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1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ ¯®áâ ­®¢ª  § ¤ ç¨

�ãáâì �s = [��; �]s | s-¬¥à­ë© ªã¡, Lp(�s), 1 � p < 1, | ¬­®¦¥áâ¢® ¢á¥å ¨§¬¥à¨¬ëå
2�-¯¥à¨®¤¨ç¥áª¨å ¯® ª ¦¤®© ¯¥à¥¬¥­­®© äã­ªæ¨© f(x) = f(x1; : : : ; xs) â ª¨å, çâ®

kfkp = (2�)�s
�Z

�s

jf(x)jpdx
� 1

p

<1;

Lp
0(�s) =

�
f 2 Lp(�s) :

Z �

��

f(x)dxj = 0; j = 1; : : : ; s
�
:

�«ï ¯®¤¬­®¦¥áâ¢  B ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  Rs ç¥à¥§ B0 ¨ B+ ®¡®§­ ç¨¬ ¬­®¦¥áâ¢ , á®-
áâ®ïé¨¥ ¨§ ¢á¥å í«¥¬¥­â®¢ x = (x1; : : : ; xs) 2 B, ª ¦¤ ï ª®¬¯®­¥­â  ª®â®àëå ­¥®âà¨æ â¥«ì­ 
¨ ¯®«®¦¨â¥«ì­  á®®â¢¥âáâ¢¥­­®. �¥à¥§ Zs, ª ª ®¡ëç­®, ®¡®§­ ç¨¬ æ¥«®ç¨á«¥­­ãî à¥è¥âªã Rs.
�«ï n 2 Zs

+ ¯®«®¦¨¬ knk1 = n1 + � � �+ ns, 2�n = (2�n1 ; : : : ; 2�ns).
�«ï f 2 Lp(�s) ¢¢¥¤¥¬ á¬¥è ­­ë© ¬®¤ã«ì £« ¤ª®áâ¨ ¯®àï¤ª  k 2 Zs

+


k(f ; t)p � 
k(f ; t1; : : : ; ts)p = sup
jhj j�tj
j=1;:::;s

k�k
hf(x)kp; t 2 [0; 1]s;

£¤¥ �k
hf(x) = �ks

hs
: : :�k1

h1
f(x), �kj

hj
= �1

hj
(�kj�1

hj
), �1

hj
f(x) = f(x1; : : : ; xj + hj ; : : : ; xs) � f(x1; : : : ,

xj ; : : : ; xs).
�«ï f 2 Lp(�s) ç¥à¥§ EG(f)p ®¡®§­ ç ¥âáï ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ f ¯®«¨­®¬ ¬¨

¨§ T (G), £¤¥ G | ª®­¥ç­®¥ ¬­®¦¥áâ¢® â®ç¥ª Zs,  

T (G) =
�
t(x) : t(x) =

X
n2G

cne
i(n;x)

�
:

� ¤ ­­®© à ¡®â¥ á¯¥ªâà G ¡ã¤¥â § ¤ ­ ¯®áà¥¤áâ¢®¬ ­¥¯à¥àë¢­®© ­  [0; 1]s äã­ªæ¨¨ �(t) =
�(t1; : : : ; ts), ­¥ã¡ë¢ îé¥© ¯® ª ¦¤®© ¯¥à¥¬¥­­®© ¯à¨ «î¡ëå ä¨ªá¨à®¢ ­­ëå ®áâ «ì­ëå ¨ â -

ª®©, çâ® �(t) > 0 (�(t) = 0) ¯à¨
sQ

j=1
tj > 0

� sQ
j=1

tj = 0
�
.

�«ï N > 0 o¯à¥¤¥«¨¬ ¬­®¦¥áâ¢ 

�(�; N) =
�
m 2 Zs

+ : �(2�m) � 1
N

	
; �?(�; N) = Zs

+ n �(�; N);

�(n) = fm = (m1; : : : ;ms) 2 Zs : 2nj�1 � jmj j < 2njg (n 2 Zs
+);

Q(�; N) =
[

n2�(�;N)

�(n):

�¢¥¤¥¬ ­¥ª®â®àë¥ ®£à ­¨ç¥­¨ï ­  ¬ ¦®à ­â­ë¥ äã­ªæ¨¨ �(t) (§ ¬¥â¨¬, çâ® à §­ë¥ â¨¯ë
â ª¨å ®£à ­¨ç¥­¨© ¯à¥¤áâ ¢«¥­ë ¢ [1]).
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�® �.�. �¥à­èâ¥©­ã ([2], á. 493) äã­ªæ¨ï '(t) ­ §ë¢ ¥âáï ¯®çâ¨ ¢®§à áâ îé¥© (¯®çâ¨ ã¡ë¢ -
îé¥©) ­  (a; b), £¤¥ 0 � a < b � 1, ¥á«¨ áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï C > 0 â ª ï, çâ® '(t1) � C'(t2)
('(t1) � C'(t2)) ¤«ï ¢á¥å a < t1 < t2 < b.

