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� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª®¥ á¨£ã«ïà®¥ ãà ¢¥¨¥

K0' � a(t)'(t) + b(t)S�'(t) = f(t) (1)

¢ á«ãç ¥, ª®£¤  ª®âãà � á®áâ®¨â ¨§ áç¥â®£® ¬®¦¥áâ¢  § ¬ªãâëå ¥á¯àï¬«ï¥¬ëå ªà¨¢ëå �k,
¥ ¢«®¦¥ëå ¤àã£ ¢ ¤àã£  ¨ ¨¬¥îé¨å â®çªã á£ãé¥¨ï z0 6= 1. �  § ¤ ë¥ äãªæ¨¨ a(t),
b(t), f(t) ¨ ¨áª®¬ãî äãªæ¨î '(t) â®ç¥ª ª®âãà  �  « £ îâáï ¥ª®â®àë¥ ãá«®¢¨ï ¢ â¥à¬¨ å
äà ªâ «ì®© à §¬¥à®áâ¨, ª®â®àë¥ ¡ã¤ãâ ãª § ë ¨¦¥. �¤¥áì S� | íâ® á¨£ã«ïàë© ¨â¥-
£à «ìë© ®¯¥à â®à   ª®âãà¥ �. �®áª®«ìªã ª®âãà � á®áâ®¨â ¨§ ¥á¯àï¬«ï¥¬ëå ªà¨¢ëå, â®
íâ®â ¨â¥£à «ìë© ®¯¥à â®à ¯®¨¬ ¥âáï ¢ ®¡®¡é¥®¬ á¬ëá«¥.

1. �¢¥¤¥¨¥. �â¥£à «ì®¥ ãà ¢¥¨¥ (1) å®à®è® ¨§ãç¥® ¢ á«ãç ¥, ª®£¤  ª®âãà � á®áâ®¨â ¨§
ª®¥ç®£® ç¨á«  § ¬ªãâëå ¨ à §®¬ªãâëå ¯à®áâëå £« ¤ª¨å ¨ ªãá®ç®-£« ¤ª¨å ªà¨¢ëå ( ¯à.,
[1]{[5]).

� ª« áá¨ç¥áª¨å ¬®®£à ä¨ïå �.�. � å®¢  ¨ �.�.�ãáå¥«¨è¢¨«¨ [1], [2] á¨£ã«ïàë© ¨â¥-
£à « ®¯à¥¤¥«ï«áï ä®à¬ã«®©

S��'(t) =
1
�i

v. p.
Z
�

'(�)d�
� � t

;

  ¢ à ¡®â å �.�.�¢¥á¥« ¢  [3], �.�.�ã¯à ¤§¥ [4], �.�. �¥£¥«¨ï [5] | ä®à¬ã«®©

eS�'(t) = 1
�i

v. p.
Z
�

'(�)� '(t)
� � t

d� + '(t):

�«ï £« ¤ª¨å ªà¨¢ëå S��' = eS�'.
�  ¯à®âï¦¥¨¨ ¯®á«¥¤¨å «¥â ¯®ï¢¨«áï àï¤ à ¡®â, ¢ ª®â®àëå ®¯à¥¤¥«ï¥âáï ¨ ¨áá«¥¤ã¥âáï ¨-

â¥£à « ¯® ¥á¯àï¬«ï¥¬®© ªà¨¢®© ( ¯à., [6]{[10]). �®á¯®«ì§ã¥¬áï íâ¨¬ ®¡®¡é¥ë¬ ¨â¥£à «®¬,
çâ®¡ë ¯à¨¤ âì á¬ëá« ¨â¥£à «ì®¬ã ®¯¥à â®àã eS�   ª®âãà¥ �, á®áâ®ïé¥¬ ¨§ ¥á¯àï¬«ï¥¬ëå
ªà¨¢ëå, ¯®«ãç¨¬ ä®à¬ã«ë �®å®æª®£® ¤«ï íâ®£® ®¯¥à â®à  ¨ ¨§ãç¨¬ ¢®¯à®áë íª¢¨¢ «¥â®-
áâ¨ á¨£ã«ïà®£® ãà ¢¥¨ï (1) ªà ¥¢®© § ¤ ç¥ �¨¬     áç¥â®¬ ¬®¦¥áâ¢¥ ¥á¯àï¬«ï¥¬ëå
ªà¨¢ëå, ¨áá«¥¤®¢ ®© �.�.� æ¥¬ [11].

2. �â¥£à « ¯® ¥á¯àï¬«ï¥¬®© ªà¨¢®© ¨ ¯® áç¥â®¬ã ¬®¦¥áâ¢ã ¥á¯àï¬«ï¥¬ëå ªà¨¢ëå.

