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�¥«ì ¤ ­­®© à ¡®âë | ¨áá«¥¤®¢ ­¨¥ £¥®¬¥âà¨¨ ¨­â¥£à «ì­ëå ªà¨¢ëå ®¤­®£® ­¥ ¢¯®«­¥ ¨­-
â¥£à¨àã¥¬®£® ãà ¢­¥­¨ï �ä ää , § ¤ ­­®£® ¢ ­¥ª®â®à®© ®¡« áâ¨ G ç¥âëà¥å¬¥à­®£® ¥¢ª«¨¤®¢ 
¯à®áâà ­áâ¢ . �à¨ íâ®¬ ¨á¯®«ì§ã¥âáï ¬¥â®¤ ¢­¥è­¨å ä®à¬ � àâ ­ , ¨§«®¦¥­¨î ª®â®à®£® ¯®-
á¢ïé¥­  ¬®­®£à ä¨ï [1].

� ¤ ­¨¥ ­  E 4 ãà ¢­¥­¨ï �ä ää 

P�dx
� = 0 (� = 1; 4); (1)

£¤¥ P�(x�) (� = 1; 4) | £« ¤ª¨¥ äã­ªæ¨¨ ¢ ª ª®©-â® â®çª¥ M 2 E 4 , ®¯à¥¤¥«ï¥â ­  E 4 £« ¤ª®¥
à á¯à¥¤¥«¥­¨¥ £¨¯¥à¯«®áª®áâ­ëå í«¥¬¥­â®¢ (M;�) ([2], á. 29; [3], á. 13; [4], á. 19), £¤¥ M 2 E 4 ,
� | âà¥å¬¥à­ ï ¯«®áª®áâì, ª®â®à®© ª á îâáï ¢á¥ ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ãà ¢­¥­¨ï (1), ¯à®-
å®¤ïé¨¥ ç¥à¥§ â®çªã M . �á«¨ ãà ¢­¥­¨¥ (1) ¢¯®«­¥ ¨­â¥£à¨àã¥¬®, â® ¢®§­¨ª ¥â á«®¥­¨¥ ([5],
á. 683), â. ¥. ç¥à¥§ ª ¦¤ãî â®çªãM 2 E 4 ¯à®å®¤¨â âà¥å¬¥à­ ï ¨­â¥£à «ì­ ï ¯®¢¥àå­®áâì ãà ¢­¥-
­¨ï (1), ¤«ï ª®â®à®© ¯«®áª®áâì � ï¢«ï¥âáï ª á â¥«ì­®© ¯«®áª®áâìî ¢ â®çª¥ M . � íâ®¬ á«ãç ¥
à á¯à¥¤¥«¥­¨¥ ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬ë¬ ¨«¨ £®«®­®¬­ë¬. �á«¨ ¦¥ (1) ­¥ ï¢«ï¥âáï ¢¯®«­¥
¨­â¥£à¨àã¥¬ë¬, â® à á¯à¥¤¥«¥­¨¥ ­ §ë¢ ¥âáï ­¥£®«®­®¬­ë¬ ([3], á. 13). �áïªãî ¨­â¥£à «ì­ãî
ªà¨¢ãî ãà ¢­¥­¨ï (1) ­ §ë¢ îâ ªà¨¢®© à á¯à¥¤¥«¥­¨ï,   á®¢®ªã¯­®áâì ¢á¥å ¨­â¥£à «ì­ëå ªà¨-
¢ëå ­¥£®«®­®¬­®£® à á¯à¥¤¥«¥­¨ï ­ §ë¢ îâ ­¥£®«®­®¬­®© ¯®¢¥àå­®áâìî ([6], á. 98). �à¨¢ë¥
­¥£®«®­®¬­®£® à á¯à¥¤¥«¥­¨ï (¨«¨ ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨), ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã M , ­¥
®¡à §ãîâ £¨¯¥à¯®¢¥àå­®áâ¨, ­® ¢á¥ ª á îâáï ¯«®áª®áâ¨ �. �®íâ®¬ã ¯«®áª®áâì � ­ §ë¢ ¥âáï ª -
á â¥«ì­®© £¨¯¥à¯«®áª®áâìî ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ¢ â®çª¥ M ,   ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§
M ®àâ®£®­ «ì­® ¯«®áª®áâ¨ �, | ­®à¬ «ìî ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ¢ íâ®© â®çª¥.