�ã­ªæ¨ï ®¤­®£® ¯¥à¥¬¥­­®£® '(�) � 0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (S�) (¨«¨ (S�)) ­  (a; b) ¯à¨
� > 0, ¥á«¨ '(�)=�� ¯®çâ¨ ¢®§à áâ ¥â (¯®çâ¨ ã¡ë¢ ¥â) ­  (a; b). � ª¦¥ ¢¢®¤¨âáï ãá«®¢¨¥ (S) ­ 
'(�) ª ª ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (S�) ¤«ï ­¥ª®â®à®£® �, 0 < � < 1, ¨ ¢ íâ®¬ á¬ëá«¥ (S) =

S
0<�<1

(S�).

�ã¤¥¬ £®¢®à¨âì, çâ® �(t) = �(t1; : : : ; ts) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (S�) ((S) ¨«¨ (S�)) ­  (a; b)s

¯à¨ � = (�1; : : : ; �s), ¥á«¨ ¯à¨ ª ¦¤®¬ j = 1; : : : ; s äã­ªæ¨ï �(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (S�j )
((S) ¨«¨ (S�j )) ­  (a; b)s ¯® ¯¥à¥¬¥­­®© tj ¯à¨ ä¨ªá¨à®¢ ­­ëå ®áâ «ì­ëå. �¤¥áì ¨ ¢ ¤ «ì­¥©-
è¥¬ ¢ëà ¦¥­¨¥ \¯à¨ ä¨ªá¨à®¢ ­­ëå ®áâ «ì­ëå ¯¥à¥¬¥­­ëå" ¡ã¤¥â ®§­ ç âì, çâ® ª®­áâ ­â  ¢
á®®â¢¥âáâ¢ãîé¥¬ ®¯à¥¤¥«¥­¨¨ ­¥ § ¢¨á¨â ®â íâ¨å ¯¥à¥¬¥­­ëå.

�ã¤¥¬ â ª¦¥ ã¯®âà¥¡«ïâì ¢¢¥¤¥­­ë¥ (S)-ãá«®¢¨ï ¤«ï äã­ªæ¨© D(n), ®¯à¥¤¥«¥­­ëå ­  Zs,
á § ¬¥­®© ¢ á®®â¢¥âáâ¢ãîé¨å ®¯à¥¤¥«¥­¨ïå '(�)=� � ­  jD(jkj)j=jkj� , £¤¥ jkj 2 Z+.

�ãáâì ­  Zs ®¯à¥¤¥«¥­ë äã­ªæ¨¨ ¨«¨, çâ® â® ¦¥ á ¬®¥, ¯®á«¥¤®¢ â¥«ì­®áâ¨: ¤¥©áâ¢¨â¥«ì-
­®§­ ç­ ï D(n) ¨ �(n) = (�1(n); : : : ; �s(n)) á® §­ ç¥­¨ï¬¨ ¨§ Rs. � á«ãç ¥, ª®£¤  �(n) � � =
(�1; : : : ; �s) 2 Rs, ¢áï ¯®á«¥¤®¢ â¥«ì­®áâì f�(n)gn2Zs ®¡®§­ ç ¥âáï ç¥à¥§ �.

�à¥¤¯®«®¦¨¬, çâ® f 2 L(�s) ¨

�(f ;x) �
X
n2Zs

bf(n)ei(n;x) (1)

| ¥¥ àï¤ �ãàì¥{�¥¡¥£ ,   àï¤ X
n2Zs

D(n)ei(
��(n)

2 ;1) bf(n)ei(n;x) (2)

ï¢«ï¥âáï àï¤®¬ �ãàì¥{�¥¡¥£  ­¥ª®â®à®© äã­ªæ¨¨. �âã äã­ªæ¨î ­ §®¢¥¬ (D;�)-¯à®¨§¢®¤­®©
äã­ªæ¨¨ f ¨ ®¡®§­ ç¨¬ ç¥à¥§ f (D)(x; �), á ¬ã ¦¥ äã­ªæ¨î f ­ §®¢¥¬ (D;�)-¤¨ää¥à¥­æ¨àã¥¬®©.

�à¨ D(n) � 1, � � 0 ¯®«ãç ¥¬ f (1)(x; 0) � f(x). �à¨ s = 1, æ¥«®¬ ¯®«®¦¨â¥«ì­®¬ r ¨
D(n) = nr, � = r ¨§ ¯à¨¢¥¤¥­­®£® ®¯à¥¤¥«¥­¨ï á á®¡«î¤¥­¨¥¬ ­¥®¡å®¤¨¬ëå ®£®¢®à®ª ¯®«ãç ¥¬
®¯à¥¤¥«¥­¨¥ ®¡ëç­®© ¯à®¨§¢®¤­®© f (r),   ¢ á¨¬¬¥âà¨ç­®¬ á«ãç ¥ D(n) = n�r (n 6= 0), � = �r

(D;�)-¤¨ää¥à¥­æ¨à®¢ ­¨¥ äã­ªæ¨¨ f 2 L(�1) á bf(0) = 0 á¢®¤¨âáï ª r-ªà â­®¬ã ¨­â¥£à¨à®¢ ­¨î
¥¥ àï¤  �ãàì¥

X
n2Znf0g

bf(n)ei(n;x)
(in)r

=
1
2�

Z �

��

f(t)	r(x� t)dt; £¤¥ 	r(t) =
X

n2Znf0g

ei(n;t)

(in)r

¥áâì  «£¥¡à ¨ç¥áª¨© ¬­®£®ç«¥­ áâ¥¯¥­¨ r ¯à¨ �� < t < �. � ª¨¬ ®¡à §®¬, ¯à¨ s = 1 ¨
D(n) = jnjr (n 6= 0), �(n) = r signn ¤«ï æ¥«ëå r ¢ ®¯à¥¤¥«¥­¨¨ (1){(2) á®¤¥à¦¨âáï ®¡ëç­®¥
¨­â¥£à¨à®¢ ­¨¥ ¯à¨ r < 0 ¨ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯à¨ r > 0, ®¡ì¥¤¨­¥­­®¥ ¯®¤ ®¡é¨¬ ­ §¢ ­¨¥¬
\¤¨ää¥à¥­æ¨à®¢ ­¨¥".

� «ì­¥©è¥¥ ®¡®¡é¥­¨¥ ¯à®¨§¢®¤­®© á®áâ®ï«® ¢ § ¬¥­¥ ç¨á«  r ¯®¤ §­ ª®¬ exp ­  ¯à®¨§-
¢®«ì­®¥ ç¨á«® �. �®-¢¨¤¨¬®¬ã, ¢¯¥à¢ë¥ íâ® ¡ë«® ¯à¥¤«®¦¥­® ¢ [3]. C¬ëá« ¢¢¥¤¥­¨ï � á®áâ®¨â
¢ â®¬, çâ® ¯à¨ � = r + 2k (k æ¥«®¥) (D;�)-¯à®¨§¢®¤­ ï á®¢¯ ¤ ¥â á ¯à®¨§¢®¤­®© (D; r),   ¯à¨
� = r + 1 + 2k | c äã­ªæ¨¥©, á®¯àï¦¥­­®© á (D; r)-¯à®¨§¢®¤­®©.

�«ï ­¥æ¥«ëå rj , j = 1; : : : ; s (¨ â®£¤  (D;�)-¯à®¨§¢®¤­ ï ­ §ë¢ ¥âáï ¢¥©«¥¢áª®© [4]), ¯à¨
­ ¤«¥¦ é¨å ãâ®ç­¥­¨ïå (á¬., ­ ¯à., ¢ ®¤­®¬¥à­®¬ á«ãç ¥ ([5], c. 200{214; [6], c. 129{134) ¨ ¢
¬­®£®¬¥à­®¬ á«ãç ¥ ([7], c. 237{249)) á®®â¢¥âáâ¢ãîé¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ á¢®¤¨âáï ª ®¯à¥¤¥-
«¥­¨î (1){(2) á

D(n) = D(n1; : : : ; ns) =
sY

j=1

jnj
rj
j ; �j(n) = rj signnj ; j = 1; : : : ; s:
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� ®¤­®¬¥à­®¬ á«ãç ¥ ¨áá«¥¤®¢ ­¨ï á ¯à¨¢«¥ç¥­¨¥¬ (D;�)-¯à®¨§¢®¤­ëå á à §«¨ç­ë¬¨ ãá«®-
¢¨ï¬¨ ­  D ¨ � ¯à®¢¥¤¥­ë à §­ë¬¨  ¢â®à ¬¨ (á¬., ­ ¯à., [8] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¥©).

�à¥¤«®¦¥­­®¥ ­ ¬¨ ®¯à¥¤¥«¥­¨¥ (1){(2) ¥áâì ®¡®¡é¥­¨¥ ®¯¥à æ¨¨ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢
¬­®£®¬¥à­®¬ á«ãç ¥. �®à¬ «ì­® ®­® á¢®¤¨âáï ª § ¬¥­¥ ¬­®¦¨â¥«ï D(n) ¨ �(n) ­  äã­ªæ¨¨

¬­®£¨å ¯¥à¥¬¥­­ëå. �à¨ D(n) =
sQ

j=1
jnj j

rj ¨ �j(n) = �j signnj ¯®«ãç ¥¬ ®¯à¥¤¥«¥­¨¥ (r;�)-

¯à®¨§¢®¤­®© äã­ªæ¨¨ f (­ ¯à., [9]).
� ¤ ­­®© à ¡®â¥ ¤«ï ¯®«¨­®¬®¢ ¨§ T (Q(
; N)) ¯®«ãç¥­ë ­¥à ¢¥­áâ¢  �¥à­èâ¥©­  (­®à¬ë

¯®«¨­®¬  ¨ ¥£® (D;�)-¯à®¨§¢®¤­®© ¨§¬¥àïîâáï ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  Lp, 1 < p < 1) ¨
­¥à ¢¥­áâ¢  �¦¥ªá®­ {�¨ª®«ìáª®£®, á¢ï§ë¢ îé¨¥ ­®à¬ë ¯®«¨­®¬  ¢ à §«¨ç­ëå ¬¥âà¨ª å.
� â¥¬ íâ¨ ­¥à ¢¥­áâ¢  â ª ¦¥, ª ª ¨ ¢ ®¤­®¬¥à­®¬ á«ãç ¥, ¯à¨¬¥­ïîâáï ¤«ï ¯®«ãç¥­¨ï â¥®à¥¬
¢«®¦¥­¨ï ¢ áâ¨«¥ �®­îèª®¢ {�â¥çª¨­  [10] ¨ �«ìï­®¢  [11] (á¬. â ª¦¥ [12]).

2. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�¥¬¬  1. �ãáâì ¤«ï s-ªà â­®© ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�(k)g = f�(k1; : : : ; ks)g áã-

é¥áâ¢ã¥â ç¨á«® M, ­¥ § ¢¨áïé¥¥ ®â n ¨ â ª®¥, çâ®

j�(k)j �M; k 2 Zs;
X

k2�(n)

j�1 : : :�s�(k)j �M; n 2 Zs
0 ;

£¤¥ �j�(k1; : : : ; ks) = �(k1; : : : ; kj +1; : : : ; ks)��(k1; : : : ; ks) (¯ à ««¥«¥¯¨¯¥¤ �(n), ¢ ®¡é¥¬ á«ãç ¥

s-¬¥à­ë©, ¢ëà®¦¤ ¥âáï ¢ ¯ à ««¥«¥¯¨¯¥¤ ¬¥­ìè¥© à §¬¥à­®áâ¨, ¥á«¨ ­¥ª®â®àë¥ ¨§ nj à ¢­ë
­ã«î). �®£¤  ¥á«¨

f(x) �
X
k2Zs

bf(k)ei(k;x) 2 Lp(�s); 1 < p <1;

â® �f �
P

k2Zs

�(k) bf(k)ei(k;x) 2 Lp(�s) ¨ k�fkp � kfkp.

�âo â¥®à¥¬  � àæ¨­ª¥¢¨ç  ® ¬ã«ìâ¨¯«¨ª â®à å (­ ¯à., [13], á .57).
�¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬ ¯à¨ ¯®«®¦¨â¥«ì­ëå A ¨ B § ¯¨áì � � A ¡ã¤¥â ®§­ ç âì B �

C(�; �; : : : ) � A, £¤¥ C(�; �; : : : ) | ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, § ¢¨áïé¨¥ «¨èì ®â
ãª § ­­ëå ¢ áª®¡ª å ¯ à ¬¥âà®¢,   § ¯¨áì A � B ®§­ ç ¥â A� B � A. �®®¡é¥ £®¢®àï, ¢áî¤ã
­¨¦¥ ¯ à ¬¥âàë �; �; : : : ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¯® á¬ëá«ã ãâ¢¥à¦¤¥­¨©, ¯®íâ®¬ã ¢ æ¥«ïå
á®ªà é¥­¨ï § ¯¨á¥© ¨å ãª §ë¢ âì ­¥ ¡ã¤¥¬.

�¥¬¬  2. �ãáâì 1 < p <1. �®£¤  ¤«ï ª ¦¤®© äã­ªæ¨¨ f 2 Lp
0(�s) á¯à ¢¥¤«¨¢® á®®â­®è¥-

­¨¥ 




� X
n2Zs

+

j�n(f; x)j
2

� 1
2





p

� kfkp;

£¤¥ �n(f ;x) =
P

m2�(n)

bf(m)ei(m;x) | ¤¢®¨ç­ ï ¯ çª  àï¤  �ãàì¥ äã­ªæ¨¨ f .

