ t 2 [0;M ]. �à¨ íâ®¬ ¬ ªá¨¬ «ì­®
¢®§¬®¦­ë© è £ hs ¤«ï ¬¥â®¤  (6) á ª®«¨ç¥áâ¢®¬ áâ ¤¨© s à ¢¥­ hs = ls. �¥¬ á ¬ë¬ ¢á¥ áâ¥¯¥­¨
s, ¤«ï ª®â®àëå

hs � hsmax
� h ¯à; s � smax;

ï¢«ïîâáï ¯à¨¥¬«¥¬ë¬¨ ¤«ï ¨­â¥£à¨à®¢ ­¨ï § ¤ ç¨ (1). �à¨ íâ®¬ è £ ¢ ¬¥â®¤¥ (6) à ¢¥­

h = min(h ¯à; hs®¯â );

£¤¥ s®¯â � smax | ®¯â¨¬ «ì­®¥ ª®«¨ç¥áâ¢® áâ ¤¨©. �à¨ íâ®¬ ¢¥«¨ç¨­ë �i, ¨ �i ®¯à¥¤¥«ïîâáï ¨§
á®®â­®è¥­¨©

�i =

j + 
j+1

2
M; j = 2i;

�i = 1�
4
j
j+1

j + 
j+1

; i = 1; : : : ; s=2;

£¤¥ 
i | ¯ à ¬¥âàë ¬­®£®ç«¥­  (22), ¯®áâà®¥­­®£® ¤«ï ®âà¥§ª  [0; 1],   M � M ¢ë¡à ­® â ª,
çâ®¡ë áã¬¬  è £®¢ ¢ ¬¥â®¤¥ à ¢­ï« áì

ls®¯â=M = h:

�à¨ íâ®¬ ­¥ ¢á¥£¤  s®¯â à ¢­® smax. � å®¤¨âì s®¯â ¡ã¤¥¬, ¨áå®¤ï ¨§ á®®â­®è¥­¨ï

h ¯à
smax

�
ls®¯â
s®¯âM

;

ª®â®à®¥ ®§­ ç ¥â, çâ® áà¥¤­¨© è £, ¯à¨å®¤ïé¨©áï ­  ®¤­® ¢ëç¨á«¥­¨¥ ¯à ¢®© ç áâ¨ ¢ ¬¥â®-
¤¥ á ®¯â¨¬ «ì­ë¬ ª®«¨ç¥áâ¢®¬ áâ ¤¨©, ­¥ ¬¥­ìè¥, ç¥¬ áà¥¤­¨© è £ ¢ ¬¥â®¤¥ á ¬ ªá¨¬ «ì­®
¢®§¬®¦­ë¬ s = smax.
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6. �«®¦¥­­ë¥ ä®à¬ã«ë

�«ï ®¯à¥¤¥«¥­¨ï è £   ¯¯à®ªá¨¬ æ¨¨ h ¯à ¢®á¯®«ì§ã¥¬áï ¨¤¥¥© ¢«®¦¥­­ëå ä®à¬ã« ([9];
[10], c. 123{127). �«ï íâ®£® ¢ â®çª¥ t0 + h âà¥¡ã¥âáï ¢ëç¨á«¨âì ¢â®à®¥ à¥è¥­¨¥ y1, ¨¬¥îé¥¥
¤àã£®© ¯®àï¤®ª â®ç­®áâ¨, ¨ ­®à¬ã à §­®áâ¨ err1 = ky1 � y1k ¯à¨­ïâì §  ®è¨¡ªã, ¯®«ãç¥­­ãî ¢
à¥§ã«ìâ â¥ ¢ëç¨á«¥­¨©. � á«ãç ¥, ¥á«¨

err1 > tol;

£¤¥ tol | âà¥¡ã¥¬ ï ®è¨¡ª  ¢ëç¨á«¥­¨©, ®â¡à áë¢ ¥¬ á¤¥« ­­ë© è £ ¨ ¯à®¨§¢®¤¨¬ ­®¢ë¥
¢ëç¨á«¥­¨ï. �á«¨ è £ ¯à¨­¨¬ ¥âáï, â® ¨á¯®«ì§ã¥¬ íâã ®è¨¡ªã ¤«ï ¯à®£­®§  á«¥¤ãîé¥£® è £ .

