
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2004 ���������� ò 10 (509)

��� 514.752

�.�. ������, �.�. ���������, �.�. ��������

�������������� ��������� �� �������������
� ������������� � ���������������� ��������

�¢¥¤¥¨¥

�¥®à¨ï ª®£àãíæ¨© ¨ ¯á¥¢¤®ª®£àãíæ¨© ¯®¤¯à®áâà áâ¢ ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢  â¥á®
á¢ï§   á â¥®à¨¥© ¬®£®®¡à §¨© á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬.

�¥®à¨ï ª®£àãíæ¨© ¢ âà¥å¬¥à®¬ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ P3,   â ª¦¥ ¢ âà¥å¬¥àëå
¯à®áâà áâ¢ å, á ¡¦¥ëå ¯à®¥ªâ¨¢®© áâàãªâãà®© (â ª¨å ª ª  ää¨®¥, ¥¢ª«¨¤®¢® ¨ ¥¥¢-
ª«¨¤®¢ë ¯à®áâà áâ¢ ), ¨§ãç « áì ¬®£¨¬¨ £¥®¬¥âà ¬¨. �¬¥îâáï ®¡è¨àë¥ ¬®®£à ä¨¨, ¯®-
á¢ïé¥ë¥ íâ®¬ã ¯à¥¤¬¥âã ( ¯à., [1]).

� ¤ ®© à ¡®â¥ ãáâ ®¢«¥ë ¢§ ¨¬®á¢ï§¨ â¥®à¨¨ ¬®£®®¡à §¨© ¢ ¯à®¥ªâ¨¢ëå ¯à®áâà -
áâ¢ å á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ á â¥®à¨e© ª®£àãíæ¨© ¨ ¯á¥¢¤®ª®£àãíæ¨©
¯®¤¯à®áâà áâ¢ ¨ ¯®ª § ®, ª ª íâ¨ ¤¢¥ â¥®à¨¨ ¬®£ãâ ¡ëâì ¯à¨¬¥¥ë ª ¯®áâà®¥¨î ¨¤ãæ¨à®-
¢ ëå á¢ï§®áâ¥©   ¯®¤¬®£®®¡à §¨ïå ¢ ¯à®¥ªâ¨¢ëå ¯à®áâà áâ¢ å ¨ ¤àã£¨å ¯à®áâà áâ¢ å,
á ¡¦¥ëå ¯à®¥ªâ¨¢®© áâàãªâãà®©.

1. �á®¢ë¥ ãà ¢¥¨ï ¬®£®®¡à §¨ï
á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬

�®£®®¡à §¨¥X à §¬¥à®áâ¨ n, ª®â®à®¥ ï¢«ï¥âáï ¯®¤¬®£®®¡à §¨¥¬ ¯à®¥ªâ¨¢®£® ¯à®áâà -
áâ¢  PN , X � PN ,  §ë¢ ¥âáï â £¥æ¨ «ì® ¢ëà®¦¤¥ë¬ ¬®£®®¡à §¨¥¬ ¨«¨ ¬®£®®¡à §¨¥¬
á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬, ¥á«¨ à £ ¥£® £ ãáá®¢  ®â®¡à ¦¥¨ï

 : X ! G (n;N)

¬¥ìè¥, ç¥¬ n, 0 � r = rank  < n; §¤¥áì (x) = Tx(X),   Tx(X) | ª á â¥«ì®¥ ¯®¤¯à®áâà áâ¢®
ª X ¢ â®çª¥ x, à áá¬ âà¨¢ ¥¬®¥ ª ª n-¬¥à®¥ ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢® Pn. �¨á«® r  §ë¢ îâ
â ª¦¥ à £®¬ ¬®£®®¡à §¨ï X, r = rankX. �«ãç © r = 0 ï¢«ï¥âáï âà¨¢¨ «ìë¬: ¬®£®®¡à §¨¥
X ®ª §ë¢ ¥âáï n-¯«®áª®áâìî.

�ãáâì X � PN | ¯®çâ¨ ¢áî¤ã £« ¤ª®¥ n-¬¥à®¥ ¬®£®®¡à §¨¥ á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬
®â®¡à ¦¥¨¥¬. �à¥¤¯®«®¦¨¬, çâ® 0 < rank  = r < n. �¡®§ ç¨¬ ç¥à¥§ L á«®© ®â®¡à ¦¥¨ï

 : L = �1(Tx) � X; dimL = n� r = l:

� ª ¤®ª § ® ¢ ([2], â¥®à¥¬a 3.1, á. 95), ¬®£®®¡à §¨¥ á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à -
¦¥¨¥¬ à £  r à áá« ¨¢ ¥âáï   ¯«®áª¨¥ á«®¨ L à §¬¥à®áâ¨ l, ¢¤®«ì ª®â®àëå ª á â¥«ì®¥
¯®¤¯à®áâà áâ¢® Tx(X) ¯®áâ®ï®. � á â¥«ì®¥ ¯®¤¯à®áâà áâ¢® Tx(X) ï¢«ï¥âáï ¯®áâ®ïë¬,
ª®£¤  â®çª  x ¯à®¡¥£ ¥â ¬®¦¥áâ¢® à¥£ã«ïàëå â®ç¥ª á«®ï L. �® íâ®© ¯à¨ç¨¥ ¬ë ®¡®§ ç ¥¬
¥£® TL, L � TL. � à  (L; TL)   ¬®£®®¡à §¨¨ X § ¢¨á¨â ®â r ¯ à ¬¥âà®¢.

�ëè¥®¯¨á ®¥ á«®¥¨¥   ¬®£®®¡à §¨¨ X  §ë¢ ¥âáï á«®¥¨¥¬ �®¦ {�¬¯¥à .
�®£®®¡à §¨ï à £  r < n ï¢«ïîâáï ¬®£®¬¥àë¬¨   «®£ ¬¨ à §¢¥àâë¢ îé¨åáï ¯®¢¥àå-

®áâ¥© âà¥å¬¥à®£® ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ .
�§«®¦¥¨¥ ®á®¢ëå à¥§ã«ìâ â®¢ £¥®¬¥âà¨¨ ¬®£®®¡à §¨© á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®-

¡à ¦¥¨¥¬ ¨ ¤ «ì¥©èãî «¨â¥à âãàã ¯® íâ®¬ã ¢®¯à®áã ¬®¦®  ©â¨ ¢ ([3], £«. 4),   â ª¦¥ ¢ [2].
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� ë© ¯ à £à ä ¯®á¢ïé¥ ®âëáª ¨î ®á®¢ëå ãà ¢¥¨© ¬®£®®¡à §¨ï X á ¢ëà®¦¤¥-
ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ à §¬¥à®áâ¨ n ¨ à £  r ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ PN .

� ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥¬ë¥ ¨¤¥ªáë ¡ã¤ãâ ¯à®¡¥£ âì á«¥¤ãîé¨¥ ®¡« áâ¨ § ç¥¨©:

a; b; c = 1; : : : ; l; p; q = l + 1; : : : ; n; �; � = n+ 1; : : : ; N:

�®çª  x 2 X  §ë¢ ¥âáï à¥£ã«ïà®© â®çª®© ®â®¡à ¦¥¨ï  (¨«¨ ¬®£®®¡à §¨ï X), ¥á«¨
dimTx(X) = dimX = n.

�¢ï¦¥¬ á ¬®£®®¡à §¨¥¬ X á¥¬¥©áâ¢® ¯®¤¢¨¦ëå à¥¯¥à®¢ fAug, u = 0; 1; : : : ; N , â ª¨¬ ®¡à -
§®¬, çâ® â®çª  A0 = x ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© á«®ï L ¬®£®®¡à §¨ï X, â®çª¨ Aa ¯à¨-
 ¤«¥¦ â á«®î L á«®¥¨ï �®¦ {�¬¯¥à , ¯à®å®¤ïé¥¬ã ç¥à¥§ â®çªã A0, â®çª¨ Ap ¢¬¥áâ¥ á
â®çª ¬¨ A0; Aa ®¯à¥¤¥«ïîâ ª á â¥«ì®¥ ¯®¤¯à®áâà áâ¢® TL(X) ª ¬®£®®¡à §¨î X,   â®çª¨ A�

à á¯®«®¦¥ë ¢¥ ¯®¤¯à®áâà áâ¢  TL(X).
�à ¢¥¨ï ¨ä¨¨â¥§¨¬ «ì®£® ¯¥à¥¬¥é¥¨ï ¯®¤¢¨¦®£® à¥¯¥à  fAug ¨¬¥îâ ¢¨¤

dAu = !v
uAv; u; v = 0; 1; : : : ; N;

£¤¥ !v
u | 1-ä®à¬ë, ã¤®¢«¥â¢®àïîé¨¥ áâàãªâãàë¬ ãà ¢¥¨ï¬ ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢  P

N :

d!v
u = !w

u ^ !v
w; u; v; w = 0; 1; : : : ; N:

� à¥§ã«ìâ â¥ ¢ëè¥ãª § ®© á¯¥æ¨ «¨§ æ¨¨ ¯®¤¢¨¦®£® à¥¯¥à  ¯®«ãç¨¬ á«¥¤ãîé¨¥ ãà ¢-
¥¨ï ¬®£®®¡à §¨ï X ([2], á¥ªæ¨ï 3.1):

!�
0 = 0; !�

a = 0;

!�
p = b�pq!

q; b�pq = b�qp; (1)

!p
a = cpaq!

q: (2)

� íâ¨å ãà ¢¥¨ïå 1-ä®à¬ë !q := !q
0 ï¢«ïîâáï ¡ §¨áë¬¨ ä®à¬ ¬¨ £ ãáá®¢  ®¡à §  (X)

¬®£®®¡à §¨ï X,   ¢¥«¨ç¨ë b�pq ®¡à §ãîâ ¢â®à®© äã¤ ¬¥â «ìë© â¥§®à ¬®£®®¡à §¨ï X ¢
â®çª¥ x = A0. �¥«¨ç¨ë b�pq ¨ cpaq á¢ï§ ë á«¥¤ãîé¨¬¨ á®®â®è¥¨ï¬¨:

b�sqc
s
ap = b�spc

s
aq: (3)

�à ¢¥¨ï (1) ¨ (2)  §ë¢ îâáï ®á®¢ë¬¨ ãà ¢¥¨ï¬¨ ¬®£®®¡à §¨ï X á ¢ëà®¦¤¥ë¬
£ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ ([2], c¥ªæ¨ï 3.1).

�â¬¥â¨¬, çâ® ¯à¨ ¯à¥®¡à §®¢ ¨ïå â®ç¥ª Ap ¢¥«¨ç¨ë cpaq ¯à¥®¡à §ãîâáï ª ª â¥§®àë ¯®
®â®è¥¨î ª ¨¤¥ªá ¬ p ¨ q. �® ®â®è¥¨î ª ¨¤¥ªáã a, ¢¥«¨ç¨ë cpaq â¥§®à  ¥ ®¡à §ãîâ.
�¥¬ ¥ ¬¥¥¥, ¯à¨ ¯à¥®¡à §®¢ ¨ïå â®ç¥ª A0 ¨ Aa ¢¥«¨ç¨ë cpaq ¢¬¥áâ¥ á ¥¤¨¨çë¬ â¥§®à®¬ �pq
¯à¥®¡à §ãîâáï ª ª â¥§®àë. �® íâ®© ¯à¨ç¨¥ á¨áâ¥¬  ¢¥«¨ç¨ cpaq  §ë¢ ¥âáï ª¢ §¨â¥§®à®¬.

