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� ¦­®¥ ¬¥áâ® ¢ â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï § ­¨¬ îâ ¢®¯à®áë, á¢ï§ ­­ë¥ á  ¯¯à®ªá¨¬ æ¨¥© äã­ª-
æ¨© ­  ªà¨¢ëå. �¤­¨¬ ¨§  ¯¯ à â®¢ ¯à¨¡«¨¦¥­¨ï ¢ C ï¢«ïîâáï ª®¬¯«¥ªá­ë¥ ¯®«¨­®¬¨ «ì­ë¥
á¯« ©­ë ([1], [2], á. 78{93), ¢¯¥à¢ë¥ ®¯à¥¤¥«¥­­ë¥ ¢ [3]. � ¤ ­­®© à ¡®â¥ ¯®«ãç¥­® á®®â­®è¥-
­¨¥, å à ªâ¥à¨§ãîé¥¥ ãá«®¢¨¥ ­¥¯à¥àë¢­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨© ­  ªà¨¢®© ç¥à¥§
¯®á«¥¤®¢ â¥«ì­®áâì ¥¥ ­ ¨«ãçè¨å ¯à¨¡«¨¦¥­¨© ª®¬¯«¥ªá­ë¬¨ ¯®«¨­®¬¨ «ì­ë¬¨ á¯« ©­ ¬¨.
�®¯à®áë ® á¢ï§¨ ¬¥¦¤ã ¤à®¡­®-à æ¨®­ «ì­ë¬¨ ¨ ªãá®ç­®- «£¥¡à ¨ç¥áª¨¬¨ ¯à¨¡«¨¦¥­¨ï¬¨ ¨
­¥ª®â®àë¬¨ áâàãªâãà­ë¬¨ á¢®©áâ¢ ¬¨ äã­ªæ¨¨ à áá¬ âà¨¢ «¨áì ¢ à ¡®â å [4], [5].

�ãáâì M | ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® á ®¤­®á¢ï§­ë¬ ¤®¯®«­¥­¨¥¬ ¢ C , £à ­¨æ 
@M ª®â®à®£® á®áâ®¨â ¨§ ª®­¥ç­®£® ç¨á«  ¦®à¤ ­®¢ëå ¤ã£, ¨ ¯ãáâì '(z) = '(z;M) | äã­ªæ¨ï,
®áãé¥áâ¢«ïîé ï ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥ ¢­¥è­®áâ¨M ­  ¢­¥è­®áâì ¥¤¨­¨ç­®£® ªàã£  á æ¥­-
âà®¬ ¢ â®çª¥ z = 0 â ª, çâ® lim

z!1
'(z)=z áãé¥áâ¢ã¥â ¨ à ¢¥­ ­¥ª®â®à®¬ã ¯®«®¦¨â¥«ì­®¬ã ç¨á«ã.

�¡®§­ ç¨¬ ç¥à¥§ CR (R � 1) «¨­¨î ãà®¢­ï, ®¯à¥¤¥«ï¥¬ãî à ¢¥­áâ¢®¬ j'(z)j = R, ¨ ¢¢¥¤¥¬
á«¥¤ãîé¨¥ ¢¥«¨ç¨­ë:

d(z;R)@M = inffjz � tj : t 2 CRg; z 2 @M ; d(R)@M = inffd(z;R)@M : z 2 @Mg:

�ãáâì � | § ¬ª­ãâ ï á¯àï¬«ï¥¬ ï ¦®à¤ ­®¢  ªà¨¢ ï, ¤«ï «î¡ëå ¤¢ãå â®ç¥ª ª®â®à®© z1 ¨
z2 (z1 6= z2) áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï K�, § ¢¨áïé ï â®«ìª® ®â ªà¨¢®© �, çâ®

L
^

(z1; z2) � K�jz1 � z2j: (1)

�¤¥áì L
^

(z1; z2) | ¤«¨­  ¬¥­ìè¥© ¨§ ¤ã£, ­  ª®â®àë¥ � à §¡¨¢ ¥âáï â®çª ¬¨ z1 ¨ z2. �­®¦¥áâ¢®
¢á¥å â ª¨å ªà¨¢ëå ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ C ®¡®§­ ç¨¬ á¨¬¢®«®¬ L [6]. �ãáâì Ck(�) (k 2 N)
| ª« áá ª®¬¯«¥ªá­®§­ ç­ëå äã­ªæ¨© f(z), ®¯à¥¤¥«¥­­ëå ­  ªà¨¢®© �, ã ª®â®àëå ¯à®¨§¢®¤­ë¥,
¢§ïâë¥ ¢¤®«ì �, ­¥¯à¥àë¢­ë ¢¯«®âì ¤® k-©. �¥à¥§ L1(�) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® äã­ªæ¨© f(z),
®¯à¥¤¥«¥­­ëå ­  �, â ª¨å, çâ® kfkL1(�) = sup vraifjf(z)j : z 2 �g <1.

�¢¥¤¥¬ ­ âãà «ì­ãî ¯ à ¬¥âà¨§ æ¨î ­  ªà¨¢®© � 2 L, ¤«¨­ã ª®â®à®© ®¡®§­ ç¨¬ L(�),
� = fz(s) : 0 � s � L(�)g. �à¨ íâ®¬ ¯®¤à §ã¬¥¢ ¥¬, çâ® ¯à¨ ¢®§à áâ ­¨¨ s ®â 0 ¤® L(�)
â®çª  z(s) ¤¢¨¦¥âáï ¯® � ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �®« £ ¥¬ z(s1) 4 z(s2), ¥á«¨ s1 � s2. �®¤
�n = fzj = z(jL(�)=n)gnj=0 ¯®­¨¬ ¥¬ à §¡¨¥­¨¥ ªà¨¢®© �.

�¯à¥¤¥«¨¬ �j = fz 2 � : zj�1 4 z 4 zjg, j = 1; n. � áá¬®âà¨¬ ¤ «¥¥ à §¡¨¥­¨¥ �0n+1,
¯®«ãç îé¥¥áï ¨§ �n ¯ãâ¥¬ ¤®¡ ¢«¥­¨ï ª ­¥¬ã â®çª¨, ª®â®à ï ¤¥«¨â ¤ã£ã �1 ­  ¤¢¥ ¤ã£¨ à ¢­®©
¤«¨­ë. � §¡¨¥­¨¥ �0n+2, ¢ á¢®î ®ç¥à¥¤ì, ¯®«ãç ¥âáï ¨§ �0n+1 ¯ãâ¥¬ ¤®¡ ¢«¥­¨ï â®çª¨, ¤¥«ïé¥©
�2 ­  ¤¢¥ à ¢­ë¥ ¯® ¤«¨­¥ ¤ã£¨, ¨ â ª ¤ «¥¥. � ¬¥â¨¬, çâ® ã à §¡¨¥­¨© ¢¨¤  �02jn (j = 0; 1; 2; : : : )
ã§«®¢ë¥ â®çª¨ ¤¥«ïâ � ­  2jn ¤ã£ ®¤¨­ ª®¢®© ¤«¨­ë.

�¥à¥§ S1
m(�

0
p;�) (p � n) ®¡®§­ ç¨¬ ¯®¤¯à®áâà ­áâ¢® ª®¬¯«¥ªá­ëå ¯®«¨­®¬¨ «ì­ëå á¯« ©-

­®¢ áâ¥¯¥­¨ m, ¤¥ä¥ªâ  1, ®¯à¥¤¥«¥­­ëå ¯® à §¡¨¥­¨î �0p ªà¨¢®© �, â. ¥. g(z) 2 S1
m(�

0
p;�),

¥á«¨ g(z) 2 Cm�1(�) ¨ ­  ª ¦¤®© ¤ã£¥ à §¡¨¥­¨ï �0p g(z) ¥áâì ¯®«¨­®¬ m-© áâ¥¯¥­¨. �ãáâì
f 2 C(�), Em;1

p (f)C | ¢¥«¨ç¨­  ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï äã­ªæ¨¨ f ¬­®¦¥áâ¢®¬ S1
m(�

0
p;�):
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Em;1
p (f)C = inffkf � gkC(�) : g 2 S1

m(�
0
p;�)g = kf � gm;pkC(�); kfkC(�) = supfjf(z)j; z 2 �g. �ç¥¢¨¤-

­®, S1
m(�

0
p;�) � S1

m(�
0
p+k;�), k = 1; 2; : : : �à¨ íâ®¬ Em;1

p (f)C � Em;1
p+k(f)C .

�¥®à¥¬ . �ãáâì äã­ªæ¨ï f 2 C(�), £¤¥ � 2 L, ¨ ç¨á«  n;m 2 N (m � 2). �á«¨
1X

p=n

Em;1
p (f)C <1; (2)

â® f ï¢«ï¥âáï ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®© ¯® z ­  � ¨ àï¤, á®áâ ¢«¥­­ë© ¨§ ¯à®¨§¢®¤­ëå

®â á¯« ©­®¢ ¥¥ ­ ¨«ãçè¨å ¯à¨¡«¨¦¥­¨©, à ¢­®¬¥à­® áå®¤¨âáï ª f 0(z) ­  �, â. ¥.

f 0(z) = g0m;2kn(z) +
1X

j=k

[g0m;2j+1n(z)� g0m;2jn(z)]: (3)

�®ª § â¥«ìáâ¢®. �áâ ­®¢¨¬ á­ ç «  á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢ 

kg(k)kL1(�) � c(m;�; k)nkkgkC(�); k = 1;m; (4)

£¤¥ g 2 S1
m(�n;�), c(m;�; k) | ª®­áâ ­â , § ¢¨áïé ï â®«ìª® ®â ãª § ­­ëå ¢ áª®¡ª å ¯ à ¬¥âà®¢.

