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�¥®à¨ï ãà ¢­¥­¨© á ¬®­®â®­­ë¬¨ ®¯¥à â®à ¬¨ ¢ ¯à®áâà ­áâ¢ å á ª®­ãá ¬¨ à §¢¨â  ¢ à ¡®-
â å �.�. �à á­®á¥«ìáª®£®, �.�. � åâ¨­ , �.�. �â¥æ¥­ª® ¨ ¤àã£¨å  ¢â®à®¢ [1]{[4]. �¥®à¨ï ¬®­®-
â®­­ëå ®¯¥à â®à®¢ ¡ë«  ¯¥à¥­¥á¥­  �.�.�¯®©æ¥¢ë¬ [5] ­  £¥â¥à®â®­­ë¥ ®¯¥à â®àë. � à ¡®â¥
[6] ¨áá«¥¤®¢ «¨áì ¤¢ãáâ®à®­­¨¥ ª®­áâàãªæ¨¨ ­¥¬®­®â®­­ëå ®¯¥à â®à®¢ á ¯à®¨§¢®¤­ë¬¨, ®¡« -
¤ îé¨¬¨ á¢®©áâ¢ ¬¨ ¬®­®â®­­®áâ¨.

� ¤ ­­®© áâ âì¥ ­¥ª®â®àë¥ ¨§ ®â¬¥ç¥­­ëå à¥§ã«ìâ â®¢ à á¯à®áâà ­ïîâáï ­  ®¯¥à â®àë á £¥-
â¥à®â®­­®© ¯à®¨§¢®¤­®© ¢ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å á ª®­ãá ¬¨. � à ¡®â¥ ¯à¨¢®¤ïâáï à §«¨ç­ë¥
¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¯® ªà ©­¥© ¬¥à¥ ®¤­®© ­¥¯®¤¢¨¦­®© â®çª¨ ã ­¥«¨­¥©­®£®
®â®¡à ¦¥­¨ï T , ¨¬¥îé¥£® £¥â¥à®â®­­ãî ¯à®¨§¢®¤­ãî �à¥è¥ T 0, ®¯à¥¤¥«¥­­®£® ­  ­¥ª®â®à®¬
¬­®¦¥áâ¢¥ D ¯®«ãã¯®àï¤®ç¥­­®£® ¡ ­ å®¢  ¯à®áâà ­áâ¢  E ¨ ¤¥©áâ¢ãîé¥£® ¢ D. �à¨ íâ®¬
¯à¥¤¯®« £ ¥âáï, çâ® ¯®«ãã¯®àï¤®ç¥­­®áâì ¢ E ¢¢¥¤¥­  ¯à¨ ¯®¬®é¨ ª®­ãá  K.

�¨¦¥ ¨á¯®«ì§®¢ ­  â¥à¬¨­®«®£¨ï â¥®à¨¨ ¯à®áâà ­áâ¢ á ª®­ãá ¬¨ ¨ â¥®à¨¨ ¯®«®¦¨â¥«ì­ëå
®¯¥à â®à­ëå ãà ¢­¥­¨© ¨§ [1], [7]. � ¯®¬­¨¬ ªà âª® íâ¨ ®¯à¥¤¥«¥­¨ï.

�®­ãá®¬ K ­ §ë¢ ¥âáï § ¬ª­ãâ®¥ ¢ë¯ãª«®¥ ¬­®¦¥áâ¢®, ®¡« ¤ îé¥¥ á¢®©áâ¢ ¬¨:
1) x; y 2 K ) �x+ �y 2 K 8�; � > 0;
2) ¨§ ¤¢ãå ¢¥ªâ®à®¢ x ¨ �x ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ ­¥ ¯à¨­ ¤«¥¦¨â K, ¥á«¨ x 6= � (� | ­ã«ì

¯à®áâà ­áâ¢  E).
�® ®¯à¥¤¥«¥­¨î x � y, ¥á«¨ y � x 2 K. �§ § ¬ª­ãâ®áâ¨ ª®­ãá  ¢ëâ¥ª ¥â ¢ ¦­®¥ á¢®©áâ¢®

¯®«ãã¯®àï¤®ç¥­­®áâ¨, ®¯à¥¤¥«¥­­®¥ ¯à¨ ¯®¬®é¨ ª®­ãá  | ¢®§¬®¦­®áâì ¯¥à¥å®¤  ª ¯à¥¤¥«ã ¢
­¥à ¢¥­áâ¢ å: ¥á«¨ xn � yn, n = 1; 2; : : : , ¨ lim

n!1
xn = x, lim

n!1
yn = y, â® x � y.