�®¤®¡­® â®¬ã, ª ª ¢ ç¥âëà¥å¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ à §«¨ç îâ ¤¢  ¢¨¤  ¯®¢¥àå-
­®áâ¥© ¢à é¥­¨ï (áä¥à¨ç¥áª¨¥ ¯®¢¥àå­®áâ¨ ¢à é¥­¨ï ¨ ¯®¢¥àå­®áâ¨ ¤¢®©­®£® ¢à é¥­¨ï) ([7],
á. 22), ¢ ­¥£®«®­®¬­®© £¥®¬¥âà¨¨ â ª¦¥ à §«¨ç ¥¬ ¤¢  ¢¨¤  ­¥£®«®­®¬­ëå ¯®¢¥àå­®áâ¥© ¢à é¥-
­¨ï.

�¯à¥¤¥«¥­¨¥ 1. �ä¥à¨ç¥áª®© ­¥£®«®­®¬­®© ¯®¢¥àå­®áâìî ¢à é¥­¨ï (á. ­. ¯. ¢.) ­ §ë¢ ¥âáï
â ª ï ­¥£®«®­®¬­ ï ¯®¢¥àå­®áâì, ¢á¥ ­®à¬ «¨ ª®â®à®© ¯¥à¥á¥ª îâ ­¥¯®¤¢¨¦­ãî ¯àï¬ãî (®áì
¢à é¥­¨ï).

�¯à¥¤¥«¥­¨¥ 2. �¥£®«®­®¬­®© ¯®¢¥àå­®áâìî ¤¢®©­®£® ¢à é¥­¨ï (­. ¯. ¤. ¢.) ­ §ë¢ ¥âáï â -
ª ï ­¥£®«®­®¬­ ï ¯®¢¥àå­®áâì, ­®à¬ «¨ ª®â®à®© ¯¥à¥á¥ª îâ ¤¢¥ ­¥¯®¤¢¨¦­ë¥ ¢§ ¨¬­® ¯¥à-
¯¥­¤¨ªã«ïà­ë¥ ¤¢ã¬¥à­ë¥ ¯«®áª®áâ¨ (®á¨ ¢à é¥­¨ï), ¯¥à¥á¥ª îé¨¥áï ¢ ®¤­®© â®çª¥. �®çªã
¯¥à¥á¥ç¥­¨ï ®á¥© ¢à é¥­¨ï ­ §®¢¥¬ æ¥­âà®¬ ¢à é¥­¨ï.

�â¨ ­ §¢ ­¨ï ¤ ­ë ¢ á¢ï§¨ á â¥¬, çâ® ¢ á«ãç ¥ £®«®­®¬­®áâ¨ à á¯à¥¤¥«¥­¨ï ¨­â¥£à «ì­ë¬¨
£¨¯¥à¯®¢¥àå­®áâï¬¨ ãà ¢­¥­¨ï (1) ¡ã¤ãâ á®®â¢¥âáâ¢¥­­® âà¥å¬¥à­ë¥ áä¥à¨ç¥áª¨¥ ¯®¢¥àå­®áâ¨
¢à é¥­¨ï ¨«¨ ¯®¢¥àå­®áâ¨ ¤¢®©­®£® ¢à é¥­¨ï ([7], á. 22).

� ¤ ­­®© à ¡®â¥ ¨§ãç ¥âáï £¥®¬¥âà¨ï ­¥£®«®­®¬­ëå ¯®¢¥àå­®áâ¥© ¤¢®©­®£® ¢à é¥­¨ï.
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1. �« ¢­ë¥ ªà¨¢¨§­ë 2-£® à®¤  ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ¤¢®©­®£® ¢à é¥­¨ï

�ãáâì (M;�) | £¨¯¥à¯«®áª®áâ­®© í«¥¬¥­â à á¯à¥¤¥«¥­¨ï. �ë¡¥à¥¬ ®àâ®­®à¬¨à®¢ ­­ë© ¯®-
¤¢¨¦­®© à¥¯¥à fM;~e�g (� = 1; 4) á«¥¤ãîé¨¬ ®¡à §®¬: ¢¥ªâ®àë f~e1; ~e2; ~e3g ¯®¬¥áâ¨¬ ¢ ª á â¥«ì-
­ãî £¨¯¥à¯«®áª®áâì �,   ¢¥ªâ®à ~e4 ­ ¯à ¢¨¬ ¯® ­®à¬ «¨ ª � ¢ â®çª¥ M .

