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�®¤£àã¯¯  H £àã¯¯ë G ­ §ë¢ ¥âáï ®¡®¡é¥­­® á ¬®­®à¬ «¨§ã¥¬®©, ¥á«¨ N(H) = H � C(H).
� ®¡é¥¬ á«ãç ¥ ­ «¨ç¨¥ ®¡®¡é¥­­® á ¬®­®à¬ «¨§ã¥¬ëå ¯®¤£àã¯¯ ¢ £àã¯¯ å ­¥ ­¥á¥â ¨­ä®à¬ -
æ¨¨, ¤®áâ â®ç­®© ¤«ï ®¯¨á ­¨ï íâ¨å £àã¯¯. � ª, ­ ¯à¨¬¥à, ¢ [1] ¯®ª § ­®, çâ® «î¡ ï ª®­¥ç­ ï
£àã¯¯  ¬®¦¥â ¡ëâì ¢«®¦¥­  ¢ £àã¯¯ã á ­¥âà¨¢¨ «ì­ë¬ æ¥­âà®¬, ¢ ª®â®à®© ®¡®¡é¥­­® á ¬®­®à-
¬ «¨§ã¥¬ë æ¥­âàë ¢á¥å á¨«®¢áª¨å ¯®¤£àã¯¯.

� â® ¦¥ ¢à¥¬ï, £àã¯¯ë, ¢ ª®â®àëå ¬­®£® ®¡®¡é¥­­® á ¬®­®à¬ «¨§ã¥¬ëå ¯®¤£àã¯¯, ¤®¯ãá-
ª îâ ¯®«­®¥ ®¯¨á ­¨¥. � ª, ¢ [2], [3] ¡ë«¨ ®¯¨á ­ë ª®­¥ç­ë¥ £àã¯¯ë, ¢ ª®â®àëå ®¡®¡é¥­­®
á ¬®­®à¬ «¨§ã¥¬ë ¢á¥, ¢á¥  ¡¥«¥¢ë (¢á¥ ­¥ ¡¥«¥¢ë), ¢á¥ ¯à¨¬ à­ë¥ (­¥¯à¨¬ à­ë¥) ¨«¨ ¢á¥
¨­¢ à¨ ­â­ë¥ (­¥¨­¢ à¨ ­â­ë¥) ¯®¤£àã¯¯ë.

�«¥¤ãîé¨¬ ¥áâ¥áâ¢¥­­ë¬ è £®¬ ¢ ¨áá«¥¤®¢ ­¨¨ £àã¯¯ á ¡®«ìè¨¬¨ ®â­®á¨â¥«ì­® ­®à¬ «¨-
§ â®à®¢ æ¥­âà «¨§ â®à ¬¨ ¯®¤£àã¯¯ ¯à¥¤áâ ¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ £àã¯¯, ¢ ª®â®àëå ¤«ï ª ¦¤®©
¯®¤£àã¯¯ë A ¨§ ¢ë¤¥«¥­­®£® ¬­®¦¥áâ¢  ¯®¤£àã¯¯ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

jN(A) : A � C(A)j � 2: (�)

� ª®¥ ®£à ­¨ç¥­¨¥ ¢¥áì¬  áãé¥áâ¢¥­­®. � ª, ¢ [4] ¯®ª § ­®, çâ® ¥á«¨ ¢ ª®­¥ç­®© £àã¯¯¥
G ¤«ï á¨«®¢áª®© p-¯®¤£àã¯¯ë P ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® jN(P ) : P � C(P )j = 2,   P | «¨¡®
­¥æ¨ª«¨ç¥áª ï  ¡¥«¥¢  £àã¯¯ , «¨¡® ¨¬¥¥â ª®¬¬ãâ ­â ¯à®áâ®£® ¯®àï¤ª , â® G0 < G. � â® ¦¥
¢à¥¬ï, ¤«ï ¯®«ãç¥­¨ï ¯®«­®£® ®¯¨á ­¨ï £àã¯¯ á ®£à ­¨ç¥­¨¥¬ (�) ­ã¦­®, çâ®¡ë ¯®¤£àã¯¯  A
¯à®¡¥£ «  ¤®áâ â®ç­® ¡®«ìè®¥ ¬­®¦¥áâ¢® ¯®¤£àã¯¯.

� ¤ ­­®© áâ âì¥ ¨§ãç îâáï £àã¯¯ë, ¢ ª®â®àëå ­¥à ¢¥­áâ¢® (�) ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å ¯®¤-
£àã¯¯, ã¤®¢«¥â¢®àïîé¨å ­¥ª®â®à®¬ã â¥®à¥â¨ª®-£àã¯¯®¢®¬ã á¢®©áâ¢ã.

�¥®à¥¬  1. �ãáâì G | ª®­¥ç­ ï £àã¯¯ , ¢ ª®â®à®© ¤«ï «î¡®© ¯®¤£àã¯¯ë A ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢® (�). �®£¤  G = K�H, £¤¥ H | á¨«®¢áª ï 2-¯®¤£àã¯¯  £àã¯¯ë G, ¯®¤£àã¯¯  K
 ¡¥«¥¢ , jH=CH(K)j � 2 ¨ «¨¡® £àã¯¯  H  ¡¥«¥¢ , «¨¡® H=Z(H) | ç¥â¢¥à­ ï ¨«¨ ¤¨í¤à «ì­ ï

£àã¯¯ .

�®ª § â¥«ìáâ¢®. �ãáâìH| á¨«®¢áª ï 2-¯®¤£àã¯¯  ¨§G,A � H. �®£¤  ¨§ ãá«®¢¨ï â¥®à¥¬ë
á«¥¤ã¥â, çâ® «î¡®© 20-í«¥¬¥­â ¨§ N(A) «¥¦¨â ¢ C(A). �® â¥®à¥¬¥ 14.4.7 ¨§ [5] ¯®«ãç ¥¬ G =
K�H, £¤¥ K = O(G). �á«¨ P | á¨«®¢áª ï p-¯®¤£àã¯¯  £àã¯¯ë G ¨ p 6= 2, â® NP (A) = A �CP (A)
¤«ï «î¡®© ¯®¤£àã¯¯ë A � P . �® â®£¤  £àã¯¯  P  ¡¥«¥¢  (á¬. [2], «¥¬¬  2). �®íâ®¬ã NK(P ) =
CK(P ) ¨ ¯® â¥®à¥¬¥ �¥à­á ©¤  ([5], â¥®à¥¬  14.3.1) P ®¡« ¤ ¥â ¢ K ­®à¬ «ì­ë¬ p-¤®¯®«­¥­¨¥¬.
� á¨«ã ¯à®¨§¢®«ì­®áâ¨ ç¨á«  p ¯®¤£àã¯¯  K  ¡¥«¥¢ . �® â®£¤ 

jH=CH(K)j = jN(K) : KC(K)j � 2:

�ãáâì â¥¯¥àì A | ¬ ªá¨¬ «ì­ ï  ¡¥«¥¢  ¯®¤£àã¯¯  £àã¯¯ë H. �®£¤  jNH(A) : Aj � 2. �á«¨
£àã¯¯  H ­¥ ¡¥«¥¢ , â® ¨§ NH(A) > A ¯®«ãç¨¬ jNH(A) : Aj = 2 ¤«ï «î¡®© ¬ ªá¨¬ «ì­®©  ¡¥-
«¥¢®© ¯®¤£àã¯¯ë A ¨§ H. �à¥¤¯®«®¦¨¬, çâ® A | ¬ ªá¨¬ «ì­ë©  ¡¥«¥¢ ­®à¬ «ì­ë© ¤¥«¨â¥«ì
£àã¯¯ë H. �®£¤  H = Ahxi, x2 2 A.

8



�®¤£àã¯¯  B = hxiZ(H) ï¢«ï¥âáï ¬ ªá¨¬ «ì­®©  ¡¥«¥¢®© ¢ H ¨, á«¥¤®¢ â¥«ì­®, jNH(B) :
Bj = 2. �â® ®§­ ç ¥â, ¢ ç áâ­®áâ¨, çâ®

jCH=Z(H)(B=Z(H))j = 4:

� á¨«ã ¯à¥¤«®¦¥­¨ï 1.16 ¨§ [6] H=Z(H) ï¢«ï¥âáï 2-£àã¯¯®© ¬ ªá¨¬ «ì­®£® ª« áá . �á«¨
H=Z(H)  ¡¥«¥¢ , â® jH=Z(H)j = 4 ¨ H=Z(H) | ç¥â¢¥à­ ï £àã¯¯ . �á«¨ ¦¥ H=Z(H) ­¥ ¡¥-
«¥¢ , â® ¯® â¥®à¥¬¥ 1.17 ¨§ [6] H=Z(H) ï¢«ï¥âáï «¨¡® ª¢ â¥à­¨®­­®©, «¨¡® ¤¨í¤à «ì­®©, «¨¡®
ª¢ §¨¤¨í¤à «ì­®© £àã¯¯®©. �® ä ªâ®à-£àã¯¯  ¯® æ¥­âàã ­¥ ¬®¦¥â ¡ëâì ­¨ ª¢ â¥à­¨®­­®©, ­¨
ª¢ §¨¤¨í¤à «ì­®© £àã¯¯®©.