�à¥¤« £ ¥¬ë¥ ¢ [7]{[10] ®¯à¥¤¥«¥¨ï ¨â¥£à «  ¯® ¥á¯àï¬«ï¥¬®© (äà ªâ «ì®©) ªà¨¢®© ¢ á«ã-
ç ¥ ¯«®áª®© § ¬ªãâ®© ªà¨¢®© á¢®¤ïâáï ª á«¥¤ãîé¥¬ã. �ãáâì � | ¯à®áâ ï § ¬ªãâ ï ªà¨¢ ï,

� ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â 95-01-00674).
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®£à ¨ç¨¢ îé ï ®¡« áâì D+. �á«¨ äãªæ¨ï u(z) ¥¯à¥àë¢  ¢ D
+
¨ ¨¬¥¥â ¨â¥£à¨àã¥¬ë¥

ç áâë¥ ¯à®¨§¢®¤ë¥ ¢ D+, â® ¤«ï á¯àï¬«ï¥¬®© ªà¨¢®© � á¯à ¢¥¤«¨¢  ä®à¬ã«  �â®ªá Z
�

u(z)dz = �

ZZ
D+

@u

@z
dz dz: (2)

�á«¨ � | ¥á¯àï¬«ï¥¬ ï ªà¨¢ ï, â® ¯à ¢ ï ç áâì à ¢¥áâ¢  (2) ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª
®¯à¥¤¥«¥¨¥ «¥¢®©. � ª¨¬ ®¡à §®¬, ¤«ï â®£®, çâ®¡ë ¯à®¨â¥£à¨à®¢ âì § ¤ ãî   � äãªæ¨î
f(z), ¬ë ¤®«¦ë ¯à®¤®«¦¨âì ¥¥ ¤® § ¤ ®© ¢ D

+
äãªæ¨¨ u(z) (íâ® ¢®§¬®¦® ¤«ï «î¡®©

¥¯à¥àë¢®© äãªæ¨¨ f ; á¬. [12]) ¨ ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© (2). �à¨ íâ®¬ ¢®§¨ª îâ ¤¢ 
¢®¯à®á .

1. �à¨ ª ª¨å ãá«®¢¨ïå ¯à®¨§¢®¤ ï @u=@z ¨â¥£à¨àã¥¬  ¢ D+ ?
2. �¥ ¡ã¤¥â «¨ ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (2) § ¢¨á¥âì ®â ¢ë¡à ®£®  ¬¨ ¯à®¤®«-

¦¥¨ï, ª®â®à®¥ ®ç¥¢¨¤ë¬ ®¡à §®¬ ¥¥¤¨áâ¢¥®?
�à¨¢¥¤¥¬ ®â¢¥âë   íâ¨ ¢®¯à®áë ¢ ã¤®¡®© ¤«ï ¯®á«¥¤ãîé¥£® ¨§«®¦¥¨ï ä®à¬¥.
� ª ¦¤ë¬ ª®¬¯ ªâë¬ ¬®¦¥áâ¢®¬ � � C á¢ï§  ®¯¥à â®à ¯à®¤®«¦¥¨ï �¨â¨ E0

( ¯à., [12], á. 205). � ¯à®¤®«¦ ¥â «î¡ãî ¥¯à¥àë¢ãî   � äãªæ¨î f(z) ¤® ¥¯à¥àë¢®©
¢ C äãªæ¨¨ u(z) â ª¨¬ ®¡à §®¬, çâ®

 ) ¥á«¨ f 2 H�(�), â. ¥. ã¤®¢«¥â¢®àï¥â   � ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ � 2 (0; 1], â®
u(z) ã¤®¢«¥â¢®àï¥â â ª®¬ã ¦¥ ãá«®¢¨î ¢® ¢á¥© ª®¬¯«¥ªá®© ¯«®áª®áâ¨;

¡) ¢ C n � ¯à®¤®«¦¥¨¥ u(z) ¨¬¥¥â ¯à®¨§¢®¤ë¥ ¯¥à¢®£® ¯®àï¤ª , ¯à¨ç¥¬

j gradu(z)j � C(dist(z;�))��1; C = const :

�ã¤¥¬  §ë¢ âì ¯à®¤®«¦¥¨ï, ®¡« ¤ îé¨¥ íâ¨¬¨ ¤¢ã¬ï á¢®©áâ¢ ¬¨, ¯à®¤®«¦¥¨ï¬¨ â¨¯  �¨â-
¨.

� à ¡®â¥ [7] ¯®ª § ®, çâ® ¤«ï ¯à®¤®«¦¥¨ï â¨¯  �¨â¨ ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ (2) áãé¥-
áâ¢ã¥â ¯à¨ ãá«®¢¨¨

� > �(�)� 1; (3)

£¤¥ �(�) | ¢¥àåïï ¬¥âà¨ç¥áª ï à §¬¥à®áâì ª®¬¯ ªâ  � (á¬.,  ¯à., [13]); íâã ¢¥«¨ç¨ã â ª¦¥
 §ë¢ îâ ª«¥â®ç®© à §¬¥à®áâìî � [14]. � «¥¥, ¯à¨ íâ®¬ ãá«®¢¨¨ ¤«ï «î¡®© ¯ àë ¯à®¤®«¦¥-
¨© â¨¯  �¨â¨ u1, u2 á¯à ¢¥¤«¨¢® à ¢¥áâ¢®ZZ

D+

@u1
@z

dz dz =
ZZ
D+

@u2
@z

dz dz:

�â¬¥â¨¬, çâ® ¨§ ¥à ¢¥áâ¢  (3) á«¥¤ã¥â �(�) < 2; íâ® § ç¨â, çâ® ªà¨¢ ï � ¨¬¥¥â ¯«®é ¤ì 0 ¨
®£à ¨ç¨¢ ¥¬ ï ¥î ®¡« áâì ¨§¬¥à¨¬ . �á¥ íâ® ¤¥« ¥â ª®àà¥ªâë¬

�¯à¥¤¥«¥¨¥ 1. �á«¨ § ¬ªãâ ï ªà¨¢ ï � ¨¬¥¥â ª«¥â®çãî à §¬¥à®áâì �(�), f 2 H�(�)
¨ ¢ë¯®«¥® ãá«®¢¨¥ (3), â® Z

�

f(z)dz def= �

ZZ
D+

@(vu0)
@z

dz dz; (4)

£¤¥ u | «î¡®¥ ¯à®¤®«¦¥¨¥ â¨¯  �¨â¨ äãªæ¨¨ f .