�§¢¥áâ­® [7], çâ® ¤«ï ­¥§ ¬ª­ãâ®© ¦®à¤ ­®¢®© ªà¨¢®© T

d(1 + 1
m
)T � �T=(m(m+ 1)); m 2 N; (5)

£¤¥ �T | ª®­áâ ­â , § ¢¨áïé ï â®«ìª® ®â ªà¨¢®© T . �à¨ íâ®¬ [8]

(diamT )=4 � �T � 2 diamT: (6)

�ãáâì A(z) ¥áâì ¯®«®¦¨â¥«ì­ ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ­  T . �®£¤  [9] ¤«ï ¯à®¨§¢®¤­ëå
¢áïª®£® ¬­®£®ç«¥­  Pm(z) áâ¥¯¥­¨ ­¥ ¢ëè¥ m, ã¤®¢«¥â¢®àïîé¥£® ¢ â®çª å z 2 T ãá«®¢¨î
Pm(z) � A(z), ¡ã¤¥â ¢® ¢á¥å íâ¨å â®çª å ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢®

jP (k)
m (z)j � (1 + ")ek!A(z)=[d; (z; 1 + 1

m
)T ]k; (7)

£¤¥ " à ¢­®¬¥à­® áâà¥¬¨âáï ª ­ã«î ¯à¨ m!1.
� áá¬®âà¨¬ ¤ «¥¥ ¤ã£ã �j . �ç¥¢¨¤­®, diam�j � jzj � zj�1j. �âáî¤  ¨ ¨§ (1), (6) ¨¬¥¥¬

��j � jzj � zj�1j=4 � L
^

(zj�1; zj)=(4K�): (8)

�§ (5) á«¥¤ã¥â

d(1 + 1
m
)�j � L

^
(zj�1; zj)=(4K�m(m+ 1)): (9)

�®« £ ï ¢ (7) A(z) = maxfjPm(z)j; z 2 �jg, ãç¨âë¢ ï (9) ¨ â®â ä ªâ, çâ® L
^

(zj�1; zj) = L(�)=n,
¯®«ãç ¥¬

kP (k)
m kC(�j) � c(m;�; k)nkkPmkC(�j); c(m;�; k) = (1 + ")ek! [4K�m(m+ 1)=L(�)]k : (10)

� áá¬®âà¨¬ á¯« ©­ g(z) 2 S1
m(�n;�) : g(z) =

nP
j=1

Pm;j(z)�j(z); �j(z) = f1; ¥á«¨ z 2 �j;

0; ¥á«¨ z =2 �jg. �á¯®«ì§ãï (10) ¨ ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ g(z), ¯®«ãç¨¬

kg(k)kL1(�) = max
1�j�n

kP
(k)
m;jkC(�j ) = kP

(k)
m;j�kC(�j� ) � c(m;�; k)nkkPm;j�kC(�j� ) � c(m;�; k)nkkgkC(�):

�¥à ¢¥­áâ¢® (4) ¤®ª § ­®.
� ¯¨è¥¬ ¤ «¥¥, á«¥¤ãï [10], ¯à¨ z 2 �, k 2 N

f(z)� gm;2kn(z) =
1X

j=k

[gm;2j+1n(z)� gm;2jn(z)]:
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�áâ ­®¢¨¬ à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 
1X

j=k

[g0m;2j+1n(z)� g0m;2jn(z)]:

� ãç¥â®¬ (2) ¨ (4) ¨¬¥¥¬
1X

j=k

jg0m;2j+1n(z)� g0m;2jn(z)j �
1X

j=k

kg0m;2j+1n � g0m;2jnkC(�) �

� c(m;�)
1X

j=k

2j+1nkgm;2j+1n � gm;2jnkC(�) � 8c(m;�)
1X

j=1

(2j�1nEm;1
2jn (f)C) �

� 8c(m;�)
1X

j=1

2jnX

p=2j�1n+1

Em;1
p (f)C = 8c(m;�)

1X

p=n+1

Em;1
p (f)C <1:

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï f ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® z ­  ªà¨¢®© � ¨ ¨¬¥¥â ¬¥áâ®
à ¢¥­áâ¢® (3).
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