�®­ãáK ­ §ë¢ ¥âáï ¬¨­¨í¤à «ì­ë¬, ¥á«¨ ª ¦¤®¥ ª®­¥ç­®¥ ç¨á«® í«¥¬¥­â®¢ x1; x2; : : : ; xn2E
¨¬¥¥â â®ç­ãî ¢¥àå­îî £à ­¨æã; á¨«ì­® ¬¨­¨í¤à «ì­ë¬, ¥á«¨ ª ¦¤®¥ ®£à ­¨ç¥­­®¥ á¢¥àåã ¬­®-
¦¥áâ¢® ¨¬¥¥â â®ç­ãî ¢¥àå­îî £à ­¨æã; ¢¯®«­¥ ¬¨­¨í¤à «ì­ë¬, ¥á«¨ «î¡®¥ ®£à ­¨ç¥­­®¥ ¯®
­®à¬¥ ¬­®¦¥áâ¢® F � K ¨¬¥¥â ¢ E â®ç­ãî ¢¥àå­îî £à ­¨æã.

�®­ãá K ­ §ë¢ ¥âáï â¥«¥á­ë¬, ¥á«¨ ®­ á®¤¥à¦¨â ¢­ãâà¥­­¨¥ í«¥¬¥­âë.
�®­ãá ­ §ë¢ ¥âáï ­®à¬ «ì­ë¬, ¥á«¨ áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® ¤«ï «î¡ëå í«¥¬¥­â®¢

l1; l2 2 K, kl1k = kl2k = 1, ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® kl1 + l2k > �. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç-
­ë¬ ãá«®¢¨¥¬ ­®à¬ «ì­®áâ¨ ª®­ãá  ï¢«ï¥âáï ¯®«ã¬®­®â®­­®áâì ­®à¬ë: áãé¥áâ¢ã¥â â ª®¥ ç¨á«®
M > 0, çâ® � � x � y ) kxk �Mkyk.

�®­ãá K ­ §ë¢ ¥âáï ¢®á¯à®¨§¢®¤ïé¨¬, ¥á«¨ «¨­¥©­ ï ®¡®«®çª  ¥£® í«¥¬¥­â®¢ á®¢¯ ¤ ¥â á®
¢á¥¬ ¯à®áâà ­áâ¢®¬. �®­ãáë ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨© ¨ ­¥®âà¨æ â¥«ì­ëå ¢¥ªâ®à-äã­ªæ¨© ¢
®¡ëç­ëå ¯à®áâà ­áâ¢ å (C, Lp ¨ â.¤.) ¡ã¤ãâ ¢®á¯à®¨§¢®¤ïé¨¬¨ ¨ ­®à¬ «ì­ë¬¨. � ª®­¥ç­®¬¥à-
­®¬ ¯à®áâà ­áâ¢¥ ª ¦¤ë© ª®­ãá ­®à¬ «¥­.

�®­ãá K ­ §ë¢ ¥âáï ¯à ¢¨«ì­ë¬, ¥á«¨ ª ¦¤ ï ®£à ­¨ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì áå®¤¨âáï
¯® ­®à¬¥; ¢¯®«­¥ ¯à ¢¨«ì­ë¬, ¥á«¨ ª ¦¤ ï ®£à ­¨ç¥­­ ï ¯® ­®à¬¥ ¬®­®â®­­ ï ¯®á«¥¤®¢ â¥«ì-
­®áâì áå®¤¨âáï ¯® ­®à¬¥. �¯®«­¥ ¯à ¢¨«ì­ë© ª®­ãá ï¢«ï¥âáï ¯à ¢¨«ì­ë¬.

�­®¦¥áâ¢® hu; vi = fx 2 E : u � x � vg ­ §ë¢ ¥âáï ®âà¥§ª®¬. � á«ãç ïå ¢®á¯à®¨§¢®¤ïé¥£®
¨«¨ ­®à¬ «ì­®£® ª®­ãá®¢ ¯®«ãç¨¬ ®£à ­¨ç¥­­®áâì hu; vi ¯® ­®à¬¥.

