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� ¡®â  ¯®á¢ïé¥­  à¥è¥­¨î ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï I à®¤  á à §­®áâ­ë¬ «®£ à¨ä¬¨ç¥áª¨¬
ï¤à®¬ ¢ £« ¢­®© ç áâ¨ ¨­â¥£à «ì­®£® ®¯¥à â®à  ¨ á ­¥®¯à¥¤¥«¥­­ë¬ ¯ à ¬¥âà®¬. � ¨á¯®«ì§®-
¢ ­¨¥¬ ¯®¤å®¤®¢, ¯à¥¤«®¦¥­­ëå ¢ [1] ¨ [2], ¢¢®¤¨âáï ¯ à  ¯à®áâà ­áâ¢ ¨áª®¬ëå í«¥¬¥­â®¢ ¨
¯à ¢ëå ç áâ¥©, ¢ ª®â®àëå ãáâ ­ ¢«¨¢ ¥âáï ª®àà¥ªâ­®áâì à áá¬ âà¨¢ ¥¬®© § ¤ ç¨.

�ë¡à ­­ë¥ ¯à®áâà ­áâ¢  ¢ ®â«¨ç¨¥ ®â ¯à®áâà ­áâ¢, à áá¬®âà¥­­ëå ¢ [3], ¯à¨ â¥®à¥â¨ç¥-
áª®¬ ®¡®á­®¢ ­¨¨ ¢ ­¨å  ¯¯à®ªá¨¬ â¨¢­ëå ¬¥â®¤®¢ ¯®§¢®«ïîâ ¯®«ãç âì à ¢­®¬¥à­ë¥ ®æ¥­ª¨
¯®£à¥è­®áâ¥©.

�®àà¥ªâ­®áâì § ¤ ç¨. � áá¬®âà¨¬ á« ¡®á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

1
�

Z +1

�1

�(�) ln j� � tjx(�)d� + �+ V (x; t) = y(t); t 2 [�1; 1]; (1)

£¤¥ y(t) | ¤ ­­ ï, x(t) | ¨áª®¬ ï äã­ªæ¨¨, � | ¨áª®¬ë© ¯ à ¬¥âà, �(�) =
q

1��

1��
, V | ¢¯®«­¥

­¥¯à¥àë¢­ë© ®¯¥à â®à,   á« ¡®á¨­£ã«ïà­ë© ¨­â¥£à « ¯®­¨¬ ¥âáï ª ª ­¥á®¡áâ¢¥­­ë©.
�ãáâì

Ix = I(x; t) =
1
�

Z +1

�1

x(�)
� � t

d�; t 2 (�1; 1);

| á¨­£ã«ïà­ë© ¨­â¥£à « á ï¤à®¬ �®è¨, ¯®­¨¬ ¥¬ë© ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®è¨. �¡®-
§­ ç¨¬ ç¥à¥§ V� = V�[�1; 1] «¨­¥©­®¥ ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© x(t), ¤«ï ª®â®àëå á¨­-
£ã«ïà­ë© ¨­â¥£à « I(�x) ï¢«ï¥âáï ­¥¯à¥àë¢­®© äã­ªæ¨¥©, á ­®à¬®© kxkV� =

1

2
fkxkC+kI(�x)kCg,

£¤¥ kxkC = max
�16t61

jx(t)j. �ãáâì V 1
q = V 1

q [�1; 1] | «¨­¥©­®¥ ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­® ¤¨ää¥à¥­-

æ¨àã¥¬ëå äã­ªæ¨© x(t), ¤«ï ª®â®àëå x0(t) ¨ á¨­£ã«ïà­ë© ¨­â¥£à « I(qx0; t) â ª¦¥ ­¥¯à¥àë¢­ë.
�®à¬ã ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬:

kxkV 1
q
= kxkC + kx

0kC + kI(qx
0)kC ; (2)

£¤¥ q(t) = 1=�(t) | ¢¥á®¢ ï äã­ªæ¨ï.
�«¥¤ãï [2], ¬®¦­® ¯®ª § âì, çâ® ¢¢¥¤¥­­ë¥ ¯à®áâà ­áâ¢  ï¢«ïîâáï ¯®«­ë¬¨.
�¥à¥§ X = X � R ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® ¢¥ªâ®à-äã­ªæ¨© x(t) = fx(t);�g á ª®¬¯®­¥­â ¬¨

x 2 X = V�, � 2 R, ­®à¬®©

kxkX = kxkV� + j�j (3)

¨ ¯®«®¦¨¬ Y = V 1
q [�1; 1].