�â  «¥¬¬  ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ­  ¬­®£®¬¥à­ë© á«ãç © â¥®à¥¬ë �¨ââ«¢ã¤ {�í«¨ (­ ¯à.,
[13], á. 55).

�¥¬¬  3 ([9], c. 9). �ãáâì 1 < p < q < 1, � = 1=p � 1=q, f(x) �
P

k2Zs

bf(k)ei(k;x) 2 Lp
0(�s),

â®£¤ 

A�f �
X
k2Zs

bf(k)� sY
j=1

jkj j

���
ei(k;x) 2 Lq

0(�s) ¨ kA�fkq � kfkp:

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® «¥¬¬¥ 3.3 ¨§ ([9], á. 27).

59



�¥¬¬  4. �ãáâì 1 � p < q < 1, 0 < �1 � � � � � �s ¨ äã­ªæ¨ï �(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

(S� ) ­  (0; 1]s ¯à¨ � = (�1; : : : ; �s). �á«¨ tn 2 T (Q(�; 2n)) ¨ àï¤

f(x) =
1X
n=0

tn(x)

áå®¤¨âáï ¢ Lp ª f(x), â®

kfkqq �
1X
n=0

ktnk
q
p2

n
�1
( q
p
�1)

¢ â®¬ á¬ëá«¥, çâ® ¥á«¨ àï¤, áâ®ïé¨© á¯à ¢ , áå®¤¨âáï, â® f 2 Lq
0(�s) ¨ ¢ë¯®«­ï¥âáï ãª § ­­®¥

­¥à ¢¥­áâ¢®.

3. �á­®¢­ë¥ à¥§ã«ìâ âë

�¥®à¥¬  1. �ãáâì ¤ ­ë ç¨á«  1 < p <1, 0 < �1 = � � � = �� < ��+1 � � � � � �s, 0 < �1 = � � � =
�t < �t+1 � � � � � �s, 1 � � � t � s, â ª¨¥, çâ® �j�1 � �1�j, j = t + 1; : : : ; s. �ãáâì äã­ªæ¨ï

�(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (S� ) ­  (0; 1]s ¯à¨ � = (�1; : : : ; �s),   äã­ªæ¨ï D(n) 6= 0, n 2 Zs,

| ãá«®¢¨î (S�) ¯à¨ � = (�1; : : : ; �s). �á«¨ ¤«ï äã­ªæ¨© D(n), �(n) áãé¥áâ¢ã¥â ç¨á«® C > 0
â ª®¥, çâ® ¤«ï ¢á¥å k 2 �(n), n 2 Zs

0

���� D(k)D(2n)

���� � C;
1

jD(2n)j

X
k2�(n)

j�1 : : :�sD(k)e
i( ��(k)2 ;1)j � C; (3)

â® ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

sup
t2T (Q(�;N))

kt(D)(x; �)kp
kt(x)kp

� N
�1
�1 : (4)

�®ª § â¥«ìáâ¢®. �ãáâì t(x) 2 T (Q(�; N)). �®£¤  ¢ á¨«ã «¥¬¬ 1 ¨ 2 ¨¬¥¥¬

kt(D)(x; �)kp =




 X
n2�(�;N)

D(2n)
X

k2�(n)

D(k)
D(2n)

ei(
��(k)

2 ;1) � bt(k) � ei(k;x)




p

�

�





 X
n2�(�;N)

D(2n)
X

k2�(n)

bt(k) � ei(k;x)




p

�

�






� X

n2�(�;N)

����D(2n) X
k2�(n)

bt(k) � ei(k;x)����
2�1=2





p

: (5)

� «¥¥, ¯®«ì§ãïáì ãá«®¢¨ï¬¨ (S� ) ¤«ï äã­ªæ¨¨ �(t) ¨ (S�) ¤«ï äã­ªæ¨¨ jD(n)j, ¯®«ãç ¥¬

�(2�n) =
�(2�n)
sQ

j=1
2�nj�j

sY
j=1

2�nj�j � �(1)2�(� ;n);

jD(2n)j =
jD(2n)j
sQ

j=1
2nj�j

sY
j=1

2nj�j � jD(1)j2(�;n):
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�âáî¤ , ¯®áª®«ìªã