�¥à¨¢ æ¨®­­ë¥ ä®à¬ã«ë à¥¯¥à  fM;~e�g (� = 1; 4) ¨¬¥îâ ¢¨¤

d~r = !�~e�; d~e� = !�
�~e�; (1.1)

£¤¥ ~r | à ¤¨ãá-¢¥ªâ®à â®çª¨ M , !�
� = �!�

� (�; � = 1; 4). �®¬¨¬® íâ®£® ¨¬¥¥¬

D!� = !� ^ !�
� ; D!�

� = !

� ^ !�


 (�; �; 
 = 1; 4):

�« ¢­ë¬¨ ä®à¬ ¬¨ ï¢«ïîâáï ä®à¬ë �ä ää  !�, !�
4 . �§ ­¨å !� | ¡ §¨á­ë¥ ä®à¬ë,  

¯®â®¬ã

!�
4 = A�

�!
� (�; � = 1; 4): (1.2)

�à¨¢ë¥ à á¯à¥¤¥«¥­¨ï ¯à¨ ¤ ­­®¬ ¢ë¡®à¥ ¯®¤¢¨¦­®£® à¥¯¥à  á®áâ®ïâ ¨§ ¨­â¥£à «ì­ëå ªà¨¢ëå
ãà ¢­¥­¨ï �ä ää 

!4 = 0: (1.3)

�® â¥à¬¨­®«®£¨¨ �.�.� ¯â¥¢  ãà ¢­¥­¨¥ (1.3) ï¢«ï¥âáï  áá®æ¨¨à®¢ ­­ë¬ á ¤ ­­ë¬ à á¯à¥-
¤¥«¥­¨¥¬,   A�

� ®¡à §ãîâ äã­¤ ¬¥­â «ì­ë© ®¡ê¥ªâ.
� ª ª ª !4

4 = 0, â® ¬ âà¨æ  äã­¤ ¬¥­â «ì­®£® ®¡ê¥ªâ  ¨¬¥¥â ¢¨¤
0
BB@

A1
1 A1

2 A1
3 A1

4

A2
1 A2

2 A2
2 A2

4

A3
1 A3

2 A3
3 A4

4

0 0 0 0

1
CCA :

� ¤àã£®© áâ®à®­ë, ¨á¯®«ì§ãï ä®à¬ã«ë (1.1) ¨ (1.2), «¥£ª® ã¡¥¤¨¬áï, çâ® íâ  ¬ âà¨æ  ï¢«ï-
¥âáï ¬ âà¨æ¥© «¨­¥©­®£® ®¯¥à â®à  A, ®¯à¥¤¥«ï¥¬®£® ä®à¬ã«®©

A(d~r) = d~e4;

£¤¥ d~r | ª á â¥«ì­ë© ¢¥ªâ®à ª «î¡®© ªà¨¢®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã M . �¤­ ª® ¢¥ªâ®àë
¯«®áª®áâ¨ � ®­ ¯¥à¥¢®¤¨â ¢ ¢¥ªâ®àë íâ®© ¦¥ ¯«®áª®áâ¨. � ª¨¬ ®¡à §®¬, ¬®¦­® áã§¨âì ®¯¥à â®à
A ­  ¯«®áª®áâì �. � âà¨æ  ®¯¥à â®à  A�, ï¢«ïîé¥£®áï áã¦¥­¨¥¬ ®¯¥à â®à  A, ¨¬¥¥â ¢¨¤

A�

(e) =

0
@
A1

1 A1
2 A1

3

A2
1 A2

2 A2
2

A3
1 A3

2 A3
3

1
A :

�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  A�, ¢§ïâë¥ á ¯à®â¨¢®¯®«®¦­ë¬ §­ ª®¬, ­ §ë¢ îâáï £« ¢-
­ë¬¨ ªà¨¢¨§­ ¬¨ 2-£® à®¤  ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨,   ­ ¯à ¢«¥­¨ï á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢
®¯¥à â®à  A, á®®â¢¥âáâ¢ãîé¨¥ ¨¬, | £« ¢­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨ 2-£® à®¤  ¢ â®çª¥ M . �¨­¨-
¥© ªà¨¢¨§­ë 2-£® à®¤  ­ §ë¢ ¥âáï «¨­¨ï ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨, ¢ ª ¦¤®© â®çª¥ ª®â®à®©
ª á â¥«ì­ë© ¢¥ªâ®à ¨¤¥â ¯® ®¤­®¬ã ¨§ £« ¢­ëå ­ ¯à ¢«¥­¨© 2-£® à®¤ .