�¥®à¥¬  2. �ãáâì G | ª®­¥ç­ ï £àã¯¯ , ¢ ª®â®à®© ãá«®¢¨¥ (�) ¢ë¯®«­ï¥âáï ¤«ï ª ¦¤®©

 ¡¥«¥¢®© ¯®¤£àã¯¯ë A. �®£¤  ¢ë¯®«­ï¥âáï ®¤¨­ ¨§ á«¥¤ãîé¨å á«ãç ¥¢:

1) G | £àã¯¯  ¨§ â¥®à¥¬ë 1;
2) G = [K0�(P � hhi)]hxi, P � hhi = H | á¨«®¢áª ï 2-¯®¤£àã¯¯  £àã¯¯ë G, [P; h] = 1, K0hxi

 ¡¥«¥¢ , h=1 ¨«¨ h2 2 Z(G), x3 2 Z(G), [K0; P ] = 1, [Z(H); x] = 1, hxiH=(hx3iZ(H))�=A4,

[h; x] = k 2 K0 ¨ ¨«¨ k = 1, ¨«¨ k3 = 1, kh = k�1;
3) G = L � Z(G), £¤¥ L �= SL(2; 5).

�®ª § â¥«ìáâ¢®. �ãáâì G | £àã¯¯ , ®â¢¥ç îé ï ãá«®¢¨ï¬ â¥®à¥¬ë. �â¬¥â¨¬, çâ® «î¡ ï
¯®¤£àã¯¯  £àã¯¯ë G á ¬  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î íâ®© â¥®à¥¬ë. � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥
â¥®à¥¬ë 1, «¥£ª® ¯®ª § âì, çâ® ¢á¥ 20-¯®¤£àã¯¯ë ¨§ G  ¡¥«¥¢ë,   á¨«®¢áª ï 2-¯®¤£àã¯¯  H
«¨¡®  ¡¥«¥¢ , «¨¡® ä ªâ®à-£àã¯¯  H=Z(H) ï¢«ï¥âáï ç¥â¢¥à­®© ¨«¨ ¤¨í¤à «ì­®© £àã¯¯®©. �á«¨
¯®¤£àã¯¯  H  ¡¥«¥¢ , â® ®­  «¥¦¨â ¢ æ¥­âà¥ á¢®¥£® ­®à¬ «¨§ â®à  ¨ ¯® â¥®à¥¬¥ �¥à­á ©¤ 
G = K�H | £àã¯¯  ¨§ â¥®à¥¬ë 1. �®íâ®¬ã ¬®¦­® áç¨â âì, çâ® £àã¯¯  H ­¥ ¡¥«¥¢ .

�ãáâì F = F (G) | ¯®¤£àã¯¯  �¨ââ¨­£  £àã¯¯ë G. �­¤ãªæ¨¥© ¯® ¯®àï¤ªã £àã¯¯ë G ¯®-
ª ¦¥¬, çâ® ¥á«¨ C(F ) � F , â® £àã¯¯  G à §à¥è¨¬ . �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¯à¨ íâ®¬ £àã¯¯ 
F  ¡¥«¥¢ , â® ¨§ C(F ) = F á«¥¤ã¥â jG : F j = 2. �à¥¤¯®«®¦¨¬, çâ® £àã¯¯  F ­¥ ¡¥«¥¢ .
�á«¨ F = K0 � (H \ F ), â® ¯®¤£àã¯¯  H \ F ­¥ ¡¥«¥¢  ¨ ¨§ áâà®¥­¨ï £àã¯¯ë H á«¥¤ã¥â
CH(H \ F ) = Z(H). � ª ª ª C(H \ F ) ¨¬¥¥â  ¡¥«¥¢ã á¨«®¢áªãî 2-¯®¤£àã¯¯ã, â® ¯® ã¦¥ ¤®-
ª § ­­®¬ã C(H \ F ) = K1�Z(H). �§ ¨­¢ à¨ ­â­®áâ¨ K1 á«¥¤ã¥â K1 � F ¨, á«¥¤®¢ â¥«ì­®,
K1 = K0. �á«¨ K0 6� Z(G), â® jG : C(K0)j = 2. � ª ª ª F � C(K0), â® F � F (C(K0)) ¨

C(F (C(K0))) � C(F ) � F � F (C(K0)):

� á¨«ã ¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨ £àã¯¯  C(K0),   á«¥¤®¢ â¥«ì­®, ¨ £àã¯¯  G à §à¥è¨¬ë. �ãáâì
K0 � Z(G). �®£¤  C(H\F ) � F . �âáî¤  Z(H) � H\F , ¨ ¨§ áâà®¥­¨ï H á«¥¤ã¥â, çâ® H=(H\F )
| æ¨ª«¨ç¥áª ï £àã¯¯ , â. ¥. £àã¯¯  G à §à¥è¨¬ .

� áá¬®âà¨¬ â¥¯¥àì á«ãç © à §à¥è¨¬®© £àã¯¯ë G. �ãáâì K | å®««®¢  20-¯®¤£àã¯¯  £àã¯-
¯ëG. �á«¨K0 = K ¨«¨ ¯®¤£àã¯¯  F  ¡¥«¥¢ , â® G = K�H. �®íâ®¬ã ¬®¦­® áç¨â âì, çâ®K0 < K
¨ H\F ­¥ ¡¥«¥¢ . �§ áâà®¥­¨ï £àã¯¯ë H á«¥¤ã¥â, çâ® CH(H\F ) = Z(H), â. ¥. Z(H\F ) � Z(H).
� ª ª ª Z(H \ F ) / G, â® ¨§ ãá«®¢¨ï (�) á«¥¤ã¥â Z(H \ F ) � Z(G). �á«¨ Z(H \ F ) = Z(H),
â® (H \ F )=Z(H \ F ) | ­¥æ¨ª«¨ç¥áª ï ¯®¤£àã¯¯  ¨§ H=Z(H). � ¥á«¨ Z(H \ F ) < Z(H), â®
H = (H \ F )Z(H) ¨ (H \ F )=Z(H \ F ) �= H=Z(H). � «î¡®¬ á«ãç ¥ (H \ F )=Z(H \ F ) ï¢«ï¥âáï
«¨¡® ç¥â¢¥à­®©, «¨¡® ¤¨í¤à «ì­®© £àã¯¯®©. �ãáâì

(H \ F )=Z(H \ F ) = hai�hbi;

x 2 K nK0 ¨ x = xZ(H \F ). �á«¨ ¯®¤£àã¯¯  hai ï¢«ï¥âáï x-¤®¯ãáâ¨¬®©, â® x 2 N(haiZ(H \F ))

¨, á«¥¤®¢ â¥«ì­®, x 2 C(a). �á«¨ b
x
= a�b, â®

b = b
xjxj

= a�jxjb:
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�®íâ®¬ã � = 0 ¨ x 2 N(hbiZ(H \F )), â. ¥. x 2 C(b). �® â®£¤  x 2 �(H \F ), çâ® ­¥¢®§¬®¦­®. �â®
®§­ ç ¥â, çâ® hxi ¤¥©áâ¢ã¥â ­  hai�hbi ­¥¯à¨¢®¤¨¬®. �® â®£¤  (H \ F )=Z(H \ F ) | ç¥â¢¥à­ ï
£àã¯¯  ¨ jK : K0j = 3.

� áá¬®âà¨¬ ¤¥©áâ¢¨¥ £àã¯¯ëG ­  ä ªâ®à-£àã¯¯¥ (H\F )=Z(H\F ). �§ áâà®¥­¨ïH ¨ ãá«®¢¨ï
(�) á«¥¤ã¥â

CG=Z(H\F )((H \ F )=Z(H \ F )) = (H \ F )C(H \ F )=Z(H \ F ):

�®íâ®¬ã
G=(H \ F )C(H \ F ) � Aut((H \ F )=Z(H \ F )) �= S3;

â. ¥. ¯®àï¤®ª ä ªâ®à-£àã¯¯ë G=(H \ F )C(H \ F ) à ¢¥­ «¨¡® 3, «¨¡® 6. �á«¨ íâ  ä ªâ®à-£àã¯¯ 
¨§®¬®àä­  S3, â. ¥. ¨¬¥¥â ¢¨¤

hxi�hci; x3 = c2 = 1; (x)c = (x)�1;

â®, á ®¤­®© áâ®à®­ë, x ¤®«¦¥­ ¤¥©áâ¢®¢ âì ­  hai � hbi ­¥¯à¨¢®¤¨¬®,  , á ¤àã£®© áâ®à®­ë, ¨§
áâà®¥­¨ï £àã¯¯ë H á«¥¤ã¥â, çâ® ¤®«¦­® ¢ë¯®«­ïâìáï à ¢¥­áâ¢® â¨¯  c2 = a, â. ¥. xa = xc

2

= x,
çâ® ­¥¢®§¬®¦­®.

� ª¨¬ ®¡à §®¬, jG=(H \ F )C(H \ F )j = 3. �ç¨âë¢ ï, çâ® C(H \ F ) = K0�Z(H), ¯®«ãç¨¬

H = (H \ F )Z(H) ¨ G = (K0�H)hxi; x3 2 Z(G):

�á«¨ H \ F = H, â® ¢ ¯. 2) â¥®à¥¬ë ¡ã¤¥¬ ¨¬¥âì h = 1. �ãáâì H = (H \ F )hhi, h =2 F . � ª ª ª
h 2 C(H \ F ), â®

hx 2 C(H \ F ) = (K0 � Z(H \ F ))hhi:

�®íâ®¬ã hx = hh1k, £¤¥ h1 2 Z(H \ F ) � Z(G) ¨ k 2 K0. �® â®£¤  h = hx
3

= hh31k
3, â. ¥. h1 = 1,

hx = hk, k3 = 1. �á«¨ k 6= 1, â® ¨§ h2 = (h2)x = h2[k; h]k2 ¯®«ãç¨¬ [k; h] = k�2 ¨ kh = k�1.
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® £àã¯¯  G ­¥à §à¥è¨¬ . �®£¤  ¯® ã¦¥ ¤®ª § ­­®¬ã C(F ) 6� F

¨, á«¥¤®¢ â¥«ì­®, á«®© L £àã¯¯ë G ­¥âà¨¢¨ «¥­. �ãáâì F � = F � L | ®¡®¡é¥­­ ï ¯®¤£àã¯¯ 

�¨ââ¨­£  £àã¯¯ë G. �á«¨ L =
nQ
i=1

Li | ¯à¥¤áâ ¢«¥­¨¥ L ¢ ¢¨¤¥ æ¥­âà «ì­®£® ¯à®¨§¢¥¤¥­¨ï

ª¢ §¨¯à®áâëå £àã¯¯, â® ¨§ áâà®¥­¨ï £àã¯¯ë H á«¥¤ã¥â, çâ® â®«ìª® ¢ ®¤­®¬ ¨§ ¬­®¦¨â¥«¥© Li

á¨«®¢áª ï 2-¯®¤£àã¯¯  ¬®¦¥â ¡ëâì ­¥ ¡¥«¥¢®©. �®, ª ª ¯®ª § ­® ¢ëè¥,  ¡¥«¥¢®áâì á¨«®¢áª®©
2-¯®¤£àã¯¯ë ¢«¥ç¥â à §à¥è¨¬®áâì £àã¯¯ë. �®íâ®¬ã L ï¢«ï¥âáï ª¢ §¨¯à®áâ®© £àã¯¯®© ¨ H =
H1Z(H), £¤¥ H1 | ­¥ ¡¥«¥¢  á¨«®¢áª ï 2-¯®¤£àã¯¯  ¨§ L. � ª ª ª á¨«®¢áª ï 2-¯®¤£àã¯¯  ¢
£àã¯¯¥ F  ¡¥«¥¢ , â® ¨ á ¬  F â®¦¥  ¡¥«¥¢ , â. ¥. F = Z(F �).

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® G = F �, â. ¥. G=Z(G) | ¯à®áâ ï £àã¯¯ . � ª ª ª á¨«®¢áª ï 2-
¯®¤£àã¯¯  ¨§ G=Z(G) ï¢«ï¥âáï «¨¡® ç¥â¢¥à­®©, «¨¡® ¤¨í¤à «ì­®© £àã¯¯®©, â® ¢ á¨«ã [7]{[9]
G=Z(G) ¨§®¬®àä­  A7 ¨«¨ PSL(2; q), q ­¥ç¥â­®.

�á«¨ P | á¨«®¢áª ï 7-¯®¤£àã¯¯  £àã¯¯ë A7, â® N(P ) n C(P ) á®¤¥à¦¨â í«¥¬¥­â ¯®àï¤ª  3.
�ãáâì G=Z(G) �= PSL(2; pn) ¨ A=Z(G) | á¨«®¢áª ï p-¯®¤£àã¯¯  ¨§ G=Z(G). � ª ª ª á¨«®¢áª ï
p-¯®¤£àã¯¯  £àã¯¯ë G  ¡¥«¥¢ , â® ¨ £àã¯¯  A â®¦¥  ¡¥«¥¢ . �§ à ¢¥­áâ¢

jNG=Z(G)(A=Z(G)) : A=Z(G)j =
pn � 1
2

¨
CG=Z(G)(A=Z(G)) = A=Z(G)

á«¥¤ã¥â jN(A) : Aj = pn�1
2

¨ C(A) = A. �®íâ®¬ã pn�1
2

= 2 ¨ pn = 5. � ª ª ª á¨«®¢áª ï 2-¯®¤-
£àã¯¯  £àã¯¯ë G ­¥ ¡¥«¥¢ , â® G0 \ Z(G) 6= 1. �áâ ¥âáï § ¬¥â¨âì, çâ® ­ ªàë¢ îé ï £àã¯¯ë
PSL(2; 5) á®¢¯ ¤ ¥â á SL(2; 5).

�á«¨ G > F �, â® G=Z(G) �= Aut(F �=Z(G)) �= S5. �® â®£¤  ¥á«¨ A=Z(G) | á¨«®¢áª ï 5-
¯®¤£àã¯¯  ¨§ G=Z(G), â® C(A) = A ¨ jN(A) : Aj = 4, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (�).

� áá¬®âà¨¬ â¥¯¥àì £àã¯¯ë, ¢ ª®â®àëå ­¥à ¢¥­áâ¢® (�) ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å ­¥ ¡¥«¥¢ëå
¯®¤£àã¯¯. � ¬¥â¨¬, çâ® íâ® á¢®©áâ¢® ¯¥à¥­®á¨âáï ­  ¯®¤£àã¯¯ë ¨ ä ªâ®à-£àã¯¯ë.
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�¥¬¬ . �á«¨ ¢ £àã¯¯¥ G ­¥à ¢¥­áâ¢® (�) ¢ë¯®«­ï¥âáï ¤«ï «î¡®© ­¥ ¡¥«¥¢®© ¯®¤£àã¯¯ë A
¨ H | â ª ï ­¥ ¡¥«¥¢  ¯®¤£àã¯¯  £àã¯¯ë G, çâ® C(H) â®¦¥ ­¥ ¡¥«¥¢, â® H ¨ C(H) ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨î â¥®à¥¬ë 1.

�®ª § â¥«ìáâ¢®. �á«¨ K = H �C(H) ¨ T | ¯à®¨§¢®«ì­ ï ¯®¤£àã¯¯  ¨§ C(H), â® ¨§ ­¥à -
¢¥­áâ¢ 

jNK(HT ) : HT � C(HT )j � 2

¨ à ¢¥­áâ¢
NK(HT ) = H �NC(H)(T ) ¨ C(HT ) = CC(H)(T )

á«¥¤ã¥â, çâ® ­¥à ¢¥­áâ¢® jNC(H)(T ) : T �CC(H)(T )j � 2 ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å ¯®¤£àã¯¯ T � C(H).
� ª ª ª H � C(C(H)), â® ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¢¥à­® ¨ ¤«ï £àã¯¯ë H.

�¥®à¥¬  3. �ãáâì G | ­¥ ¡¥«¥¢  p-£àã¯¯ , ¢ ª®â®à®© ­¥à ¢¥­áâ¢® (�) ¢ë¯®«­ï¥âáï ¤«ï

«î¡®© ­¥ ¡¥«¥¢®© ¯®¤£àã¯¯ë H. �®£¤  ¥á«¨ p 6= 2, â® jG=Z(G)j = p2,   ¥á«¨ p = 2, â® ¢ë¯®«­ï-
¥âáï ®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

1) jG=Z(G)j � 8;
2) G=Z(G) | ¤¨í¤à «ì­ ï £àã¯¯ ;
3) G = K �Z(G), £¤¥ K | æ¥­âà «ì­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå £àã¯¯ �¨««¥à {�®à¥­® á ®¡ê¥¤¨-

­¥­­ë¬ ª®¬¬ãâ ­â®¬;
4) G=Z(G) = (hai�hbi)� hxi, hai�hbi | £àã¯¯  ¤¨í¤à , jxj = 2, [b; x] = [a2; x] = 1;
5) G=Z(G) = hb; xi, [b; x] 2 hb

2
; x2i, [b2; x2] = 1, ¨ ª ¦¤ ï ¨§ ä ªâ®à-£àã¯¯ G=hb2iZ(G) ¨

G=hx2iZ(G) ï¢«ï¥âáï «¨¡® ¤¨í¤à «ì­®©, «¨¡® ª¢ §¨¤¨í¤à «ì­®© £àã¯¯®©;
6) G=Z(G) = (hxi � hzi)hbi, jzj = 2, b

2
2 hzi, [x2; z] = 1, [b; x] = x�z ¨ G=hziZ(G) | ¤¨í¤à «ì-

­ ï ¨«¨ ª¢ §¨¤¨í¤à «ì­ ï £àã¯¯ ;
7) G=Z(G) = hbi�hxi, jxj = 4, jbj � 4, [x2; b2] = 1 ¨ G=hx2iZ(G) | ¤¨í¤à «ì­ ï ¨«¨ ª¢ §¨¤¨-

í¤à «ì­ ï £àã¯¯ .

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ á­ ç « , çâ® p 6= 2. �á«¨ A | ¬ ªá¨¬ «ì­ë©  ¡¥«¥¢ ­®à-
¬ «ì­ë© ¤¥«¨â¥«ì ¨§ G ¨ B | ­®à¬ «ì­ ï ¢ G ¯®¤£àã¯¯ , ¯®ªàë¢ îé ï A, â® ¨§ jG : Bj � 2
á«¥¤ã¥â G = B, â. ¥. jG=Aj = p. �® â®£¤  ¢ £àã¯¯¥ G ¢á¥ á®¡áâ¢¥­­ë¥ æ¥­âà «¨§ â®àë  ¡¥«¥-
¢ë, â. ¥. ¤«ï «î¡®© ­¥ ¡¥«¥¢®© ¯®¤£àã¯¯ë H £àã¯¯ë G ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® C(H) = Z(G)
¨, á«¥¤®¢ â¥«ì­®, N(H) = H � Z(G). �á«¨ H | ¯®¤£àã¯¯  �¨««¥à {�®à¥­® ¨§ G, â® ¨§
N(N(H)) = N(H)Z(G) = N(H) á«¥¤ã¥â H / G ¨ G = H � Z(G).

�ãáâì â¥¯¥àì p = 2. � â¥å ¦¥ ®¡®§­ ç¥­¨ïå ¨§ jG : Bj � 2 á«¥¤ã¥â jG : Aj � 4. �«ï ã¤®¡áâ¢ 
à §®¡ì¥¬ ¤ «ì­¥©è¥¥ ¤®ª § â¥«ìáâ¢® ­  ç áâ¨.

1. �á«¨ jG : Aj = 2, â® á­®¢  C(H) = Z(G) ¤«ï «î¡®© ­¥ ¡¥«¥¢®© ¯®¤£àã¯¯ë H ¨§ G.
�ãáâì H | ¯®¤£àã¯¯  �¨««¥à {�®à¥­® ¨§ G. �á«¨ HZ(G) / G, â® jG : HZ(G)j � 2 ¨ jG :
Z(G)j � 8. �à¥¤¯®«®¦¨¬, çâ® HZ(G) 6 G ¤«ï «î¡®© ¯®¤£àã¯¯ë �¨««¥à {�®à¥­® H. �®£¤ 
N = N(HZ(G)) < G. �á«¨ T = N(N), â® jN : HZ(G)j = 2 ¨ jT : N j = 2. �ãáâì

H = HZ(G)=Z(G) = hai � hbi;

N = N=Z(G) = H � hxi; x2 2 H ¨ T=Z(G) = N � hyi:

� ª ª ª H � A = G, â® ¬®¦­® áç¨â âì, çâ® b; x; y 2 A. �á«¨ ¡ë £àã¯¯  N ¡ë«   ¡¥«¥¢®©,
â® ¢ £àã¯¯¥ T ­ è« áì ¡ë â ª ï ¯®¤£àã¯¯  �¨««¥à {�®à¥­® K, çâ® KZ(G) / T . �®íâ®¬ã N
­¥ ¡¥«¥¢ . �® â®£¤  CGH = H ¨, ª ª ¨ ¢ëè¥, G=Z(G) | ¤¨í¤à «ì­ ï £àã¯¯ .

2. �àã¯¯  G ®¡« ¤ ¥â â ª®© ­¥ ¡¥«¥¢®© ¯®¤£àã¯¯®© H, çâ® C(H) â®¦¥ ­¥ ¡¥«¥¢. � ¬¥­ïï,
¥á«¨ íâ® ­¥®¡å®¤¨¬®, H ­  C(C(H)), ¬®¦­® áç¨â âì, çâ® C(C(H)) = H. �®«®¦¨¬ K = H �C(H).
�®£¤  Z(K) = Z(H) = H \ C(H). �§ «¥¬¬ë ¨ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ª ¦¤ ï ¨§ ä ªâ®à-£àã¯¯
H=Z(K) ¨ C(H)=Z(K) ï¢«ï¥âáï «¨¡® ç¥â¢¥à­®© £àã¯¯®©, «¨¡® ¤¨í¤à «ì­®©.
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�ãáâì H=Z(K) = hai � hbi ¨ C(H)=Z(K) = hci � hdi | ç¥â¢¥à­ë¥ £àã¯¯ë. �á«¨ H 0 6= C(H)0,
â® [a; b] 6= [c; d] ¨, á«¥¤®¢ â¥«ì­®, ¯®¤£àã¯¯  T = hac; bdi ­¥ ¡¥«¥¢ . �®

CK(T ) = Z(K) � T �Z(K) ¨ jNK(T ) : T �Z(K)j > 2:

�®íâ®¬ã H 0 = C(H)0 ¨K = K0 �Z(K), £¤¥K0 | æ¥­âà «ì­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå £àã¯¯ �¨««¥à {
�®à¥­® á ®¡ê¥¤¨­¥­­ë¬ ª®¬¬ãâ ­â®¬.

�ãáâì â¥¯¥àì H=Z(H) = hai�hbi, C(H)=Z(K) = hci�hdi ¨ jaj = 2n > 2. �¡®§­ ç¨¬ ç¥à¥§ á0
í«¥¬¥­â ¯®àï¤ª  2 ¨§ hci. �®¤£àã¯¯  T = ha2; c2; c0; bdiZ(K) ­¥ ¡¥«¥¢ . �§ [c; bd] = [c; d] � hc2i ¨
[a; bd] = [a; b] � ha2i á«¥¤ã¥â T / K. �à®¬¥ â®£®,

CK(T ) = Cha;ci(bd) = ha2n�1c0i � T ;

â. ¥. T � CK(T ) = T . � â® ¦¥ ¢à¥¬ï, jK : T j � 4. �­ «®£¨ç­® ¯à¨¢®¤¨âáï ª ¯à®â¨¢®à¥ç¨î á«ãç ©
jcj � 4.

�®ª ¦¥¬ â¥¯¥àì, çâ® G = K. � ¬¥â¨¬, çâ® ¨§ áâà®¥­¨ï £àã¯¯ëK ¨ â¥®à¥¬ë 1 ¨§ [10] á«¥¤ã¥â,
çâ® ¢ £àã¯¯¥K ª ¦¤ ï ¯®¤£àã¯¯ , á®¤¥à¦ é ï æ¥­âà, ï¢«ï¥âáï æ¥­âà «¨§ â®à®¬. �â® ®§­ ç ¥â,
¢ ç áâ­®áâ¨, çâ® ¥á«¨ H1 | ­¥ ¡¥«¥¢  ¯®¤£àã¯¯  ¨§ K ¨ jH1=Z(K)j = 4, â® K = H1 � CK(H1).
�á«¨ K 6= G, â® ­ ©¤¥âáï ¯®¤£àã¯¯  T £àã¯¯ë G á® á¢®©áâ¢®¬ jT : Kj = 2. �®£¤  T = Khxi,
x2 2 K.

�ãáâì A | ¬ ªá¨¬ «ì­ë©  ¡¥«¥¢ ­®à¬ «ì­ë© ¤¥«¨â¥«ì £àã¯¯ë G. �®£¤  jG : Aj = 4. �à¥¤-
¯®«®¦¨¬ á­ ç « , çâ® G = AH. �®£¤  ¬®¦­® áç¨â âì, çâ® x 2 A. �á«¨ Z(H) 6� A, â® ¬®¦­®
áç¨â âì, çâ® a 2 A. � íâ®¬ á«ãç ¥ ¨§ G = AH á«¥¤ã¥â G = hb; ziA, £¤¥ z 2 Z(H). �® â®£¤ 
C(hb; zi) = hb; ziCA(hb; zi)  ¡¥«¥¢, çâ® ­¥¢®§¬®¦­®, â. ª. C(hb; zi) > C(H). �®íâ®¬ã Z(H) � A ¨
A \H = Z(G).

�®áª®«ìªã C(c) = H(A \ C(c)), â® A á®¤¥à¦¨â í«¥¬¥­â ch1 ¤«ï ­¥ª®â®à®£® h1 2 H. �­ «®-
£¨ç­®, A á®¤¥à¦¨â í«¥¬¥­â dh2, h2 2 H. �§ [ch1; dh2] = 1 á«¥¤ã¥â [h1; h2] = [c; d] = [a; b]. �®íâ®¬ã
¬®¦­® áç¨â âì, çâ® h1 = a ¨ h2 = b. �®«®¦¨¬ a1 = ac ¨ d1 = bd. �«ï ¯®¤£àã¯¯ë H1 = ha1; bi
¡ã¤¥¬ ¨¬¥âì C(H1) = hc; d1iZ(H). �§

[b; x] 2 H1C(H1) \A = ha1; d1iZ(H)

á«¥¤ã¥â, çâ® ¯®¤£àã¯¯  R = ha1; d1; biZ(H) ­®à¬ «ì­  ¢ £àã¯¯¥ T . � â® ¦¥ ¢à¥¬ï, C(R) =
hd1iZ(H) ¨ jT : Rj = 4.

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® ¤«ï «î¡®© ­¥ ¡¥«¥¢®© ¯®¤£àã¯¯ë H ¨§ K á ãá«®-
¢¨¥¬ jH=Z(K)j = 4 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® G > AH ¨, á«¥¤®¢ â¥«ì­®, H \A 6� Z(H). � ª ª ª
G = AK, â® ¬®¦­® áç¨â âì, çâ® a; c; x 2 A. �®«®¦¨¬ R = had; biZ(H). �®£¤  R\A 6� Z(H), â. ¥.
®¤¨­ ¨§ í«¥¬¥­â®¢ ad, b, adb ¤®«¦¥­ ¯à¨­ ¤«¥¦ âì A. �® â®£¤  jT : A\T j = 2, çâ® ¯à®â¨¢®à¥ç¨â
â®¬ã, çâ® jK : A \Kj = 4. � ª¨¬ ®¡à §®¬, G = K, ¨ ãâ¢¥à¦¤¥­¨¥ ¯. 2 ¤®ª § ­®.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® jG=Z(G)j > 8, æ¥­âà «¨§ â®à «î¡®© ­¥ ¡¥«¥¢®© ¯®¤-
£àã¯¯ë  ¡¥«¥¢ ¨ ¨­¤¥ªá ¬ ªá¨¬ «ì­®£®  ¡¥«¥¢  ­®à¬ «ì­®£® ¤¥«¨â¥«ï à ¢¥­ 4. �ãáâì A| ¬ ª-
á¨¬ «ì­ë©  ¡¥«¥¢ ­®à¬ «ì­ë© ¤¥«¨â¥«ì £àã¯¯ë G ¨ R| â ª ï ¯®¤£àã¯¯  ¨§ G, çâ® A < R < G.
�®£¤  G = Rhxi, x2 2 R. � ª ª ª R ®¡« ¤ ¥â  ¡¥«¥¢®© ¯®¤£àã¯¯®© ¨­¤¥ªá  2, â® ¢ á¨«ã ¯. 1
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ä ªâ®à-£àã¯¯  R=Z(R) ï¢«ï¥âáï «¨¡®  ¡¥«¥¢®© £àã¯¯®© ¯®àï¤ª  ­¥
¡®«ìè¥ 8, «¨¡® ¤¨í¤à «ì­®© £àã¯¯®©.

3. � ªâ®à-£àã¯¯  R=Z(R) ­¥ ¡¥«¥¢ . �ãáâì R=Z(R) = hai�hbi | ¤¨í¤à «ì­ ï £àã¯¯ . �®¤-
£àã¯¯  hai ­®à¬ «ì­  ¢ G = G=Z(R). �®íâ®¬ã G=CG(a) ï¢«ï¥âáï æ¨ª«¨ç¥áª®© £àã¯¯®©, â. ¥.
«¨¡® x2 = b, «¨¡® ¬®¦­® áç¨â âì, çâ® x 2 CG(a). �á«¨ x2 = b, â® G=Z(R) = hai�hxi. �® â®£¤ ,
ª ª ­¥âàã¤­® ¢¨¤¥âì, hai�hx2i ­¥ ¬®¦¥â ¡ëâì ¤¨í¤à «ì­®© £àã¯¯®©. �®íâ®¬ã [a; x] 2 Z(R).

�ãáâì b
x
= ba�. �á«¨ ç¨á«® � ­¥ç¥â­®, â® ¬®¦­® áç¨â âì, çâ® � = 1. � ª ª ª R=Z(R)

ï¢«ï¥âáï ¤¨í¤à «ì­®© £àã¯¯®©, â® ¨§

[b; x2] = [b; x]2 = a2 = [b; a]

12



á«¥¤ã¥â, çâ® x2 = a ¨ G=Z(R) = hxi�hbi | ¤¨í¤à «ì­ ï ¨«¨ ª¢ §¨¤¨í¤à «ì­ ï £àã¯¯ .
� ª ª ª ¢ £àã¯¯¥ G ­¥â  ¡¥«¥¢ëå ¯®¤£àã¯¯ ¨­¤¥ªá  2, â® ¯®¤£àã¯¯  H = hxiZ(R) ­¥ ¡¥«¥¢ .

�® â®£¤  H=Z(H) = H=haiZ(G) «¨¡®  ¡¥«¥¢ , «¨¡® ï¢«ï¥âáï ¤¨í¤à «ì­®© £àã¯¯®©.
�à¥¤¯®«®¦¨¬ á­ ç « , çâ® H=Z(H) ­¥ ¡¥«¥¢ . � ª ª ª Z(R) / G, â® H=Z(H) = hezi�hexi, £¤¥

z 2 Z(R), ¨ G=Z(H) = (hezi�hexi)hebi, eb2 2 hezi. �á«¨ eb2 2 hez2i, â® heb; ezi = hezi � heb1i, ¨ ¬ë ¬®¦¥¬
áç¨â âì, çâ® hebi\hezi = 1. � íâ®¬ á«ãç ¥ ¨§ [eb; ex] 2 eR\ eH = hezi ¨ [eb2; ex] = 1 á«¥¤ã¥â, çâ® [eb; ex] 2 hez2i.
�® â®£¤  ¯®¤£àã¯¯  T = hz2; xiZ(G) | ¨­¢ à¨ ­â­ ï ¢ G ­¥ ¡¥«¥¢  ¯®¤£àã¯¯ , C(T ) = haiZ(G)
¨ jG : T j = 4. �®íâ®¬ã ¬®¦­® áç¨â âì, çâ® eb2 = ez. � íâ®¬ á«ãç ¥, ª ª ­¥âàã¤­® ¢¨¤¥âì, G |
£àã¯¯  â¨¯  5).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® £àã¯¯  H=Z(H)  ¡¥«¥¢ . �ãáâì [x; b] = a�z, z 2 Z(R). �á«¨ z 2
Z(G) ¨ t | â ª®© í«¥¬¥­â ¨§ Z(R) n Z(G), çâ® t2 2 Z(G) ¨ [t; x] 2 Z(G), â® ¯®¤£àã¯¯  T =
ht; xiZ(G) ¨­¢ à¨ ­â­  ¢ G ¨ ¨§ jG : T � C(T )j = jG : T j � 2 á«¥¤ã¥â Z(R) = htiZ(G), â.¥. G
| £àã¯¯  â¨¯  4). �á«¨ ¦¥ z =2 Z(G), â® ¨§ [z; x] 2 Z(G) ¨ [z; x2] = 1 á«¥¤ã¥â z2 2 C(x) \
Z(R) = Z(G). � ª ª ª ¯®¤£àã¯¯  T = hz; xiZ(G) ¨­¢ à¨ ­â­  ¢ G, â® ¨§ ãá«®¢¨ï (�) ¯®«ãç¨¬
Z(R) = hziZ(G) ¨ G | £àã¯¯  â¨¯  6).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ç¨á«® � ç¥â­®. �®£¤  ¯®¤£àã¯¯  H = ha2i�hbi ¨­¢ à¨ ­â­  ¢ G.
� ª ª ª H ­¥ ¡¥«¥¢ , â® jG : HC(H)j � 2. � â® ¦¥ ¢à¥¬ï, jG : Hj = 4. �®íâ®¬ã ¬®¦­® áç¨â âì,
çâ® x 2 C(H). �âáî¤  á«¥¤ã¥â, çâ® Z(G) = Z(R), G=Z(G) = (hai�hbi) � hxi ¨ [a2; x] = [b; x] = 1,
â. ¥. G | £àã¯¯  â¨¯  4).

4. jR=Z(R)j = 4. �ãáâì R=Z(R) = hai � hbi ¨ G = Rhxi, x2 2 R. � ª ª ª jG=Z(G)j > 8, â®
Z(R) > Z(G), â. ¥. C(x) \ Z(R) = Z(G). �§ jG=Z(R)j = 8 á«¥¤ã¥â, çâ® G=Z(R) ï¢«ï¥âáï «¨¡®
 ¡¥«¥¢®© £àã¯¯®©, «¨¡® £àã¯¯®© ¤¨í¤à .

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® G=Z(R) = hxi � hbi, x2 = a. �ãáâì H = hxiZ(R). �®£¤  Z(H) =

haiZ(G) ¨ H ¨¬¥¥â  ¡¥«¥¢ã ¯®¤£àã¯¯ã haiZ(R) ¨­¤¥ªá  2. � ª ¨ ¢ëè¥, H=haiZ(G) = ]Z(R)�hexi.
� â® ¦¥ ¢à¥¬ï, [x; b] 2 Z(R). �®¢â®àïï ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à ááã¦¤¥­¨ï, ¯®«ãç¨¬, çâ® «¨¡®
jZ(R)=Z(G)j = 2 ¨ jG=Z(G)j = 16, «¨¡® H=haiZ(G) = hezi�hexi | £àã¯¯  ¤¨í¤à  ¨ [eb; ex] = ez. �
¯®á«¥¤­¥¬ á«ãç ¥ ¨§ [eb2; ex] = ez2 á«¥¤ã¥â, çâ® ¬®¦­® áç¨â âì hezi = heb2i, ¨ G | £àã¯¯  â¨¯  7).

�ãáâì â¥¯¥àì G=Z(R) = hai � hbi � hxi | í«¥¬¥­â à­ ï  ¡¥«¥¢  £àã¯¯ . �®¤£àã¯¯  H =
hxiZ(R) ­¥ ¡¥«¥¢  ¨ ¨­¢ à¨ ­â­  ¢ G. � á¨«ã ãá«®¢¨ï (�) ¬®¦­® áç¨â âì, çâ® a 2 C(x). �á«¨
b 2 C(x), â® C(ha; bi) = hxiZ(R) ­¥ ¡¥«¥¢, çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ­­®¬ã ¢ëè¥ ¯à¥¤¯®«®¦¥­¨î.
�®íâ®¬ã [b; x] 6= 1. � ¬¥­ïï í«¥¬¥­â x ­  bx, ¯®«ãç¨¬ abh 2 C(bx) ¤«ï ­¥ª®â®à®£® h 2 Z(R).
� ¬¥â¨¬, çâ®

[b; a]x = [bx; a] = [b[b; x]; a] = [b; a];

â. ¥. [b; a] 2 Z(R) \ C(x) = Z(G). �® â®£¤  ¨§

1 = [bx; abh] = [b; a][x; bh] = [bh; a][bh; x]�1

á«¥¤ã¥â a�1x 2 C(bh). �®íâ®¬ã ¬®¦­® áç¨â âì, çâ® a�1x 2 C(b). �¡®§­ ç¨¬ ç¥à¥§ y â ª®©
í«¥¬¥­â ¨§ Z(R) n Z(G), çâ® y2 2 Z(G) ¨ [y; x] 2 Z(G). �®¤£àã¯¯  K = hx; yiZ(G) ­¥ ¡¥«¥¢  ¨
¨­¢ à¨ ­â­  ¢ G. �§