(�; n) = �1

�
n1 + � � �+ nt +

�t+1
�1

nt+1 + � � � +
�s
�1
ns

�
�

� �1

�
n1 + � � �+ nt +

�t+1
�1

nt+1 + � � �+
�s
�1
ns

�
�

� �1

�
n1 + � � �+ n� +

��+1
�1

n�+1 + � � �+
�t+1
�1

nt+1 + � � �+
�s
�1
ns

�
=

�1
�1
(� ; n);

á«¥¤ã¥â

jD(2n)j � 2(�;n) � 2
�1
�1
(� ;n) �

�
1

�(2�n)

��1=�1
:

� ª®­¥æ, ¯®¤áâ ¢«ïï íâã ®æ¥­ªã ¢ (5) ¨ ¯à¨¬¥­ïï «¥¬¬ã 2, ¯®«ãçae¬

kt(D)(x; �)kp � N
�1
�1






� X

n2�(�;N)

���� X
k2�(n)

bt(k) � ei(k;x)����
2�1=2





p

� N
�1
�1 kt(x)kp:

�¥¬ á ¬ë¬ ­¥à ¢¥­áâ¢® (4) ¤®ª § ­®.

� ¬¥ç ­¨¥ 1. �ãáâì ¤«ï ª ¦¤®£® j = 1; : : : ; s ­  Z ®¯à¥¤¥«¥­  ç¥â­ ï äã­ªæ¨ïDj(n) â ª ï,
çâ®

0 < Dj(n) � Dj(n+ 1); Dj(2n) � CDj(n); C > 0; n 2 Z+: (6)

�®£¤  äã­ªæ¨¨ D(n) =
sQ

j=1
Dj(nj) ¨ �(n) � � 2 Rs ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (3).

�¥®à¥¬  2. �ãáâì 1 < p < q <1, 0 < �1 � � � � � �s ¨ äã­ªæ¨ï �(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

(S� ) ­  (0; 1]s ¯à¨ � = (�1; : : : ; �s). �®£¤ 

sup
t2T (Q(�;N))

ktkq
ktkp

� N
1
�1
( 1
p
� 1

q
): (7)

�®ª § â¥«ìáâ¢®. �ãáâì t(x) 2 T (Q(�; N)) ¨ 
 = 1=p� 1=q. �á­®, çâ®

t(x) =
� X

k2Q(�;N)

sY
j=1

jkj j
�
bt(k)ei(k;�)�(
;:::;
)(x; 0) = (A
t)(
;:::;
):

�âáî¤ , ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (4) ¨ «¥¬¬ã 3, ­ å®¤¨¬ ktkq � N



�1 kA
tkq � N
1
�1
( 1
p
� 1

q
)ktkp.

�§ â¥®à¥¬ 1 ¨ 2 á«¥¤ã¥â

�¥®à¥¬  3. �ãáâì ¤ ­ë ç¨á«  1 < p � q < 1 ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤ 
¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

sup
t2T (Q(�;N))

kt(D)(x; �)kq
kt(x)kp

� N
1
�1
(�1+

1
p
� 1

q
):

� ¬¥ç ­¨¥ 2. �¥à ¢¥­áâ¢® �¥à­èâ¥©­  (4) ¢ ¬­®£®¬¥à­®¬ á«ãç ¥ ãáâ ­ ¢«¨¢ ¥â á¢ï§ì ¢
®¤­®© ¨ â®© ¦¥ ¬¥âà¨ª¥ Lp(�s) ¬¥¦¤ã £¥®¬¥âà¨¥© á¯¥ªâà  ¨ á¯®á®¡®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯®-
«¨­®¬ , ª®â®àë¥ ®¯à¥¤¥«ïîâáï ­ ¡®à ¬¨ �, �(t), N ¨ � , D(n), �(n) á®®â¢¥âáâ¢¥­­®.
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�à¨ ª®­ªà¥â­®¬ ¢ë¡®à¥ 1 < p <1

�(t) =
sY

j=1

t

j
j ; 1 = 
1 � � � � � 
s; t 2 [0; 1]s; (8)

D(n) =
sY

j=1

jnj
r
j
j ; r � 0; �j(n) = �j signnj ; n 2 Zs;

¢ á«ãç ¥, ª®£¤  r
 = r(
1; : : : ; 
s) ¥áâì æ¥«®ç¨á«¥­­ë© ¢¥ªâ®à, ­¥à ¢¥­áâ¢® (4) á¢®¤¨âáï ª à¥-
§ã«ìâ â ¬ ¨§ [14],   ¯à¨ ¯à®¨§¢®«ì­®¬ r
 | ª à¥§ã«ìâ â ¬ ¨§ [15].