�®«­®© ªà¨¢¨§­®© 2-£® à®¤  ­ §ë¢ ¥âáï ¢¥«¨ç¨­  K2 = detA�. �«ï ­. ¯. ¤. ¢. K2 = �k1k2k3.
� ¯à ¢¨¬ ¢¥ªâ®à ~e1 ¯® £« ¢­®¬ã ­ ¯à ¢«¥­¨î 2-£® à®¤ . �®£¤  A1

1 = �k1, A2
1 = A3

1 = 0.
�¥©áâ¢¨â¥«ì­®, á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i ®¯¥à â®à  A� ï¢«ïîâáï ª®à­ï¬¨ ãà ¢­¥­¨ï

������
A1

1 � � A1
2 A1

3

A2
1 A2

2 � � A2
3

A3
1 A3

2 A3
3 � �

������
= 0; (1.4)
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  á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ~�(�i), á®®â¢¥âáâ¢ãîé¨¥ ¨¬, ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨ï¬¨

(A1
1 � �)�1 +A1

2�
2 +A1

3�
3 = 0;

A2
1�

1 + (A2
2 � �)�2 +A2

3�
3 = 0;

A3
1�

1 +A3
2�

2 + (A3
3 � �)�3 = 0:

(1.5)

� ª ª ª (1.4) | ãà ¢­¥­¨¥ 3-¥© áâ¥¯¥­¨, â® ¯® ªà ©­¥© ¬¥à¥ ®¤­® ¨§ �i | ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® ¨
¥¬ã á®®â¢¥âáâ¢ã¥â ¤¥©áâ¢¨â¥«ì­ë© á®¡áâ¢¥­­ë© ¢¥ªâ®à. �à¨¬¥¬ íâ®â ¢¥ªâ®à §  ~e1(1; 0; 0). �®£¤ 
¨§ (1.5) ¨¬¥¥¬ �1 = A1

1, A
2
1 = A3

1 = 0. �«¥¤®¢ â¥«ì­®, ®¤­  ¨§ £« ¢­ëå ªà¨¢¨§­ 2-£® à®¤  k1 = �A1
1.

� á¨«ã ¨­¢ à¨ ­â­®áâ¨ ¢¥ªâ®à  ~e1 ä®à¬ë !2
1, !

3
1 áâ «¨ £« ¢­ë¬¨. �¥£« ¢­®© ®áâ ¥âáï â®«ìª®

ä®à¬  !3
2. �à®¤®«¦ ï á¨áâ¥¬ã (1.2), ¯®«ãç¨¬

dA�

 = A�

�!
�

 �A�


!
�
� +A�


�!
�:

�âáî¤ 

dA3
2 = A3

2 = A3
3!

3
2 �A1

2!
3
1 �A2

2!
3
2 +A2�!

�: (1.6)

�§ (1.6) ¢¨¤¨¬, çâ® ¯à¨ A3
2 = 0, A2

2 6= A3
3 ä®à¬  !

3
2 áâ ­®¢¨âáï £« ¢­®©,   à¥¯¥à | ª ­®­¨ç¥áª¨¬.

�«ï ­. ¯. ¤. ¢. ¢á¥ âà¨ ªà¨¢¨§­ë 2-£® à®¤  ¢¥é¥áâ¢¥­­ë ¨ à §«¨ç­ë.

�¥©áâ¢¨â¥«ì­®, ¯à¨ ¤ ­­®¬ ¢ë¡®à¥ à¥¯¥à  å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤
������
A1

1 � � A1
2 A1

3

0 A2
2 � � A2

3

0 0 A3
3 � �

������
= 0: (1.7)

�«¥¤®¢ â¥«ì­®, £« ¢­ë¥ ªà¨¢¨§­ë 2-£® à®¤  ki = ��i = �Ai
i (i = 1; 3) ï¢«ïîâáï ¢¥é¥áâ¢¥­­ë¬¨

ç¨á« ¬¨ ¢ â®çª¥ M .
� ª ª ª à¥¯¥à fM;~e�g (� = 1; 4) ª ­®­¨ç¥áª¨©, â® ¢á¥ äã­ªæ¨¨ ¢ ä®à¬ã« å (1.2) ¨­¢ -

à¨ ­âë. �¥«¨ç¨­ë A1
4, A

2
4, A

3
4 | ª®®à¤¨­ âë ¢¥ªâ®à  ªà¨¢¨§­ë «¨­¨¨ â®ª  ¢¥ªâ®à­®£® ¯®«ï

~e4 (¯®«ï ­®à¬ «¥©). �¥­§®à ­¥£®«®­®¬­®áâ¨ ