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� ª ã¦¥ ®â¬¥ç «®áì ( ¯à., [1]{[3]), ¯®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá 

R(�) � R(f(E); f(�)) = jf 0(�)j(1� j�j2); � 2 E; (1)

®¤®á¢ï§®© ®¡« áâ¨ D = f(E) (®¡à §  ¥¤¨¨ç®£® ªàã£  E = f� : j�j < 1g ¯à¨ ®â®¡à ¦¥-
¨¨ à¥£ã«ïà®© äãªæ¨¥© z = f(�)) ®¡« ¤ ¥â § ¬¥ç â¥«ìë¬ ª ç¥áâ¢®¬. �¬¥®, ®  ï¢«ï¥âáï
¢ë¯ãª«®© ¢¢¥àå  ¤ ®¡« áâìî D â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  D | ¢ë¯ãª« ï ®¡« áâì. �â¥-
à¥áë© íää¥ªâ ¢®áïâ â ª¨¥ ®¡« áâ¨ D, ¤®¯®«¥¨ï ª®â®àëå ¤® ¯®«®© ¯«®áª®áâ¨ ï¢«ïîâáï
¢ë¯ãª«ë¬¨ ¬®¦¥áâ¢ ¬¨. �à¨â¥à¨¥¬ ¤«ï íâ¨å ®¡« áâ¥© ï¢«ï¥âáï ¢ë¯ãª«®áâì ¢¨§ ¯®¢¥àå®áâ¨
ª®ä®à¬®£® à ¤¨ãá .

�«ï ¯®¢¥àå®áâ¥© á ãà ¢¥¨¥¬ S = lnR(f�1(z)) â ª¨å  £«ï¤ëå ª ç¥áâ¢ ¥ áãé¥áâ¢ã¥â,
å®âï ªà¨â¥à¨¨ ¢ë¯ãª«®áâ¨ ¢¢¥àå ¯®¢¥àå®áâ¥©  ¤ ª®¥ç®© ¨  ¤ ¡¥áª®¥ç®© ®¡« áâï¬¨ D
«¥£ª® ¢ë¯¨áë¢ îâáï. �â® á¤¥« ® ¢ ¯¥à¢®© ç áâ¨ áâ âì¨. �ë¤¥«ïîâáï â ª¦¥ ¯®¤ª« ááë äãª-
æ¨©, ã¤®¢«¥â¢®àïîé¨å â ª¨¬ ªà¨â¥à¨ï¬ ¨ ¥ ã¤®¢«¥â¢®àïîé¨å ¨¬.

�® ¢â®à®© ç áâ¨ ¯à®¢®¤¨âáï   «¨§ ¯®¢¥àå®áâ¥© ¤«ï   «®£®¢ ª®ä®à¬ëå à ¤¨ãá®¢ ¢
¤¢ãá¢ï§®¬ á«ãç ¥. �â¨   «®£¨ ®â«¨ç îâáï ®â ¢ãâà¥¨å à ¤¨ãá®¢ ([4], ¯. 4.8) ¨ ®¡ëç®  -
§ë¢ îâáï £¨¯¥à¡®«¨ç¥áª¨¬¨ à ¤¨ãá ¬¨ [5], ¯®â®¬ã çâ® ä®à¬ã« 

R(�) = R(D; f(�)) =
1

�(D; f(�))
(2)

¥ § ¢¨á¨â ®â ¯®àï¤ª  á¢ï§®áâ¨ £¨¯¥à¡®«¨ç¥áª®© ®¡« áâ¨ D. � íâ®© ä®à¬ã«¥ �(D; f(�)) ï¢«ï¥â-
áï ª®íää¨æ¨¥â®¬ £¨¯¥à¡®«¨ç¥áª®© ¬¥âà¨ª¨ ®¡« áâ¨ D,   f(�) | äãªæ¨ï, ª®â®à ï ª®ä®à¬®
®â®¡à ¦ ¥â ªàã£ E   ã¨¢¥àá «ìãî ¯®¢¥àå®áâì  «®¦¥¨ï ®¡« áâ¨ D ¯à¨ ¯®àï¤ª¥ á¢ï§®áâ¨
� 2. � ¯®¬¨¬, çâ® ¢ ®¤®á¢ï§®¬ á«ãç ¥ ¢ãâà¥¨© à ¤¨ãá ¨ ª®ä®à¬ë© (£¨¯¥à¡®«¨ç¥áª¨©)
à ¤¨ãá á®¢¯ ¤ îâ.

�®åà ïï  §¢ ¨¥ \ª®ä®à¬ë© à ¤¨ãá" §  ä®à¬ã« ¬¨ (1) ¨ (2), ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì
ª®ä®à¬ë© à ¤¨ãá ã¨¢¥àá «ì®© ¯®¢¥àå®áâ¨  «®¦¥¨ï ®¡« áâ¨ D ¨ ª®ä®à¬ë© à ¤¨ãá
á ¬®© ®¡« áâ¨ D.

�®§¢à é ïáì ª ®¯¨á ¨î ¢â®à®© ç áâ¨, ®â¬¥â¨¬, çâ® ¢ ¥© ¤ ¥âáï ªà âª ï å à ªâ¥à¨áâ¨-
ª  ¯®¢¥àå®áâ¨ á ãà ¢¥¨¥¬ ! = R(�) ¤«ï ª®æ¥âà¨ç¥áª®£® ª®«ìæ , ¤«ï ¢¥è®áâ¨ ªàã£  á
¢ëª®«®â®© ¡¥áª®¥ç® ã¤ «¥®© â®çª®© [6] ¨ ¤«ï ªàã£  á ¢ëª®«®âë¬ æ¥âà®¬.

� âà¥âì¥© ç áâ¨ á®¡à ë ¤®¯®«¨â¥«ìë¥ ®¢ë¥ á¢¥¤¥¨ï ® ª®ä®à¬ëå à ¤¨ãá å ¤«ï ®¡« -
áâ¥© á ¢ë¯ãª«ë¬¨ ¯®«¨£® «ìë¬¨ £à ¨æ ¬¨.

1. �«ï ®âëáª ¨ï ªà¨â¨ç¥áª¨å â®ç¥ª ª®ä®à¬®£® à ¤¨ãá  (1) ã¦® à¥è¨âì ãà ¢¥¨¥
@R

@�
= 0. �â® ãà ¢¥¨¥, á®¤¥à¦ é¥¥ f 0(�) ¨ f 00(�), ¯à®é¥ ¯®«ãç¨âì, ¥á«¨ ¢§ïâì ¯®¢¥àå®áâì ¢

ä®à¬¥


 = lnR2(�) = ln f 0(�) + ln f 0(�) + 2 ln(1� ��): (3)
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�®£¤  @R

@�
= 0, @


@�
= 0 ¨ ¯®íâ®¬ã

f 00(�)
f 0(�)

� 2�
1� j�j2 = 0: (4)

�®¢®«ì® ¯à®áâ® ¯®«ãç ¥âáï «®ª «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ¯®¢¥àå®áâ¨ (3)  ¤ ªàã£®¬ E ¨  ¤
®¡« áâìî f(E) = D. �«ï íâ®£® ¯®¤áç¨â ¥¬ ¤¢¥ á¥à¨¨ ¯à®¨§¢®¤ëå. �¥à¢ ï á¥à¨ï (¯à®¨§¢®¤ë¥
¯® �) ¢ª«îç ¥â ¢ á¥¡ï «¥¢ãî ç áâì ¨§ (4), â.¥.


� � @

@�

=
f 00(�)
f 0(�)

� 2�
1� j�j2 ;

¨ ¤ «¥¥


�� =
�
f 00

f 0

�0
� 2�

2

(1� j�j2)2 ;


�� = �2
�

1
1� j�j2 + �

�

(1� j�j2)2
�
=

�2
(1� j�j2)2 : (5)

�â®à ï á¥à¨ï  ç¨ ¥âáï á 
z = @

@�
=@z
@�

=
�
f 00(�)
f 0(�)

� 2�
1�j�j2

�
=f 0(�) ¨ ¯à¨¢®¤¨â ª ¤¢ã¬ á«¥¤ãîé¨¬

ä®à¬ã« ¬:


zz =
@

@�

�
@

@z

�.@z
@�

=

=

("�
f 00

f 0

�0
� 2�

2

(1� j�j2)2
#

1
f 0(�)

�
 
f 00

f 0
� 2�
1� j�j2

!
f 00

f 02

)
1

f 0(�)
=

=
1
f 02

"�
f 00

f 0

�0
� 2�

2

(1� j�j2)2 �
f 00

f 0

 
f 00

f 0
� 2�
1� j�j2

!#
¨


zz =
@

@�

�
@

@z

�.@z
@�

= � 2
(1� j�j2)2

.
jf 0(�)j2: (50)

�á«®¢¨ï ¢ë¯ãª«®áâ¨ ¯®¢¥àå®áâ¨ 
 = 2 lnR(�) = 2 lnR(f�1(z)) á«¥¤ãîâ ¨§ «®ª «ì®£® ¯à¥¤áâ -
¢«¥¨ï


(�0 + rei�) = 
(�0) + 2Re(
�(�0)ei�)r +
�
Re(
��(�0)ei2�) + 
��(�0)

�
r2 +O(r3)

¨ ¨§   «®£¨ç®£® ¯à¥¤áâ ¢«¥¨ï ¤«ï 
[f�1(z0 + rei�)]. �®íâ®¬ã ãá«®¢¨ï ¢ë¯ãª«®áâ¨ ¢¢¥àå § -
¯¨áë¢ îâáï ¢ ¢¨¤¥

Re(
��e
i2�) + 
�� � 0 , j
�� j � �
��; (6)

¨ á ¨§¬¥¥¨¥¬ § ª  ¢ ®æ¥ª¥ ª®íää¨æ¨¥â  ¯à¨ r2 ¯®«ãç îâáï ãá«®¢¨ï ¢ë¯ãª«®áâ¨ ¢¨§

Re(
��e
i2�) + 
�� � 0 , j
�� j � 
�� : (7)

� «®£¨ç® ¢ë£«ï¤ïâ ãá«®¢¨ï ¢ë¯ãª«®áâ¨ ¢¢¥àå ¨ ¢¨§ ¤«ï ¯®¢¥àå®áâ¨ 
 = 2 lnR[f�1(z)]  ¤
®¡« áâìî f(E)

Re(
zze
i2�) + 
zz � 0 , j
zzj � �
zz (60)

(¢ë¯ãª«®áâì ¢¢¥àå),

Re(
zze
i2�) + 
zz � 0 , j
zzj � 
zz (70)

(¢ë¯ãª«®áâì ¢¨§).
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� ª ª ª 
�� ¨ 
zz ¢ á¨«ã (5) ¨ (50) áâà®£® ®âà¨æ â¥«ìë ¨ ãá«®¢¨ï (7) ¨ (70) ¥¢ë¯®«¨¬ë,
â® ¯®¢¥àå®áâ¨ 
 = 2 lnR(�) ¨ 
 = 2 lnR(f�1(z)) ¥ ¡ã¤ãâ ¢ë¯ãª«ë¬¨ ¢¨§ (¤ ¦¥ «®ª «ì®!).
�ë¯®«¥¨¥ ãá«®¢¨© (6) ¨ (60) ¯à¨¢®¤¨â ª â ª®¬ã ãâ¢¥à¦¤¥¨î.

�¥®à¥¬  1. �®¢¥àå®áâì á ãà ¢¥¨¥¬ (3)  ¤ ªàã£®¬ E ¡ã¤¥â ¢ë¯ãª«®© ¢¢¥àå ¯à¨ ãá«®¢¨¨�����
�
f 00

f 0

�0
� 2�

2

(1� j�j2)2
����� � 2

(1� j�j2)2 : (8)

� ¤ ®¡« áâìî D = f(E) ¯®¢¥àå®áâì á ãà ¢¥¨¥¬ 
 = lnR2(f�1(z)) ¡ã¤¥â ¢ë¯ãª«®© ¢¢¥àå ¯à¨

ãá«®¢¨¨ �����
�
f 00

f 0

�0
� 2�

2

(1� j�j2)2 �
f 00

f 0

 
f 00

f 0
� 2�
1� j�j2

!����� � 2
(1� j�j2)2 : (9)

�®çª , ¢ ª®â®à®© ¢ë¯®«ï¥âáï à ¢¥áâ¢® (4), ¡ã¤¥â â®çª®© ¬ ªá¨¬ã¬  ¯®¢¥àå®áâ¨, ¥á«¨

¢ë¯®«¨âáï ¥à ¢¥áâ¢®

jff; �gj � 2
(1� j�j2)2 ;

£¤¥ ff; �g = (f 00=f 0)0 � (f 00=f 0)2=2.

�®ª § â¥«ìáâ¢®. �®¤áâ ¢¨¬ ¢ëà ¦¥¨ï ¤«ï ¯à®¨§¢®¤ëå 
��, 
�� , 
zz, 
zz ¢ ¥à ¢¥áâ¢ 

(6), (60). �à¨ ¢ë¯®«¥¨¨ (4) § ¬¥¨¬ ¢ (8) ¨ (9) 2�
1�j�j2

  f 00

f 0
¨ ¯®«ãç¨¬ ¢ «¥¢ëå ç áâïå íâ¨å ä®à-

¬ã« ¯à¥¤áâ ¢«¥¨¥ ¤«ï è¢ àæ¨   ff; �g. �á«¨ ¦¥ ¢ £« ¤ª®© ªà¨â¨ç¥áª®© â®çª¥ ¯®¢¥àå®áâ¨ ® 
¡ã¤¥â «®ª «ì® ¢ë¯ãª«  ¢¢¥àå, â® íâ  â®çª  ®¯à¥¤¥«¨â ¬ ªá¨¬ «ìãî â®çªã ¯®¢¥àå®áâ¨.

�® ¯« ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 á ¨á¯®«ì§®¢ ¨¥¬ ä®à¬ã« ¨§ [2] ®¡®á®¢ë¢ ¥âáï

�¥®à¥¬  2. �®¢¥àå®áâì á ãà ¢¥¨¥¬ 
 = lnR2(!) ¤«ï ®¡« áâ¨ D� = F (E�)  ¤ E� =
f! : j!j > 1g (¢¥è®áâì ªàã£  E) ¡ã¤¥â ¢ë¯ãª«®© ¢¢¥àå ¯à¨ ãá«®¢¨¨�����

�
F 00

F 0

�0
� 2!2

(j!j2 � 1)2

����� � 2
(j!j2 � 1)2

: (10)

� ¤ ®¡« áâìî D� = F (E�) ¯®¢¥àå®áâì á ãà ¢¥¨¥¬ 
 = lnR2(F�1(z)) ¡ã¤¥â ¢ë¯ãª«®© ¢¢¥àå

¯à¨ ãá«®¢¨¨ �����
�
F 00

F 0

�0
� 2!2

(j!j2 � 1)2
� F 00

F 0

�
F 00

F 0
+

2!
j!j2 � 1

������ � 2
(j!j2 � 1)2

:

�à¨â¨ç¥áª ï â®çª , ¢ ª®â®à®© ¢ë¯®«ï¥âáï à ¢¥áâ¢® F 00

F 0
+ 2!

j!j2�1
= 0, ¡ã¤¥â â®çª®© «®ª «ì-

®£® ¬ ªá¨¬ã¬ , ¥á«¨ ®ª ¦¥âáï á¯à ¢¥¤«¨¢ë¬ ¥à ¢¥áâ¢®

jfF; !gj � 2
(j!j2 � 1)2

:

�¯à¥¤¥«¨¬ ¥ª®â®àë¥ á¥¬¥©áâ¢  äãªæ¨©, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢® ãá«®¢¨¥ (8) ¨§ â¥®à¥-
¬ë 1.

�¥¬¥©áâ¢®, ª®â®à®¥ ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬

f 00

f 0
= C , f(�) =

1
C
eC�+C1 + C2;

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (8), ª®â®à®¥ ¯à¨¢®¤¨âáï ª ®ç¥¢¨¤®¬ã ¥à ¢¥áâ¢ã 2j�j2 � 2.
� á«ãç ¥ á¥¬¥©áâ¢ , ®¯à¥¤¥«ï¥¬®£® ¥à ¢¥áâ¢®¬����f 00(�)f 0(�)

���� �M � 2; � 2 E;
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¢ á¨«ã «¥¬¬ë �¢ àæ  �����
�
f 00(�)
f 0(�)

�0����� � M

1� j�j2 ;
¨ ¯®íâ®¬ã �����

�
f 00

f 0

�0
� 2�

2

(1� j�j2)2
����� � M(1� j�j2) + 2j�j2

(1� j�j2)2 � M + (2�M)j�j2
(1� j�j2)2 � 2

(1� j�j2)2 ;

â. ¥. ãá«®¢¨¥ (8) ¢ë¯®«¨âáï.
�«ï ¢á¥£® ª« áá  ¢ë¯ãª«ëå ®¡« áâ¥© ¡ã¤¥â ¢ë¯®«ïâìáï ªà¨â¥à¨© (9). �â® ãâ¢¥à¦¤¥¨¥

®á®¢ ®   ¥à ¢¥áâ¢¥ (60), ª®â®à®¥ á¯à ¢¥¤«¨¢® ¤«ï ª®ä®à¬®£® à ¤¨ãá  ¢ë¯ãª«®© ®¡« áâ¨.
�¥©áâ¢¨â¥«ì®, ¤¨ää¥à¥æ¨àãï äãªæ¨î S = lnR(f�1(z)), § ¯¨è¥¬ Sz = Rz

R
, Szz = Rzz

R
�

Rz
2

R2
, Szz =

Rzz

R
� jRzj

2

R2
. �®íâ®¬ã ªà¨â¥à¨© ¢ë¯ãª«®áâ¨ ¢¢¥àå ¤«ï ¯®¢¥àå®áâ¨ S = lnR(f�1(z))

§ ¯¨è¥âáï ¢ ä®à¬¥

jSzzj � �Szz ,
�����Rzz

R
� Rz

2

R2

����� � jRzj2
R2

� Rzz

R

¨ ¡ã¤¥â ¢ë¯®«ïâìáï, â. ª. (¢ á¨«ã jRzzj � �Rzz)�����Rzz

R
� Rz

2

R2

����� � jRzzj
R

+
jRzj2
R2

� jRzj2
R2

� Rzz

R
:

�ª ¦¥¬ ª« ááë äãªæ¨©, ¤«ï ª®â®àëå ¥à ¢¥áâ¢® (10) ¥¢ë¯®«¨¬®. �â® äãªæ¨¨, ®â®-
¡à ¦ îé¨¥ ¢¥è®áâì ¥¤¨¨ç®£® ªàã£    ¢¥è®áâì «î¡®£® ¯àï¬®ã£®«ì¨ª , ¨ äãªæ¨¨,
®â®¡à ¦ îé¨¥ ¢¥è®áâì ¥¤¨¨ç®£® ªàã£    ¢¥è®áâì «î¡®£® ¯à ¢¨«ì®£® ¬®£®ã£®«ì¨-
ª . � ë© ä ªâ «¥£ª® ãáâ  ¢«¨¢ ¥âáï ¯à¨  á¨¬¯â®â¨ç¥áª®© ®æ¥ª¥ ãª § ®£® ¥à ¢¥áâ¢ 
¢ ®ªà¥áâ®áâ¨ ¡¥áª®¥ç® ã¤ «¥®© â®çª¨. �à¨¢¥¤¥¬ íâ¨ ¢ëç¨á«¥¨ï ¤«ï á«ãç ï ¯àï¬®ã£®«ì-
¨ª  (¤«ï ¬®£®ã£®«ì¨ª  ¯à®¢®¤ïâáï   «®£¨çë¥ à ááã¦¤¥¨ï). � ¨¬¥®,

F 0(!) =

p
(!2 � ei2�)(!2 � e�i2�)

!2
;

F 00

F 0
= 2

cos 2� � !2 � 1
!(!4 � 2 cos 2� � !2 + 1)

= O

�
1
!3

�
; ! !1:

�®£¤  �
F 00

F 0

�0
= O

�
1
!4

�
;

2!2

(j!j2 � 1)2
= O

�
1
!2

�
; ! !1:

� «¥¢®© ç áâ¨ ¥à ¢¥áâ¢  (10) ¡ã¤¥¬ ¨¬¥âì�����
�
F 00

F 0

�0
� 2!2

(j!j2 � 1)2

����� � C

j!j2 ; ! !1; C > 0:

�á¥ ¥à ¢¥áâ¢® (10) ¢ ®ªà¥áâ®áâ¨ ¡¥áª®¥ç® ã¤ «¥®© â®çª¨ ¯¥à¥©¤¥â ¢ á«¥¤ãîé¥¥ § ¢¥¤®¬®
«®¦®¥ ¥à ¢¥áâ¢®:

C

j!j2 �
2

(j!j2 � 1)2
;

®âªã¤  áà §ã ¦¥ á«¥¤ã¥â ä ªâ ¥¢ë¯ãª«®áâ¨ ¢¢¥àå ¯®¢¥àå®áâ¨ «®£ à¨ä¬  ª®ä®à¬®£® à ¤¨-
ãá  ¤«ï ¢¥è®áâ¨ ¯àï¬®ã£®«ì¨ª .

2. �ãáâì Q = fz 2 C : 1 < jzj < Q <1g ¨ �, � | ª®à¨ ãà ¢¥¨©

tan(��) =
lnQ
�

; 0 < � <
1
2
; ¨ tan(��) = � �

lnQ
;

1
2
< � < 1:
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�¥®à¥¬  3. �®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá   ¤ ª®«ìæ®¬ Q á®áâ®¨â ¨§ á«¥¤ãîé¨å âà¥å

ç áâ¥©:

 ) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ 1 < jzj < Q� ï¢«ï¥âáï ¢ë¯ãª«®© ¢¨§,

¡) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ Q� < jzj < Q ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå,

¢) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ Q� < jzj < Q� á®áâ®¨â ¨§ á¥¤«®¢ëå â®ç¥ª.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äãªæ¨î z = F (�) = expf�i lnQ
�
ln(i 1+�

1��
)g; � 2 E, ®¯à¥¤¥«ï-

îéãî ã¨¢¥àá «ìãî ¯®¢¥àå®áâì  «®¦¥¨ï ¤«ï ª®«ìæ  Q. �à®¢¥¤¥¬ ¯à¥¤¢ à¨â¥«ìë¥ ¯®¤-
áç¥âë, ¥®¡å®¤¨¬ë¥ ¤«ï   «¨â¨ç¥áª®£® ¯à¥¤áâ ¢«¥¨ï ª®ä®à¬®£® à ¤¨ãá  ¢ ¤ ®¬ á«ãç ¥.
� ¯¨è¥¬

jF 0(�)j = 2
lnQ
�

jzj
j1� �2j :

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ìãî ¯¥à¥¬¥ãî ! = i 1+�
1��

. �®íâ®¬ã

� =
! � i

! + i
; 1� j�j2 = 4

Im!

j! + ij2 ; j1� �2j = 4j!j
j! + ij2 :

�§ ¯à¥¤áâ ¢«¥¨ï z = F (�(!)) ¯®«ãç¨¬

! = exp
�
i
� ln z
lnQ

�
= j!j exp

�
i
� ln jzj
lnQ

�
:

�®£¤ 

R(z; F (E)) = jF 0(�)j(1�j�j2) = 2
lnQ
�
jzj Im !

j!j = 2
lnQ
�
jzj sin � ln jzj

lnQ
; 1 < jzj < Q: (11)

�«ï ¢ëïá¥¨ï ¯®¢¥¤¥¨ï ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  ¢ ª®«ìæ¥ Q ¯à¨¢¥¤¥¬ ¥á«®¦-
ë¥ ¢ëª« ¤ª¨ á ãç¥â®¬ ®¡®§ ç¥¨ï � = � ln jzj

lnQ

Rz =
lnQ
�

r
z

z

�
sin�+

�

lnQ
cos�

�
;

Rzz = � ln
2Q+ �2

2� lnQ
jzj
z2

sin�; Rzz =
1
jzj

 
cos�+

ln2Q� �2

2� lnQ
sin�

!
:

�à¥®¡à §ãï á®®â®è¥¨¥ ¢¨¤  (70)

jRzzj � Rzz; (12)

¯®«ãç¨¬ ¥à ¢¥áâ¢® tan� � lnQ
�
, 0 < � < �=2, ª®â®à®¥ ¢ë¯®«ï¥âáï ¯à¨ ¢á¥å � � ��, 0 < � < 1

2
.

�â® ®§ ç ¥â, çâ® ¯®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá , ¯®áâà®¥ ï  ¤ ª®«ìæ®¬ 1 < jzj < Q� <
Q, ï¢«ï¥âáï ¯®¢¥àå®áâìî, ¢ë¯ãª«®© ¢¨§.

�«ï ®âëáª ¨ï ®¡« áâ¨,  ¤ ª®â®à®© ¯®¢¥àå®áâì ¡ã¤¥â ¢ë¯ãª«®© ¢¢¥àå, ¤®áâ â®ç® à¥è¨âì
¥à ¢¥áâ¢®

jRzzj � �Rzz (13)

¢ ®áâ ¢è¥©áï ç áâ¨ ª®«ìæ  Q, â. ¥. ¥à ¢¥áâ¢® ¢¨¤  (60) ¤«ï äãªæ¨¨ R(z). �à¥®¡à §ã¥¬ ¥£®
ª ¢¨¤ã tan� � � �

lnQ
, �=2 < � < �. �â® ¥à ¢¥áâ¢® ¢ë¯®«ï¥âáï ¯à¨ ¢á¥å � � ��, 1

2
< � < 1.

�®íâ®¬ã ¯®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá , ¯®áâà®¥ ï  ¤ ª®«ìæ®¬ Q� < jzj < Q, ï¢«ï¥âáï
¯®¢¥àå®áâìî, ¢ë¯ãª«®© ¢¢¥àå.

� ª®«ìæ¥ Q� < jzj < Q� ¯®¢¥àå®áâì â¥àï¥â «®ª «ìãî ¢ë¯ãª«®áâì. �â® á¢ï§ ® á  «¨ç¨¥¬
á¥¤«®¢ëå â®ç¥ª ¢ áâàãªâãà¥ ¯®¢¥àå®áâ¨. �«ï ¤®ª § â¥«ìáâ¢  íâ®£® ä ªâ  ¤®áâ â®ç® ãª § âì
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¤¢¥ ªà¨¢ë¥, ¨¬¥îé¨¥ à §«¨çë¥  ¯à ¢«¥¨ï ¢ë¯ãª«®áâ¨. �«ï ã¤®¡áâ¢  ¢¢¥¤¥¬ á¨áâ¥¬ã ª®®à-
¤¨ â (x; y; u), § ä¨ªá¨àã¥¬ â®çªã   ¯®¢¥àå®áâ¨ (r0; 0; 2

lnQ
�
r0 sin � ln r0

lnQ
), £¤¥ r0 2 (Q�; Q�). �¤ 

ªà¨¢ ï | ç áâì ®ªàã¦®áâ¨, ®¯¨áë¢ ¥¬®© á¨áâ¥¬®©

x2 + y2 = r20;

u = 2
lnQ
�

r0 sin
� ln r0
lnQ

;

ï¢«ï¥âáï ¢ë¯ãª«®© ¢¨§. �àã£ ï ªà¨¢ ï, ®¯¨áë¢ ¥¬ ï á¨áâ¥¬®©8>>><>>>:
x = r;

y = 0;

u = 2
lnQ
�

r sin
� ln r
lnQ

;

ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå, â. ª. urr = 2
r

�
cos�� �

lnQ
sin�

�
< 0 ¯à¨ r 2 (Q�; Q�). �â¬¥â¨¬, çâ® ãª -

§ ë¥ ªà¨¢ë¥ ¡ã¤ãâ «¥¦ âì ¢ à §ëå ¯®«ã¯à®áâà áâ¢ å ®â®á¨â¥«ì® ª á â¥«ì®© ¯«®áª®áâ¨
ª ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  ¢ â®çª¥ (r0; 0; 2

lnQ
�
r0 sin � ln r0

lnQ
).

�«¥¤áâ¢¨¥ 1 (áà. á [6], â¥®à¥¬  16). �®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá   ¤ ¢¥è®áâìî ªàã-
£  á ¢ëª®«®â®© ¡¥áª®¥ç® ã¤ «¥®© â®çª®© ¡ã¤¥â ¢ë¯ãª«®© ¢¨§ ¯à¨ 1 < jzj <1.

�®ª § â¥«ìáâ¢®. �à¨ ¢ë¯®«¥¨¨ ¯à¥¤¥«ì®£® ¯¥à¥å®¤  ®â ª®«ìæ  Q ª ª®«ìæã 1 < jzj <1
¯à¨ Q!1 ¯®«ãç¨¬ ¢ë¯ãª«®áâì ¢¨§ ¯à¥¤¥«ì®£® ¯®«®¦¥¨ï ¯¥à¢®© ç áâ¨ ¨§ â¥®à¥¬ë 1, ª®£¤ 
1 < jzj <1. �¢¥ ¤àã£¨¥ ç áâ¨ ¢ ¯à¥¤¥«¥ ¯à®¯ ¤ îâ, â. ª.

lim
Q!1

Q� = lim
Q!1

Q� =1: �

� ¬¥â¨¬, çâ® ä®à¬ã« 

lim
Q!1

R(z; F (E)) = 2jzj ln jzj lim
Q!1

sin � ln jzj
lnQ

� ln jzj

lnQ

= 2jzj ln jzj = R(z; f(E)); 1 < jzj <1; (14)

¥áâì ª®ä®à¬ë© à ¤¨ãá ¤«ï ®¡« áâ¨ f(E) á äãªæ¨¥© z = f(�) = exp 1+�
1��

, � 2 E, ª®â®à ï
®¯à¥¤¥«ï¥â ã¨¢¥àá «ìãî ¯®¢¥àå®áâì  «®¦¥¨ï ¤«ï ®¡« áâ¨ 1 < jzj < 1. �à¨â¨ç¥áª¨å

â®ç¥ª ¥ ®¡ àã¦¨¢ ¥âáï, â. ª. ãà ¢¥¨¥ Rz =
q

z

z
(ln jzj+ 1) = 0 ¥ ¨¬¥¥â à¥è¥¨© ¯à¨ jzj > 1.

�®¤áâ ¢«ïï ¢â®àë¥ ¯à®¨§¢®¤ë¥

Rzz = � ln jzj2

r
z

z3
; Rzz =

ln jzj+ 2
2jzj

¢ ¥à ¢¥áâ¢® (12), ¯®«ãç¨¬ ln jzj
2jzj

� ln jzj+2
2jzj

� 0 , � 1
jzj
� 0. �®íâ®¬ã ¯®¢¥àå®áâì ª®ä®à¬®£®

à ¤¨ãá  ï¢«ï¥âáï ¢ë¯ãª«®© ¢¨§ ¨ ¨¬¥¥â ä®à¬ã ç è¨, ¯à¨ªà¥¯«¥®© ª ®ªàã¦®áâ¨ jzj = 1.

� áá¬®âà¨¬ ª®«ìæ® q = fz 2 C : q = 1
Q
< jzj < 1g. �ãªæ¨ï z� = z

Q
¯¥à¥¢¥¤¥â ª®«ìæ® Q ¢ q.

�ãáâì e�, e� | ª®à¨ ãà ¢¥¨©

tan(�e�) = ln q
�

;
1
2
< e� < 1; ¨ tan(� e�) = � �

ln q
; 0 < e� <

1
2
:

�¥®à¥¬  3 ¡ã¤¥â ¢¥à  ¨ ¢ á«ãç ¥ ª®«ìæ  q. � ¨¬¥®, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá   ¤ ª®«ìæ®¬ q á®áâ®¨â ¨§ á«¥¤ãîé¨å âà¥å

ç áâ¥©:

 ) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ q < jzj < qe� ï¢«ï¥âáï ¢ë¯ãª«®© ¢¨§,

¡) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ qe� < jzj < 1 ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå,
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¢) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ qe� < jzj < qe� á®áâ®¨â ¨§ á¥¤«®¢ëå â®ç¥ª.

�®ª § â¥«ìáâ¢®. �â®¡à ¦¥¨¥ z = F (�) = q expfi ln q
�
ln(i 1+�

1��
)g; j�j < 1, ®¯à¥¤¥«¨â ã¨¢¥à-

á «ìãî ¯®¢¥àå®áâì  «®¦¥¨ï ¤«ï ª®«ìæ  q. �®ä®à¬ë© à ¤¨ãá ¢ ¤ ®¬ á«ãç ¥ ¡ã¤¥â
¨¬¥âì ¢¨¤

R(z; F (E)) = �2ln q
�
jzj sin � ln jzj

ln q
; q < jzj < 1: (15)

�®áª®«ìªã (15) ®â«¨ç ¥âáï ®â (11) «¨èì § ª®¬, ¢®á¯®«ì§ã¥¬áï ¢ëç¨á«¥¨ï¬¨, ¯à¨¢¥¤¥ë-
¬¨ ¤«ï ª®«ìæ  Q. � ¢ëà ¦¥¨ïå ¤«ï ¯à®¨§¢®¤ëå ¯®ï¢¨âáï § ª ¬¨ãá, ®   ¯à®¬¥¦ãâª å
¢ë¯ãª«®áâ¨ ® ¥ ®âà §¨âáï. �¥©áâ¢¨â¥«ì®, ãç¨âë¢ ï � = � ln jzj

ln q
, 0 < � < �, ¨¬¥¥¬

Rzz =
jzj
z2

ln2 q + �2

2� ln q
sin�; Rzz = � 1

jzj

 
cos�+

ln2 q � �2

2� ln q
sin�

!
:

�¥à ¢¥áâ¢® (12) ¢ ¤ ®¬ á«ãç ¥ ¯à¥®¡à §ã¥âáï ª ¢¨¤ã tan� � ln q
�

¨ ¡ã¤¥â ¢ë¯®«ïâìáï ¯à¨
¢á¥å § ç¥¨ïå � � �e�, 1

2
< e� < 1. �«¥¤®¢ â¥«ì®, ¯®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá   ¤

q < jzj < qe� ï¢«ï¥âáï ¢ë¯ãª«®© ¢¨§.
�¥à ¢¥áâ¢® (13) § ¯¨è¥âáï ¢ ¢¨¤¥

tan� � � �

ln q
: (16)

�¬ã ã¤®¢«¥â¢®àïîâ § ç¥¨ï � � � e�, 0 < e� < 1
2
, ¨ ¯®¢¥àå®áâì  ¤ qe� < jzj < 1 ¡ã¤¥â ¢ë¯ãª«®©

¢¢¥àå. � ª®«ìæ¥ qe� < jzj < qe� ¯®¢¥àå®áâì â¥àï¥â «®ª «ìãî ¢ë¯ãª«®áâì. �¡®á®¢ ¨¥ íâ®£®
ä ªâ    «®£¨ç® ®¡®á®¢ ¨î, ¯à¨¢¥¤¥®¬ã ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3.

�«¥¤áâ¢¨¥ 2. �®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá   ¤ ªàã£®¬ á ¢ëª®«®âë¬ æ¥âà®¬ á®áâ®¨â
¨§ ¤¢ãå ç áâ¥©:

 ) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ e�1 < jzj < 1 ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå,
¡) ¯®¢¥àå®áâì  ¤ ª®«ìæ®¬ 0 < jzj < e�1 á®áâ®¨â ¨§ á¥¤«®¢ëå â®ç¥ª.

�®ª § â¥«ìáâ¢®. �à¨ ¢ë¯®«¥¨¨ ¯à¥¤¥«ì®£® ¯¥à¥å®¤  ®â ª®«ìæ  q ª ª®«ìæã 0 < jzj < 1
¯à¨ q ! 0 ¥ ¯®«ãç¨¬ ¢ë¯ãª«®áâ¨ ¢¨§ ¯à¥¤¥«ì®£® ¯®«®¦¥¨ï ¯¥à¢®© ç áâ¨ ¨§ â¥®à¥¬ë 4,
ª®£¤  0 < jzj < 1, â. ª.

lim
q!0

qe� = 0:

�¢¥ ¤àã£¨¥ ç áâ¨ ¯à®ï¢ïâáï ¢ ¯à¥¤¥«ì®¬ á«ãç ¥ á«¥¤ãîé¨¬ ®¡à §®¬. �¥à¥¬áï ª ¥à ¢¥áâ¢ã
(16), å à ªâ¥à¨§ãîé¥¬ã ¢ë¯ãª«®áâì ¢¢¥àå ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  ¤«ï ª®«ìæ  q, ¨
¯¥à¥©¤¥¬ ¢ ¥¬ ª ¯à¥¤¥«ã ¯à¨ q ! 0. � ¬¥â¨¬, çâ® � = � ln jzj

ln q
! 0, ª®£¤  q ! 0, ¨, á«¥¤®¢ â¥«ì®,

tan�! 0, ª®£¤  q ! 0. �®íâ®¬ã ¨¬¥¥¬ �1 � ln q
�
tan � ln jzj

ln q
��!
q!0

ln jzj ) jzj � e�1. � ª¨¬ ®¡à §®¬,

¯®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá   ¤ ª®«ìæ®¬ e�1 < jzj < 1 ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå,  ¤
ª®«ìæ®¬ 0 < jzj < e�1 á®áâ®¨â ¨§ á¥¤«®¢ëå â®ç¥ª.

� ¬¥â¨¬, çâ® ä®à¬ã« 

lim
q!0

R(z; F (E)) = �2jzj ln jzj lim
q!0

sin � ln jzj
ln q

� ln jzj

ln q

= �2jzj ln jzj = R(z; f(E)); 0 < jzj < 1; (17)
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¥áâì ª®ä®à¬ë© à ¤¨ãá ¤«ï ®¡« áâ¨ f(E) á äãªæ¨¥© z = f(�) = exp 1+�
��1

, � 2 E, ª®â®à ï
®¯à¥¤¥«ï¥â ã¨¢¥àá «ìãî ¯®¢¥àå®áâì  «®¦¥¨ï ¤«ï ®¡« áâ¨ 0 < jzj < 1. �ç¨âë¢ ï, çâ® (17)
®â«¨ç ¥âáï ®â (14) â®«ìª® § ª®¬, § ¯¨è¥¬ ¯à®¨§¢®¤ë¥ ¢â®à®£® ¯®àï¤ª 

Rzz =
ln jzj
2

r
z

z3
; Rzz = � ln jzj+ 2

2jzj :

�¥à ¢¥áâ¢® (12) ¢ ¤ ®¬ á«ãç ¥ ¥á®¤¥à¦ â¥«ì®,   ¥à ¢¥áâ¢® (13) ¨¬¥¥â ¢¨¤ ln jzj+1

jzj
� 0 ¨

¢ë¯®«ï¥âáï ¯à¨ jzj � e�1.

3. �à¨¢¥¤¥¬ âà¨ â¥®à¥¬ë, å à ªâ¥à¨§ãîé¨¥ ¯®¢¥àå®áâ¨ ª®ä®à¬ëå à ¤¨ãá®¢ ¤«ï ¬®£®-
ã£®«ìëå ®¡« áâ¥©.

�¥®à¥¬  5. �®¢¥àå®áâì 
+ ª®ä®à¬®£® à ¤¨ãá  ¤«ï «î¡®£® ¯àï¬®ã£®«ì¨ª , ¯®áâà®¥-

 ï  ¤ ªàã£®¬, ¥ ï¢«ï¥âáï ¯®¢¥àå®áâìî, ¢ë¯ãª«®© ¢¢¥àå. �¥à¥á ¦¥ ï   ¢ãâà¥®áâì

¯àï¬®ã£®«ì¨ª  ¯®¢¥àå®áâì 
+ ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®© ç áâ¨ â¥®à¥¬ë ¤®áâ â®ç® ã¡¥¤¨âìáï ¢ áã-
é¥áâ¢®¢ ¨¨ å®âï ¡ë ®¤®© â®çª¨ ¯¥à¥£¨¡  ¢ ª ª®¬-«¨¡® á¥ç¥¨¨ ¯®¢¥àå®áâ¨ ª®ä®à¬®£®
à ¤¨ãá , ¯¥à¯¥¤¨ªã«ïà®¬ ¯«®áª®áâ¨ ªàã£ .

�â¥£à « �à¨áâ®ää¥«ï{�¢ àæ  ¤«ï ¯àï¬®ã£®«ì¨ª  ¨¬¥¥â ¢¨¤

f(�) =
Z �

0

d�p
(�2 � ei2�)(�2 � e�i2�)

; � 2 E; � 2 [0; �=2]:

�¡®§ ç¨¬ � = �+ i�. � áá¬®âà¨¬ ªà¨¢ãî ¢ á¥ç¥¨¨ ¯®¢¥àå®áâ¨ ¯«®áª®áâìî, ¯à®å®¤ïé¥© ç¥à¥§
¢¥é¥áâ¢¥ãî ®áì, â. ¥. ¯à¨ � = �. �  ®¯¨áë¢ ¥âáï äãªæ¨¥©

R(�) =
1� �2p

�4 � 2�2 cos 2�+ 1
; � 2 [�1; 1]; � 2 [0; �=2]:

�áá«¥¤®¢ ¨¥ ¤ ®© äãªæ¨¨ ¯à¨ � 2 (0; �=2) ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ ¢ë¢®¤ ¬. � ª ª ª

R0(�) =
�4�(�2 + 1) sin2 �p
(�4 � 2�2 cos 2� + 1)3

= 0;

â® � = 0 | ¥¤¨áâ¢¥ ï â®çª  íªáâà¥¬ã¬ , â®çª  ¬ ªá¨¬ã¬ . �®áª®«ìªã

R00(�) = 4 sin2 �
3�6 + 5�4 � (4 cos 2�+ 3)�2 � 1p

(�4 � 2�2 cos 2�+ 1)5
;

â® â®çª¨, ¯®¤®§à¨â¥«ìë¥   ¯¥à¥£¨¡,  å®¤ïâáï áà¥¤¨ ª®à¥© ãà ¢¥¨ï

3�6 + 5�4 � (4 cos 2�+ 3)�2 � 1 = 0:

�¢¥¤¥¬ § ¬¥ã �2 = t ¨ à áá¬®âà¨¬ äãªæ¨î '(t; �) = 3t3 + 5t2 � (4 cos 2� + 3)t � 1, t 2 [0; 1].
�à®¢¥à¨¬ § ª äãªæ¨¨   £à ¨æ å

'(0; �) = �1 < 0; '(1; �) = 4(1� cos 2�) > 0:

�«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â t0 2 (0; 1) â ª®¥, çâ® '(t0; �) = 0. �®áâà®¨¢ £à ä¨ª '(t; �), ¥âàã¤®
ã¡¥¤¨âìáï ¢ ¥¤¨áâ¢¥®áâ¨ t0 2 (0; 1). �ç¥¢¨¤®, § ç¥¨¥ t0 ¡ã¤¥â § ¢¨á¥âì ®â § ç¥¨ï ¯ à -
¬¥âà  �. �ãªæ¨ï t0 = t0(�), § ¤  ï ¥ï¢® ãà ¢¥¨¥¬ 3t30 + 5t20 � (4 cos 2� + 3)t0 � 1 = 0,
ï¢«ï¥âáï ¬®®â®®© ¯à¨ ¨á¯®«ì§ã¥¬ëå §¤¥áì § ç¥¨ïå �. �®«¥¥ â®£®, � = 0 ¨ � = �=2, ªà ©-
¨¥ § ç¥¨ï ¯ à ¬¥âà , ï¢«ïîâáï â®çª ¬¨ íªáâà¥¬ã¬  ¤«ï t0(�). �¬¥®, � = 0 | â®çª 
¬ ªá¨¬ã¬ , � = �=2 | â®çª  ¬¨¨¬ã¬ .

�¥¯¥àì ¬®¦® ¤ âì ¯®«ãî å à ªâ¥à¨áâ¨ªã ªà¨¢®© ¢ à áá¬ âà¨¢ ¥¬®¬ á¥ç¥¨¨. �à¨ � = 0
¨¬¥¥¬ ®âà¥§®ª R(�) = 1, � 2 [�1; 1]. �à¨ � 2 (0; �=2] ¨¬¥¥¬ ªà¨¢ãî á ¤¢ã¬ï â®çª ¬¨ ¯¥à¥£¨¡  (¢
á¨«ã ç¥â®áâ¨ R(�)), ª®â®àë¥ ¯à¨ ¨§¬¥¥¨¨ ¯ à ¬¥âà  � ®â 0 ¤® �=2 ¬®®â®® ¤¢¨¦ãâáï ®â
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�1 ª �1=p3. �®á«¥¤¨¥ § ç¥¨ï  å®¤ïâáï ¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¯®á«¥ ¯®¤áâ ®¢ª¨
� = 0 ¨ � = �=2.

� ª¨¬ ®¡à §®¬, ¯¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª §  . �¯à ¢¥¤«¨¢®áâì ¢â®à®© ç áâ¨ ¢ëâ¥ª ¥â
¥¯®áà¥¤áâ¢¥® ¨§ ®¡é¥£® ãâ¢¥à¦¤¥¨ï ¤«ï ¢ë¯ãª«ëå ®¡« áâ¥© [2].

�«ï â®£® çâ®¡ë à áá¬®âà¥âì ¢á¥ ¢®§¬®¦ë¥ ¢ëà®¦¤¥¨ï ¯àï¬®ã£®«ì¨ª , § ¯¨è¥¬ ®â®¡à -
¦ îéãî äãªæ¨î ¢ ¢¨¤¥

f(�) =
Z �

0

d�p
(� � ei�)(� � ei�)(� � ei)(� � ei�)

:

�®£¤  ¯®«ãç¨¬ á«¥¤ãîé¨¥ ¯à¥¤¥«ìë¥ ¯®«®¦¥¨ï. � á«ãç ¥ à ¢¥áâ¢  ¤¢ãå ¯ à ¬¥âà®¢
( ¯à., � = �) ¯à¨ ®â®¡à ¦¥¨¨ ¯®«ãç¨âáï ¯®«ã¯®«®á . �à¨ ¯®¯ à®¬ à ¢¥áâ¢¥ ¯ à ¬¥âà®¢
( ¯à., � = �,  = �) ¯à¨ ®â®¡à ¦¥¨¨ ¯®«ãç¨âáï ¯®«®á  è¨à¨ë �=2. �à¨ à ¢¥áâ¢¥ âà¥å
¯ à ¬¥âà®¢ ¯®«ãç ¥¬ á¥ªâ®à à áâ¢®à  �=2. � ª®¥æ, ¯à¨ à ¢¥áâ¢¥ ¢á¥å ç¥âëà¥å ¯ à ¬¥âà®¢,
ãç áâ¢ãîé¨å ¢ ®â®¡à ¦¥¨¨, ¯®«ãç ¥¬ ¯®«ã¯«®áª®áâì. �â¬¥â¨¬, çâ® íâ¨ ¯à¥¤¥«ìë¥ ®¡« áâ¨
 á«¥¤ãîâ á¢®©áâ¢® ¥¢ë¯ãª«®áâ¨ ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá   ¤ ªàã£®¬.

�¥®à¥¬  6. �®¢¥àå®áâì 
� ª®ä®à¬®£® à ¤¨ãá  ¤«ï ¢¥è®áâ¨ «î¡®£® ¯àï¬®ã£®«ì¨ª ,

¯®áâà®¥ ï  ¤ ¢¥è®áâìî ªàã£ , ¥ ï¢«ï¥âáï ¯®¢¥àå®áâìî, ¢ë¯ãª«®© ¢¨§. �¥à¥á ¦¥ ï

  ¢¥è®áâì ¯àï¬®ã£®«ì¨ª  ¯®¢¥àå®áâì 
� ï¢«ï¥âáï ¢ë¯ãª«®© ¢¨§.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®© ç áâ¨ â¥®à¥¬ë á®¢  ¤®áâ â®ç® ã¡¥¤¨âìáï ¢
áãé¥áâ¢®¢ ¨¨ å®âï ¡ë ®¤®© â®çª¨ ¯¥à¥£¨¡  ¢ ª ª®¬-«¨¡® á¥ç¥¨¨ ¯®¢¥àå®áâ¨ ª®ä®à¬®£®
à ¤¨ãá , ¯¥à¯¥¤¨ªã«ïà®¬ ¯«®áª®áâ¨ ªàã£ .

�ãªæ¨ï, ®áãé¥áâ¢«ïîé ï ¯¥à¥å®¤ ®â ¢¥è®áâ¨ ªàã£  ¢® ¢¥è®áâì ¯àï¬®ã£®«ì¨ª , ¨¬¥¥â
¢¨¤

F (!) =
Z !

1

p
(!2 � ei2�)(!2 � e�i2�)

!2
d!; ! 2 E�; � 2 [0; �=2]:

�¡®§ ç¨¬ ! = u+iv. � áá¬®âà¨¬ ªà¨¢ãî ¢ á¥ç¥¨¨ ¯®¢¥àå®áâ¨ ¯«®áª®áâìî, ¯à®å®¤ïé¥© ç¥à¥§
¢¥é¥áâ¢¥ãî ®áì, â. ¥. ¯à¨ v = 0, ! = u. �  ®¯¨áë¢ ¥âáï äãªæ¨¥©

R(u) =
u2 � 1
u

p
u4 � 2u2 cos 2�+ 1; juj � 1; � 2 [0; �=2]:

� «®£¨ç® ¨áá«¥¤ã¥¬ R(u) ¯à¨ � 2 (0; �=2). �¬¥¥¬

R0(u) =
2(u6 � u4 cos 2� � u2 cos 2�+ 1)

u3
p
u4 � 2u2 cos 2�+ 1

=
2(u2 + 1)(u4 � (1 + cos 2�)u2 + 1)

u3
p
u4 � 2u2 cos 2�+ 1

6= 0;

  ªà¨â¨ç¥áª ï â®çª  u = 0 =2 (�1;�1][ [1;+1). �«¥¤®¢ â¥«ì®, â®ç¥ª íªáâà¥¬ã¬  ¥ áãé¥áâ¢ã-
¥â. � ª ª ª

R00(u) =
2'(u2; �)

u4
p
(u4 � 2u2 cos 2�+ 1)3

;

£¤¥ '(u2; �) = u10 � 3 cos 2�u8 + 3(1 + cos 2�)u6 � (4 cos2 2� + cos 2� + 5)u4 + 9 cos 2�u2 � 3, â®
â®çª¨, ¯®¤®§à¨â¥«ìë¥   ¯¥à¥£¨¡,  å®¤ïâáï áà¥¤¨ ª®à¥© ãà ¢¥¨ï '(u2; �) = 0. �à®¨§¢¥¤¥¬
§ ¬¥ã u2 = t ¨ à áá¬®âà¨¬ äãªæ¨î '(t; �), t � 1. �à®¢¥à¨¬ ¥¥ § ª   £à ¨æ å '(1; �) =
�4(cos 2��1)2 < 0, lim

t!+1
'(t; �) = +1. �®íâ®¬ã äãªæ¨ï '(t; �) ¨¬¥¥â ã«ì ¢ ¥ª®â®à®© â®çª¥ et0:

�à¨ ¯®¤à®¡®¬ ¨áá«¥¤®¢ ¨¨ äãªæ¨¨ '(t; �) ãáâ  ¢«¨¢ ¥âáï ä ªâ ¥¤¨áâ¢¥®áâ¨ ã«ï et0 ¯à¨
§ ¤ ëå ãá«®¢¨ïå. � áá¬ âà¨¢ ï et0 ª ª äãªæ¨î et0(�), � 2 [0; �=2], ®¡ àã¦¨¢ ¥¬ á¢®©áâ¢®
¬®®â®®áâ¨, ¯à¨ç¥¬ � = 0 | â®çª  ¬¨¨¬ã¬ , � = �=2 | â®çª  ¬ ªá¨¬ã¬ .

�¥¯¥àì ¬®¦® ¤ âì ¯®«ãî å à ªâ¥à¨áâ¨ªã ªà¨¢ëå ¢ à áá¬ âà¨¢ ¥¬®¬ á¥ç¥¨¨. �à¨ � = 0
¨¬¥¥¬ ªà¨¢ë¥, ¢ë¯ãª«ë¥ ¢¨§. �à¨ � 2 (0; �=2] ¨¬¥¥¬ ªà¨¢ë¥ á ¤¢ã¬ï â®çª ¬¨ ¯¥à¥£¨¡ , ¯®
®¤®© ¤«ï ª ¦¤®© ¨§ ¨å (¢ á¨«ã ç¥â®áâ¨ R(u)), ª®â®àë¥ ¬®®â®ë¬ ®¡à §®¬ ¯à¨ ¨§¬¥¥¨¨
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¯ à ¬¥âà  � ®â 0 ¤® �=2 á¨¬¬¥âà¨ç® ¤¢¨¦ãâáï ®â �1 ª � 4
p
3. �®á«¥¤¨¥ § ç¥¨ï  å®¤ïâáï

¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¯®á«¥ ¯®¤áâ ®¢ª¨ � = 0 ¨ � = �=2.
� ª¨¬ ®¡à §®¬, ¯¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª §  . �¯à ¢¥¤«¨¢®áâì ¢â®à®© ç áâ¨ ¢ëâ¥ª ¥â

¥¯®áà¥¤áâ¢¥® ¨§ ®¡é¥£® ãâ¢¥à¦¤¥¨ï ¤«ï á®®â¢¥âáâ¢ãîé¨å ®¡« áâ¥© [2].