�¥£ª® ¢¨¤¥âì, çâ® ¤«ï á¯àï¬«ï¥¬®© ªà¨¢®© § ç¥¨¥ ¨â¥£à «  (4) á®¢¯ ¤ ¥â á ®¡ëçë¬.
�ãáâì �k, k = 1;1, | ¯à®áâë¥ § ¬ªãâë¥ ªà¨¢ë¥, ®£à ¨ç¨¢ îé¨¥ ª®¥çë¥ ®¡« áâ¨ D+

k

¨ á£ãé îé¨¥áï ª ª®¥ç®© â®çª¥ z0. �ã¤¥¬ áç¨â âì, çâ® ®¡« áâ¨ D+
k ¯®¯ à® ¥ ¯¥à¥á¥ª îâáï,

¯à¨ç¥¬ z0 =2 �k, k = 1;1.
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�¨¦¥ ¡ã¤ãâ ¨á¯®«ì§®¢ ë á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

� =
[
k�1

�k; � = �
[
fz0g; nk(z) =

(
1 ¯à¨ z 2 D

+

k ;

0 ¯à¨ z 2 C n D
+

k ;
n(z) =

X
k�1

nk(z):

�ç¥¢¨¤®, ¢  è¥¬ á«ãç ¥ áã¬¬  n(z) à ¢  1   ¬®¦¥áâ¢¥ D+ =
S
k�1

D+
k ¨ ã«î ¢ ®¡« áâ¨

D� = C n D
+
.

�à¨ f 2 H�(�) ¯® ®¯à¥¤¥«¥¨î ¨¬¥¥¬Z
�

f(z)dz =
X
k�1

Z
�k

f(z)dz = �
X
k�1

ZZ
D
+

k

@u

@z
dz dz = �

ZZ
C

@u

@z
n(z)dz dz (5)

(¢ á¨«ã ¥§ ¢¨á¨¬®áâ¨ ¨â¥£à «  (4) ®â ¢ë¡®à  ¯à®¤®«¦¥¨ï â¨¯  �¨â¨ ¬®¦® ¢® ¢á¥å á« £ -
¥¬ëå ¨á¯®«ì§®¢ âì ®¤® ¨ â® ¦¥ ¯à®¤®«¦¥¨¥ u(z), à ¢®¥ ¯à®¤®«¦¥¨î �¨â¨ äãªæ¨¨ f(z)
á® ¢á¥£® ª®¬¯ ªâ  � ¢ æ¥«®¬).

� à ¡®â¥ [15] ¤®ª § ®, çâ® ¯à®¨§¢®¤ ï @u=@z ¨â¥£à¨àã¥¬  ¢ «î¡®© ª®¥ç®© ç áâ¨ ¯«®á-
ª®áâ¨ ¢ «î¡®© áâ¥¯¥¨, ¥ ¯à¥¢®áå®¤ïé¥© ¢¥«¨ç¨ë (2 � �(�))=(1 � �). �®íâ®¬ã àï¤ (5) ¨§
¨â¥£à «®¢ áå®¤¨âáï ¯à¨ ãá«®¢¨¨ (3).

� ¬¥ç ¨¥ 1. �á«¨ � | ®¤  á¯àï¬«ï¥¬ ï ªà¨¢ ï, â® �(�) = 1. �¤ ª® ¤«ï á¨áâ¥¬ë
� = f�kgk�1 áç¥â®£® ¬®¦¥áâ¢  ªà¨¢ëå à §¬¥à®áâì �(�) ¬®¦¥â ®ª § âìáï ¡®«ìè¥ ¥¤¨¨æë,
¤ ¦¥ ¥á«¨ ª ¦¤ ï ¨§ á®áâ ¢«ïîé¨å ¥¥ ªà¨¢ëå �k á¯àï¬«ï¥¬ . �®íâ®¬ã ãá«®¢¨¥ áå®¤¨¬®áâ¨
(3) ï¢«ï¥âáï á®¤¥à¦ â¥«ìë¬ ¤ ¦¥ ¢ á«ãç ¥, ª®£¤  àï¤ (5) á®áâ®¨â ¨§ ®¡ëçëå ¨â¥£à «®¢ ¯®
á¯àï¬«ï¥¬ë¬ ªà¨¢ë¬.

3. �¥á®¡áâ¢¥ë© ¨â¥£à « ¯® ¥á¯àï¬«ï¥¬®¬ã ª®âãàã. �á«¨ �| á¯àï¬«ï¥¬ ï ªà¨¢ ï, â®
¢® ¬®£¨å á«ãç ïå ¨â¥£à «ì ï ç áâì ®¯¥à â®à  eS� ¨¬¥¥â á¬ëá« ª ª ¥á®¡áâ¢¥ë© ¨â¥£à «.
�à¨¥â¨àãïáì   íâ¨ á¨âã æ¨¨, ¤ ¤¨¬ ®¯à¥¤¥«¥¨¥ ¥á®¡áâ¢¥®£® ¨â¥£à «  ¯® ¥á¯àï¬«ï¥¬®©
ªà¨¢®©. �®-¢¨¤¨¬®¬ã, â ª®¥ ®¯à¥¤¥«¥¨¥ ¤ ¥âáï ¢¯¥à¢ë¥.

�ãáâì á ç «  � | ®¤  ¥á¯àï¬«ï¥¬ ï ªà¨¢ ï, ª®â®à ï ï¢«ï¥âáï § ¬ªãâ®© ¨ ®£à ¨ç¨-
¢ îé¥© ®¡« áâì D+, f(z) | § ¤  ï   � äãªæ¨ï, â¥àïîé ï ¥¯à¥àë¢®áâì ¢ â®çª¥ t 2 �.
�«ï ¯à®¤®«¦¥¨ï f ¢ãâàì D+ ¬ë ¥ ¬®¦¥¬ ¢®á¯®«ì§®¢ âìáï ®¯¥à â®à®¬ ¯à®¤®«¦¥¨ï �¨â¨
E0, â. ª. ® \à §¬ ¦¥â" â®ç¥çãî ®á®¡¥®áâì   ¥ª®â®à®¬ ¯®¤¬®¦¥áâ¢¥ D+ («¨¨¨ ¨«¨ ¤ ¦¥
®¡« áâ¨). �â®¡ë ¨§¡¥¦ âì íâ®£®, ®¯¨è¥¬ ®á®¡¥®áâì f ¢ â®çª¥ t ¢ ¢¥á®¢ëå â¥à¬¨ å.

�ãáâì v(z) | ¥¯à¥àë¢ ï ¢ D
+
n ftg ¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï ¢ D+ äãªæ¨ï,

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

jv(z)j � Cjz � tj�1; j@v=@zj � Cjz � tj�1; z 2 D
+
n ftg: (6)

�ã¤¥¬ ®â®á¨âì äãªæ¨î f ª ª« ááã H0
�(�; v), ¥á«¨ ®  ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ f = v � f0, £¤¥ f 2

H�(�) ¨ f0(t) = 0. �á«¨ u0(z) ¥áâì ¯à®¤®«¦¥¨¥ â¨¯  �¨â¨ äãªæ¨¨ f , â® u(z) = v(z) �u0(z) ¥áâì
¯à®¤®«¦¥¨¥ äãªæ¨¨ f , ®áâ ¢«ïîé¥¥ ®á®¡¥®áâì á®áà¥¤®â®ç¥®© ¢ â®çª¥ t. � á¨«ã ãá«®¢¨ï
(6) ¨â¥£à « ZZ

D+

@u

@z
dz dz =

ZZ
D+

v(z)
@u0
@z

dz dz +
ZZ
D+

@v

@z
u0(z)dz dz (7)

áãé¥áâ¢ã¥â, ¥á«¨ ¯à®¨§¢®¤ ï @u0=@z ¨â¥£à¨àã¥¬  ¢ ¥ª®â®à®© áâ¥¯¥¨, ¡®«ìè¥© ¤¢ãå. �®£« á-
® ã¦¥ ã¯®¬¨ ¢è¥¬ãáï à¥§ã«ìâ âã ¨§ [15] ¤«ï íâ®£® ¤®áâ â®ç® ¯®âà¥¡®¢ âì

� > �(�)=2: (8)

�®¢â®àïï à ááã¦¤¥¨ï [15], ¥âàã¤® ¤®ª § âì, çâ® ¢¥«¨ç¨  ¨â¥£à «  (7) ¥ § ¢¨á¨â ¯à¨ íâ®¬
®â ¢ë¡®à  ¯à®¤®«¦¥¨ï â¨¯  �¨â¨ u0(z).
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�¯à¥¤¥«¥¨¥ 2. �á«¨ § ¬ªãâ ï ªà¨¢ ï � ¨¬¥¥â ª«¥â®çãî à §¬¥à®áâì �(�), f 2 H0
�(�; v),

¢¥á v ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (6) ¨ ¢ë¯®«¥® ¥à ¢¥áâ¢® (8), â®Z
�

f(z)dz def= �

ZZ
D+

@(vu0)
@z

dz dz;

£¤¥ u0 | «î¡®¥ ¯à®¤®«¦¥¨¥ â¨¯  �¨â¨ äãªæ¨¨ f0 = v�1 � f .

�¥£ª® ¢¨¤¥âì, çâ® ¤«ï á¯àï¬«ï¥¬®© ªà¨¢®© íâ®â ¨â¥£à « á®¢¯ ¤ ¥â á ®¡ëçë¬ ¥á®¡áâ¢¥-
ë¬ ¨â¥£à «®¬.

�¥à¥å®¤ ª á¨âã æ¨¨, ª®£¤  � ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ¨§ ª®¥ç®£® ¨«¨ áç¥â®£® ç¨á« 
ªà¨¢ëå, ¥ ¢ë§ë¢ ¥â ¨ª ª¨å ®á«®¦¥¨©, ¯®ª  ®á®¡¥®áâì t ¯à¨ ¤«¥¦¨â «¨èì ®¤®© ¨§
íâ¨å ªà¨¢ëå, ¯®áª®«ìªã â®£¤  «¨èì ®¤¨ ¨§ ¨â¥£à «®¢ àï¤  (5) áâ ®¢¨âáï ¥á®¡áâ¢¥ë¬.
�®íâ®¬ã ¤«ï f 2 H0

�(�; v) íâ®â àï¤ áå®¤¨âáï, ¥á«¨ § ¬¥¨âì ãá«®¢¨¥ (3) ¥à ¢¥áâ¢®¬ (8). �â ª,
¥à ¢¥áâ¢® (8) ï¢«ï¥âáï ¤®áâ â®çë¬ ãá«®¢¨¥¬ áå®¤¨¬®áâ¨ ¨â¥£à «  (5) ¯® áç¥â®© á¨áâ¥¬¥
¥¢«®¦¥ëå ªà¨¢ëå f�kgk�1 á ¯«®â®áâìî f 2 H0

�(�; v), ¥á«¨ ¢¥á v ã¤®¢«¥â¢®àï¥â (6).

� ¬¥ç ¨¥ 2. �®®¡é¥ £®¢®àï, ¬ë ¤®«¦ë § ¬¥¨âì ®£à ¨ç¥¨¥ (3) ¡®«¥¥ ¦¥áâª¨¬ (8)
«¨èì ¢¡«¨§¨ â®çª¨ t, áª ¦¥¬, «¨èì   â®© ªà¨¢®© �k, £¤¥ «¥¦¨â íâ  â®çª . �® ¢ ¤ «ì¥©è¥¬ t
¯à®¡¥£ ¥â ¢á¥ ¬®¦¥áâ¢® � n fz0g, ¯®íâ®¬ã ¬ë ¥ ¨á¯®«ì§ã¥¬ §¤¥áì íâã ¢®§¬®¦®áâì ®á« ¡«¥¨ï
®£à ¨ç¥¨ï (8).

4. �¨£ã«ïàë© ¨â¥£à «ìë© ®¯¥à â®à. �á«¨ ' 2 H�(�), â® äãªæ¨ï  (z) =
'(z)�'(t)

z�t
¯à¨-

 ¤«¥¦¨â ¯à¨ t 2 � ª« ááãH0
�(�; v), £¤¥ ¢¥á v(z) = (z�t)�1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (6). �®íâ®¬ã

¬®¦¥¬ à áá¬®âà¥âì ®¡®¡é¥ë© ¥á®¡áâ¢¥ë© ¨â¥£à «

1
�i

Z
�

'(z) � '(t)
z � t

dz; t 2 �:

� ª®àà¥ªâ® ®¯à¥¤¥«¥, ¥á«¨ ªà¨¢ ï � ®¤  «¨¡® á®áâ®¨â ¨§ áç¥â®£® ¬®¦¥áâ¢  ¥¢«®¦¥ëå
ª®âãà®¢ ¨ ¢ë¯®«¥® ãá«®¢¨¥ (8). �¥©áâ¢ãï ä®à¬ «ì®, § ¯¨è¥¬

S�'(t) =
1
�i

Z
�

'(z)dz
z � t

=
1
�i

Z
�

'(z) � '(t)
z � t

dz +
'(t)
�i

Z
�

dz

z � t
;

¨ â¥¯¥àì ã¦® ¯à¨¤ âì á¬ëá« ¢ëà ¦¥¨î 1
�i
v. p.

R
�

dz

z�t
. �¯à¥¤¥«¥¨¥ ®¯¥à â®à  eS�' ®á®¢ ®

  § ¬¥¥ íâ®£® ¢ëà ¦¥¨ï ¥¤¨¨æ¥©. �®áâã¯ ï   «®£¨ç® ¢ á«ãç ¥ áç¥â®© á¨áâ¥¬ë ¥¢«®-
¦¥ëå ªà¨¢ëå, ¥£® â ª¦¥ § ¬¥¨¬ ¥¤¨¨æ¥©. � ª¨¬ ®¡à §®¬, ¯® ®¯à¥¤¥«¥¨î ¯®« £ ¥¬

S�'(t) = '(t) +
1
�i

Z
�

'(z)� '(t)
z � t

dz; t 2 �; (9)

£¤¥ ¨â¥£à « ¯® á¨áâ¥¬¥ � ¯®¨¬ ¥âáï ª ª àï¤ ¨§ (®¡®¡é¥ëå) ¨â¥£à «®¢ ¯® á®áâ ¢«ïîé¨¬
á¨áâ¥¬ã � ªà¨¢ë¬ �k. �§ á®®â®è¥¨© (5) ¨ (7) ¥¬¥¤«¥® á«¥¤ã¥â

S�'(t) = '(t)�
1
�i

ZZ
C

@u

@z
�
n(z)dz dz
z � t

; (10)

£¤¥ u | «î¡®¥ ¯à®¤®«¦¥¨¥ â¨¯  �¨â¨ äãªæ¨¨ '. �¢®©áâ¢  ¢å®¤ïé¥£® ¢ (10) ¨â¥£à «ì®-
£® ®¯¥à â®à  å®à®è® ¨§¢¥áâë ( ¯à., [16], á. 54{69). � ç áâ®áâ¨, ¥á«¨ ¯à®¨§¢¥¤¥¨¥ n(z)@u=@z
¨â¥£à¨àã¥¬® ¢ áâ¥¯¥¨ p > 2, â® íâ®â ¨â¥£à « ¤ ¥â äãªæ¨î, ã¤®¢«¥â¢®àïîéãî ¢ C ãá«®¢¨î
��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 1 � 2p�1. �®íâ®¬ã ¨§ [15] á«¥¤ã¥â, çâ® ¢ á«ãç ¥ ¥¢«®¦¥ëå ªà¨¢ëå
äãªæ¨ï S�'(t) ã¤®¢«¥â¢®àï¥â   � ãá«®¢¨î ��¥«ì¤¥à  á «î¡ë¬ ¯®ª § â¥«¥¬, ¬¥ìè¨¬ ¢¥«¨ç¨-
ë

A(�;�) = 1� 2((2� �(�))=(1 � �))�1 = (2�� �(�))=(2 � �(�)):
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� ª¨¬ ®¡à §®¬, ®¯¥à â®à S� ¥ ®â®¡à ¦ ¥â ¨ ®¤® ¨§ ¯à®áâà áâ¢ ��¥«ì¤¥à  H� (0 < � < 1)
  á¥¡ï. �« áá¨ç¥áª®¥ á®®â®è¥¨¥ S2

� = J â¥àï¥â á¬ëá« (§¤¥áì ¨ ¨¦¥ J | â®¦¤¥áâ¢¥ë©
®¯¥à â®à), ¯®áª®«ìªã äãªæ¨ï S�'(t) ¬®¦¥â ®ª § âìáï ¥¨â¥£à¨àã¥¬®© ¢ á¬ëá«¥ ¯à¨¢¥¤¥ëå
¢ëè¥ ®¯à¥¤¥«¥¨©.

� áá¬®âà¨¬ â¥¯¥àì ¨â¥£à « â¨¯  �®è¨

�(z) =
1
2�i

Z
�

'(t)dt
t� z

; z 2 C n �: (11)

�à¨ ä¨ªá¨à®¢ ®¬ z 2 C n � ¨ ' 2 H�(�) ¨¬¥¥¬ '(t)(t � z)�1 2 H�(�), ¯®íâ®¬ã íâ®â ¨â¥£à «
®¯à¥¤¥«¥   ¥¢«®¦¥ëå ªà¨¢ëå ¯à¨ ãá«®¢¨¨ (3). �ç¥¢¨¤®, äãªæ¨ï �(z) £®«®¬®àä  ¢
C n �, �(1) = 0 ¨ ¢ C n � ®  ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

�(z) = u(z)n(z) �
1
2�i

ZZ
C

@u

@�
�
n(�)d� d�
� � z

: (12)

�â¥£à «ìë© ç«¥ íâ®£® ¯à¥¤áâ ¢«¥¨ï ¥¯à¥àë¢¥ ¢ C ¯à¨ ãá«®¢¨¨ (8). �®íâ®¬ã ¢ ª ¦¤®©
â®çª¥ t 2 � äãªæ¨ï �(z) ¨¬¥¥â ¯à¨ íâ®¬ ãá«®¢¨¨ ¥¯à¥àë¢ë¥ ¯à¥¤¥«ìë¥ § ç¥¨ï á ®¡¥¨å
áâ®à® �+(t) ¨ ��(t), ¯à¨ç¥¬

�+(t) = '(t)�
1
2�i

ZZ
D+

@u

@z
�
dz dz

z � t
;

��(t) = �
1
2�i

ZZ
D+

@u

@z
�
dz dz

z � t
:

�âáî¤  ¯®«ãç ¥¬ ä®à¬ã«ë �®å®æª®£®

�+(t) =
1
2
(J + S�)'; ��(t) =

1
2
(J � S�)';

�+(t)���(t) = '(t); �+(t) + ��(t) = S�'(t); t 2 � n fz0g;

¤«ï áç¥âëå á¨áâ¥¬ § ¬ªãâëå ¥á¯àï¬«ï¥¬ëå ªà¨¢ëå ¯à¨ â¥å ¦¥ ãá«®¢¨ïå, ¯à¨ ª®â®àëå ¢
 ç «¥ íâ®£® ¯ãªâ  ¡ë« ®¯à¥¤¥«¥ á¨£ã«ïàë© ¨â¥£à «ìë© ®¯¥à â®à S�.

�â¬¥â¨¬ ¥é¥ ®¤® á¢®©áâ¢® ¨â¥£à «  â¨¯  �®è¨ (11). � á¨«ã ¯à¥¤áâ ¢«¥¨ï (12) áã¦¥¨ï
�(z)   D+ ¨   D� ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ��¥«ì¤¥à  á «î¡ë¬ ¯®ª § â¥«¥¬, ¬¥ìè¨¬ A(�;�).

5. �á«®¢¨ï íª¢¨¢ «¥â®áâ¨ å à ªâ¥à¨áâ¨ç¥áª®£® á¨£ã«ïà®£® ¨â¥£à «ì®£® ãà ¢¥¨ï

§ ¤ ç¥ �¨¬  . � áá¬®âà¨¬ ãà ¢¥¨¥ (1), ¯®¨¬ ï ¢ ¥¬ ®¯¥à â®à S� ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥-
«¥¨¥¬ ¯à¥¤ë¤ãé¥£® ¯ãªâ . � ç áâ®áâ¨, íâ® ®§ ç ¥â, çâ® ¨áª®¬ ï äãªæ¨ï '(t) ¯à¨ ¤«¥¦¨â
ª« ááã H�(�) ¯à¨ � > �(�)=2. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® § ¤ ë¥ äãªæ¨¨ a(t), b(t), f(t) â ª¦¥
ã¤®¢«¥â¢®àïîâ â ª®¬ã ãá«®¢¨î. �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ äãªæ¨î (11). �â ¤ àâë¥ ¯à¥®¡à -
§®¢ ¨ï, ®á®¢ ë¥   ä®à¬ã« å �®å®æª®£®, ¤ îâ ( ¯à., [1], [2])