�¥à ¢¥­áâ¢® �¦¥ªá®­ {�¨ª®«ìáª®£® (7) ¤«ï (r;�)-¯à®¨§¢®¤­ëå ¯®«¨­®¬®¢ á® á¯¥ªâà®¬,
®¯à¥¤¥«ï¥¬ë¬ äã­ªæ¨¥© (8), ãáâ ­®¢«¥­® ¢ ([9], c. 23).

�¥à¥©¤¥¬ ª â¥®à¥¬ ¬ ¢«®¦¥­¨ï.

�¥®à¥¬  4. �ãáâì ¤ ­ë ç¨á«  1 < p < q < 1, 0 < �1 = � � � = �� < ��+1 � � � � � �s,
0 < �1 = � � � = �t < �t+1 � � � � � �s (1 � � � t � s) â ª¨¥, çâ® �j�1 � �1�j, j = t+1; : : : ; s. �ãáâì
äã­ªæ¨ï �(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (S� ) ­  (0; 1]s ¯à¨ � = (�1; : : : ; �s),   äã­ªæ¨ï D(n) 6= 0,
n 2 Zs, | ãá«®¢¨î (S�) ¯à¨ � = (�1; : : : ; �s) ¨ ãá«®¢¨î (3) ¢¬¥áâ¥ á �(n). �á«¨ f 2 Lp

0(�s) ¨

1X
l=0

2l
q

�1
(�1+

1
p
� 1

q
)Eq

Q(�;2l)(f)p <1; (9)

â® äã­ªæ¨ï f(x) ¨¬¥¥â ¯à®¨§¢®¤­ãî (D;�), ¯à¨­ ¤«¥¦ éãî ¯à®áâà ­áâ¢ã Lq
0(�s), ¨

EQ(�;2n)(f (D)(x; �))q �
� 1X

l=n+1

2l
q

�1
(�1+

1
p
� 1

q
)Eq

Q(�;2l)(f)p

� 1
q

:

�®ª § â¥«ìáâ¢®. �ãáâì tl(x) 2 T (Q(�; 2l)) | ¯®«¨­®¬ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï f(x) ¢
¬¥âà¨ª¥ Lp. �®£¤ , ¯®« £ ï fl(x) = tl(x)� tl�1(x), l = 1; 2; : : : , ¢ á¨«ã â¥®à¥¬ë 1 ¨¬¥¥¬

1X
l=1



f (D)l (x; �)


q
p
2l

q
�1
( 1
p
� 1

q
) �

1X
l=1

2l
q
�1
(�1+

1
p
� 1

q
) �


fl

qp �

1X
l=1

2l
q
�1
(�1+

1
p
� 1

q
)Eq

Q(�;2l)(f)p <1:

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã «¥¬¬ë 4 f(x) ¨¬¥¥â ¯à®¨§¢®¤­ãî (D;�), ¯à¨­ ¤«¥¦ éãî ¯à®áâà ­áâ¢ã
Lq
0(�s), ¨

Eq
Q(�;2n)

�
f (D)(x; �)

�
q
�






1X

l=n+1

f (D)l (x; �)





q

q

�
1X

l=n+1



f (D)l (x; �)


q
p
2l

q
�1
( 1
p
� 1

q
):

�âáî¤ , ª ª ¨ ¢ëè¥, ¯®«ãç ¥¬ âà¥¡ã¥¬ãî ®æ¥­ªã.

� ¬¥ç ­¨¥ 3. � ®¤­®¬¥à­®¬ á«ãç ¥ ¯à¨ �(n) � 0, �(t) = t ¨ D(n) � 1 â¥®à¥¬  4 ¡ë« 
¤®ª § ­  ¢ [11],   ¤«ï D(n), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (6), | ¢ [16]. � ¬­®£®¬¥à­®¬ á«ãç ¥ ¤«ï
�(t) ¢¨¤  (8) ¨ (r;�)-¯à®¨§¢®¤­ëå íâ  â¥®à¥¬  ¤®ª § ­  ¢ ([9], á. 28).

�¥®à¥¬  5. �ãáâì ¤ ­ë ç¨á«  1 < p < q < 1, 0 < �1 = � � � = �� < ��+1 � � � � � �s,
0 < �1 = � � � = �t < �t+1 � � � � � �s (1 � � � t � s), k1 = � � � = kl < kl+1 � � � � � ks (1 � � � l � s)
â ª¨¥, çâ® �j�1 � �1�j (j = t + 1; : : : ; s), km�1 � k1�m (m = l + 1; : : : ; s). �ãáâì äã­ªæ¨ï �(t)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (S� ) ­  (0; 1]s ¯à¨ � = (�1; : : : ; �s),   äã­ªæ¨ï D(n) 6= 0, n 2 Zs, |