� áá¬®âà¨¬ á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨î (1) å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

Sx �
1
�

Z +1

�1

�(�) ln j� � tjx(�)d� + � = y(t); x 2 X; y 2 Y; � 2 R: (4)

�ãáâì Rn(t) ¨ Qn(t) | ¯®«¨­®¬ë n-© áâ¥¯¥­¨ ¨§ á¨áâ¥¬ë ¯®«¨­®¬®¢, ®àâ®£®­ «ì­ëå á®®â¢¥â-
áâ¢¥­­® á ¢¥á ¬¨ �(t) ¨ q(t) ­  ®âà¥§ª¥ [�1; 1],   cRk (x), c

Q
k (x) | ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨

x 2 L1[�1; 1] ¯® á¨áâ¥¬ ¬ ¯®«¨­®¬®¢ fRn(t)g10 ¨ fQn(t)g10 .
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�¥®à¥¬  1. �¯¥à â®à S : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬, ¨ à¥è¥­¨¥ x = fx(t);�g ãà ¢­¥­¨ï
(4) ¬®¦¥â ¡ëâì ­ ©¤¥­® ¯® ä®à¬ã« ¬

x(t) = �
1X
k=0

cQk (y
0)Rk(t);

� =
1
2
[2cQ0 (y) + (1� 2 ln 2)cQ0 (y

0)� cQ1 (y
0)]; (5)

¯à¨ íâ®¬

kS�1kY!X < 2;5: (6)

�®ª § â¥«ìáâ¢®. �¨ää¥à¥­æ¨àãï ãà ¢­¥­¨¥ (4), ¯®«ãç¨¬

�
1
�

Z +1

�1

�(�)
1

� � t
x(�)d� = y0(t); t 2 (�1; 1):

�¬­®¦¨¬ ®¡¥ ç áâ¨ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ­  äã­ªæ¨î 1

�
q(t)Qk(t), ¯à®¨­â¥£à¨àã¥¬ ¯® ¯¥à¥¬¥­-

­®© t ¨ ¯®¬¥­ï¥¬ ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¢ «¥¢®© ç áâ¨. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

1
�

Z +1

�1

�(�)x(�)
�
�
1
�

Z +1

�1

q(t)
1

� � t
Qk(t)dt

�
d� =

1
�

Z +1

�1

q(t)y0(t)Qk(t)dt:

�®á¯®«ì§®¢ ¢è¨áì ¨§¢¥áâ­ë¬ á®®â­®è¥­¨¥¬ I(qQk; t) = Rk(t), ¯®«ãç ¥¬

�
1
�

Z +1

�1

�(�)x(�)Rk(�)d� =
1
�

Z +1

�1

q(t)y0(t)Qk(t)dt;

á«¥¤®¢ â¥«ì­®,

�cRk (x) = cQk (y
0): (7)

�®íâ®¬ã ¯¥à¢ãî ª®¬¯®­¥­âã x(t) à¥è¥­¨ï x(t) ãà ¢­¥­¨ï (4) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

x(t) =
1X
k=0

cRkRk(t) = �
1X
k=0

cQk (y
0)Rk(t):

�¬­®¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (4) ­  1

�
q(t), ¯à®¨­â¥£à¨àã¥¬ ¯® ¯¥à¥¬¥­­®© t, ¯®¬¥­ï¥¬ ¯®àï¤®ª

¨­â¥£à¨à®¢ ­¨ï ¨ ãçâ¥¬, çâ® 1

�

+1R
�1

q(t)dt = 1. � à¥§ã«ìâ â¥ ¯®«ãç¨¬
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�1

�(�)x(�)
�
1
�

Z +1

�1

q(t) ln j� � tjdt

�
d� + � =

1
�

Z +1

�1

q(t)y(t)dt:

� á¨«ã ¨§¢¥áâ­ëå á®®â­®è¥­¨©

1
�

Z +1

�1

s
1� t

1� t
ln j� � tjdt = � ln 2� �

¨ á®®â¢¥âáâ¢ãîé¨å ¢¨¤®¢ R1(t) = 2t� 1, �(t) =
q

1�t

1�t
¨¬¥¥¬

1
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Z +1

�1

s
1� �

1� �
(�� � ln 2)x(�)d� + � =

1
�

Z +1

�1

s
1� t

1� t
y(t)dt;

®âáî¤ 

� =
1
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Z +1

�1

s
1� t

1� t
y(t)dt+

1
2�

Z +1

�1

s
1� �

1� �
(�2� + 1)x(�)d� +

ln2� 1
2�

Z +1

�1

s
1� �

1� �
x(�)d�;
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â. ¥.

� =
1
�

Z +1

�1

q(t)y(t)dt+
1
2�

Z +1

�1

�(�)R1(�)x(�)d� +
ln2� 1
2�

Z +1

�1

�(�)x(�)d�:

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬

� = cQ0 (y) +
1
2
cR1 (x) +

ln 2� 1
2

cR0 (x);

¨ á ãç¥â®¬ (7) á®®â­®è¥­¨¥ (5) ¤®ª § ­®.
�æ¥­¨¬ ­®à¬ã ®¡à â­®£® ®¯¥à â®à . �á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ ­®à¬ë (3), ¯à¥¤áâ ¢«¥­¨¥ ¯¥à¢®©

ª®¬¯®­¥­âë à¥è¥­¨ï ãà ¢­¥­¨ï (4) ¢ ¨­â¥£à «ì­®© ä®à¬¥

x(t) = �
1
�

Z +1

�1

q(�)y0(�)
� � t

d�

¨ ä®à¬ã«ã ®¡à é¥­¨ï á¨­£ã«ïà­®£® ¨­â¥£à «  á ï¤à®¬ �®è¨ ­  ®âà¥§ª¥ [4], ¨¬¥¥¬

kxkX = 1=2fkxkC + kI�xkCg+ j�j = 1=2fkI(qy0)kC + ky0kCg+ j�j: (8)

�æ¥­¨¬

j�j 6
1
�

Z +1

�1

q(t)jy(t)jdt +
2 ln 2� 1

2�

Z +1

�1

jq(t)y0(t)jdt+
1
2�

Z +1

�1

q(t)jQ1(t)jjy
0(t)jdt 6

6 kykC +
2 ln 2� 1

2
ky0kC + 1;5ky0kC 6 kykC + (ln 2 + 1)ky0kC < kykC + 2ky0kC :

�®¤áâ ¢«ïï íâã ®æ¥­ªã ¢ (8), ¯®«ãç¨¬

kxkX 6 kykC + 2ky0kC +
1
2
kIqy0kC +

1
2
ky0kC = kykC + 2;5ky0kC + kIqy

0kC < 2;5kykY :

� ª¨¬ ®¡à §®¬, kS�1ykX = kxkX < 2;5kykY , ®âªã¤  á«¥¤ã¥â ®æ¥­ª  (6).

� á¨«ã â¥®à¥¬ë 1 ¨ ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ¤«ï ®¯¥à â®à­ëå ãà ¢­¥­¨©, ¯à¨¢®¤ïé¨åáï ª
ãà ¢­¥­¨ï¬ ¢â®à®£® à®¤  ¢ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �ãáâì ®¯¥à â®à V : X ! Y ¢¯®«­¥ ­¥¯à¥àë¢¥­ ¨ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥,

á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨î (1), ¨¬¥¥â ¢ X «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥. �®£¤  ®¯¥à â®à

K = S + V : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬.

�¡é¨© ¯àï¬®© ¬¥â®¤. �¡®§­ ç¨¬ ç¥à¥§ Hn ¬­®¦¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å ¯®«¨­®¬®¢
áâ¥¯¥­¨ ­¥ ¢ëè¥ n. �ãáâì Xn = Hn \X, Yn = Hn+1 \ Y , Xn = Xn �R á ­®à¬ ¬¨ á®®â¢¥âáâ¢¥­­®
¯à®áâà ­áâ¢ X, Y , X.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¢¥ªâ®à-äã­ªæ¨¨

xn = (xn; �n); xn =
nX

k=0

�kRk(t); �n 2 R: (9)

O¯à¥¤¥«¨¬ ¥£® ª ª â®ç­®¥ à¥è¥­¨¥ ª®­¥ç­®¬¥à­®£® ãà ¢­¥­¨ï

Knxn � Snxn + �n + Vnxn = yn; (10)

£¤¥ yn 2 Yn ¨ Sn; Vn : Xn ! Yn | ­¥ª®â®àë¥  ¯¯à®ªá¨¬ æ¨¨ á®®â¢¥âáâ¢¥­­® äã­ªæ¨© y = y(t) 2
Y ¨ ®¯¥à â®à®¢ S; V : X ! Y . �à ¢­¥­¨¥ (10) íª¢¨¢ «¥­â­® á¨áâ¥¬¥ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å
ãà ¢­¥­¨© (����) ¯®àï¤ª  n + 2 ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ �0; : : : ; �n ¯¥à¢®© ª®¬¯®­¥­âë
à¥è¥­¨ï ¨ �n.

�  ®á­®¢ ­¨¨ â¥®à¥¬ë 7 ([5], £«. 1) ¤«ï ¤®ª § â¥«ìáâ¢  ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ®¯¥à â®à-
­®£® ãà ¢­¥­¨ï (10) ¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ª â®ç­®¬ã ¤®áâ â®ç­®
¯®ª § âì

kK �KnkXn!Y ! 0; n!1 ¨ ky � ynkY ! 0; n!1:
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�¥è¨¬ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¬¥â®¤®¬ ®àâ®£®­ «ì­ëå ¬­®£®ç«¥­®¢. �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥
¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ (9),   ­¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë �k, k = 0; n, ¨ � ­ ©¤¥¬ ¨§ á«¥¤ãîé¥©
����:

�0
1
�

Z +1

�1

q(t)Qj(t)(� ln 2� t)dt+

+
nX

k=1

�k

�
1
�

Z +1

�1

q(t)Qj(t)
�
�
Tk�1(t)
k � 1

�
Tk+1(t)
k + 1

�
dt+

nX
k=0

�k�kj

�
+ �j = yj ; j = 0; n+ 1; (11)

£¤¥ yj = 1

�

+1R
�1

q(t)Qj(t)y(t)dt, �j = �

�

+1R
�1

q(t)Qj(t)dt, �kj = 1

�

+1R
�1

q(t)Qj(t)V (Rk; t)dt, Tk(t) | ¯®«¨­®¬ë

�¥¡ëè¥¢  I à®¤  k-£® ¯®àï¤ª . � ¯¨è¥¬ (11) ¢ ®¯¥à â®à­®¬ ¢¨¤¥

Knxn � PnKxn = Sxn + PnV xn + �n = Pny; xn 2 Xn; Pny 2 Yn;

£¤¥ Pn | ®¯¥à â®à, ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨¨ y 2 L1[�1; 1] ¥¥ (n + 1)-© ®âà¥§®ª
àï¤  �ãàì¥ ¯® ¯®«¨­®¬ ¬ Qj(t).

�¥£ª® ¯®ª § âì, çâ® á¨áâ¥¬  (11) ®¤­®§­ ç­® à §à¥è¨¬ , ­ ç¨­ ï á ­¥ª®â®à®£® n, ¨ ¤«ï
¯®£à¥è­®áâ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx� � x�nkC = OfkPnkYEn(x�)Xg;

£¤¥ C = C �R,   x� | ¯¥à¢ ï ª®¬¯®­¥­â  â®ç­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1).
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