�+(t) = G(t)��(t) + g(t); t 2 �; (13)

£¤¥ G(t) = a(t)�b(t)
a(t)+b(t)

, g(t) = f(t)
a(t)+b(t)

. � ª¨¬ ®¡à §®¬, ¢áïª®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¯®à®¦¤ ¥â
à¥è¥¨¥ § ¤ ç¨ �¨¬   (13) ¢ ª« áá¥ äãªæ¨©, ¨áç¥§ îé¨å ¢ ¡¥áª®¥ç®áâ¨, ã¤®¢«¥â¢®àïî-
é¨å ¢ D+ ¨ D� ãá«®¢¨î ��¥«ì¤¥à  á «î¡ë¬ ¯®ª § â¥«¥¬, ¬¥ìè¨¬ A(�;�). �«ï ¤®ª § â¥«ìáâ¢ 
íª¢¨¢ «¥â®áâ¨ ãà ¢¥¨ï (1) â ª®© § ¤ ç¥ �¨¬   ¬ë ¤®«¦ë ¯à®¢¥à¨âì ®¡à â®¥ á®®â¢¥â-
áâ¢¨¥, â. ¥. ãáâ ®¢¨âì, ¬®¦® «¨ ¨§ à¥è¥¨ï �(z) § ¤ ç¨ (13) ¢ ãª § ®¬ ª« áá¥ ¯®«ãç¨âì ¯®
ä®à¬ã«¥

'(t) = �+(t)� ��(t)

47



à¥è¥¨¥ ãà ¢¥¨ï (1). �â® § ç¨â, çâ® áª ç®ª �+(t) � ��(t) ¤®«¦¥ ã¤®¢«¥â¢®àïâì ãá«®¢¨î
��¥«ì¤¥à  á ¥ª®â®àë¬ ¯®ª § â¥«¥¬ � > �(�)=2,   â ª¦¥ ¤®«¦® á®¡«î¤ âìáï à ¢¥áâ¢®

�(z) =
1
2�i

Z
�

�+(t)� ��(t)
t� z

dt: (14)

�§ à¥§ã«ìâ â®¢ �.�.� æ  [11] á«¥¤ã¥â, çâ® ¯à¨ ãá«®¢¨ïå G; g 2 H�(�), G(t) 6= 0, � > �(�)=2
ªà ¥¢ë¥ § ç¥¨ï �+(t) ¨ ��(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ��¥«ì¤¥à  á «î¡ë¬ ¯®ª § â¥«¥¬, ¬¥ì-
è¨¬ A(�;�). � ª¨¬ ®¡à §®¬, áª ç®ª �+(t) � ��(t) ¯®¯ ¤ ¥â ¢ ®¡« áâì ®¯à¥¤¥«¥¨ï ®¯¥à â®à 
S�, ¥á«¨

A(�;�) > �(�)=2: (15)

� «¥¥, ¯à¨ íâ®¬ ãá«®¢¨¨ ¢ ®¡¥¨å ç áâïå à ¢¥áâ¢  (14) áâ®ïâ äãªæ¨¨ á ®¤¨ ª®¢ë¬ áª çª®¬
  ª®âãà¥ �. �å à §®áâì ¯à¥¤áâ ¢«ï¥â á®¡®© äãªæ¨î, ª®â®à ï ¥¯à¥àë¢  ¢ C , £®«®¬®àä 
¢ C n � ¨ ¨áç¥§ ¥â ¢ â®çª¥ 1. �á«¨ ãáâ ®¢¨¬, çâ® ®  £®«®¬®àä  ¢ C , â® ®âáî¤  ¡ã¤¥â á«¥¤®-
¢ âì à ¢¥áâ¢® (14) ¯® â¥®à¥¬¥ �.�.�®«¦¥ª® [17]: ¥á«¨ äãªæ¨ï F(z) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
��¥«ì¤¥à  á ¯®ª § â¥«¥¬ � ¢ ®¡« áâ¨ D � C ¨ £®«®¬®àä  ¢ ®¡« áâ¨ � � D, £¤¥ à §¬¥à®áâì
� ãá¤®àä  �H ¬®¦¥áâ¢  D n� áâà®£® ¬¥ìè¥ �+ 1, â® äãªæ¨ï F(z) £®«®¬®àä  ¢ D.

�¥¢ ï ç áâì (14) ã¤®¢«¥â¢®àï¥â ¢ D+ ¨D� ãá«®¢¨î ��¥«ì¤¥à  á «î¡ë¬ ¯®ª § â¥«¥¬, ¬¥ìè¨¬
A(�;�),   ¯à ¢ ï | á «î¡ë¬ ¯®ª § â¥«¥¬, ¬¥ìè¨¬

A1(�;�) = A(A(�;�);�) = 1� 4(1 � �)=(2 � �(�))2:

� ¨â¥à¥áãîé¨å  á ¨â¥à¢ « å ¨§¬¥¥¨ï ¯ à ¬¥âà®¢ � ¨ �(�), â. ¥. ¯à¨ 0 < � � 1, 1 � �(�) < 2,
¨¬¥¥¬ A1(�;�) � A(�;�). � ª¨¬ ®¡à §®¬, à ¢¥áâ¢® (14) á¯à ¢¥¤«¨¢® ¯à¨ ãá«®¢¨¨

A1(�;�) > �H(�)� 1; (16)

£¤¥ �H(�) | à §¬¥à®áâì � ãá¤®àä  �. �¥âàã¤® ã¡¥¤¨âìáï, çâ® ãá«®¢¨¥ (16) ¢«¥ç¥â (15).
�â ª, ãáâ ®¢«¥  íª¢¨¢ «¥â®áâì ãà ¢¥¨ï (1) § ¤ ç¥ (13) ¯à¨ ãá«®¢¨¨ (16). �¥¯¥àì ®¯¨-

è¥¬ ª àâ¨ã à §à¥è¨¬®áâ¨ ãà ¢¥¨ï (1)   ®á®¢¥ ¨§¢¥áâ®© [11] ª àâ¨ë à §à¥è¨¬®áâ¨ § -
¤ ç¨ (13).

�¥®à¥¬  1. �ãáâì � = f�kgk�1 | áç¥â ï á¨áâ¥¬  ¥á¯àï¬«ï¥¬ëå § ¬ªãâëå ¥¢«®-

¦¥ëå ªà¨¢ëå, á£ãé îé¨åáï ª ª®¥ç®© â®çª¥ z0,   § ¤ ë¥   ¥© äãªæ¨¨ a(t), b(t), f(t)
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ a; b; f 2 H�(�) ¨ a2(t) 6= b2(t), t 2 �, ¯à¨ç¥¬ ¯®ª § â¥«ì � ã¤®¢«¥-

â¢®àï¥â ¥à ¢¥áâ¢ã (16). �®£¤  à §¬¥à®áâ¨ ï¤à  ¨ ª®ï¤à  ãà ¢¥¨ï (1) à ¢ë maxf{; 0g ¨

maxf�{; 0g á®®â¢¥âáâ¢¥®, £¤¥

{ =
1X
k=1

1
2�

�
arg

a(t)� b(t)
a(t) + b(t)

�
�k

(¢ íâ®© áã¬¬¥ à §¢¥ «¨èì ª®¥ç®¥ ç¨á«® á« £ ¥¬ëå, ®â«¨çëå ®â ã«ï).

�á¯®«ì§ãï [11], ¢ë¯¨è¥¬ à¥è¥¨¥ ¨ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ãà ¢¥¨ï (1) ¢ ï¢®¬ ¢¨¤¥.
�¬¥®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2.  ) �à¨ { � 0 ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¨¬¥¥â ¢¨¤

'(t) = a(t)f(t)� b(t)Z(t)S�(f=Z)(t)� 2b(t)Z(t)P{(t); (17)

£¤¥ P{(t) | ¯à®¨§¢®«ìë© ¯®«¨®¬ áâ¥¯¥¨ ¥ ¢ëè¥ {, X(z) | ª ®¨ç¥áª ï äãªæ¨ï ®¤®à®¤-

®© § ¤ ç¨ �¨¬   (13) (g � 0), Z(t) = [a(t) � b(t)]X�(t) = [a(t) + b(t)]X+(t); ¯à¨ç¥¬ ¯®á«¥¤¥¥

á« £ ¥¬®¥ ä®à¬ã«ë (17) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡é¥¥ à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï K0' � 0,  
áã¬¬  ¯¥à¢ëå ¤¢ãå á« £ ¥¬ëå | ¥ª®â®à®¥ ç áâ®¥ à¥è¥¨¥ ¥®¤®à®¤®£® ãà ¢¥¨ï (1);
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¡) ¯à¨ { � �1 ®¤®à®¤®¥ ãà ¢¥¨¥ ¥à §à¥è¨¬®,   ¥®¤®à®¤®¥ ãà ¢¥¨¥ (1) à §à¥è¨¬®
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£® ¯à ¢ ï ç áâì f(t) ã¤®¢«¥â¢®àï¥â �{ � 1 ãá«®¢¨ï¬ à §à¥è¨-

¬®áâ¨ ZZ
D+

�m�1
@

@�
E0

�
f

Z

�
(�)d� d� = 0; m = 1;�{ � 1:

� ¬¥ç ¨¥ 3. �à®¢¥¤ï à ááã¦¤¥¨ï, ª ª ¢ ¢ëè¥¨§«®¦¥®¬ á«ãç ¥, ¬®¦® ¯®«ãç¨âì ª à-
â¨ã à §à¥è¨¬®áâ¨ ¨ ¤«ï á®î§®£® á¨£ã«ïà®£® ãà ¢¥¨ï

K00 � a(t) (t) � S�(b )(t) = h(t):

� § ª«îç¥¨¥  ¢â®à ¢ëà ¦ ¥â ¯à¨§ â¥«ì®áâì ¯à®ä¥áá®àã �.�.� æã, ª®â®àë© ¢ëáª § «
àï¤ ¯®«¥§ëå § ¬¥ç ¨©, á¯®á®¡áâ¢®¢ ¢è¨å ã«ãçè¥¨î ¨§«®¦¥¨ï ¯®«ãç¥ëå à¥§ã«ìâ â®¢.
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