ãá«®¢¨î (S�) ¯à¨ � = (�1; : : : ; �s) ¨ ãá«®¢¨î (3) ¢¬¥áâ¥ á �(n). �á«¨ f 2 Lp
0(�s) ¨ ¢ë¯®«­¥­®
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(9), â® äã­ªæ¨ï f(x) ¨¬¥¥â ¯à®¨§¢®¤­ãî (D;�), ¯à¨­ ¤«¥¦ éãî ¯à®áâà ­áâ¢ã Lq
0(�s), ¨


k(f (D)(x; �); 2�n)q �
1

2(n;k)

� X
0�l�

�1
k1
(n;k)

2l
q

�1
(k1+�1+

1
p
� 1

q
)Eq

Q(�;2l)(f)p

� 1
q

+

+
� X

�1
k1
(n;k)<l<1

2l
q

�1
(�1+

1
p
� 1

q
)Eq

Q(�;2l)(f)p

� 1
q

; k = (k1; : : : ; ks); n 2 Zs
+:

�®ª § â¥«ìáâ¢®. � ª ¡ë«® ®â¬¥ç¥­® ¢ â¥®à¥¬¥ 4, f(x) ¨¬¥¥â ¯à®¨§¢®¤­ãî (D;�), ¯à¨­ ¤-
«¥¦ éãî Lq

0(�s).
�ãáâì tl(x) 2 T (Q(�; 2l)) | ¯®«¨­®¬ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï f(x) ¢ ¬¥âà¨ª¥ Lp. �à¨

t0(x) � 0 ¢ á¨«ã «¥¬¬ë 4 ¨ â¥®à¥¬ë 1 ¨¬¥¥¬



�k
hf

(D)(x; �)


q
q
�






1X
l=1

�k
h

�
f
(D)
l (x; �)

�




q

q

�

�
1X
l=1



[�k
h(fl(x;�))]

(D)


q
p
2l

q
�1
( 1
p
� 1

q
) �

1X
l=1



�k
h

�
fl(x; �)

�

q
p
2l

q
�1
(�1+

1
p
� 1

q
):

�®«ì§ãïáì ¨§¢¥áâ­ë¬¨ ­¥à ¢¥­áâ¢ ¬¨ ([17], á. 32)



�k
htl



p
�

sY
j=1

jhj j
kj �



t(k)l




p
;



�k
htl



p
�


tl

p

¨ ­¥à ¢¥­áâ¢®¬ (4), ¯à¨ D(n) =
sQ

j=1
jnj

kj
j , �j(n) = kj signnj ¯®«ãçae¬



�k
hf

(D)(x; �)


q
q
�

sY
j=1

jhj j
kjq

mX
l=1



(fl(x; �))(k)

qp2l q
�1
(�1+

1
p
� 1

q
) +

+
1X

l=m+1



fl(x; �)

qp2l q

�1
(�1+

1
p
� 1

q
) �

sY
j=1

jhj j
kjq

mX
l=1

2l
q

�1
(k1+�1+

1
p
� 1

q
)Eq

Q(�;2l)(f)p +

+
1X

l=m+1

2l
q

�1
(�1+

1
p
� 1

q
)Eq

Q(�;2l)(f)p:

� ª®­¥æ, ¢ë¡¨à ï n 2 Zs
+ â ª¨¬, çâ®¡ë 2�(1+nj ) < hj � 2�nj , j = 1; : : : ; s, ¨ ¯®« £ ï m à ¢­®©

æ¥«®© ç áâ¨ �1
k1
(n; k),   § â¥¬ ¢®á¯®«ì§®¢ ¢è¨áì ­¥à ¢¥­áâ¢®¬ ja + bj
 � jaj
 + jbj
 , 0 � 
 � 1,

¯à¨¤¥¬ ª âà¥¡ã¥¬®© ®æ¥­ª¥.

� ¬¥ç ­¨¥ 4. � ®¤­®¬¥à­®¬ á«ãç ¥ ¯à¨ 1 � p < q � 2, �(n) � 0, �(t) = t ¨ D(n) � 1
â¥®à¥¬  5 ¡ë«  ¤®ª § ­  ¢ [18],   ¤«ï D(n), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (6), | ¢ [19], ¨ ¤«ï
¯à®¨§¢®«ì­ëå 1 < p < q <1 | ¢ [20].

� ¬¥ç ­¨¥ 5. �¥®à¥¬ë 4 ¨ 5 á¯à ¢¥¤«¨¢ë ¨ ¯à¨ D(n) � 1, â®«ìª® ¢ íâ®¬ á«ãç ¥ ¯®« £ ¥¬
� = 0.
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