�ãáâì ­¥«¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥

x = Tx (1)
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§ ¤ ­® ­  ­¥ª®â®à®¬ ¢ë¯ãª«®¬ ¬­®¦¥áâ¢¥ D � E á ¯®«ãã¯®àï¤®ç¥­­ë¬ ª®­ãá®¬ K. �à¥¤¯®-
«®¦¨¬, çâ® ®¯¥à â®à T ¨¬¥¥â ­  D ¯à®¨§¢®¤­ãî T 0 ¯® �à¥è¥, ª®â®à ï ®¡« ¤ ¥â á¢®©áâ¢®¬
£¥â¥à®â®­­®áâ¨ ­  hu0; v0i � D, £¤¥ u0, v0 | ­ ç «ì­ë¥ ¯à¨¡«¨¦¥­¨ï ª à¥è¥­¨î ãà ¢­¥­¨ï (1).
�®á«¥¤ãîé¨¥ ¯à¨¡«¨¦¥­¨ï ®¯à¥¤¥«ïîâáï  «£®à¨â¬®¬

un+1 = Tun + PB(un; vn)(un+1 � un);

vn+1 = Tvn + PB(un; vn)(vn+1 � vn); n = 0; 1; 2; : : : ;
(2)

£¤¥ P | «¨­¥©­ë© ¯à®¥ªâ®à (P 2 = P ), ¯à®¨§¢®¤­ ï PT 0 ï¢«ï¥âáï £¥â¥à®â®­­ë¬ ®¯¥à â®à®¬ [5].
�®¯ãâáâ¢ãîé¨© ¥© ®¯¥à â®à ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ PB(u; v)(PB : D �D ! D), â. ¥.

PB(x; x) = PT 0x; PB(u; v) � PB(x; y); ¥á«¨ u � x; y � v: (3)

�à¥¤¯®« £ ¥âáï, çâ® ¤«ï «î¡®£® n áãé¥áâ¢ãîâ ¥¤¨­áâ¢¥­­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© (2) ¨ ¤«ï
à áé¥¯«¥­¨ï PT 0 á¯à ¢¥¤«¨¢  ä®à¬ã«  �ìîâ®­ {�¥©¡­¨æ .

�¥¬¬  1 ([8]). �ãáâì ¤«ï ­ ç «ì­ëå ¯à¨¡«¨¦¥­¨© u0; v0 2 D ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

u0 � v0; u0 � Tu0; T v0 � v0: (4)

�á«¨ ¯à¨ ¢á¥å u; v 2 hu0; v0i ®¯¥à â®à QT 0 � 0 (Q = I � P , I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à),  
®¯¥à â®à I � PB(u; v) ¨¬¥¥â ¯®«®¦¨â¥«ì­ë© ®¡à â­ë© � = [I � PB(u; v)]�1 > 0, â® ¯®á«¥¤®-
¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥­¨ï, ®¯à¥¤¥«ï¥¬ë¥  «£®à¨â¬®¬ (2), ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬

un � un+1 � vn+1 � vn; n = 0; 1; 2; : : : (5)

� [8] â ª¦¥ ¤®ª § ­®, çâ® ¥á«¨ ª®­ãá K ¯à ¢¨«¥­, ®¯¥à â®à (T � PB) ­¥¯à¥àë¢¥­ ¨«¨ K-
­®à¬ «¥­,   (T � PB) ¢¯®«­¥ ­¥¯à¥àë¢¥­, â® ¢ ãá«®¢¨ïå «¥¬¬ë ãà ¢­¥­¨¥ (1) ¨¬¥¥â ­  hu0; v0i
¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥ x, ª ª®â®à®¬ã áå®¤ïâáï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fung, fvng.

�¥®à¥¬  1. �ãáâì E | ¡ ­ å®¢® ¯à®áâà ­áâ¢®, ¯®«ãã¯®àï¤®ç¥­­®¥ ª®­ãá®¬ K � E, ¨
¢ë¯®«­ïîâáï ãá«®¢¨ï «¥¬¬ë. �á«¨ á¯à ¢¥¤«¨¢® å®âï ¡ë ®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

 ) ª®­ãá K á¨«ì­® ¬¨­¨í¤à «¥­;
¡) ­  ®âà¥§ª¥ hu0; v0i ®¯¥à â®à T ­¥¯à¥àë¢¥­, PB(u; v) ®£à ­¨ç¥­ ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥-

¬¥­­ëå, áãé¥áâ¢ã¥â ®¯¥à â®à F , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î F (x+y)�F (x) � �(kyk)z,
(x; x+ y 2 hu0; v0i, y 2 K), £¤¥ z 6= 0 | ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â ¨§ K, �(r) > 0 ¯à¨ r > 0
| ­¥ã¡ë¢ îé ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï â ª ï, çâ® lim

r!1
r�(r) =1;

¢) ª®­ãá K ­®à¬ «¥­, ®¯¥à â®à (T � PB) á« ¡® ­¥¯à¥àë¢¥­, ¯à®áâà ­áâ¢® E á« ¡® ¯®«­®,

¥¤¨­¨ç­ë© è à ¢ E á« ¡® ª®¬¯ ªâ¥­;
£) ª®­ãá K â¥«¥á¥­, ­®à¬ «¥­ ¨ ¬¨­¨í¤à «¥­, ®¯¥à â®à �0[T�PB], £¤¥ �0=[I�PB(u0; v0)]�1,

ª®¬¯ ªâ¥­ ­  hu0; v0i.

�®£¤  ã ®¯¥à â®à  T áãé¥áâ¢ã¥â ­  hu0; v0i ¯® ªà ©­¥© ¬¥à¥ ®¤­  ­¥¯®¤¢¨¦­ ï â®çª  x� ¨

un � un+1 � x� � vn+1 � vn; n = 0; 1; 2; : : : (6)

�á«¨ lim
n!1

un = lim
n!1

vn, â® x
� | ¥¤¨­áâ¢¥­­ ï â®çª .

�®ª § â¥«ìáâ¢®. �ãáâì Ax = x + �0(Tx � x) = �0[Tx � PB(u0; v0)x]. �®ª ¦¥¬, çâ® A,  
á«¥¤®¢ â¥«ì­® ¨ T , ¨¬¥îâ ­¥¯®¤¢¨¦­ãî â®çªã x� 2 hu0; v0i.

 ) �¡®§­ ç¨¬ ç¥à¥§ U ¬­®¦¥áâ¢® í«¥¬¥­â®¢ x 2 hu0; v0i â ª¨å, çâ® x � Ax. �â® ¬­®¦¥áâ¢®
­¥ ¯ãáâ®, â. ª. Au0 = u0 + �0(Tu0 � u0) � u0. �¯¥à â®à A ¨§®â®­­ë© ­  hu0; v0i. �¥©áâ¢¨â¥«ì­®,
¥á«¨ x � y, x; y 2 hu0; v0i, â®

Ax�Ay = x� y +�0[Tx� Ty � (x� y)] =

= x�y+�0

� Z 1

0
PB(y+�(x�y); y+�(x�y))(x�y)d� +

Z 1

0
QT 0(y+�(x�y))(x�y)d� � (x�y)

�
�

� x� y � �0[(I � PB(u0; v0))(x� y)] + �0

Z 1

0
QT 0(y + �(x� y))(x� y)d� � �:
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� ª ª ª A(Ax) � Ax ¤«ï «î¡®£® x 2 U ¢ á¨«ã ¨§®â®­­®áâ¨ A, â® AU � U . �ãáâì x� = supU .
�ç¥¢¨¤­®, u0 � x� � v0, â. ¥. x� 2 hu0; v0i. �§ ¨§®â®­­®áâ¨ A á«¥¤ã¥â Ax� � Ax � x 8x 2 U . �â®
§­ ç¨â, çâ® í«¥¬¥­â Ax� ï¢«ï¥âáï ¢¥àå­¥© £à ­¨æ¥© ¤«ï U . �«¥¤®¢ â¥«ì­®, Ax� � x�. �® â®£¤ 
x� 2 U , ¢ á¨«ã ç¥£® Ax� 2 U ¨ Ax� � x�. �â ª, Ax� = x�.

�ç¥¢¨¤­®, çâ® A ®áâ ¢«ï¥â ¨­¢ à¨ ­â­ë¬ ª®­ãá­ë© ®âà¥§®ª hun; vni, n = 0; 1; 2; : : : �®£¤  (6)
á«¥¤ã¥â ¨§ ¬®­®â®­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥© fung ¨ fvng ¨ x� 2 hun; vni. �á«¨ lim

n!1
un = x� =

lim
n!1

vn, â® x� | ¥¤¨­áâ¢¥­­ ï ­¥¯®¤¢¨¦­ ï â®çª  ­  hu0; v0i.

¡) �à¥¤¯®«®¦¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fung ­¥ áå®¤¨âáï. �®£¤  ¤«ï ­¥ª®â®à®© ¯®¤¯®á«¥-
¤®¢ â¥«ì­®áâ¨ u0 � un1 � un2 � � � � � unk � � � � � v0 ¨ ­¥ª®â®à®£® " > 0 ¡ã¤ãâ ¢ë¯®«­¥­ë
­¥à ¢¥­áâ¢  kunk+1 �unkk > ", k = 1; 2; : : : �®íâ®¬ã Funk+1 � Funk +�(")z � � � � � Fun1 +k�(")z.
�âáî¤  1

k�(")
(Fv0 � Fu0) � z, k = 1; 2; : : : �¥à¥å®¤ï ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ k ! 1,

¯®«ãç¨¬ z � �. �â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® z 6= � 2 K.
�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvng. �ãáâì lim

n!1
un=u�, lim

n!1
vn=v�.

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¢  «£®à¨â¬¥ (2), ã¡¥¦¤ ¥¬áï, çâ® u� � v�. �á«¨ z� | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥
íâ®£® ãà ¢­¥­¨ï ­  ®âà¥§ª¥ hu0; v0i, â® í«¥¬¥­âë u0, z� ã¤®¢«¥â¢®àïîâ ¢á¥¬ ãá«®¢¨ï¬ «¥¬¬ë ¨
¯® ¤®ª § ­­®¬ã un � z�. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ íâ®¬ ­¥à ¢¥­áâ¢¥, ¯®«ãç¨¬ u� � z�, â. ¥. u� | ­ ¨-
¬¥­ìè¥¥ à¥è¥­¨¥. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® v� ­ ¨¡®«ìè¥¥, â. ¥. ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
un � u� � z� � v� � vn, n = 0; 1; 2; : : :

¢) �®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ¯à¨­æ¨¯  �¨å®­®¢  ® ­¥¯®¤¢¨¦­®© â®çª¥. �®á«¥¤®¢ â¥«ì­®áâ¨
fung ¨ fvng áå®¤ïâáï ª ­¥¯®¤¢¨¦­ë¬ â®çª ¬ á« ¡® [1].

£) � ª ª ª U = Ahu0; v0i | ª®¬¯ ªâ­®¥ ¬­®¦¥áâ¢®, â® u1 = Au0 2 U . �¡®§­ ç¨¬ ç¥à¥§ U1

¬­®¦¥áâ¢® â¥å í«¥¬¥­â®¢ ¨§ U , ¤«ï ª®â®àëå Ax � x. � ª ª ª Au1 = A(Au0) � Au0 = u1, â® U1

­¥ ¯ãáâ®. �®áª®«ìªã ¬­®¦¥áâ¢® U1 ª®¬¯ ªâ­® ¨ ®£à ­¨ç¥­® á¢¥àåã, â® áãé¥áâ¢ã¥â x� = supU1

[2]. �®£¤  x� = Ax�. �â® á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢  ¯.  ).

�á«®¢¨ï  ) ¨ £) â¥®à¥¬ë áãé¥áâ¢¥­­® à §«¨ç­ë. �¥©áâ¢¨â¥«ì­®, ª®­ãá ­¥®âà¨æ â¥«ì­ëå
äã­ªæ¨© ¢ C[0; 1] ï¢«ï¥âáï â¥«¥á­ë¬, ­®à¬ «ì­ë¬ ¨ ¬¨­¨í¤à «ì­ë¬, ­® ­¥ ï¢«ï¥âáï á¨«ì­®
¬¨­¨í¤à «ì­ë¬ [1].

�§ ¯. £) â¥®à¥¬ë 1 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �ãáâì 
 | ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ª®­¥ç­®¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®-
áâà ­áâ¢  Rn, C(
) | ¯à®áâà ­áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå ­  
 äã­ªæ¨© x(t) á ­®à¬®© kx(t)k =
max



jx(t)j, ¯®«ãã¯®àï¤®ç¥­­®¥ ª®­ãá®¬ K ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨©. �¯¥à â®à A = �0[T �PB]

ª®¬¯ ªâ­® ®â®¡à ¦ ¥â è à S(x0;R) � C(
) ¢ á¥¡ï. �®£¤  T ¨¬¥¥â ¢ è à¥ ¯® ªà ©­¥© ¬¥à¥ ®¤­ã
­¥¯®¤¢¨¦­ãî â®çªã.

�¥©áâ¢¨â¥«ì­®, è à S(x0;R) � C(
) ¬®¦­® à áá¬ âà¨¢ âì ª ª ª®­ãá­ë© ®âà¥§®ª hu0; v0i,
£¤¥ u0 = u0(t) � x0(t)�R, v0 = v0(t) � x0(t) +R. �®­ãá K ¯à®áâà ­áâ¢  C(
) â¥«¥á¥­, ­®à¬ «¥­
¨ ¬¨­¨í¤à «¥­. �®íâ®¬ã ¢ë¯®«­ï¥âáï á«ãç © £) â¥®à¥¬ë.

�¯à¥¤¥«¥­¨¥ 1. �§®â®­­ë© (x � y ) Ax � Ay) ®¯¥à â®à A, ¯à¥®¡à §ãîé¨© ¢ á¥¡ï ­¥ª®-
â®à®¥ ¬­®¦¥áâ¢® D � E, ­ §ë¢ ¥âáï ¯à¥¤¥«ì­® ¬®­®â®­­® ª®¬¯ ªâ­ë¬ ­  D, ¥á«¨ ª®¬¯ ªâ­ 
ª ¦¤ ï ¯®á«¥¤®¢ â¥«ì­®áâì

x0 � Ax1 � A2x2 � � � � � Anxn � � � � (7)

¨«¨

x0 � Ax1 � A2x2 � � � � � Anxn � � � � ; xk 2 D: (8)

�®­ïâ¨¥ ¯à¥¤¥«ì­®© ¬®­®â®­­®© ª®¬¯ ªâ­®áâ¨ ®å¢ âë¢ ¥â è¨à®ª¨¥ ª« ááë ­¥«¨­¥©­ëå ®¯¥-
à â®à®¢. � ­¨¬ ®â­®áïâáï, ­ ¯à¨¬¥à, ¢á¥ ª®¬¯ ªâ­ë¥ ®¯¥à â®àë A ¨ ®¯¥à â®àë, ­¥ª®â®à ï
áâ¥¯¥­ì Am ª®â®àëå ª®¬¯ ªâ­ . �á«¨ ª®­ãá K ¢¯®«­¥ ¯à ¢¨«ì­ë©, â® á¢®©áâ¢®¬ ¯à¥¤¥«ì­®©
¬®­®â®­­®© ª®¬¯ ªâ­®áâ¨ ®¡« ¤ îâ ¢á¥ ­¥«¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ­  D ¯® ­®à¬¥ ®¯¥à â®àë
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(¢á¥ ª®­ãáë ¢ ª®­¥ç­®¬¥à­®¬ ¯à®áâà ­áâ¢¥ ¢¯®«­¥ ¯à ¢¨«ì­ë, ª®­ãá ­¥®âà¨æ â¥«ì­ëå äã­ª-
æ¨© ¢ ¯à®áâà ­áâ¢¥ Lp, 1 � p < 1, ¢¯®«­¥ ¯à ¢¨«¥­). �á«¨ ª®­ãá K ¯à ¢¨«¥­,   ¬­®¦¥áâ¢® D
®£à ­¨ç¥­® á­¨§ã (á¢¥àåã ¤«ï á«ãç ï (8)) ­¥ª®â®àë¬ í«¥¬¥­â®¬, â® «î¡®© ¬®­®â®­­ë© ®¯¥à â®à
¯à¥¤¥«ì­® ª®¬¯ ªâ¥­ [3].

�¥®à¥¬  2. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï «¥¬¬ë. �¯¥à â®à A ¯à¥¤¥«ì­® ¬®­®â®­­® ª®¬-

¯ ªâ¥­ ­  hu0; v0i. �®£¤  ®¯¥à â®à T ¨¬¥¥â ­  hu0; v0i ¯® ªà ©­¥© ¬¥à¥ ®¤­ã ­¥¯®¤¢¨¦­ãî

â®çªã.