C(K) = R \ C(x) = haiZ(G) ¨ jG : KC(K)j � 2

á­®¢  ¯®«ãç¨¬ jZ(R)=Z(G)j = 2 ¨ jG=Z(G)j = 16.
�à¥¤¯®«®¦¨¬, ­ ª®­¥æ, çâ® G=Z(R) = hxi�hbi| £àã¯¯  ¤¨í¤à , x2 = a. �§ xb = x�1 á«¥¤ã¥â

xb = x�1h, £¤¥ h 2 Z(R). �®£¤ 

xb
2

= (x�1)bh = (x�1h)�1h = xh;

â. ¥. b2h�1 2 C(b)\C(x) = Z(G). �®íâ®¬ã xb � x�1b2 (mod Z(G)). �á«¨ b2 2 Z(G), â®, ª ª ¨ ¢ëè¥,
¢§ï¢ â ª®© í«¥¬¥­â z 2 Z(R) n Z(G), çâ® z2 2 Z(G) ¨ [z; x] 2 Z(G), ¨§ ãá«®¢¨ï (�) ¯®«ãç¨¬
jG=Z(G)j = 16. �á«¨ ¦¥ b2 =2 Z(G), â® G | £àã¯¯  â¨¯  5).
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�â ª, ®áâ «®áì à áá¬®âà¥âì á«ãç © jG=Z(G)j = 16. � ª ª ª G ­¥ á®¤¥à¦¨â  ¡¥«¥¢ëå
¯®¤£àã¯¯ ¨­¤¥ªá  2 ¨ ä ªâ®à-£àã¯¯  ¯® æ¥­âàã ­¥ ¬®¦¥â ¡ëâì æ¥­âà «ì­ë¬ ¯à®¨§¢¥¤¥­¨¥¬
Q8 ¨ Z4, â® ¨§ ®¯¨á ­¨ï £àã¯¯ ¯®àï¤ª  16 (á¬., ­ ¯à., [11], á. 99) á«¥¤ã¥â, çâ® ¢ íâ®¬ á«ã-
ç ¥ «¨¡® G=Z(G) �= Q8 � Z2, «¨¡® G=Z(G) = hai�hbi, jaj = jbj = 4. �á«¨ ¢ ¯¥à¢®¬ á«ãç ¥
H=Z(G) = 
(G=Z(G)), â® ¯®¤£àã¯¯  H ­¥ ¬®¦¥â ¡ëâì  ¡¥«¥¢®©. � â ª ª ª H / G, â® ¯®«ãç¨¬
¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ (�). �® ¢â®à®¬ á«ãç ¥ ¨§ íâ¨å ¦¥ á®®¡à ¦¥­¨© á«¥¤ã¥â, çâ® ¯®¤£àã¯¯ 
ha2; b2i ¤®«¦­  ¡ëâì  ¡¥«¥¢®©, â. ¥. G | á­®¢  £àã¯¯  â¨¯  7).

5. jR=Z(R)j = 8. �®ª ¦¥¬ á­ ç « , çâ® ¢ íâ®¬ á«ãç ¥ jG=Z(G)j = 16,   § â¥¬ á­®¢  ¨á¯®«ì-
§ã¥¬ ®¯¨á ­¨¥ £àã¯¯ ¯®àï¤ª  16.

�á«¨ R=Z(R) = hai � hbi, a4 = b
2
= 1 ¨ G = Rhxi, â® ¯®¤£àã¯¯  H = ha2; biZ(R) ­¥ ¡¥«¥¢  ¨

¨­¢ à¨ ­â­  ¢ £àã¯¯¥G. � á¨«ã ãá«®¢¨ï (�) ¬®¦­® áç¨â âì, çâ® x 2 C(H). �® â®£¤  Z(G) = Z(R)
¨ jG=Z(G)j = 16.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® R=Z(R) = hai�hbi�hci| í«¥¬¥­â à­ ï  ¡¥«¥¢  £àã¯¯ , G = Rhxi,
A = hai � hbi ¨ Z(R) > Z(G). �á«¨ x2 =2 A, â® ¬®¦­® áç¨â âì, çâ® x2 = c. � íâ®¬ á«ãç ¥ ¥á«¨
a 2 Z(G=Z(R)), â® ¯®¤£àã¯¯  H = ha; áiZ(R) ­¥ ¡¥«¥¢  ¨ ¨­¢ à¨ ­â­  ¢ G. � â® ¦¥ ¢à¥¬ï, ¨§

C(H) = C(a) \ C(c) = A \ C(c) = Z(R)

á«¥¤ã¥â jG : HC(H)j = 4. �®íâ®¬ã x2 2 A.
�á«¨G=Z(R)  ¡¥«¥¢ , â® H = hxiZ(R) | ­¥ ¡¥«¥¢  ¨­¢ à¨ ­â­ ï ¯®¤£àã¯¯ . � á¨«ã ãá«®¢¨ï

(�) ¬®¦­® áç¨â âì, çâ® «¨¡® ha; bi 2 C(H), «¨¡® hb; ci 2 C(H). �â®à®© á«ãç © ­¥¢®§¬®¦¥­, â. ª.
¯®¤£àã¯¯  hb; ci ­¥ ¡¥«¥¢ . �«¥¤®¢ â¥«ì­®, ha; bi 2 C(H). �á«¨ K = hb; ci, â® K ­¥ ¡¥«¥¢  ¨
¯®íâ®¬ã jG : KC(K)j � 2. �®

K � C(K) = K � Cha;xic;

¯®íâ®¬ã ®¤¨­ ¨§ í«¥¬¥­â®¢ a, x ¨«¨ ax ¤®«¦¥­ ¯à¨­ ¤«¥¦ âì C(c). �® â®£¤  íâ®â í«¥¬¥­â
¤®«¦¥­ «¥¦ âì ¢ C(ha; b; ci) = Z(R), çâ® ­¥¢®§¬®¦­®. � ª¨¬ ®¡à §®¬, G=Z(R) ­¥ ¡¥«¥¢ . �®
â®£¤  ([11], á. 99) G=Z(R) ®¡« ¤ ¥â  ¡¥«¥¢®© ¯®¤£àã¯¯®© â¨¯  (2; 4). �®íâ®¬ã ¬®¦­® áç¨â âì, çâ®
x2 = a. �®£¤  C(a) = hxi�hbi ¨ ¨§ ®¯¨á ­¨ï £àã¯¯ ¯®àï¤ª  16 á«¥¤ã¥â, çâ® «¨¡®

G=Z(R) = (hxi�hbi)� hci;

«¨¡®

G=Z(R) = (hxi � hbi)�hci;

£¤¥ [x; c] = b, [b; c] = 1.
� ¯¥à¢®¬ á«ãç ¥ ¯®¤£àã¯¯ H = hxiZ(R) ¨­¢ à¨ ­â­  ¢ G ¨ ¨§ [b; c] 6= 1 ¨ ãá«®¢¨ï (�) á«¥¤ã¥â

b 2 C(H), çâ® ¯à®â¨¢®à¥ç¨â ­¥ ¡¥«¥¢®áâ¨ G=Z(R). � ¢® ¢â®à®¬ á«ãç ¥ H = hb; ciZ(R) / G,
C(H) = Z(R) ¨ jG : HC(H)j = 4, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (�).

�®«ãç¥­­ë¥ ¯à®â¨¢®à¥ç¨ï ¤®ª §ë¢ îâ, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ Z(G) = Z(R) ¨
jG=Z(G)j = 16. �á«¨ G=Z(G)  ¡¥«¥¢ , â® á­®¢  ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ (�). �®íâ®¬ã
á ãç¥â®¬ ã¦¥ à áá¬®âà¥­­ëå ¢ëè¥ á«ãç ¥¢ áâà®¥­¨ï ä ªâ®à-£àã¯¯ë G=Z(G) ¨ ®¯¨á ­¨ï £àã¯¯
¯®àï¤ª  16 ®áâ ¥âáï à áá¬®âà¥âì á«ãç ©, ª®£¤ 

G=Z(G) = (hui � hvi)�hvi; u4 = v2 = x2 = 1; [u; x] = v; [u; v] = [v; x] = 1:

�ë¡¥à¥¬ á®®â¢¥âáâ¢ãîé¨¥ ¯à¥¤áâ ¢¨â¥«¨ á¬¥¦­ëå ª« áá®¢ â ª, çâ®¡ë ¢ë¯®«­ï«®áì à ¢¥­áâ¢®
[u; x] = v. �á«¨ ¯®¤£àã¯¯  hu2; vi ­¥ ¡¥«¥¢ , â® ¬®¦­® áç¨â âì, çâ® x 2 C(hu2; vi). �® â®£¤  ¨§

1 = [u2; x] = [u; x]u[u; x] = vuv

á«¥¤ã¥â vu = v�1. �âáî¤  vu
2

= v, çâ® ¯à®â¨¢®à¥ç¨â ­ è¥¬ã ¯à¥¤¯®«®¦¥­¨î, ¯®íâ®¬ã [u2; v]=1.
�á«¨ [u; v] = 1, â® G ®¡« ¤ ¥â  ¡¥«¥¢®© ¯®¤£àã¯¯®© C(v) ¨­¤¥ªá  2 ¨ ¤®«¦­® ¢ë¯®«­ïâì-
áï ­¥à ¢¥­áâ¢® jG=Z(G)j � 8. �«¥¤®¢ â¥«ì­®, [u; v] 6= 1. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¯®¤£àã¯¯ 
R = hv; xi ­¥ ¡¥«¥¢ . � íâ®¬ á«ãç ¥ ¨§ RZ(G) / G á«¥¤ã¥â C(R) 6� R, â. ¥. ¬®¦­® áç¨â âì, çâ®
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u2 2 C(R). �® â®£¤  u2 2 Z(G), çâ® ­¥¢®§¬®¦­®. �®íâ®¬ã £àã¯¯  hv; xi â®¦¥  ¡¥«¥¢  ¨ G |
£àã¯¯  â¨¯  5).

�«¥¤áâ¢¨¥. �á«¨ G| ­¥ ¡¥«¥¢  ­¨«ì¯®â¥­â­ ï £àã¯¯ , ¢ ª®â®à®© ãá«®¢¨¥ (�) ¢ë¯®«­ï¥âáï
¤«ï «î¡®© ­¥ ¡¥«¥¢®© ¯®¤£àã¯¯ë A, â® G = K �H, £¤¥ H | ­¥ ¡¥«¥¢  á¨«®¢áª ï p-¯®¤£àã¯¯ ,
áâà®¥­¨¥ ª®â®à®© ®¯à¥¤¥«¥­® ¢ â¥®à¥¬¥ 3,   £àã¯¯  K  ¡¥«¥¢ .

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë ¨ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ¢ £àã¯¯¥ G â®«ìª® ®¤­  á¨«®¢áª ï
¯®¤£àã¯¯  ¬®¦¥â ¡ëâì ­¥ ¡¥«¥¢®©.

�¥®à¥¬  4. �ãáâì G | ­¥­¨«ì¯®â¥­â­ ï £àã¯¯ , ¢ ª®â®à®© ¤«ï «î¡®© ­¥ ¡¥«¥¢®© ¯®¤-

£àã¯¯ë A ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (�). �®£¤  ¨¬¥¥â ¬¥áâ® ®¤¨­ ¨§ á«¥¤ãîé¨å á«ãç ¥¢:

1) G = K�H, á¨«®¢áª ï 2-¯®¤£àã¯¯  H «¨¡®  ¡¥«¥¢ , «¨¡® ã¤®¢«¥â¢®àï¥â ãâ¢¥à¦¤¥­¨î

â¥®à¥¬ë 3, ¨ «¨¡® jH : CH(K)j = 4 ¨ £àã¯¯  K � CH(K)  ¡¥«¥¢ , «¨¡® jH : CH(K)j�2,  
£àã¯¯  K � CH(K) «¨¡®  ¡¥«¥¢ , «¨¡® ¨¬¥¥â áâà®¥­¨¥, ãª § ­­®¥ ¢ á«¥¤áâ¢¨¨ ¨§ â¥®-

à¥¬ë 3;
2) G ¨¬¥¥â  ¡¥«¥¢ã ­®à¬ «ì­ãî ¯®¤£àã¯¯ã ¯à®áâ®£® ¨­¤¥ªá  p ¨ á¨«®¢áª ï p-¯®¤£àã¯¯  P

£àã¯¯ë G  ¡¥«¥¢ ;
3) G = (K�P )hxi, K�P | £àã¯¯  ¨§ ¯. 2), x2 2 K ¨ £àã¯¯  P�hxi ­¥ ¡¥«¥¢ ;
4) G = Z(G)�K, £¤¥ K �= PSL(2; 2n), (2n � 1) | ¯à®áâ®¥ ç¨á«®, ¨«¨ K �= PSL(2; 9);
5) G ®¡« ¤ ¥â â ª¨¬ àï¤®¬ Z(G) � Z(H) < H < G, çâ® H = Z(H) �K, £¤¥ K �= A5, ¨

G=Z(H) �= S5.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á­ ç «  á«ãç © à §à¥è¨¬®© £àã¯¯ë G. �ãáâì F = F (G) |
¯®¤£àã¯¯  �¨ââ¨­£  £àã¯¯ë G. �®£¤  C(F ) � F . �á«¨ ¯®¤£àã¯¯  F ­¥ ¡¥«¥¢ , â® jG : F j = 2 ¨
G | £àã¯¯  ¨§ ¯. 1).

�à¥¤¯®«®¦¨¬, çâ® ¯®¤£àã¯¯  F  ¡¥«¥¢  ¨ R=F | ¬¨­¨¬ «ì­ë© ­®à¬ «ì­ë© ¤¥«¨â¥«ì £àã¯-

¯ë G=F . �®£¤  R=F =
kQ
i=1

haii | í«¥¬¥­â à­ ï  ¡¥«¥¢  p-£àã¯¯ . � ª ª ª ha1iF | ­¥ ¡¥«¥¢ 

­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë R, â® jR : ha1iF j � 2. �®íâ®¬ã «¨¡® k = 1, «¨¡® k = 2 ¨ p = 2.
�ãáâì p 6= 2. �®£¤  R = F hyi, yp 2 F , ¨ R = K�P , £¤¥ K | å®««®¢  p0-¯®¤£àã¯¯  £àã¯¯ë R.

� ª ª ª £àã¯¯  R ­¥ ­¨«ì¯®â¥­â­ , â® y =2 C(K) ¨ ¯®¤£àã¯¯  H = K�hyi ­¥ ¡¥«¥¢ . �® â®£¤ 
jNR(H) : HCR(H)j � 2. �§

NR(H) = K�NP (hyi) ¨ CR(H) = CF (y) = CK(y)�CP (y)

á«¥¤ã¥â jNP (hyi) : CP (y)j � 2, â. ¥. NP (hyi) = CP (y). �®« £ ï â¥¯¥àì H = K�CP (y),  ­ «®£¨ç-
­® ¯®«ãç¨¬ NP (CP (y)) = CP (y) ¨, á«¥¤®¢ â¥«ì­®, CP (y) = P . �â® ®§­ ç ¥â, çâ® £àã¯¯  P =
(F \ P )hyi  ¡¥«¥¢ .

�á«¨ G 6= R, â® jG : Rj = 2 ¨ G = Rhxi, x2 2 R. � á¨«ã «¥¬¬ë �à ââ¨­¨ ¬®¦­® áç¨â âì, çâ®
x 2 N(P ). �á«¨ [P; x] = 1, â® ¯®¤£àã¯¯  H = K�hxi ­¥ ¡¥«¥¢  ¨ ¨§ P � N(H) á«¥¤ã¥â P � C(H),
â. ¥. P � C(K), çâ® ­¥¢®§¬®¦­®.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® p = 2. �á«¨ R = G ¨«¨ jR : F j = 2, â® jG : F j � 4. �ãáâì G > R
¨ R=F | ç¥â¢¥à­ ï £àã¯¯ . �®£¤  jG=F j = 8 ¨, á«¥¤®¢ â¥«ì­®, ­ ©¤¥âáï ¨­¢ à¨ ­â­ ï ¢ G
¯®¤£àã¯¯  H á® á¢®©áâ¢®¬ jH=F j = 2. �® â®£¤  jN(H) : HC(H)j = 4, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î
â¥®à¥¬ë.

� áá¬®âà¨¬ â¥¯¥àì á«ãç © ­¥à §à¥è¨¬®© £àã¯¯ë G. �ãáâì F = F (G) | ¯®¤£àã¯¯  �¨ââ¨­£ 
£àã¯¯ëG,   F � = F �(G) | ®¡®¡é¥­­ ï ¯®¤£àã¯¯  �¨ââ¨­£ . �á«¨ F = F �, â® C(F ) � F . � ª ª ª
G ­¥à §à¥è¨¬ , â® jG : F j > 2 ¨, á«¥¤®¢ â¥«ì­®, £àã¯¯  F  ¡¥«¥¢ . �á«¨ H | â ª ï ¯®¤£àã¯¯ 
¨§ G, çâ® H > F , â® H ­¥ ¡¥«¥¢ . �®íâ®¬ã

jN(H) : Hj = jN(H) : HC(H)j � 2:

�® â®£¤  ¢ ­¥à §à¥è¨¬®© £àã¯¯¥ G=F ­¥à ¢¥­áâ¢® jN(H) : Hj � 2 ¤®«¦­® ¢ë¯®«­ïâìáï ¤«ï
«î¡®© ­¥¥¤¨­¨ç­®© ¯®¤£àã¯¯ë H, çâ® ¯à®â¨¢®à¥ç¨â â¥®à¥¬¥ 1.
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� ª¨¬ ®¡à §®¬, F � > F . �ãáâì F � = F � L, £¤¥ L | á«®© £àã¯¯ë G. �§ «¥¬¬ë ¨ â¥®à¥¬ë 1
á«¥¤ã¥â, çâ® £àã¯¯  F  ¡¥«¥¢  ¨ F �=F | ¯à®áâ ï £àã¯¯ . �® ãá«®¢¨î jG : F �j � 2. �à¥¤¯®«®¦¨¬
á­ ç « , çâ® G = F �. � ª ª ª ä ªâ®à-£àã¯¯  G=Z(G) â®¦¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë, â®
¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® Z(G) = 1, â. ¥. G | ¯à®áâ ï £àã¯¯ .

�à¥¤¯®«®¦¨¬, çâ® G | £àã¯¯  â¨¯  �¨ ­ ¤ ¯®«¥¬ GF (pk). �ãáâì B = P�H | ¯®¤£àã¯¯ 
�®à¥«ï £àã¯¯ë G. �®£¤  ¨§ ãá«®¢¨ï (�) á«¥¤ã¥â, çâ® «¨¡® H = 1, «¨¡® jHj | ¯à®áâ®¥ ç¨á«®,
«¨¡® á¨«®¢áª ï p-¯®¤£àã¯¯  P  ¡¥«¥¢  ¨ jHj = 4. � ç áâ­®áâ¨ (á¬. [6], â¥®à¥¬  3.13), ®âáî¤ 
á«¥¤ã¥â, çâ® ¯à¨ H 6= 1 «¨¥¢áª¨© à ­£ l £àã¯¯ë G à ¢¥­ 1, â. ¥. ([6], â¥®à¥¬  3.39) G ¨§®¬®àä­ 
®¤­®© ¨§ £àã¯¯ PSL(2; pk), PSU(3; pk), Sz(22n+1) ¨«¨ £àã¯¯¥ �¨ 2G2(3n).

� £àã¯¯¥ PSL(2; pk) ¯®àï¤®ª ¯®¤£àã¯¯ë � àâ ­  H à ¢¥­ pk�1
(2;pk�1)

. �®íâ®¬ã «¨¡® p = 2 ¨
(2k � 1) | ¯à®áâ®¥ ç¨á«®, «¨¡® pk 2 f5; 9g. �® PSL(2; 5) �= PSL(2; 4).

�á«¨ G �= PSU(3; p2n) ¨ P | á¨«®¢áª ï p-¯®¤£àã¯¯  ¨§ G, â® jN(P ) : P j = (p2n � 1)=d,
£¤¥ d = (pn + 1; 3), çâ® ¢®§¬®¦­® â®«ìª® ¢ á«ãç ¥ p2n = 4. �® £àã¯¯  PSU(3; 4) ­¥ ¯à®áâ . �
£àã¯¯¥ Sz(2n) ¤«ï á¨«®¢áª®© 2-¯®¤£àã¯¯ë P ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® jN(P ) : P j = 2n � 1, çâ®
¯à®â¨¢®à¥ç¨â ãá«®¢¨î (�). � ¢ £àã¯¯ å �¨ ¤«ï á¨«®¢áª®© 3-¯®¤£àã¯¯ë P ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
jN(P ) : P j = 3n � 1, â. ¥. n = 1. �áâ ¥âáï § ¬¥â¨âì, çâ® £àã¯¯  2G2(3) ­¥ ¯à®áâ .

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® H = 1. � ª ª ª jHj = 1
d
(pk � 1)l ¤«ï ¯à¨á®¥¤¨­¥­­ëå £àã¯¯ ¨

jHj = 1
d

tQ
i=1
(q � �i) ¤«ï áªàãç¥­­ëå £àã¯¯ �¨ (á¬. [12], ác. 121, 251), £¤¥ �i | á®¡áâ¢¥­­ë¥ ç¨á« 

¨§®¬¥âà¨¨, ¯®à®¦¤¥­­®© á¨¬¬¥âà¨¥© ¤¨ £à ¬¬ë �ë­ª¨­  á®®â¢¥âáâ¢ãîé¥© ¯à¨á®¥¤¨­¥­­®©
£àã¯¯ë,   t | à ­£ íâ®© ¯à¨á®¥¤¨­¥­­®© £àã¯¯ë, â® G | ¯à¨á®¥¤¨­¥­­ ï £àã¯¯  ­ ¤ ¯®«¥¬
GF (2). �á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨ï ¨§ [12]. �àã¯¯  G2(2) ­¥ ¯à®áâ ,   (G2(2))0 �= PSU(3; 32), â. ¥. ¢
íâ®¬ á«ãç ¥ ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ (�). � ª ª ª B2(2) �= C2(2) �= S6,   ¢ £àã¯¯¥ S6
á¨«®¢áª ï 3-¯®¤£àã¯¯  ¨¬¥¥â ¨­¤¥ªá 8 ¢ á¢®¥¬ ­®à¬ «¨§ â®à¥, â® ¨ íâ®â á«ãç © ¯à®â¨¢®à¥ç¨â
ãá«®¢¨î (�). �® â®£¤  ­¥¢®§¬®¦­ë ¨ á«ãç ¨ Bn(2) ¨ Cn(2) ¯à¨ n > 2. � ª ª ª £àã¯¯  PSL(2; 7)
­¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (�), â® ¨§ A2(2) �= PSL(2; 7) á«¥¤ã¥â, çâ® ¨ á«ãç © G �= An(2) ¯à¨
n > 1 â®¦¥ ­¥¢®§¬®¦¥­.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® G �= An. �á«¨ n = 5 ¨«¨ 6, â® G �= PSL(2; 4) ¨«¨ PSL(2; 9)
á®®â¢¥âáâ¢¥­­®. �á«¨ ¦¥ n > 6, â®G á®¤¥à¦¨â ¯®¤£àã¯¯ã, ¨§®¬®àä­ãîA3�A4, çâ® ¯à®â¨¢®à¥ç¨â
ãá«®¢¨ï¬ «¥¬¬ë ¨ â¥®à¥¬ë 1. � ª®­¥æ, G ­¥ ¬®¦¥â ¡ëâì á¯®à ¤¨ç¥áª®© ¯à®áâ®© £àã¯¯®©, â. ª.
¢ íâ®¬ á«ãç ¥ ãá«®¢¨¥ (�) ­ àãè ¥âáï ¢ æ¥­âà «¨§ â®à¥ ¨­¢®«îæ¨¨ (á¬. [6], â ¡«¨æë 2.2 ¨ 3.1).

� ª¨¬ ®¡à §®¬, F �=F �= PSL(2; q), £¤¥ q = 9 ¨«¨ q = 2n ¨ ç¨á«® (2n � 1) ¯à®áâ®¥. �à¥¤¯®-
«®¦¨¬ á­ ç « , çâ® F � = G. �®£¤  G = G0 � Z(G) ¨ G0 \ Z(G) ï¢«ï¥âáï £®¬®¬®àä­ë¬ ®¡à §®¬
¬ã«ìâ¨¯«¨ª â®à  �ãà  £àã¯¯ë G=Z(G). �á«¨ q = 2n > 4, â® ¬ã«ìâ¨¯«¨ª â®à �ãà  âà¨¢¨ «¥­
¨, á«¥¤®¢ â¥«ì­®, G = G0 � Z(G). �®ª ¦¥¬, çâ® ¨ ¢ á«ãç ¥ q 2 f4; 9g ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
G0 \ Z(G) = 1.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �á«¨ q = 4, â® G0 �= SL(2; 5). �® ¢ £àã¯¯¥ SL(2; 5) á¨«®¢áª ï
2-¯®¤£àã¯¯  ­¥ ¡¥«¥¢  ¨ ®â«¨ç­  ®â á¢®¥£® ­®à¬ «¨§ â®à , çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (�). � ª
ª ª ¯®àï¤®ª ¬ã«ìâ¨¯«¨ª â®à  �ãà  £àã¯¯ë PSL(2; 9) à ¢¥­ 6, â® ¢ íâ®¬ á«ãç ¥ jG0 \ Z(G)j 2
f2; 3; 6g. �á«¨ jG0 \ Z(G)j ¤¥«¨âáï ­  3, â® á¨«®¢áª ï 3-¯®¤£àã¯¯  £àã¯¯ë G ­¥ ¡¥«¥¢ , ¨ á­®¢ 
¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ (�). �á«¨ ¦¥ jG0 \ Z(G)j = 2, â® G0 �= SL(2; 9). �® â®£¤  G
á®¤¥à¦¨â ¯®¤£àã¯¯ã SL(2; 3), ¢ ª®â®à®© á¨«®¢áª ï 2-¯®¤£àã¯¯  ­¥ ¡¥«¥¢  ¨ ¨­¢ à¨ ­â­ . � ª¨¬
®¡à §®¬, ¢ «î¡®¬ á«ãç ¥ G0 \ Z(G) = 1 ¨ G = G0 � Z(G).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® F � 6= G. �®£¤  jG : F �j = 2. �ãáâì x 2 GnF �. �á«¨ [F �; x] � F , â® ¯®
«¥¬¬¥ ® âà¥å ª®¬¬ãâ ­â å ¯®«ãç¨¬ [F �; x] = [F �; F �; x] = 1, çâ® ­¥¢®§¬®¦­® ¢ á¨«ã C(F �) = F .
�®íâ®¬ã x ¨­¤ãæ¨àã¥â ­¥âà¨¢¨ «ì­ë©  ¢â®¬®àä¨§¬ £àã¯¯ë F �=F . � ª ª ª

Aut(PSL(2; 2n)) = PSL(2; 2n)�hyi; jyj = n

¨ jG : F �j = 2, â® ç¨á«® n ¤®«¦­® ¡ëâì ç¥â­ë¬. �® â®£¤  ¨§ ¯à®áâ®âë ç¨á«  2n � 1 á«¥¤ã¥â,
çâ® n = 2. �áâ ¥âáï § ¬¥â¨âì, çâ® Aut(PSL(2; 4)) �= S5. �á«¨ ¦¥ q = 9, â® G=F ¨§®¬®àä­ 
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«¨¡® PGL(2; 9), «¨¡® £àã¯¯¥ ¢¨¤  PSL(2; 9)�h�i, £¤¥ � | ¯®«¥¢®©  ¢â®¬®àä¨§¬. � «î¡®¬ ¨§
íâ¨å á«ãç ¥¢ á¨«®¢áª ï 3-¯®¤£àã¯¯  ¨§ G=F ¨¬¥¥â ¨­¤¥ªá 8 ¢ á¢®¥¬ ­®à¬ «¨§ â®à¥, çâ® á­®¢ 
¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î á ãá«®¢¨¥¬ (�).
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