�¡®§ ç¨¬ ç¥à¥§ B� ¨ Ca á«¥¤ãîé¨¥ r�r-¬ âà¨æë, á®áâ®ïé¨¥ ¨§ ª®íää¨æ¨¥â®¢ ãà ¢¥¨©
(1) ¨ (2):

B� = (b�pq); Ca = (cpaq):

� ¥ª®â®àëå á«ãç ïå ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¥¤¨¨çãî ¬ âà¨æã C0 = (�pq ) ¨ ¨¤¥ªá i =
0; 1; : : : ; l, â. ¥. fig = f0; ag. �®®â®è¥¨ï (1) ¨ (3) ¬®¦® ®¡ê¥¤¨¨âì ¨ § ¯¨á âì ¢ ¬ âà¨ç®¬
¢¨¤¥

(B�Ci)
T = (B�Ci);

çâ® ®§ ç ¥â á¨¬¬¥âà¨ç®áâì ¬ âà¨æ

H�
i = B�Ci = (b�qsc

s
ip):

�¢ ¤à â¨çë¥ ä®à¬ë
�� = b�pq!

p!q

ï¢«ïîâáï ¢â®àë¬¨ äã¤ ¬¥â «ìë¬¨ ä®à¬ ¬¨ ¬®£®®¡à §¨ï X ¢ â®çª¥ x = A0,   ä®à¬ë

�� = b�ps(�
s
qx

0 + csaqx
a)!p !q
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ï¢«ïîâáï ¢â®àë¬¨ äã¤ ¬¥â «ìë¬¨ ä®à¬ ¬¨ ¬®£®®¡à §¨ï X ¢ â®çª¥ x = x0A0+xaAa 2 L.
�ãáâì f�ug| ª®à¥¯¥à (¨«¨ â £¥æ¨ «ìë© à¥¯¥à) ¢ ¯à®áâà áâ¢¥ (PN)�, ¤ã «ìë© ª à¥¯¥àã

fAug. �®£¤  £¨¯¥à¯«®áª®áâ¨ �u à¥¯¥à  f�ug á¢ï§ ë á ¢¥àè¨ ¬¨ à¥¯¥à  fAug ãá«®¢¨ï¬¨

(�u; Av) = �uv : (4)

�á«®¢¨ï (4) ®§ ç îâ, çâ® £¨¯¥à¯«®áª®áâì �u á®¤¥à¦¨â ¢á¥ â®çª¨ Av, v 6= u,   â ª¦¥ çâ® ¢ë-
¯®«¥® á«¥¤ãîé¥¥ ãá«®¢¨¥ ®à¬¨à®¢ª¨: (�u; Au) = 1.

�à ¢¥¨¥
���

� = 0

®¯à¥¤¥«ï¥â á¨áâ¥¬ã ª á â¥«ìëå £¨¯¥à¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ ª á â¥«ì®¥ ¯®¤¯à®áâà -
áâ¢® TL(X). �â  á¨áâ¥¬  ª á â¥«ìëå £¨¯¥à¯«®áª®áâ¥© ®¯à¥¤¥«ï¥â á¨áâ¥¬ã ¢â®àëå äã¤ ¬¥-
â «ìëå ä®à¬

II = ��b
�
pq!

p!q

¨ á¨áâ¥¬ã ¢â®àëå äã¤ ¬¥â «ìëå â¥§®à®¢ ��b�pq ¬®£®®¡à §¨ï X ¢ â®çª¥ x = A0.
�®£®®¡à §¨¥ X á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ ï¢«ï¥âáï ¤ã «ì® ¥¢ëà®¦¤¥-

ë¬, ¥á«¨ à §¬¥à®áâì ¥£® ¤ã «ì®£® ¬®£®®¡à §¨ï X� à ¢  N � l � 1. �®£« á® ®¡®¡é¥®©
â¥®à¥¬¥ �à¨ää¨âá {� àà¨á  (â¥®à¥¬  3.2 ¨ á«¥¤áâ¢¨¥ 3.3 ¢ [2], á. 97{99) ¬®£®®¡à §¨¥ X á ¢ëà®-

¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ ï¢«ï¥âáï ¤ã «ì® ¥¢ëà®¦¤¥ë¬ â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¢ «î¡®© £« ¤ª®© â®çª¥ x 2 X  ©¤¥âáï ¯® ªà ©¥© ¬¥à¥ ®¤  ¥¢ëà®¦¤¥ ï ¢â®à ï äã-

¤ ¬¥â «ì ï ä®à¬  ¢ á¨áâ¥¬¥ ¢â®àëå äã¤ ¬¥â «ìëå ä®à¬ ��b
�
pq!

p!q ¬®£®®¡à §¨ï X.

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® ¤ã «ì® ¥¢ëà®¦¤¥ë¥ ¬®£®®¡à §¨ï X á ¢ë-
à®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬.

2. �®ª «ìë¥ ®¡à §ë ¬®£®®¡à §¨ï

á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬

�à¥¤¯®«®¦¨¬, çâ®X |¬®£®®¡à §¨¥ á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ à §¬¥à®áâ¨
n ¨ à £  r ¢ ¯à®áâà áâ¢¥ C PN . � ª ¡ë«® à ¥¥ § ¬¥ç¥®, â ª®¥ ¬®£®®¡à §¨¥ ¥á¥â   á¥¡¥
r-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® l-¬¥àëå ¯«®áª®áâëå ®¡à §ãîé¨å L à §¬¥à®áâ¨ l = n�r. �ãáâì
x = x0A0 + xaAa | ¯à®¨§¢®«ì ï â®çª  ®¡à §ãîé¥© L. �«ï â ª®© â®çª¨ ¨¬¥¥¬

dx = (dx0 + x0!0
0 + xa!0

a)A0 + (dxa + x0!a + xb!a
b )Aa + (x0!p + xa!p

a)Ap:

� á®®â¢¥âáâ¢¨¨ á (2) ®âáî¤  á«¥¤ã¥â

dx � (x0�pq + xacpaq)Ap!
q (mod L): (5)

� âà¨æ  (Jp
q ) = (x0�pq + xacpaq) ï¢«ï¥âáï ¬ âà¨æ¥© �ª®¡¨ ®â®¡à ¦¥¨ï  : X ! G (n;N),  

®¯à¥¤¥«¨â¥«ì
J(x) = det(Jp

q )

íâ®© ¬ âà¨æë ï¢«ï¥âáï ïª®¡¨ ®¬ ®â®¡à ¦¥¨ï . �¥£ª® ¢¨¤¥âì, çâ® J(x) 6= 0 ¢ à¥£ã«ïàëå
â®çª å ¨ J(x) = 0 ¢ ®á®¡ëå â®çª å.

� á®®â¢¥âáâ¢¨¨ á (2) ¨ (5) ¬®¦¥áâ¢® ®á®¡ëå â®ç¥ª ®¡à §ãîé¥© L ¬®£®®¡à §¨ï X ®¯à¥¤¥-
«ï¥âáï ãà ¢¥¨¥¬

det(�pqx
0 + cpaqx

a) = 0: (6)

� ª¨¬ ®¡à §®¬, íâ® ¬®¦¥áâ¢® ï¢«ï¥âáï  «£¥¡à ¨ç¥áª®© £¨¯¥à¯®¢¥àå®áâìî à §¬¥à®áâ¨ l�1 ¨
áâ¥¯¥¨ r ¢ ®¡à §ãîé¥© L. �â  £¨¯¥à¯®¢¥àå®áâì (¢ L)  §ë¢ ¥âáï ä®ªãá®© £¨¯¥à¯®¢¥àå®áâìî
¨ ®¡®§ ç ¥âáï FL.

�®áª®«ìªã ¯à¨ xa = 0 «¥¢ ï ç áâì ãà ¢¥¨ï (6) ¯à¨¨¬ ¥â ¢¨¤

det(x0�pq ) = (x0)r;

â® ®âáî¤  á«¥¤ã¥â, çâ® â®çª  A0 ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ®¡à §ãîé¥© L.
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�ã¤¥¬  §ë¢ âì ª á â¥«ìãî £¨¯¥à¯«®áª®áâì � = (��) ®á®¡®© (¨«¨ ä®ªãá®© £¨¯¥à¯«®áª®-

áâìî), ¥á«¨

det(��b�pq) = 0; (7)

â. ¥. ¥á«¨ ¬ âà¨æ  (��b�pq) ¨¬¥¥â ¯®¨¦¥ë© à £. �á«®¢¨¥ (7) ¯à¥¤áâ ¢«ï¥â á®¡®© ãà ¢¥¨¥
áâ¥¯¥¨ r ¯® ®â®è¥¨î ª â £¥æ¨ «ìë¬ ª®®à¤¨ â ¬ �� £¨¯¥à¯«®áª®áâ¨ �, á®¤¥à¦ é¥© ª -
á â¥«ì®¥ ¯®¤¯à®áâà áâ¢® TL(X).

�®áª®«ìªã ¢ ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï â®«ìª® ¤ã «ì® ¥¢ëà®¦¤¥ë¥ ¬®£®®¡à §¨ï
á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬, â®  ©¤¥âáï ¯® ªà ©¥© ¬¥à¥ ®¤  ¥¢ëà®¦¤¥ ï

ä®à¬  ¢ á¨áâ¥¬¥ ¢â®àëå äã¤ ¬¥â «ìëå ä®à¬ ¬®£®®¡à §¨ï X (á¬. ª®¥æ x 1). �âáî¤  á«¥-
¤ã¥â, çâ® ãà ¢¥¨¥ (7) ®¯à¥¤¥«ï¥â ¢ ¯à®áâà áâ¢¥ P

N  «£¥¡à ¨ç¥áª¨© £¨¯¥àª®ãá áâ¥¯¥¨ r,
¢¥àè¨®© ª®â®à®£® ï¢«ï¥âáï ª á â¥«ì®¥ ¯®¤¯à®áâà áâ¢® TL(X). �â®â £¨¯¥àª®ãá  §ë¢ ¥âáï
ä®ªãáë¬ £¨¯¥àª®ãá®¬ ¨ ®¡®§ ç ¥âáï �L ([3], á. 119).

� ¬¥â¨¬, çâ® ¢ á«ãç ¥, ª®£¤  ¬®£®®¡à §¨¥ X ï¢«ï¥âáï ¤ã «ì® ¢ëà®¦¤¥ë¬, ãà ¢¥¨ï
(7)   íâ®¬ ¬®£®®¡à §¨¨ ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥® ¨ ¬®£®®¡à §¨¥ X ¥ ¨¬¥¥â ä®ªãáëå
£¨¯¥àª®ãá®¢.

�®ªãá ï £¨¯¥à¯®¢¥àå®áâì FL � L ¨ ä®ªãáë© £¨¯¥àª®ãá �L á ¢¥àè¨®© TL  §ë¢ îâáï
ä®ª «ìë¬¨ ®¡à § ¬¨ ¬®£®®¡à §¨ï X á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬.

3. �®£àãíæ¨¨ ¨ ¯á¥¢¤®ª®£àãíæ¨¨ ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥

� áá¬®âà¨¬ á¥¬¥©áâ¢® Y l-¬¥àëå ¯®¤¯à®áâà áâ¢ L, dimL = l, ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà -
áâ¢¥ Pn, § ¢¨áïé¥¥ ®â r = n � l ¯ à ¬¥âà®¢. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ç¥à¥§ ¢áïªãî â®çªã
x 2 Pn ¯à®å®¤¨â ¥ ¡®«¥¥ ª®¥ç®£® ç¨á«  ¯®¤¯à®áâà áâ¢ L íâ®£® á¥¬¥©áâ¢ . �á«¨ ®£à ¨-
ç¨âìáï à áá¬®âà¥¨¥¬ ¬ «®© ®ªà¥áâ®áâ¨ ¯®¤¯à®áâà áâ¢  L, â® ¬®¦® áç¨â âì, çâ® â®«ìª®
®¤® ¯®¤¯à®áâà áâ¢® L 2 Y ¯à®å®¤¨â ç¥à¥§ ¯à®¨§¢®«ìãî â®çªã x 2 L. �¥¬¥©áâ¢  â ª®£® ¢¨¤ 
¢ ¯à®áâà áâ¢¥ Pn  §ë¢ îâáï ª®£àãíæ¨ï¬¨.

�ã «ìë¬ ®¡à §®¬ ¤«ï ª®£àãíæ¨¨ Y l-¬¥àëå ¯®¤¯à®áâà áâ¢ ¢ Pn ï¢«ï¥âáï ¯á¥¢¤®ª®-

£àãíæ¨ï Y �, ¯à¥¤áâ ¢«ïîé ï á®¡®© r-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯®¤¯à®áâà áâ¢ à §¬¥à®áâ¨
r � 1. �áïª ï £¨¯¥à¯«®áª®áâì � � Pn á®¤¥à¦¨â ¥ ¡®«¥¥ ç¥¬ ª®¥ç®¥ ç¨á«® ¯®¤¯à®áâà áâ¢
L� 2 Y �. �¤ ª®, ¥á«¨ à áá¬ âà¨¢ âì ¤®áâ â®ç® ¬ «ãî ®ªà¥áâ®áâì ¯®¤¯à®áâà áâ¢  L� ¯á¥¢¤®-
ª®£àãíæ¨¨ Y �, â® £¨¯¥à¯«®áª®áâì � ¡ã¤¥â á®¤¥à¦ âì â®«ìª® ¥¤¨áâ¢¥®¥ ¯®¤¯à®áâà áâ¢® L�.

�áâ ®¢¨¬ á¢ï§ì â¥®à¨¨ ¬®£®®¡à §¨© á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ ¢ ¯à®¥ª-
â¨¢ëå ¯à®áâà áâ¢ å á â¥®à¨¥© ª®£àãíæ¨© ¨ ¯á¥¢¤®ª®£àãíæ¨© ¯®¤¯à®áâà áâ¢ ¨ ¯®ª ¦¥¬,
ª ª íâ¨ ¤¢¥ â¥®à¨¨ ¬®£ãâ ¡ëâì ¯à¨¬¥¥ë ª ¯®áâà®¥¨î ¨¤ãæ¨à®¢ ëå á¢ï§®áâ¥©   ¯®¤¬®-
£®®¡à §¨ïå ¯à®¥ªâ¨¢ëå ¯à®áâà áâ¢,   â ª¦¥ ¤àã£¨å ¯à®áâà áâ¢, á ¡¦¥ëå ¯à®¥ªâ¨¢®©
áâàãªâãà®©.

�â ª, à áá¬®âà¨¬ ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ Pn ª®£àãíæ¨î Y l-¬¥àëå ¯®¤¯à®áâà áâ¢
L. �¢ï¦¥¬ á «î¡ë¬ í«¥¬¥â®¬ L ª®£àãíæ¨¨ Y á¥¬¥©áâ¢® ¯à®¥ªâ¨¢ëå à¥¯¥à®¢ fA0; A1; : : : ; Ang,
¢ë¡à ëå â ª¨¬ ®¡à §®¬, çâ® â®çª¨ A0; A1; : : : ; Al ¯à¨ ¤«¥¦ â ¯®¤¯à®áâà áâ¢ã L,   â®çª¨
Al+1; : : : ; An à á¯®«®¦¥ë ¢¥ íâ®£® ¯®¤¯à®áâà áâ¢ . �à ¢¥¨ï ¨ä¨¨â¥§¨¬ «ì®£® ¯¥à¥¬¥-
é¥¨ï ¤«ï â ª¨å à¥¯¥à®¢ ¨¬¥îâ ¢¨¤(

dAi = !j
iAj + !p

iAp;

dAp = !i
pAi + !q

pAq;
(8)

£¤¥ i; j = 0; 1; : : : ; l; p; q = l + 1; : : : ; n,   L = A0 ^ A1 ^ � � � ^ Al | ®¡à §ãîé ï à áá¬ âà¨¢ ¥¬®©
ª®£àãíæ¨¨ Y . �®áª®«ìªã íâ  ®¡à §ãîé ï § ¢¨á¨â ®â r ¯ à ¬¥âà®¢ ¨ ï¢«ï¥âáï ä¨ªá¨à®¢ ®©
¯à¨ !p

i = 0, â® ä®à¬ë !p
i «¨¥©® ¢ëà ¦ îâáï ç¥à¥§ ¤¨ää¥à¥æ¨ «ë íâ¨å r ¯ à ¬¥âà®¢ ¨«¨

ç¥à¥§ «¨¥©® ¥§ ¢¨á¨¬ë¥ 1-ä®à¬ë �p, ï¢«ïîé¨¥áï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ íâ¨å ¤¨ää¥-
à¥æ¨ «®¢:

!p
i = cpiq�

q: (9)
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�à¨ ¤®¯ãáâ¨¬ëå «¨¥©ëå ¯à¥®¡à §®¢ ¨ïå ¡ §¨áëå ä®à¬ �p ¬ âà¨æë Ci = (cpiq) ¯à¥®¡à §ã-
îâáï ¯® â¥§®à®¬ã § ª®ã ¯® ®â®è¥¨î ª ¨¤¥ªá ¬ p ¨ q.

�®çª  F 2 L � Y  §ë¢ ¥âáï ä®ªãá®¬ ®¡à §ãîé¥© L, ¥á«¨ dF 2 L ¯à¨ ¥ª®â®à®¬ ãá«®¢¨¨
  ¡ §¨áë¥ ä®à¬ë �p. �«ï ®âëáª ¨ï ä®ªãá®¢ ¯à¥¤áâ ¢¨¬ ¨å ¢ ¢¨¤¥ F = xiAi. �®£¤ 

dF � xi!p
iAp (mod L);

¯®íâ®¬ã ä®ªãáë ®¯à¥¤¥«ïîâáï á¨áâ¥¬®© ãà ¢¥¨©

xi!p
i = 0:

� á®®â¢¥âáâ¢¨¨ á (9) íâ  á¨áâ¥¬  ¯à¨¨¬ ¥â ¢¨¤

xicpiq�
q = 0: (10)

�¨áâ¥¬  (10) ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ¯® ®â®è¥¨î ª ä®à¬ ¬ �q â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤ 

det(xicpiq) = 0: (11)

�à ¢¥¨¥ (11) ®¯à¥¤¥«ï¥â   L ä®ªãáãî £¨¯¥à¯®¢¥àå®áâì FL, ¯à¥¤áâ ¢«ïîéãî á®¡®©  «£¥-
¡à ¨ç¥áªãî £¨¯¥à¯®¢¥àå®áâì áâ¥¯¥¨ r.

�à¥¤¯®«®¦¨¬, çâ® â®çª  A0 à áá¬ âà¨¢ ¥¬®£® ¯®¤¢¨¦®£® à¥¯¥à  ¥ ¯à¨ ¤«¥¦¨â £¨¯¥à-
¯®¢¥àå®áâ¨ FL. �®£¤  1-ä®à¬ë !p

0 ï¢«ïîâáï «¨¥©® ¥§ ¢¨á¨¬ë¬¨, ¨ ¬ë ¬®¦¥¬ ¢§ïâì íâ¨
ä®à¬ë ¢ ª ç¥áâ¢¥ ¡ §¨áëå ä®à¬ ª®£àãíæ¨¨ Y . � à¥§ã«ìâ â¥ ãà ¢¥¨ï (9) ¯à¨®¡à¥â îâ ¢¨¤

!p
a = cpaq!

q
0; (12)

£¤¥ a = 1; : : : ; l,   cp0q = �pq . �¥¯¥àì ãà ¢¥¨ï (12) á®¢¯ ¤ îâ á ãà ¢¥¨ï¬¨ (2). �®íâ®¬ã ãà ¢-
¥¨¥ (11) ä®ªãá®© £¨¯¥à¯®¢¥àå®áâ¨ FL § ¯¨è¥âáï ¢ ä®à¬¥

det(x0�pq + xacpaq) = 0: (13)

�à ¢¥¨¥ (13) á®¢¯ ¤ ¥â á ãà ¢¥¨¥¬ (6), ®¯à¥¤¥«ïîé¨¬ ä®ªãáë   ¯«®áª®© ®¡à §ãîé¥© L
¬®£®®¡à §¨ï X á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ à £  r. �¤ ª® ¢ ®â«¨ç¨¥ ®â x 1 íâ¨
¢¥«¨ç¨ë cpaq ¥ á¢ï§ ë ¨ª ª¨¬¨ á®®â®è¥¨ï¬¨ â¨¯  (3), ¯®áª®«ìªã ¢ ¤ ®¬ á«ãç ¥ ¥â
¬ âà¨æ B� = (b�pq). � ª¨¬ ®¡à §®¬, ä®ªãáë¥ £¨¯¥à¯®¢¥àå®áâ¨ FL, ®¯à¥¤¥«ï¥¬ë¥ ãà ¢¥¨¥¬
(13), ï¢«ïîâáï ¯à®¨§¢®«ìë¬¨ ¤¥â¥à¬¨ âë¬¨ ¬®£®®¡à §¨ï¬¨   ®¡à §ãîé¨å L à áá¬ âà¨-
¢ ¥¬®© ª®£àãíæ¨¨ Y .

� ç áâ®áâ¨, ¥á«¨ l = 1 ¨ n = r+1, â® Y áâ ®¢¨âáï ¯àï¬®«¨¥©®© ª®£àãíæ¨¥©. �à ¢¥¨¥
(13), ®¯à¥¤¥«ïîé¥¥ ä®ªãáë¥ £¨¯¥à¯®¢¥àå®áâ¨ FL â ª®© ª®£àãíæ¨¨, ¯à¨¨¬ ¥â ¢¨¤

det(x0�pq + x1cp1q) = 0:

�«¥¤®¢ â¥«ì®, ª ¦¤ ï ¨§ ä®ªãáëå £¨¯¥à¯®¢¥àå®áâ¥© FL ª®£àãíæ¨¨ Y à á¯ ¤ ¥âáï   r
¢¥é¥áâ¢¥ëå ¨«¨ ª®¬¯«¥ªáëå â®ç¥ª ¯à¨ ãá«®¢¨¨, çâ® ª ¦¤ ï ¨§ ¨å áç¨â ¥âáï áâ®«ìª® à §,
ª ª®¢  ¥¥ ªà â®áâì. � ¦¤ ï ¨§ íâ¨å â®ç¥ª ®¯¨áë¢ ¥â ä®ª «ì®¥ ¬®£®®¡à §¨¥ ¢ ¯à®áâà áâ¢¥
Pn, ª á â¥«ì®¥ ª ®¡à §ãîé¨¬ L ª®£àãíæ¨¨ Y .

� áá¬®âà¨¬ ¤ «¥¥ ¯á¥¢¤®ª®£àãíæ¨î Y � ¢ ¯à®áâà áâ¢¥ Pn. �¥ ®¡à §ãîé ï L� ¨¬¥¥â à §-
¬¥à®áâì r � 1 ¨ § ¢¨á¨â ®â r ¯ à ¬¥âà®¢. �®¬¥áâ¨¬ â®çª¨ Ap, p = l + 1; : : : ; n, l = n � r,
à áá¬ âà¨¢ ¥¬®£® ¯®¤¢¨¦®£® à¥¯¥à    ®¡à §ãîéãî L� 2 Y �,   â®çª¨ Ai, i = 0; 1; : : : ; l, ¢¥
®¡à §ãîé¥© L�. �à ¢¥¨ï ¨ä¨¨â¥§¨¬ «ì®£® ¯¥à¥¬¥é¥¨ï â ª¨å à¥¯¥à®¢ á®¢  ¨¬¥îâ ¢¨¤
(8), ®¤ ª® ¢ ¤ ®¬ á«ãç ¥ 1-ä®à¬ë !i

p ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ ¡ §¨áëå ä®à¬
�p, ®¯à¥¤¥«ïîé¨å á¬¥é¥¨¥ ®¡à §ãîé¥© L� = Al+1 ^ � � � ^ An. � ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥
¨¬¥¥¬

!i
p = bipq�

q
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¨

dAp = !q
pAq + bipq�

qAi: (14)

� áá¬®âà¨¬ £¨¯¥à¯«®áª®áâì �, ¯à®å®¤ïéãî ç¥à¥§ ®¡à §ãîéãî L� 2 Y �. �® ®â®è¥¨î ª
à áá¬ âà¨¢ ¥¬®¬ã ¯®¤¢¨¦®¬ã à¥¯¥àã ãà ¢¥¨¥ £¨¯¥à¯«®áª®áâ¨ � ¨¬¥¥â ¢¨¤ �ixi = 0, £¤¥ �i |
â £¥æ¨ «ìë¥ ª®®à¤¨ âë íâ®© £¨¯¥à¯«®áª®áâ¨. �¨¯¥à¯«®áª®áâì �, ª®â®à ï ªà®¬¥ ®¡à §ãî-
é¥© L� á®¤¥à¦¨â â ª¦¥ ¡¥áª®¥ç® ¡«¨§ªãî ®¡à §ãîéãî 0L�, ®¯à¥¤¥«ï¥¬ãî â®çª ¬¨ Ap ¨ dAp,
 §ë¢ ¥âáï ä®ªãá®© £¨¯¥à¯«®áª®áâìî. � á®®â¢¥âáâ¢¨¨ á (14) ãà ¢¥¨ï, ®¯à¥¤¥«ïîé¨¥ ä®ªãá-
ë¥ £¨¯¥à¯«®áª®áâ¨, ¨¬¥îâ ¢¨¤

�ib
i
pq�

q = 0: (15)

�¨áâ¥¬  ãà ¢¥¨© (14) ®¯à¥¤¥«ï¥â á¬¥é¥¨¥ ®¡à §ãîé¥© L� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¨áâ¥-
¬  (15) ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ¯® ®â®è¥¨î ª ä®à¬ ¬ �q. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬
ãá«®¢¨¥¬ áãé¥áâ¢®¢ ¨ï â ª®£® ¥âà¨¢¨ «ì®£® à¥è¥¨ï ï¢«ï¥âáï ®¡à é¥¨¥ ¢ ã«ì ®¯à¥¤¥«¨-
â¥«ï á¨áâ¥¬ë (15):

det(�ibipq) = 0: (16)

�à ¢¥¨¥ (16) ®¯à¥¤¥«ï¥â á¥¬¥©áâ¢® ä®ªãáëå £¨¯¥à¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ ®¡à -
§ãîéãî L� 2 Y �. �â® á¥¬¥©áâ¢® ¯à¥¤áâ ¢«ï¥â á®¡®©  «£¥¡à ¨ç¥áª¨© £¨¯¥àª®ãá áâ¥¯¥¨ r, ¢¥à-
è¨®© ª®â®à®£® ï¢«ï¥âáï ®¡à §ãîé ï L�. � ¬¥â¨¬, çâ® ãà ¢¥¨¥ (16)   «®£¨ç® ãà ¢¥¨î
(7) ä®ªãá®£® £¨¯¥àª®ãá  �L ¬®£®®¡à §¨ï á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬.

4. �®à¬ «¨§®¢ ë¥ ¬®£®®¡à §¨ï ¢ ¬®£®¬¥à®¬ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥

1. � áá¬®âà¨¬ £« ¤ª®¥ r-¬¥à®¥ ¬®£®®¡à §¨¥ X ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ Pn, r < n.
�¨ää¥à¥æ¨ «ì ï £¥®¬¥âà¨ï â ª®£® ¬®£®®¡à §¨ï ¡¥¤¥¥, ç¥¬ ¤¨ää¥à¥æ¨ «ì ï £¥®¬¥âà¨ï
¬®£®®¡à §¨ï ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ ¨«¨ ¯à®áâà áâ¢ å ¯®áâ®ï®© ªà¨¢¨§ë Sn ¨ H n ,
£¤¥ Sn ¨ H n ®§ ç îâ á®®â¢¥âáâ¢¥® n-¬¥àë¥ í««¨¯â¨ç¥áª®¥ ¨ £¨¯¥à¡®«¨ç¥áª®¥ ¯à®áâà -
áâ¢ . � ®ªà¥áâ®áâìî ¯¥à¢®£® ¯®àï¤ª  â®çª¨ x 2 X � P

n  áá®æ¨¨àã¥âáï â®«ìª® ª á â¥«ì®¥
¯®¤¯à®áâà áâ¢® Tx(X). � ¯à¨¬¥à, ¢ ([2], á¥ªæ¨ï 1.4) ¯®ª § ®, çâ® ¤«ï â®£® çâ®¡ë ®¡®£ â¨âì
¤¨ää¥à¥æ¨ «ìãî £¥®¬¥âà¨î ªà¨¢®©   ¯à®¥ªâ¨¢®© ¯«®áª®áâ¨ P

2, ¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì
¤¨ää¥à¥æ¨ «ìë¥ ¯à®¤®«¦¥¨ï ãà ¢¥¨ï ªà¨¢®© ¤®áâ â®ç® ¢ëá®ª¨å ¯®àï¤ª®¢.

�¤ ª® ¬ë ¬®¦¥¬ ®¡®£ â¨âì ¤¨ää¥à¥æ¨ «ìãî £¥®¬¥âà¨î ¬®£®®¡à §¨ï X � Pn, á ¡-
¦ ï X ¤®¯®«¨â¥«ì®© ª®áâàãªæ¨¥©, á®áâ®ïé¥© ¨§ ¯®¤¯à®áâà áâ¢  Nx(X) à §¬¥à®áâ¨ n� r
â ª®£®, çâ® Tx(X) \ Nx(X) = x, ¨ (r � 1)-¬¥à®£® ¯®¤¯à®áâà áâ¢  Kx(X), Kx(X) � Tx(X),
x =2 Kx(X). �ã¤¥¬ ®¡®§ ç âì íâ¨ ¯®¤¯à®áâà áâ¢  á¨¬¢®« ¬¨ Nx ¨ Kx ¨  §ë¢ âì ®à¬ «ï¬¨
¯¥à¢®£® ¨ ¢â®à®£® à®¤  (¨«¨ ¯à®áâ® ¯¥à¢®© ¨ ¢â®à®© ®à¬ «ï¬¨) ¬®£®®¡à §¨ïX á®®â¢¥âáâ¢¥®
([4], á. 198).

�¥¬¥©áâ¢® ¯¥à¢ëå ®à¬ «¥© ®¡à §ã¥â ª®£àãíæ¨î N ,   á¥¬¥©áâ¢® ¢â®àëå ®à¬ «¥© ®¡à -
§ã¥â ¯á¥¢¤®ª®£àãíæ¨î K ¢ ¯à®áâà áâ¢¥ Pn. �á«¨ á ª ¦¤®© â®çª®© x 2 X  áá®æ¨¨à®¢ ë
¥¤¨áâ¢¥ ï ¯¥à¢ ï ®à¬ «ì Nx ¨ ¥¤¨áâ¢¥ ï ¢â®à ï ®à¬ «ì Kx, â® ¬®£®®¡à §¨¥ X  §ë-
¢ ¥âáï ®à¬ «¨§®¢ ë¬ ([4], á. 198; [3], £«. 6).

� ª ¡ã¤¥â ¢¨¤® ¨§ ¤ «ì¥©è¥£®, ¢ á«ãç ¥ ¬®£®®¡à §¨© ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ En ,  
â ª¦¥ ¥¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢ å Sn ¨ H n , ¯¥à¢ë¥ ¨ ¢â®àë¥ ®à¬ «¨ ®¯à¥¤¥«ïîâáï £¥®¬¥-
âà¨¥© íâ¨å ¯à®áâà áâ¢, ¢ â® ¢à¥¬ï ª ª ¢ á«ãç ¥ ¬®£®®¡à §¨© ¢  ää¨®¬ ¯à®áâà áâ¢¥ A n ¨
¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ Pn íâ¨ ®à¬ «¨ ¤®«¦ë ¡ëâì ¢ë¡à ë ¨áªãááâ¢¥® ¨«¨ ¦¥ ¤«ï
 å®¦¤¥¨ï ¨å á«¥¤ã¥â ¨á¯®«ì§®¢ âì ®ªà¥áâ®áâ¨ â®çª¨ x 2 X ¢ëá®ª¨å ¯®àï¤ª®¢. � íâ®© áâ âì¥
¬ë ¡ã¤¥¬ ¯à¨¬¥ïâì ¯¥à¢ë© ¬¥â®¤. � ¬¥â¨¬, çâ® ¢â®à®© ¬¥â®¤ á®¯àï¦¥ á® § ç¨â¥«ìë¬¨ ¢ë-
ç¨á«¨â¥«ìë¬¨ âàã¤®áâï¬¨. �®¤à®¡®¥ ¨§«®¦¥¨¥ íâ®£® ¬¥â®¤  ¨ ááë«ª¨   á®®â¢¥âáâ¢ãîéãî
«¨â¥à âãàã ¬®¦®  ©â¨ ¢ ([3], £«. 6, 7; [4], £«. 5).

�â ª, à áá¬®âà¨¬ ®à¬ «¨§®¢ ®¥ ¬®£®®¡à §¨¥ X à §¬¥à®áâ¨ r ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà -
áâ¢¥ Pn. �¢ï¦¥¬ áX á¥¬¥©áâ¢® ¯à®¥ªâ¨¢ëå à¥¯¥à®¢ fA0; A1; : : : ; Ang â ª¨¬ ®¡à §®¬, çâ® A0 = x,
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Aa 2 Nx, a = 1; : : : ; l, £¤¥ l = n� r, ¨ Ap 2 Kx, p = l + 1; : : : ; n. �à ¢¥¨ï ¨ä¨¨â¥§¨¬ «ì®£®
¯¥à¥¬¥é¥¨ï â ª¨å à¥¯¥à®¢ ¨¬¥îâ ¢¨¤8><>:

dA0 = !0
0A0 + !pAp;

dAa = !0
aA0 + !b

aAb + !p
aAp;

dAp = !0
pA0 + !a

pAa + !q
pAq:

(17)

�à ¢¥¨ï (17) ¯®ª §ë¢ îâ, çâ® à áá¬ âà¨¢ ¥¬®¥ á¥¬¥©áâ¢® ¯®¤¢¨¦ëå à¥¯¥à®¢ ã¤®¢«¥â¢®-
àï¥â á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

!a = 0; (18)

  1-ä®à¬ë !p ï¢«ïîâáï ¡ §¨áë¬¨ ä®à¬ ¬¨, ¯®áª®«ìªã ®¨ ®¯à¥¤¥«ïîâ á¬¥é¥¨¥ â®çª¨ A0 = x
¢¤®«ì ¬®£®®¡à §¨ï X. �¥è¥¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ãà ¢¥¨ï (18) ¨ ¨á¯®«ì§®¢ ¨¥ «¥¬¬ë
� àâ   ¯à¨¢®¤¨â ª ãà ¢¥¨ï¬

!a
p = bapq!

q; bapq = baqp: (19)

�¥«¨ç¨ë bapq ®¡à §ãîâ â¥§®à ¨ ï¢«ïîâáï ª®íää¨æ¨¥â ¬¨ ¢â®àëå äã¤ ¬¥â «ìëå ä®à¬
¬®£®®¡à §¨ï X ¢ â®çª¥ x ([2], á¥ªæ¨ï 2.1):

�a = bapq!
p!q:

2. �®çª¨ Ap ¯à¨ ¤«¥¦ â ª á â¥«ì®¬ã ¯®¤¯à®áâà áâ¢ã Tx(X). �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®
íâ¨ â®çª¨ ¯à¨ ¤«¥¦ â ¢â®à®© ®à¬ «¨ Kx � Tx(X), Kx = Al+1 ^ � � � ^ An. �®£¤  ¯à¨ !p = 0
1-ä®à¬ë !0

p â ª¦¥ ¤®«¦ë ®¡à é âìáï ¢ ã«ì, ¢ à¥§ã«ìâ â¥ ç¥£® ¨¬¥¥¬

!0

p = lpq!
q: (20)

� «¥¥, ¯®¬¥áâ¨¬ â®çª¨ Aa à áá¬ âà¨¢ ¥¬®£® ¯®¤¢¨¦®£® à¥¯¥à    ¯¥à¢ãî ®à¬ «ì Nx

¬®£®®¡à §¨ï X, Nx = A0 ^A1 ^ � � � ^Al. �®£¤  ¯à¨ !p = 0 ¯®«ãç ¥¬ !p
a = 0, ®âªã¤ 

!p
a = cpaq!

q: (21)

� áá¬®âà¨¬ â®çªã y 2 Nx   ¯¥à¢®© ®à¬ «¨. �¬¥¥¬ y = y0A0 + yaAa. �¨ää¥à¥æ¨àãï íâ®
á®®â®è¥¨¥ ¨ ¨á¯®«ì§ãï (17), ¯®«ãç ¥¬

dy = (dy0 + y0!0

0 + ya!0

a)A0 + (y0!p + ya!p
a)Ap + (dya + yb!a

b )Aa: (22)

�®çª  y ï¢«ï¥âáï ä®ªãá®¬ ¯¥à¢®© ®à¬ «¨ Nx, ¥á«¨ dy 2 Nx. � á®®â¢¥âáâ¢¨¨ á (22) ¨§ íâ®£®
ãá«®¢¨ï á«¥¤ã¥â

y0!p + ya!p
a = 0:

�à¨¬¥ïï á®®â®è¥¨ï (21),  å®¤¨¬

(y0�pq + yacpaq)!
q = 0:

�â  á¨áâ¥¬  ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ¯® ®â®è¥¨î ª ä®à¬ ¬ !q â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤ 

det(y0�pq + yacpaq) = 0: (23)

�à ¢¥¨¥ (23) ®â«¨ç ¥âáï ®â ãà ¢¥¨ï (13) â®«ìª® ®¡®§ ç¥¨ï¬¨ ¨ ®¯à¥¤¥«ï¥â ä®ªãáãî
£¨¯¥à¯®¢¥àå®áâì Fx ¢ ®¡à §ãîé¥© Nx ª®£àãíæ¨¨ ¯¥à¢ëå ®à¬ «¥©,  áá®æ¨¨à®¢ ®© á ¬®-
£®®¡à §¨¥¬ X. �§ ãà ¢¥¨ï (23) á«¥¤ã¥â, çâ® â®çª  x 2 X á ª®®à¤¨ â ¬¨ x0 = 1, xa = 0 ¥
¯à¨ ¤«¥¦¨â ä®ªãá®© £¨¯¥à¯®¢¥àå®áâ¨ Fx.

� ©¤¥¬ ä®ªãáë¥ £¨¯¥àª®ãáë �x ¯á¥¢¤®ª®£àãíæ¨¨ K ¢â®àëå ®à¬ «¥© ¬®£®®¡à §¨ï X.
�¨¯¥àª®ãá �x ®¡à §®¢  £¨¯¥à¯«®áª®áâï¬¨ � ¯à®áâà áâ¢  Pn, á®¤¥à¦ é¨¬¨ ¢â®àãî ®à¬ «ì
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Kx = Al+1 ^ � � � ^An � Tx(X) ¨ ¡¥áª®¥ç® ¡«¨§ªãî ®à¬ «ì Kx + dKx, á®¤¥à¦ éãî ¥ â®«ìª®
â®çª¨ Ap, ® â ª¦¥ ¨ â®çª¨

dAp � !0

pA0 + !a
pAa (mod Nx):

� ª¨¬ ®¡à §®¬, â £¥æ¨ «ìë¥ ª®®à¤¨ âë �0 ¨ �a â ª®© £¨¯¥à¯«®áª®áâ¨ ã¤®¢«¥â¢®àïîâ ãà ¢-
¥¨ï¬

�0!
0
p + �a!

a
p = 0:

� á®®â¢¥âáâ¢¨¨ á (20) ¨ (19) ¨§ íâ®£® ãà ¢¥¨ï á«¥¤ã¥â

(�0lpq + �ab
a
pq)!

q = 0:

�â  á¨áâ¥¬  ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ¯® ®â®è¥¨î ª ä®à¬ ¬ !q â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®¡à é ¥âáï ¢ ã«ì ¥¥ ®¯à¥¤¥«¨â¥«ì:

det(�0lpq + �ab
a
pq) = 0: (24)

�à ¢¥¨¥ (24) ®¯à¥¤¥«ï¥â  «£¥¡à ¨ç¥áª¨© £¨¯¥àª®ãá ¯®àï¤ª  r, ¢¥àè¨®© ª®â®à®£® ï¢«ï¥âáï
®¡à §ãîé ï Kx ¯á¥¢¤®ª®£àãíæ¨¨K ¢â®àëå ®à¬ «¥©. �â®â £¨¯¥àª®ãá  §ë¢ ¥âáï ä®ªãáë¬
£¨¯¥àª®ãá®¬ ¯á¥¢¤®ª®£àãíæ¨¨ K.

3. � áá¬®âà¨¬ â¥¯¥àì ª á â¥«ì®¥ ¨ ®à¬ «ì®¥ à áá«®¥¨ï,  áá®æ¨¨à®¢ ë¥ á ®à¬ «¨-
§®¢ ë¬ ¬®£®®¡à §¨¥¬ X. � §®© ª ¦¤®£® ¨§ íâ¨å à áá«®¥¨© ï¢«ï¥âáï á ¬® ¬®£®®¡à §¨¥
X, á«®ï¬¨ ª á â¥«ì®£® à áá«®¥¨ï ï¢«ïîâáï ª á â¥«ìë¥ ¯®¤¯à®áâà áâ¢  Tx,   á«®ï¬¨ ®à-
¬ «ì®£® à áá«®¥¨ï ï¢«ïîâáï ¯¥à¢ë¥ ®à¬ «¨ Nx.

�ãáâì 0x = x+xpAp | ¯à®¨§¢®«ì ï â®çª  ª á â¥«ì®£® ¯®¤¯à®áâà áâ¢  Tx,   x = 0x�x =
xpAp | ¢¥ªâ®à ¢ ª á â¥«ì®¬ à áá«®¥¨¨ T (X). �¨ää¥à¥æ¨ « íâ®£® ¢¥ªâ®à  ¨¬¥¥â ¢¨¤

dx = (dxp + xq!p
q )Ap + xp(lpqA0 + bapqAa)!q: (25)

�¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ á®®â®è¥¨ï (25) ¯à¨ ¤«¥¦¨â ª á â¥«ì®¬ã ¯®¤¯à®áâà áâ¢ã
Tx,   ¢â®à®¥ á« £ ¥¬®¥ ¯à¨ ¤«¥¦¨â ®à¬ «¨ Nx. 1-ä®à¬ 

Dxp = dxp + xq!p
q

 §ë¢ ¥âáï ª®¢ à¨ âë¬ ¤¨ää¥à¥æ¨ «®¬ ¢¥ªâ®à  x = (xp) ¯® ®â®è¥¨î ª  ää¨®© á¢ï§®-
áâ¨ t, ¨¤ãæ¨à®¢ ®©   ¬®£®®¡à §¨¨X ®à¬ «¨§ æ¨¥© (N;K). 1-ä®à¬ë !p

q áãâì ª®¬¯®¥âë
ä®à¬ë á¢ï§®áâ¨ ! = f!p

qg á¢ï§®áâ¨ t.
�¥ªâ®à®¥ ¯®«¥ x  §ë¢ ¥âáï ¯ à ««¥«ìë¬ ¢ á¢ï§®áâ¨ t, ¥á«¨ ¥£® ª®¢ à¨ âë© ¤¨ää¥-

à¥æ¨ « Dxp ®¡à é ¥âáï ¢ ã«ì, â. ¥. ¥á«¨

Dxp = dxp + xq!p
q = 0:

� ©¤¥¬ ¢¥è¨¥ ¤¨ää¥à¥æ¨ «ë ª®¬¯®¥â !p
q ä®à¬ë á¢ï§®áâ¨ !. �§ ä®à¬ã« (19), (20) ¨

(21) á«¥¤ã¥â, çâ® íâ¨ ¢¥è¨¥ ¤¨ää¥à¥æ¨ «ë ¨¬¥îâ ¢¨¤

d!p
q = !s

q ^ !p
s + (lqs�

p
t + baqsc

p
at)!

s ^ !t: (26)

2-ä®à¬ 

p
q = d!p

q � !s
q ^ !p

s

 §ë¢ ¥âáï ä®à¬®© ªà¨¢¨§ë  ää¨®© á¢ï§®áâ¨ t, ¨¤ãæ¨à®¢ ®©   ¬®£®®¡à §¨¨ X. �§
ãà ¢¥¨ï (26) á«¥¤ã¥â, çâ®


p
q =

1

2
Rp
qst!

s ^ !t;

£¤¥

Rp
qst = lqs�

p
t + baqsc

p
at � lqt�

p
s � baqtc

p
as (27)

|â¥§®à ªà¨¢¨§ë  ää¨®© á¢ï§®áâ¨ t  X. �à ¢¥¨ï (27) ¯®§¢®«ïîâ ¢ëç¨á«ïâì â¥§®àë
ªà¨¢¨§ë ¤«ï à §«¨çëå ®à¬ «¨§ æ¨© ¬®£®®¡à §¨ï X.
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�á«¨ Rp
qst = 0   ¬®£®®¡à §¨¨ X, â®  ää¨ ï á¢ï§®áâì t   X ï¢«ï¥âáï ¯«®áª®©, ¨

¯ à ««¥«ì®¥ ¯¥à¥¥á¥¨¥ ¢¥ªâ®à  x ¥ § ¢¨á¨â ®â ¯ãâ¨ (á¬.,  ¯à., [4], á. 118; [5], á. 70).

4. � áá¬®âà¨¬ ¤ «¥¥ ¢¥ªâ®à®¥ ¯®«¥ y ¢ ®à¬ «ì®¬ à áá«®¥¨¨ N(X). �¥ªâ®à y ®¯à¥¤¥«ï-
¥âáï â®çª®© x ¨ â®çª®© y = y0A0+ yaAa á«®ï Nx � N(X). �¨ää¥à¥æ¨ « â®çª¨ y ®¯à¥¤¥«ï¥âáï
ãà ¢¥¨¥¬ (22).

1-ä®à¬ 

Dya = dya + yb!a
b

 §ë¢ ¥âáï ª®¢ à¨ âë¬ ¤¨ää¥à¥æ¨ «®¬ ¢¥ªâ®à®£® ¯®«ï y ¢ ®à¬ «ì®¬ à áá«®¥¨¨ N(X),
  ä®à¬ë !b

a ï¢«ïîâáï ª®¬¯®¥â ¬¨ ä®à¬ë á¢ï§®áâ¨ ®à¬ «ì®© á¢ï§®áâ¨ n   ®à¬ «¨-
§®¢ ®¬ ¬®£®®¡à §¨¨ X (á¬.,  ¯à., [6], á. 242; ¤®¯®«¨â¥«ìãî ¨ä®à¬ æ¨î ® ®à¬ «ì®©
á¢ï§®áâ¨ ¬®¦®  ©â¨ ¢ [7] ¨ [3], c¥ªæ¨ï 6.3). 2-ä®à¬ 


a
b = d!a

b � !c
b ^ !a

c

 §ë¢ ¥âáï ä®à¬®© ªà¨¢¨§ë ®à¬ «ì®© á¢ï§®áâ¨ n. �â¬¥â¨¬, çâ® � àâ  ¢ [6]  §ë¢ « íâã
ä®à¬ã £ ãáá®¢ë¬ ªàãç¥¨¥¬ ¢«®¦¥®£® ¬®£®®¡à §¨ï X.

�¨ää¥à¥æ¨àãï ä®à¬ë !a
b ¨ ¯à¨¬¥ïï ä®à¬ã«ë (19) ¨ (20), ¤«ï ä®à¬ë ªà¨¢¨§ë  å®¤¨¬

¢ëà ¦¥¨¥


a
b =

1

2
Ra
bst!

s ^ !t;

£¤¥

Ra
bst = cpbsb

a
pt � cpbtb

a
ps: (28)

�¥§®à Ra
bst  §ë¢ ¥âáï â¥§®à®¬ ®à¬ «ì®© ªà¨¢¨§ë ¬®£®®¡à §¨ï X.

�â®àë¥ ®à¬ «¨ Kx,  áá®æ¨¨à®¢ ë¥ á ¬®£®®¡à §¨¥¬ X, ¯®§¢®«ïîâ ¯®«ãç¨âì à á¯à¥¤¥-
«¥¨¥ �y r-¬¥àëå ¯®¤¯à®áâà áâ¢,  áá®æ¨¨à®¢ ®¥ á X. �«¥¬¥âë íâ®£® à á¯à¥¤¥«¥¨ï �y

ï¢«ïîâáï «¨¥©ë¬¨ ®¡®«®çª ¬¨ â®ç¥ª y 2 Nx ¨ ¢â®àëå ®à¬ «¥© Kx, �y = y ^Kx. �§ (22)
á«¥¤ã¥â, çâ® à á¯à¥¤¥«¥¨¥ �y ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢¥¨©

dya + yb!a
b = 0: (29)

� ®¡é¥¬ á«ãç ¥ á¨áâ¥¬  ãà ¢¥¨© (29) ¥ ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬®©, ¨ ª®£¤  â®çª  x
¤¢¨¦¥âáï ¢¤®«ì § ¬ªãâ®£® ª®âãà  l � X, á®®â¢¥âáâ¢ãîé ï â®çª  y ¥ ®¯¨áë¢ ¥â § ¬ªãâ®£®
ª®âãà .

�¤ ª® â®çª  y ¡ã¤¥â ®¯¨áë¢ âì § ¬ªãâë© ª®âãà l0, ¥á«¨ á¨áâ¥¬  (29) ï¢«ï¥âáï ¢¯®«¥
¨â¥£à¨àã¥¬®©. �á«®¢¨¥¬ ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë (29) ï¢«ï¥âáï ®¡à é¥¨¥ ¢ ã«ì
â¥§®à  ªà¨¢¨§ë (28) ®à¬ «ì®© á¢ï§®áâ¨ ¬®£®®¡à §¨ï X. � íâ®¬ á«ãç ¥ à á¯à¥¤¥«¥¨¥ �y,
®¯à¥¤¥«¥®¥ á¨áâ¥¬®© (29), ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬, ¨ § ¬ªãâë¥ ª®âãàë l0 «¥¦ â  
¨â¥£à «ìëå ¬®£®®¡à §¨ïå íâ®£® à á¯à¥¤¥«¥¨ï. �â¨ ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï á®áâ ¢«ïîâ
(n � r)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® r-¬¥àëå ¯®¤¬®£®®¡à §¨© X(y), ª®â®àë¥ \¯ à ««¥«ìë"
¬®£®®¡à §¨î X ¢ â®¬ á¬ëá«¥, çâ® ¯®¤¯à®áâà áâ¢  Tx(X) ¨ Tx(X(y)) ¯à®å®¤ïâ ç¥à¥§ ®¤ã ¨
âã ¦¥ ¢â®àãî ®à¬ «ì Kx.

5. �®à¬ «¨§ æ¨ï ¬®£®®¡à §¨ï X � Pn  §ë¢ ¥âáï æ¥âà «ì®©, ¥á«¨ ¢á¥ ¯¥à¢ë¥ ®à¬ «¨
Nx íâ®© ®à¬ «¨§ æ¨¨ ®¡à §ãîâ á¢ï§ªã á (l � 1)-¬¥à®© ¢¥àè¨®© S.

�¥®à¥¬  1. �®à¬ «¨§ æ¨ï ®à¬ «¨§®¢ ®£® ¬®£®®¡à §¨ï X � Pn ï¢«ï¥âáï æ¥âà «ì®©

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢¥«¨ç¨ë lpq ¨ cpaq ¢ ãà ¢¥¨ïå (20) ¨ (21) ®¡à é îâáï ¢ ã«ì:

lpq = 0; cpaq = 0: (30)
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�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �à¥¤¯®«®¦¨¬, çâ® ®à¬ «¨§ æ¨ï ¬®£®®¡à §¨ï X �
P
n ï¢«ï¥âáï æ¥âà «ì®© ®à¬ «¨§ æ¨¥© á (l�1)-¬¥à®© ¢¥àè¨®© S. �®¬¥áâ¨¬ â®çª¨ Aa ¢ íâã
¢¥àè¨ã S. �®£¤ 

dAa = !b
aAb:

�à¨ íâ®¬ ¨§ ãà ¢¥¨ï (17) á«¥¤ã¥â

!0

a = 0; !p
a = 0: (31)

� á®®â¢¥âáâ¢¨¨ á á®®â®è¥¨ï¬¨ (20) ¨ (21) íâ® ®§ ç ¥â (30).

�®áâ â®ç®áâì. �§ (30) á«¥¤ã¥â (31), ®âªã¤  dAa = !b
aAb. � ª¨¬ ®¡à §®¬, ¯®¤¯à®áâà áâ¢®

S = A1 ^ � � � ^ Al ï¢«ï¥âáï ¯®áâ®ïë¬. �á¥ l-¬¥àë¥ ¯¥à¢ë¥ ®à¬ «¨ Nx ¯à®å®¤ïâ ç¥à¥§ S, ¨
®à¬ «¨§ æ¨ï ¬®£®®¡à §¨ï X ï¢«ï¥âáï æ¥âà «ì®© á (l � 1)-¬¥à®© ¢¥àè¨®© S.

�«¥¤áâ¢¨¥. �¤ãæ¨à®¢  ï  ää¨ ï á¢ï§®áâì t ¨ ®à¬ «ì ï á¢ï§®áâì n æ¥âà «ì®
®à¬ «¨§®¢ ®£® ¬®£®®¡à §¨ï X � P

n ï¢«ïîâáï ¯«®áª¨¬¨.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¤«ï æ¥âà «ì® ®à¬ «¨§®¢ ®£® ¬®£®®¡à §¨ï X ¢ë¯®«ï-
îâáï á®®â®è¥¨ï (30),   â¥§®à ªà¨¢¨§ë ¨¤ãæ¨à®¢ ®©  ää¨®© á¢ï§®áâ¨ t ¨¬¥¥â ¢¨¤
(27), â®

Rp
qst = 0;

â. ¥. â¥§®à ªà¨¢¨§ë ¨¤ãæ¨à®¢ ®©  ää¨®© á¢ï§®áâ¨ t æ¥âà «ì® ®à¬ «¨§®¢ ®£®
¬®£®®¡à §¨ï ®¡à é ¥âáï ¢ ã«ì.

� «®£¨çë¬ ®¡à §®¬ ¨§ ä®à¬ã«ë (28) á«¥¤ã¥â, çâ® â¥§®à ªà¨¢¨§ë ®à¬ «ì®© á¢ï§®áâ¨
n æ¥âà «ì® ®à¬ «¨§®¢ ®£® ¬®£®®¡à §¨ï â ª¦¥ ®¡à é ¥âáï ¢ ã«ì.

�â¬¥â¨¬, çâ® ®¡  íâ¨å ä ªâ  ¢ëâ¥ª îâ â ª¦¥ ¨§ â®£®, çâ® æ¥âà «ì® ®à¬ «¨§®¢ ®¥
¬®£®®¡à §¨¥ X � P

n ¬®¦¥â ¡ëâì ¡¨¥ªâ¨¢® á¯à®¥ªâ¨à®¢ ®   r-¬¥à®¥ ¯®¤¯à®áâà áâ¢® T ,
ª®â®à®¥ ï¢«ï¥âáï ¤®¯®«¨â¥«ìë¬ ª ¢¥àè¨¥ S à áá«®¥¨ï ¯¥à¢ëå ®à¬ «¥© Nx, ¨ £¥®¬¥âà¨ï
¬®£®®¡à §¨ï X, ¨¤ãæ¨à®¢  ï íâ®© æ¥âà «ì®© ®à¬ «¨§ æ¨¥©, íª¢¨¢ «¥â  ¯«®áª®© £¥®-
¬¥âà¨¨ ¯à®áâà áâ¢  T .

� [8] ¡ë«¨  ©¤¥ë ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï, ¯à¨ ª®â®àëå ®à¬ «¨§ æ¨ï ¬®£®-
®¡à §¨ï X ¢  ää¨®¬ ¯à®áâà áâ¢¥ A N ï¢«ï¥âáï æ¥âà «ì®© ¨«¨ âà¨¢¨ «ì®©. �à¨¢¨ «ì®©
®à¬ «¨§ æ¨¥© ¬®£®®¡à §¨ï X ¢  ää¨®¬ ¯à®áâà áâ¢¥ A N  §ë¢ ¥âáï ®à¬ «¨§ æ¨ï, ¤«ï
ª®â®à®© ¢á¥ ¯¥à¢ë¥ ®à¬ «¨ Nx ¯ à ««¥«ìë ¥ª®â®à®© ¯®áâ®ï®© l-¯«®áª®áâ¨ (â.¥. ®¡à §ãîâ
¯ãç®ª ¯ à ««¥«ìëå l-¯«®áª®áâ¥©).

� ®¡®§ ç¥¨ïå, ¯à¨ïâëå ¢ ¤ ®© à ¡®â¥, ãá«®¢¨ï æ¥âà «ì®áâ¨ ®à¬ «¨§ æ¨¨, ¯®«ãç¥-
ë¥ ¢ [8], ¨¬¥îâ ¢¨¤

cpaq = �pq ca;

£¤¥ �pq | á¨¬¢®«ë �à®¥ª¥à , ca | (1; 0)-â¥§®àë,   ãá«®¢¨ï, ¯à¨ ª®â®àëå ®à¬ «¨§ æ¨ï ï¢«ï-
¥âáï âà¨¢¨ «ì®©, ¨¬¥îâ ¢¨¤

cpaq = 0:

�¤ ª® ¢ á«ãç ¥  ää¨®£® ¯à®áâà áâ¢  (¨, ¢ ç áâ®áâ¨, ¢ á«ãç ¥ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ )
¢á¥£¤  ¢ë¯®«ï¥âáï lpq = 0. �à®¬¥ â®£®, ¢ ¯à®¥ªâ¨¢®¬ á«ãç ¥ (â ª ¦¥, ª ª ¨ ¢  ää¨®¬
á«ãç ¥), âà¨¢¨ «ì ï ®à¬ «¨§ æ¨ï ï¢«ï¥âáï æ¥âà «ì®© ®à¬ «¨§ æ¨¥©, ¢¥àè¨  S ª®â®-
à®© ¯à¨ ¤«¥¦¨â ¡¥áª®¥ç® ã¤ «¥®© £¨¯¥à¯«®áª®áâ¨. � ª¨¬ ®¡à §®¬, à¥§ã«ìâ âë áâ âì¨ [8]
á«¥¤ãîâ ¨§ â¥®à¥¬ë 1.

6. � áá¬®âà¨¬ ®à¬ «¨§ æ¨î, ¤ã «ìãî æ¥âà «ì®© ®à¬ «¨§ æ¨¨. �à¨ â ª®© ®à¬ «¨-
§ æ¨¨ ¢á¥ ¢â®àë¥ ®à¬ «¨ Kx ¯à¨ ¤«¥¦ â ä¨ªá¨à®¢ ®© £¨¯¥à¯«®áª®áâ¨ �. �ã¤¥¬  §ë¢ âì
â ªãî ®à¬ «¨§ æ¨î  ää¨®©.

12



�¥®à¥¬  2. �®à¬ «¨§ æ¨ï ¬®£®®¡à §¨ï X � Pn ï¢«ï¥âáï  ää¨®© â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  1-ä®à¬ë !0
p ¨ !0

a ¢ ãà ¢¥¨ïå (17) ®¡à é îâáï ¢ ã«ì:

!0
p = 0; !0

a = 0: (32)

�á«¨ ®à¬ «¨§ æ¨ï ¬®£®®¡à §¨ï X � P
n ï¢«ï¥âáï  ää¨®©, â® ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢®

P
n ¥á¥â  ää¨ãî áâàãªâãàã, â. ¥. Pn ï¢«ï¥âáï  ää¨ë¬ ¯à®áâà áâ¢®¬ A

n .

�®ª § â¥«ìáâ¢®. � §¬¥áâ¨¬ â®çª¨ A1; : : : ; An ¯®¤¢¨¦®£® à¥¯¥à    ä¨ªá¨à®¢ ®© £¨-
¯¥à¯«®áª®áâ¨ �. �®áª®«ìªã ¯à¨  ää¨®© ®à¬ «¨§ æ¨¨ Kx � �, ¨, á«¥¤®¢ â¥«ì®, dAp � �,
p = l + 1; : : : ; n, ®âáî¤  á«¥¤ã¥â

!0

p = 0:

�®«¥¥ â®£®, â®çª¨ Aa, a = 1; : : : ; l, ¯¥à¢®© ®à¬ «¨ Nx â ª¦¥ ¬®£ãâ ¡ëâì ¯®¬¥é¥ë ¢ £¨¯¥à¯«®á-
ª®áâì �. �®£¤  dAa � �, ®âªã¤  á«¥¤ã¥â

!0

a = 0:

�¡à â®, ¥á«¨ ¢ë¯®«ï¥âáï (32), â®

dAp � �; dAa � �;

£¤¥ � = A1 ^ � � � ^An. � ª¨¬ ®¡à §®¬, ¯«®áª®áâì � ï¢«ï¥âáï ¯®áâ®ï®© ¨ ®à¬ «¨§ æ¨ï ¬®£®-
®¡à §¨ï X ï¢«ï¥âáï  ää¨®©, çâ® ¨ ¤®ª §ë¢ ¥â ¯¥à¢ãî ç áâì â¥®à¥¬ë 2.

�«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ç áâ¨ â¥®à¥¬ë 2 § ¬¥â¨¬, çâ® ¬®¦® ¯à¨ïâì £¨¯¥à¯«®áª®áâì �
§  ¡¥áª®¥ç® ã¤ «¥ãî £¨¯¥à¯«®áª®áâì P1 ¯à®áâà áâ¢  P

n. �â  £¨¯¥à¯«®áª®áâì ®¯à¥¤¥«ï¥â
 ää¨ãî áâàãªâãàã ¢ ¯à®áâà áâ¢¥ Pn. � ª¨¬ ®¡à §®¬, ¯à®áâà áâ¢® Pn áâ ®¢¨âáï  ää¨-
ë¬ ¯à®áâà áâ¢®¬ A n .

7. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ®à¬ «¨§®¢ ®¥ ¬®£®®¡à §¨¥ X � Pn ¨¬¥¥â ¯«®áªãî ®à-
¬ «ìãî á¢ï§®áâì n, â. ¥. Ra

bst = 0. �à¨ íâ®¬ ¨§ ¢ëà ¦¥¨ï (28) ¢ëâ¥ª îâ á®®â®è¥¨ï

baptc
p
bs = bapsc

p
bt; (33)

ª®â®àë¥ â®«ìª® ®¡®§ ç¥¨ï¬¨ ®â«¨ç îâáï ®â á®®â®è¥¨© (3). �á¯®«ì§ãï ¬ âà¨æë

Ba = (bapq); Cb = (cpbq);

§ ¯¨è¥¬ á®®â®è¥¨ï (33) ¢ ¢¨¤¥

(BaCb) = (BaCb)T :

� ª ¤®ª § ® ¢ ([2], £«. 3 ¨ 4), ¨§ íâ¨å á®®â®è¥¨© á«¥¤ã¥â, çâ® ¬ âà¨æë Ba ¨ Cb ¬®£ãâ ¡ëâì
®¤®¢à¥¬¥® ¯à¨¢¥¤¥ë ª ¤¨ £® «ì®¬ã ¨«¨ ¡«®ç®-¤¨ £® «ì®¬ã ¢¨¤ã. � ª¨¬ ®¡à §®¬,
¤®ª §  

�¥®à¥¬  3. �®ªãáë¥ £¨¯¥à¯®¢¥àå®áâ¨ Fx � Nx ®à¬ «¨§®¢ ®£® ¬®£®®¡à §¨ï X á ¯«®á-

ª®© ®à¬ «ì®© á¢ï§®áâìî à á¯ ¤ îâáï   ¯«®áª¨¥ ®¡à §ãîé¨¥ à §«¨çëå à §¬¥à®áâ¥©.

�â® á¢®©áâ¢® ¬®£®®¡à §¨© X á ¯«®áª®© ®à¬ «ì®© á¢ï§®áâìî n ¯®§¢®«ï¥â ¯®áâà®¨âì
ª« áá¨ä¨ª æ¨î â ª¨å ¬®£®®¡à §¨© â ª¨¬ ¦¥ á¯®á®¡®¬, ª ª íâ® ¡ë«® ®áãé¥áâ¢«¥® ¤«ï ¬®-
£®®¡à §¨© á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥. �«ï ¬®£®-
®¡à §¨© ¢  ää¨®¬ ¨ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢ å â ª ï ª« áá¨ä¨ª æ¨ï ¡ë«  ®¯¨á   ¢ à ¡®â å
[9]{[11].
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5. �®à¬ «¨§ æ¨ï ¬®£®®¡à §¨© ¢  ää¨®¬ ¨ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢ å

1. �ää¨®¥ ¯à®áâà áâ¢® A
n ®â«¨ç ¥âáï ®â ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢  P

n â¥¬, çâ® ¢
A
n ä¨ªá¨à®¢   ¡¥áª®¥ç® ã¤ «¥ ï £¨¯¥à¯«®áª®áâì P1. �á«¨ ¯®¬¥áâ¨âì ¢¥àè¨ë Ai, i =

1; : : : ; n, ¯®¤¢¨¦®£® ¯à®¥ªâ¨¢®£® à¥¯¥à  ¢ íâã £¨¯¥à¯«®áª®áâì, â® ãà ¢¥¨ï ¨ä¨¨â¥§¨¬ «ì-
®£® ¯¥à¥¬¥é¥¨ï ¯®¤¢¨¦®£® à¥¯¥à  ¯à¨¨¬ îâ ¢¨¤ ([2], ãà ¢¥¨ï (1.81))(

dA0 = !0
0A0 + !i

0Ai;

dAi = !j
iAj ;

i; j = 1; : : : ; n: (34)

�à¨ íâ®¬ áâàãªâãàë¬¨ ãà ¢¥¨ï¬¨  ää¨®£® ¯à®áâà áâ¢  ï¢«ïîâáï

d!0

0 = 0; d!i
0 = !j

0 ^ !i
j ; d!i

j = !k
j ^ !i

k:

� áá¬®âà¨¬ ¬®£®®¡à §¨¥ X à §¬¥à®áâ¨ r ¢  ää¨®¬ ¯à®áâà áâ¢¥ A n . � á â¥«ì®¥ ¯à®-
áâà áâ¢® Tx(X) ¯¥à¥á¥ª ¥â ¡¥áª®¥ç® ã¤ «¥ãî £¨¯¥à¯«®áª®áâì P1 ¯® ¯®¤¯à®áâà áâ¢ã Kx

à §¬¥à®áâ¨ r�1, Kx = Tx\P1. � ª¨¬ ®¡à §®¬, ¤«ï ®à¬ «¨§ æ¨¨ ¬®£®®¡à §¨ï X ¤®áâ â®ç®
§ ¤ âì â®«ìª® á¥¬¥©áâ¢® ¯¥à¢ëå ®à¬ «¥© Nx. �á«¨ ¯®¬¥áâ¨âì â®çª¨ Aa; a = 1; : : : ; l, ¯®¤¢¨¦-
®£® à¥¯¥à  ¢ ¯®¤¯à®áâà áâ¢® Nx \ P1,   â®çª¨ Ap, p = l + 1; : : : ; n, ¢ ¯®¤¯à®áâà áâ¢® Kx, â®
ãà ¢¥¨ï (34) ¯à¨¬ãâ ¢¨¤ 8><>:

dA0 = !0
0A0 + !p

0Ap;

dAa = !b
aAb + !p

aAp;

dAp = !a
pAa + !q

pAq

(35)

(á¬. ãà ¢¥¨ï (17)).
� ª ¨ ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥, ¨¬¥¥¬ ãà ¢¥¨ï (19), £¤¥ bapq | ¢â®à®© äã¤ ¬¥â «ì-

ë© â¥§®à ¬®£®®¡à §¨ï X. �à ¢¥¨ï (21) â ª¦¥ á®åà ïîâ á¢®© ¢¨¤, ®¤ ª® ¢¬¥áâ® ãà ¢¥-
¨© (20) ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãà ¢¥¨ï:

!0

p = 0: (36)

�®áª®«ìªã lpq = 0, ãà ¢¥¨ï ä®ªãá®© £¨¯¥à¯®¢¥àå®áâ¨ Fx � Nx á®åà ïîâ á¢®© ¢¨¤ (23).
�â® ¦¥ ª á ¥âáï ãà ¢¥¨ï (24) ä®ªãá®£® £¨¯¥àª®ãá  �x, â® ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (36)
íâ® ãà ¢¥¨¥ ¯à¨¨¬ ¥â ¢¨¤

det(�abapq) = 0: (37)

�ëà ¦¥¨ï (27) ¤«ï ª®¬¯®¥â â¥§®à  ªà¨¢¨§ë  ää¨®© á¢ï§®áâ¨ t, ¨¤ãæ¨à®¢ ®©
  ®à¬ «¨§®¢ ®¬ ¬®£®®¡à §¨¨ X � A n , § ¯¨èãâáï â¥¯¥àì ¢ ¢¨¤¥

Rp
qst = baqsc

p
at � baqtc

p
as: (38)

�â® ¦¥ ª á ¥âáï ¢ëà ¦¥¨© (28) ¤«ï ª®¬¯®¥â â¥§®à  ®à¬ «ì®© ªà¨¢¨§ë ¬®£®®¡à §¨ï
X, â® ®¨ á®åà ïîâáï.

� áá¬®âà¨¬ â¥§®à Rst, ¯®«ãç¥ë© ¨§ â¥§®à  ªà¨¢¨§ë Rp
qst  ää¨®© á¢ï§®áâ¨ t á¢¥àâ-

ª®© ¯® ¨¤¥ªá ¬ p ¨ q. �ã¤¥¬  §ë¢ âì íâ®â â¥§®à â¥§®à®¬ â¨¯  �¨çç¨ á¢ï§®áâ¨ t. �§
¢ëà ¦¥¨ï (38) á«¥¤ã¥â

Rst = bapsc
p
at � baptc

p
as:

� «®£¨çë¬ ®¡à §®¬ ®¯à¥¤¥«¨¬ â¥§®à â¨¯  �¨çç¨ ®à¬ «ì®© á¢ï§®áâ¨ n. �¡®§ ç¨¬
¥£® eRst. �§ ¢ëà ¦¥¨© (28) ¯®«ãç¨¬ eRst = baptc

p
as � bapsc

p
at:

�à ¢¨¢ ï ¯®á«¥¤¨¥ ¤¢  ãà ¢¥¨ï, § ª«îç ¥¬, çâ®

Rst = � eRst:
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� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �  ¬®£®®¡à §¨¨ X � A
n , á ¡¦¥®¬  ää¨®© ®à¬ «¨§ æ¨¥©, â¥§®àë â¨-

¯  �¨çç¨ á¢ï§®áâ¥© t ¨ n ®â«¨ç îâáï «¨èì § ª®¬.

� á«ãç ¥ ®à¬ «¨§®¢ ®© £¨¯¥à¯®¢¥àå®áâ¨ X ¢  ää¨®¬ ¯à®áâà áâ¢¥ A n ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  5. �á«¨  ää¨ ï á¢ï§®áâì t, ¨¤ãæ¨à®¢  ï   ®à¬ «¨§®¢ ®© £¨¯¥à¯®-

¢¥àå®áâ¨ X � A
n , ï¢«ï¥âáï ¯«®áª®©, â® ¨ ®à¬ «ì ï á¢ï§®áâì n ï¢«ï¥âáï ¯«®áª®©.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¢ á«ãç ¥ £¨¯¥à¯®¢¥àå®áâ¨X ¨á¯®«ì§ã¥¬ë¥ ¨¤¥ªáë ¯à®-
¡¥£ îâ á«¥¤ãîé¨¥ ®¡« áâ¨ § ç¥¨©:

a; b = 1; p; q; s; t = 2; : : : ; n:

�®íâ®¬ã â¥§®à ªà¨¢¨§ë ®à¬ «ì®© á¢ï§®áâ¨ n ¨¬¥¥â ª®¬¯®¥âë R1
1st. �®£¤  ¨§ â¥®à¥¬ë

4 á«¥¤ã¥â
R1

1st = �Rp
pst:

�¤ ª® ¥á«¨ á¢ï§®áâì t ï¢«ï¥âáï ¯«®áª®©, â® R
p
qst = 0 ¨, á«¥¤®¢ â¥«ì®, Rp

pst = 0. � à¥§ã«ìâ â¥
¨¬¥¥¬ R1

1st = 0, ¨ ¯®íâ®¬ã á¢ï§®áâì n â ª¦¥ ï¢«ï¥âáï ¯«®áª®©.

� ª ¦¥, ª ª ¡ë«® ¢ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥, ¢  ää¨®¬ ¯à®áâà áâ¢¥ ®¡à é¥¨¥ ¢ ã«ì
â¥§®à  ®à¬ «ì®© ªà¨¢¨§ë Ra

bst íª¢¨¢ «¥â® ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë �ä ää ,
®¯à¥¤¥«ïîé¥© à á¯à¥¤¥«¥¨¥ �y = y ^Kx, £¤¥ y 2 Nx. �® ¢  ää¨®¬ ¯à®áâà áâ¢¥ í«¥¬¥âë
�y íâ®£® à á¯à¥¤¥«¥¨ï ¯ à ««¥«ìë ¯®¤¯à®áâà áâ¢ã Tx(X).

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  6. �®à¬ «¨§®¢ ®¥ ¬®£®®¡à §¨¥ X � A n ¨¬¥¥â ¯«®áªãî ®à¬ «ìãî á¢ï§®áâì

n â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ® ¬®£®®¡à §¨¥ ¤®¯ãáª ¥â l-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯ -
à ««¥«ìëå ¬®£®®¡à §¨© X(y), £¤¥ y 2 Nx.

2. �àã£ ï á¢ï§ì â¥®à¨¨ ¬®£®®¡à §¨© á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ á â¥®à¨¥©
®à¬ «¨§®¢ ëå ¬®£®®¡à §¨© ¡ë«  ãáâ ®¢«¥  ¢ [12] (á¬. â ª¦¥ [13], â¥®à¥¬a 4; [14], â¥®-
à¥¬a 1, á. 39). �§«®¦¨¬ íâã â¥®à¥¬ã.

�à¥¤¯®«®¦¨¬, çâ® ¢ ª ¦¤®© â®çª¥ x ®à¬ «¨§®¢ ®£® ¬®£®®¡à §¨ï X § ¤ ® s-¬¥à®¥
 ¯à ¢«¥¨¥ �s(x) (â. ¥. s-¬¥à ï ¯«®áª®áâì, ¯à®å®¤ïé ï ç¥à¥§ x), ¯à¨ ¤«¥¦ é¥¥ ¯¥à¢®© ®à-
¬ «¨ Nx(X). �â® ®§ ç ¥â, çâ® § ¤ ® £« ¤ª®¥ ¯®«¥ ®à¬ «ìëå s-¬¥àëå  ¯à ¢«¥¨© �s(x)
  X, £¤¥ s � l = n� r. �â® ¯®«¥ ®¯à¥¤¥«ï¥â ®à¬ «ì®¥ ¯®¤à áá«®¥¨¥ �s(X), á«®ï¬¨ ª®â®à®£®
ï¢«ïîâáï s-¬¥àë¥ æ¥âà®¯à®¥ªâ¨¢ë¥ ¯à®áâà áâ¢ .

�«®áª®áâì N s(x) íâ®£® ¯®«ï, á®®â¢¥âáâ¢ãîé ï â®çª¥ x 2 X, ¬®¦¥â ¡ëâì § ¤   â®çª®© x ¨
â®çª ¬¨

Bf = �afAa 2 Nx; (39)

£¤¥ f; g; h = 1; : : : ; s.
�à®¬¥ íâ®£®, ¯«®áª®áâì N s(x) ¤®«¦  ¡ëâì ¨¢ à¨ â  ¯® ®â®è¥¨î ª ¤®¯ãáâ¨¬ë¬ ¯à¥-

®¡à §®¢ ¨ï¬ ¯®¤¢¨¦®£® à¥¯¥à  ¢ Nx(X). �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¥¥ ¨¢ à¨ â-
®áâ¨ ¨¬¥îâ ¢¨¤

dBf = �gfBg + �0fA0 (mod !p);

£¤¥ �gf ¨ �0f | «¨¥©® ¥§ ¢¨á¨¬ë¥ 1-ä®à¬ë.
�®«¥ �s  §ë¢ ¥âáï ¯ à ««¥«ìë¬ ¯® ®â®è¥¨î ª ®à¬ «ì®© á¢ï§®áâ¨ n, ¥á«¨ ¯à¨ «î¡®¬

¨ä¨¨â¥§¨¬ «ì®¬ á¬¥é¥¨¨ ¯à®¨§¢®«ì®© â®çª¨ x 2 X á¬¥é¥¨¥ s-¬¥à®£®  ¯à ¢«¥¨ï
�s(x) ¯à®¨áå®¤¨â ¢ (r+ s)-¬¥à®© ¯«®áª®áâ¨,  âïãâ®©   ª á â¥«ì®¥ ¯®¤¯à®áâà áâ¢® Tx(X),
x 2 X, ¨  ¯à ¢«¥¨¥ �s(x).

� ©¤¥¬   «¨â¨ç¥áª¨¥ ãá«®¢¨ï ¯ à ««¥«ì®áâ¨ ¯®«ï �s. �áïª®¥  ¯à ¢«¥¨¥, ¯à¨ ¤«¥¦ -
é¥¥ s-¬¥à®¬ã í«¥¬¥âã ¯®«ï �s, ®¯à¥¤¥«ï¥âáï â®çª ¬¨ A0 = x ¨

A = A0 + �fBf ; (40)
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£¤¥ Bf ¨¬¥îâ ¢¨¤ (39).
�¨ää¥à¥æ¨àãï á®®â®è¥¨ï (40) ¢¥è¨¬ ®¡à §®¬ ¨ ¯à¨¬¥ïï (17), ¯®«ãç ¥¬

dA = (!0

0 + �f�af!
0

a)A0 + d�fBf + (!p + �f�af!
p
a)Ap + �f (d�af + �bf!

a
b )Aa:

�®«¥ �s ¯ à ««¥«ì® ¢ ®à¬ «ì®© á¢ï§®áâ¨ n â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

(d�af + �bf!
a
b )Aa = �gfBg + �0fA0:

�âáî¤  ¨ ¨§ ä®à¬ã«ë (39) á«¥¤ã¥â

d�af + �bf!
a
b = �gf�

a
g :

�¥®à¥¬  7 ([12] ¨«¨ [14], á. 39{40). �®«¥ �s s-¬¥àëå ®à¬ «ìëå  ¯à ¢«¥¨© �s(x)  

®à¬ «¨§®¢ ®¬ ¬®£®®¡à §¨¨ X � P
n ï¢«ï¥âáï ¯ à ««¥«ìë¬ ¢ ®à¬ «ì®© á¢ï§®áâ¨ n

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯«®áª®áâ¨ N s(x), x 2 X, ®¡à §ãîâ ¬®£®®¡à §¨¥ V r+s
r ¢ Pn á

¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥¨¥¬ à £  r á s-¬¥àë¬¨ ¯«®áª®áâë¬¨ ®¡à §ãîé¨¬¨.

�¥®à¥¬  7 ãª §ë¢ ¥â ¬¥â®¤ ¯®áâà®¥¨ï ¬®£®®¡à §¨ï V r+s
r á ¢ëà®¦¤¥ë¬ £ ãáá®¢ë¬ ®â®-

¡à ¦¥¨¥¬, ¨áå®¤ï ¨§ ®à¬ «¨§®¢ ®£® ¬®£®®¡à §¨ï X ¥ª®â®à®£® á¯¥æ¨ «ì®£® â¨¯ .
3. � áá¬®âà¨¬,  ª®¥æ, ¬®£®®¡à §¨¥ X à §¬¥à®áâ¨ r ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ E

n . � 
¬®£®®¡à §¨¨ X ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï ¢â®à ï ®à¬ «ì Kx = Tx \ P1 ¨ ¯¥à¢ ï
®à¬ «ì Nx, ®àâ®£® «ì ï ª á â¥«ì®¬ã ¯à®áâà áâ¢ã Tx(X).

� ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ En ®¯à¥¤¥«¥® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢. �â® áª «ïà®¥
¯à®¨§¢¥¤¥¨¥ ¨¤ãæ¨àã¥â áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ â®ç¥ª, ¯à¨ ¤«¥¦ é¨å ¡¥áª®¥ç® ã¤ «¥®©
£¨¯¥à¯«®áª®áâ¨ P1. � à áá¬ âà¨¢ ¥¬®¬ ¯®¤¢¨¦®¬ à¥¯¥à¥ ¨¬¥¥¬ Aa 2 Nx \ P1

def= N 0

x; Ap 2
Tx \ P1 = Kx, a = 1; : : : ; l; p = l + 1; : : : ; n; ¨ Tx ? Nx. �âáî¤ 

(Aa; Ap) = 0; (41)

£¤¥ ªàã£«ë¥ áª®¡ª¨ ®§ ç îâ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ â®ç¥ª ¡¥áª®¥ç® ã¤ «¥®© £¨¯¥à¯«®á-
ª®áâ¨ P1. �®à¬ã«ë

(Aa; Ab) = gab; (Ap; Aq) = gpq (42)

®¯à¥¤¥«ïîâ ¥¢ëà®¦¤¥ë¥ á¨¬¬¥âà¨ç¥áª¨¥ â¥§®àë gab ¨ gpq.
�¨ää¥à¥æ¨àãï á®®â®è¥¨ï (41) ¨ ¨á¯®«ì§ãï ä®à¬ã«ë (35), (41) ¨ (42),  å®¤¨¬

gab !
b
p + gpq !

q
a = 0:

�âáî¤  á«¥¤ã¥â
!p
a = �gpq gab !

b
q:

�§ ãà ¢¥¨© (40) ¨ (19), £¤¥ bqpq | ¢â®à®© äã¤ ¬¥â «ìë© â¥§®à ¬®£®®¡à §¨ï X, á«¥¤ã¥â

!p
a = �gpq gac b

c
qs!

s: (43)

�à ¢¨¢ ï (43) ¨ (21), ¯®«ãç ¥¬

cpas = �gpq gac b
c
qs: (44)

� á®®â¢¥âáâ¢¨¨ á (23) ¨ (44) ¤«ï ä®ªãá®© £¨¯¥à¯®¢¥àå®áâ¨ Fx ¬®£®®¡à §¨ï X 2 En ¨¬¥¥¬
ãà ¢¥¨¥

det(y0�pq � yagpsgacb
c
sq) = 0;

ª®â®à®¥ íª¢¨¢ «¥â® ãà ¢¥¨î

det(y0gpq � yab
a
pq) = 0; (45)

£¤¥ ya = gaby
b.
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� à áá¬ âà¨¢ ¥¬®¬ ¯®¤¢¨¦®¬ à¥¯¥à¥ ¡¥áª®¥ç® ã¤ «¥ ï £¨¯¥à¯«®áª®áâì P1 ®¯à¥¤¥«ï-
¥âáï ãà ¢¥¨¥¬ y0 = 0. �®íâ®¬ã ¢ á®®â¢¥âáâ¢¨¨ á (45) ¯¥à¥á¥ç¥¨¥ Fx \ P1 ä®ªãá®© £¨¯¥à¯®-
¢¥àå®áâ¨ Fx á ¡¥áª®¥ç® ã¤ «¥®© £¨¯¥à¯«®áª®áâìî P1 § ¤ ¥âáï ãà ¢¥¨¥¬

det(yabapq) = 0: (46)

�® íâ® ãà ¢¥¨¥ «¨èì ®¡®§ ç¥¨ï¬¨ ®â«¨ç ¥âáï ®â ãà ¢¥¨ï (37) ä®ªãá®£® £¨¯¥àª®ãá  �x

¬®£®®¡à §¨ï X. �à ¢¥¨ï (37) ¨ (46) á®¢¯ ¤ îâ, ¥á«¨ �a = ya = gaby
b.

�®á«¥¤¥¥ á®®â®è¥¨¥ ®¯à¥¤¥«ï¥â ¯®«ïà¨â¥â ¢ ¯®¤¯à®áâà áâ¢¥ N 0

x ®â®á¨â¥«ì® ¬¨¬®©
ª¢ ¤à¨ª¨ gabyayb = 0, ª®â®àë© â®çª¥ y 2 N 0

x áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ (l�2)-¬¥à®¥ ¯®¤¯à®áâà áâ¢®
�, â ª¦¥ ¯à¨ ¤«¥¦ é¥¥ ¯®¤¯à®áâà áâ¢ã N 0

x. �®¤¯à®áâà áâ¢® � ¢¬¥áâ¥ á ¯®¤¯à®áâà áâ¢®¬
Tx ®¯à¥¤¥«ï¥â £¨¯¥à¯«®áª®áâì �, ï¢«ïîéãîáï «¨¥©®© ®¡®«®çª®© ¯®¤¯à®áâà áâ¢ Tx ¨ �.

� à¥§ã«ìâ â¥ ¯®«ãç¥ 

�¥®à¥¬  8. �®ªãáë© £¨¯¥àª®ãá �x ¬®£®®¡à §¨ï X � E
n ®¡à §®¢  £¨¯¥à¯«®áª®áâï¬¨ �,

ª®â®àë¥ ï¢«ïîâáï «¨¥©ë¬¨ ®¡®«®çª ¬¨ ¯®¤¯à®áâà áâ¢ Tx ¨ �, £¤¥ � � N 0

x | (l�2)-¬¥àë¥
¯®¤¯à®áâà áâ¢ , ¯®«ïàë¥ â®çª ¬ y 2 Fx \ N 0

x ®â®á¨â¥«ì®  ¡á®«îâ  ¯à®áâà áâ¢  N 0

x,

®¯à¥¤¥«ï¥¬®£® ãà ¢¥¨¥¬ gaby
ayb = 0.

�â®â à¥§ã«ìâ â ¯à®ïáï¥â £¥®¬¥âà¨ç¥áª¨© á¬ëá« ä®ªãá®£® £¨¯¥àª®ãá  �x ¤«ï ¬®£®®¡à -
§¨ï X � E

n ¨ ¥£® á¢ï§ì á ä®ªãá®© £¨¯¥à¯®¢¥àå®áâìî Fx ¬®£®®¡à §¨ï X.
� ©¤¥¬ ¥é¥ â¥§®à ªà¨¢¨§ë  ää¨®© á¢ï§®áâ¨, ¨¤ãæ¨à®¢ ®©   ¬®£®®¡à §¨¨

X � En . �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢ ä®à¬ã«ã (38) § ç¥¨ï cpaq, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®© (44). �
à¥§ã«ìâ â¥ ¯®«ãç ¥¬

Rp
qst = gpugac(baqtb

c
us � baqsb

c
ut): (47)

�¢¥àâë¢ ï ¢ëà ¦¥¨¥ (47) á â¥§®à®¬ gpv, ¨¬¥¥¬

Rpqst = gac(bapsb
c
qt � baptb

c
qs); (48)

£¤¥ Rpqst = gpuR
u
qst. �®à¬ã«ë (47) ¨ (48) ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡ëçë¥ ¢ëà ¦¥¨ï â¥§®à  ªà¨-

¢¨§ë  ää¨®© á¢ï§®áâ¨ t, ¨¤ãæ¨à®¢ ®©   ¬®£®®¡à §¨¨ X � En .
�¤ ª® ¯®¬¨¬® â¥§®à  ªà¨¢¨§ë  ää¨®© á¢ï§®áâ¨, ¨¤ãæ¨à®¢ ®©   ¬®£®®¡à §¨¨

X � En , ¬ë à áá¬ âà¨¢ «¨ â ª¦¥ â¥§®à ®à¬ «ì®© ªà¨¢¨§ë Ra
bst, ®¯à¥¤¥«¥ë© ãà ¢¥¨ï-

¬¨ (28). �®¤áâ ¢«ïï ¢ ä®à¬ã«ã (28) § ç¥¨ï cpaq ¨§ (44), ¯®«ãç¨¬

Ra
bst = gpqgbc(b

c
qtb

a
ps � bcqsb

a
pt):

� ª ¡ë«® ®â¬¥ç¥® ¢ëè¥, ¢¥èïï 2-ä®à¬ 


a
b = d!a

b � !c
b ^ !a

c =
1

2
Ra
bst!

s ^ !t

 §ë¢ ¥âáï ¢ [6] £ ãáá®¢ë¬ ªàãç¥¨¥¬ ¬®£®®¡à §¨ï X � En .
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