�®à®è¨¬ ª ­¤¨¤ â®¬ ¤«ï y1 ï¢«ï¥âáï ¯à®¬¥¦ãâ®ç­®¥ à¥è¥­¨¥ Us, ¯®«ãç îé¥¥áï ­  ¯®á«¥¤-
­¥¬ è £¥ ¯à¨ à¥ «¨§ æ¨¨ ¬¥â®¤  (6). �à¨ íâ®¬ y1 = Us ï¢«ï¥âáï à¥è¥­¨¥¬ ¯¥à¢®£® ¯®àï¤ª  ¢
â®çª¥ t0 + h, ¨ §  ®è¨¡ªã ¯à¨¬¥¬ ¢¥«¨ç¨­ã

err1 = ky1 � y1k = k�s(Us � 2Us� 1

2

+ Ys�1)k:

�«ï ¯à®£­®§  á«¥¤ãîé¥£® è £  ¨á¯®«ì§ã¥¬ áâ ­¤ àâ­ë¥ ä®à¬ã«ë ¨§ [3]

h ¯à = hmin(facmax;max(facmin; fac(tol = err1)
1=p));

£¤¥ p = 2,   facmax, facmax, fac | ­¥ª®â®àë¥ ª®­áâ ­âë.
�®«¨­®¬ë ãáâ®©ç¨¢®áâ¨ ¤«ï à¥è¥­¨ï y1 ¨ ¢«®¦¥­­®£® à¥è¥­¨ï y1 ¯à¥¤áâ ¢«¥­ë ­  à¨á. 1.

�¨á. 1. �®«¨­®¬ë ãáâ®©ç¨¢®áâ¨ ¤«ï à¥è¥­¨ï y1 (á«¥¢ ) ¨ ¢«®¦¥­­®£® à¥è¥­¨ï y1 (á¯à ¢ ).

7. �à¨¬¥àë à áç¥â  ¦¥áâª¨å § ¤ ç

�à¥¤« £ ¥¬ë©  «£®à¨â¬ ¡ë« ¢­¥¤à¥­ ¢ ¯à®£à ¬¬¥ DUMKA 1, ªà âª®¥ ®¯¨á ­¨¥ ª®â®à®©
¤ ­® ¢ [1], [2]. �«ï ¯à¨¬¥à  ¡ë«  ¢ë¡à ­  ¬­®£®¬¥à­ ï § ¤ ç  â¥¯«®¯à®¢®¤­®áâ¨: ¢ ªã¡¥ 
 =
f0 � x � p; i = 1; 2; 3g á £à ­¨æ¥© @
 ¯à¨ 0 � t � T ­ ©â¨ à¥è¥­¨¥ u(x; t) § ¤ ç¨

@u

@t
= �u�

3X
i=1

bi
@u

@xi
+ au+ f(t); (26)

ujxi=0 = 0;
@u

@n
jxi=� = 0; ujt=0 = 0; i = 1; 2; 3;

£¤¥ b1 = �3; b2 = 2; b3 = 1; a = �1. �ã­ªæ¨ï f(t) ¨¬¥«  ¢¨¤

f(t) =

(
1 + 0:1t; t =2 [6; 10];

0; t 2 (6; 10):

�® § ¤ ­­®¬ã æ¥«®¬ã m ¯®áâà®¨¬ ªã¡¨ç¥áªãî á¥âªã xi;k = kh (i = 1; 2; 3, k = 0; : : : ;m + 1), £¤¥
h = �=(m+0; 5), ­  ª®â®à®© á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© § ¬¥­¨¬ ®¯¥à â®à � ¯« á  ¨ ª®­¢¥ªâ¨¢-
­ë¥ ç«¥­ë ¢ (26) à §­®áâ­ë¬ ®¯¥à â®à®¬. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¬¥â®¤  ¯àï¬ëå ¯®àï¤ª  n. �¥¯¥àì áà ¢­¨¬ ¤¢  ¬¥â®¤ : 1-£® ¯®àï¤ª   ¯¯à®ªá¨¬ æ¨¨

1�à®£à ¬¬ë DUMKA3 ¨ DUMKA4 ¬®¦­® ¯®«ãç¨âì ã  ¢â®à®¢ ¨«¨ ¢ Internet
http://guru.inm.ras.ru/~nucrect.
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®á­®¢ ­­®£® ­  ¬­®£®ç«¥­ å �¥¡ëè¥¢  [1] ¨ ¯à¥¤« £ ¥¬ë© ¬¥â®¤ ¢â®à®£® ¯®àï¤ª   ¯¯à®ªá¨-
¬ æ¨¨. �à¨ à áç¥â å ¡ë«¨ ¢§ïâë á«¥¤ãîé¨¥ ¯ à ¬¥âàë: n = 503 = 262144, � = 0:02, T = 15.
�®£¤  cou = 6; 44 � 10�4, ¯à¨ íâ®¬ áà¥¤­¨© è £ ¢ ¬¥â®¤¥ ¢â®à®£® ¨ ¯¥à¢®£® ¯®àï¤ª  ¡ë« à ¢¥­
á®®â¢¥âáâ¢¥­­®: háà = 14:2 cou ¨ háà = 4:5 cou. � ¯à ªâ¨ç¥áª®¬ ¨á¯®«ì§®¢ ­¨¨ ¯à¥¤«®¦¥­­®£®
¬¥â®¤  ¬®¦­® â ª¦¥ ¯à®ç¨â âì ¢ [2].
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