�â¬¥â¨¬ ¯à¥¤¥«ìë¥ ¯®«®¦¥¨ï ¯ à ¬¥âà , ¯à¨ ª®â®àëå ¯à®¨áå®¤¨â ¢ëà®¦¤¥¨¥ ®¡« áâ¨.
�à¨ � = 0 ¢¥è®áâì ¯àï¬®ã£®«ì¨ª  ¢ëà®¦¤ ¥âáï ¢® ¢¥è®áâì £®à¨§®â «ì®£® à §à¥§ 
[�2; 2], ¯à¨ � = �=2 { ¢® ¢¥è®áâì ¢¥àâ¨ª «ì®£® à §à¥§  [�2i; 2i].

�«ï ¯®«ãç¥¨ï ¤àã£¨å ¢®§¬®¦ëå ¯à¥¤¥«ìëå ¯®«®¦¥¨© § ¯¨è¥¬ ®â®¡à ¦ îéãî äãª-
æ¨î ¢ ¢¨¤¥

F (!) =
Z !

1

p
(! � ei�)(! � ei�)(! � ei)(! � ei�)

!2
d!

á ãá«®¢¨¥¬ Res
!=0

F 0(!) = 0. �áâ ®¢¨¬, ¯à¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà®¢ ¡ã¤¥â ¢ë¯®«ïâìáï ãá«®-

¢¨¥ ®¤®§ ç®áâ¨. �«ï íâ®£® ¤®áâ â®ç® ¢ëç¨á«¨âì ¢ëç¥â ¯®¤¨â¥£à «ì®© äãªæ¨¨ ¢ ã«¥

Res
!=0

p
(! � ei�)(! � ei�)(! � ei)(! � ei�)

!2
=

= �1
2
e�

i

2
(�+�++�)[ei(�+�+) + ei(�+�+�) + ei(�++�) + ei(�++�)]:

�«¥¤®¢ â¥«ì®, ãá«®¢¨¥ ®¤®§ ç®áâ¨ ¢ë£«ï¤¨â â ª:

ei(�+�+) + ei(�+�+�) + ei(�++�) + ei(�++�) = 0:

�® íª¢¨¢ «¥â® à ¢¥áâ¢ã ei� + ei� + ei + ei� = 0. � áá¬®âà¥¢ á®®â¢¥âáâ¢ãîéãî ¢¥ªâ®àãî
¤¨ £à ¬¬ã, «¥£ª® ¯®ª § âì, çâ® ¢ íâ®¬ á«ãç ¥ ç¥âëà¥ ®â¬¥ç¥ë¥ â®çª¨ ï¢«ïîâáï ¢¥àè¨ ¬¨
¯àï¬®ã£®«ì¨ª , ¢¯¨á ®£® ¢ ¥¤¨¨çë© ªàã£. �â® § ç¨â, çâ® ¯®¢®à®â®¬ ªàã£  ¬®¦® ¤®-
¡¨âìáï â®£®, çâ®¡ë íâ¨ ¢¥àè¨ë § ï«¨ ¯®«®¦¥¨¥ �e�i� (á ç¥âëàì¬ï ª®¬¡¨ æ¨ï¬¨ § ª®¢).
�«¥¤®¢ â¥«ì®, ¨ª ª¨å ¤àã£¨å, ªà®¬¥ ¢ëè¥ãª § ëå, ¢ëà®¦¤¥¨© ®¡« áâ¨ ¥ ®¡ àã¦¨¢ -
¥âáï.

�¥®à¥¬  7. �ãé¥áâ¢ãîâ ¢ë¯ãª«ë¥ ¬®£®ã£®«ìë¥ ®¡« áâ¨, ¤«ï ª®â®àëå ¯®¢¥àå®áâì 
+

ª®ä®à¬®£® à ¤¨ãá , ¯®áâà®¥ ï  ¤ ªàã£®¬, ¥ ï¢«ï¥âáï ¯®¢¥àå®áâìî, ¢ë¯ãª«®© ¢¢¥àå.

�®ª § â¥«ìáâ¢®. �à£ ¨§ã¥¬ ®â®¡à ¦¥¨¥ ¥¤¨¨ç®£® ªàã£    ¢ãâà¥®áâì ¬®£®ã£®«ì-
®© ®¡« áâ¨ á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì â®çª  �i ¯¥à¥å®¤¨â ¢ ã«ì, ¯à®®¡à §®¬ ®¤®© ¨§ ¢¥à-
è¨ ¬®£®ã£®«ì¨ª  ï¢«ï¥âáï â®çª  ei�, á®á¥¤¥© á ¥© | â®çª  �e�i�,   â®çª  i ¨ ¯à®®¡à §ë
®áâ «ìëå ¢¥àè¨ «¥¦ â ¬¥¦¤ã ãª § ë¬¨ ¤¢ã¬ï á¨¬¬¥âà¨çë¬¨ â®çª ¬¨. �â®¡à ¦ îé ï
äãªæ¨ï § ¯¨è¥âáï ¢ ¢¨¤¥

f(�) =
Z �

�i

nY
k=1

(� � ak)
�k�1d�:

�áãé¥áâ¢¨¬ ¥ª®â®àë¥ ¯à¥®¡à §®¢ ¨ï. �á«¨ áâïãâì â®çª¨ ei� ¨ �e�i� ª i,   ¢¬¥áâ¥ á ¨-
¬¨ ª i áâïãâáï ¨ ¢á¥ «¥¦ é¨¥ ¬¥¦¤ã ¨¬¨, â® ¯à¨ ¢ëç¨á«¥¨¨ á®®â¢¥âáâ¢ãîé¥£® ¨â¥£à « 
�à¨áâ®ää¥«ï{�¢ àæ  ¡ã¤¥¬ ¨¬¥âì

ef(�) = Z �

�i

(� � i)�1+�2+���+�n�nd� =
Z �

�i

(� � i)n�2�nd� =
Z �

�i

(� � i)�2d� =
i

2
� + i

� � i
:

�®«ãç¥®¥ ®â®¡à ¦¥¨¥ ¯¥à¥¢®¤¨â ªàã£ ¢ ¯®«ã¯«®áª®áâì, ¯®¢¥àå®áâì ª®ä®à¬®£® à ¤¨ãá 
ª®â®à®© ¥ ¢ë¯ãª«  [3]. �®£¤ 

f(�) =
i

2
� + i

� � i
+ '(�);

£¤¥

'(�) = f(�)� ef(�) = Z �

�i

"
nY

k=1

(� � ak)�k�1 � (� � i)�1+�2+���+�n�n
#
d�
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| äãªæ¨ï, ¡«¨§ª ï ª â®¦¤¥áâ¢¥®¬ã ã«î ¢ãâà¨ E. �«¥¤®¢ â¥«ì®, ¯®¢¥àå®áâì, á®®â¢¥â-
áâ¢ãîé ï äãªæ¨¨ f(�), ¥ ¬®¦¥â ¡ëâì ¢ë¯ãª«®© ¢¢¥àå.

� ¬¥ç ¨¥. �¥®à¥¬  7 ¢ë¯®«ï¥âáï ¨ ¤«ï ¥¢ë¯ãª«ëå ¬®£®ã£®«ì¨ª®¢, ¤ ¦¥ á ãá¨«¥¨¥¬.
�¬¥®, ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë á¯à ¢¥¤«¨¢® ¤«ï «î¡®£® â ª®£® ¬®£®ã£®«ì¨ª , ã ª®â®à®£® å®âï
¡ë ®¤¨ ¢ãâà¥¨© ã£®« ¡®«ìè¥ �.
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