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ U ¬­®¦¥áâ¢® â¥å í«¥¬¥­â®¢ x 2 hu0; v0i, ¤«ï ª®â®àëå
Tx � x. �â® ¬­®¦¥áâ¢® ­¥ ¯ãáâ®, â. ª. Tvn � vn ¤«ï «î¡®£® n = 0; 1; 2; : : : �¥©áâ¢¨â¥«ì­®,
á®£« á­® (4) Tv0 � v0. �®ª ¦¥¬, çâ® Tv1 � v1. �¬¥­­®,

v1�Tv1 = Tv0+PB(u0; v0)(v1�v0)�Tv1 = PTv0�PTv1�PB(u0; v0)(v0�v1)+QTv0�QTv1 =

=
Z 1

0
[PB(v1 + �(v0 � v1); v1 + �(v0 � v1))� PB(u0; v0)](v0 � v1)d� +

+
Z 1

0

QT 0(v1 + �(v0 � v1))(v0 � v1)d� � 0

á®£« á­® (3){(5) ¨ ¯®«®¦¨â¥«ì­®áâ¨ QT 0. �¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ­¥à ¢¥­áâ¢® ¤®-
ª §ë¢ ¥âáï ¤«ï «î¡®£® n. � ª ª ª A = I + �0(T � I), â® ¨§ Tx � x á«¥¤ã¥â Ax � x ¤«ï «î¡®£®
x 2 U .

�¯à¥¤¥«¨¬ ­  hu0; v0i äã­ªæ¨®­ «ë

�(v; k) = sup kAku�Ak!k; k = 1; 2; 3; : : : ; Aku � Ak! � v; u; v 2 U; (9)

ª®â®àë¥ ¨¬¥îâ á¬ëá«, â. ª. ¤«ï ª ¦¤®£® v 2 U ¢ á¨«ã ¬®­®â®­­®áâ¨ A ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 
Akv � v. �à¨ ¢®§à áâ ­¨¨ k äã­ªæ¨®­ «ë (9) ­¥ ¢®§à áâ îâ,   ¯®â®¬ã áãé¥áâ¢ã¥â ¯à¥¤¥«

�(v) = lim
k!1

�(v; k); v 2 U:

�®ª ¦¥¬, çâ® ¢ á¨«ã ¯à¥¤¥«ì­® ¬®­®â®­­®© ª®¬¯ ªâ­®áâ¨ ®¯¥à â®à  A

inf �(v) = 0; y 2 U ; v � y; v 2 U: (10)

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ­ ©¤ãâáï â ª¨¥ y0 2 U ¨ �0 > 0, çâ® ¯à¨ ¢á¥å v � y0, v 2 U , ¨
¢á¥å k ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® �(v; k) > �0. �®íâ®¬ã ¯®á«¥¤®¢ â¥«ì­®áâì

y0 � A2x1 � A2y1 � A4x2 � A4y2 � � � � � A2sxs � A2sys � � � � ; (11)

¤«ï ª®â®à®© kA2sxs�A
2sysk > �0, xs; ys 2 U , ­¥ áå®¤¨âáï. �® (11) | íâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¢¨¤ 

(7); ¯®íâ®¬ã ®­  ª®¬¯ ªâ­ ,   ª®¬¯ ªâ­ë¥ ¬®­®â®­­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ áå®¤ïâáï. �à¨è«¨
ª ¯à®â¨¢®à¥ç¨î. � ¢¥­áâ¢® (10) ¯®§¢®«ï¥â ¯® í«¥¬¥­âã v0 ¨§ (4) ¯®áâà®¨âì ¯®á«¥¤®¢ â¥«ì­®áâì
(7) â ªãî, çâ®

�(Akvk) <
1
k
; vk 2 U; k = 1; 2; 3; : : : (12)

�®áâà®¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì áå®¤¨âáï ª ­¥ª®â®à®¬ã í«¥¬¥­âã v� 2 hu0; v0i. �®£« á­® (7)
Akvk � v�, ®âáî¤  ¢ á¨«ã ¨§®â®­­®áâ¨ A á«¥¤ã¥â Ak+1vk � Av� ¨ â. ª. Akvk � Ak+1vk, â® Akvk �
Av�. �® v� | ¯à¥¤¥«ì­ë© í«¥¬¥­â, ¯®íâ®¬ã Av� � v�, §­ ç¨â, v� 2 U . �«¥¤®¢ â¥«ì­®, ¯à¨ «î¡ëå
k ¨ m ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

Akvk � Ak+mvk+m � v� � Av� � Ak+mv�: (13)

�§ (12) ¢ëâ¥ª îâ ®æ¥­ª¨

lim kAk+mvk+m �Ak+mv�k �
1
k
; k = 1; 2; 3; : : : (14)
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�§ (13) á«¥¤ã¥â ­¥à ¢¥­áâ¢® 0 � v� � Av� � Ak+mvk+m � Ak+mv�, a ¨§ (14) ¯®«ãç¨¬ v� = Av�,
á«¥¤®¢ â¥«ì­®, ¨ v� = Tv�.

�­ «®£¨ç­ãî â¥®à¥¬ã ¬®¦­® ¤®ª § âì ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ (8).

�¯à¥¤¥«¥­¨¥ 2. �¯¥à â®à A ­ §ë¢ ¥âáï v-§ ¬ª­ãâë¬ á¢¥àåã ­  ¬­®¦¥áâ¢¥ D � E, E |
ç áâ¨ç­® ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢®, ¥á«¨ ¤«ï «î¡ëå «¨­¥©­® ã¯®àï¤®ç¥­­ëå ¬­®¦¥áâ¢ fx�g ¨
fAx�g áãé¥áâ¢ã¥â í«¥¬¥­â y = supfAx�g, ª®â®àë© ¯à¨­ ¤«¥¦¨âD. �­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï v-
§ ¬ª­ãâ®áâì á­¨§ã ®¯¥à â®à  A, v-§ ¬ª­ãâë© á­¨§ã ¨ á¢¥àåã ®¯¥à â®à A ­ §ë¢ îâ v-§ ¬ª­ãâë¬
[4].

�¥®à¥¬  3. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï «¥¬¬ë ¨ ®¯¥à â®à T ï¢«ï¥âáï 1) v-§ ¬ª­ãâë¬
á¢¥àåã ­  hu0; v0i «¨¡® 2) v-§ ¬ª­ãâë¬ á­¨§ã ­  hu0; v0i. �®£¤  T ¨¬¥¥â ­  hu0; v0i ¯® ªà ©­¥©
¬¥à¥ ®¤­ã ­¥¯®¤¢¨¦­ãî â®çªã.

�®ª § â¥«ìáâ¢®. 1) �¡®§­ ç¨¬ ç¥à¥§ U ¬­®¦¥áâ¢® â¥å í«¥¬¥­â®¢ x 2 hu0; v0i, ¤«ï ª®â®àëå
x � Tx. �â® ¬­®¦¥áâ¢® ­¥ ¯ãáâ®, â. ª. un � Tun ¤«ï «î¡®£® n = 0; 1; 2; : : : (�®ª § â¥«ìáâ¢®
 ­ «®£¨ç­® á«ãç î Tvn � vn.) �¢¥¤¥¬ ¢ U ­®¢ãî ã¯®àï¤®ç¥­­®áâì ¯® ¯à ¢¨«ã: x � y, ¥á«¨
x < y ¨ Tx � Ty. � ­®¢®© ã¯®àï¤®ç¥­­®áâ¨ ª ¦¤®¥ «¨­¥©­® ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢® fung
®£à ­¨ç¥­® á¢¥àåã. �¥©áâ¢¨â¥«ì­®, ¢ áâ à®© ã¯®àï¤®ç¥­­®áâ¨ fung ¨ fTung ï¢«ïîâáï «¨­¥©­®
ã¯®àï¤®ç¥­­ë¬¨ ¬­®¦¥áâ¢ ¬¨. �®íâ®¬ã í«¥¬¥­â y = supfTung áãé¥áâ¢ã¥â ¨ ¯à¨­ ¤«¥¦¨â U .
�à®¬¥ â®£®, un � Tun � y ¨ Tun � y � Ty. �­ ç¨â, ª ¦¤®¥ un � y, â. ¥. fung ¢ ­®¢®© ã¯®àï-
¤®ç¥­­®áâ¨ ®£à ­¨ç¥­® á¢¥àåã. �® â¥®à¥¬¥ �®à­  ¤«ï «î¡®£® un 2 U ¢ U áãé¥áâ¢ã¥â å®âï ¡ë
®¤¨­ ¬ ªá¨¬ «ì­ë© í«¥¬¥­â x� � un. �ç¥¢¨¤­®, y� = Tx� � x� ¨ Ty� � y� = Tx�, â. ¥. x� � y�.
�âáî¤  ¨ ¨§ ¬ ªá¨¬ «ì­®áâ¨ x� á«¥¤ã¥â x� = Tx�, £¤¥ un � x�.

�®ª § â¥«ìáâ¢® 2)  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã 1).
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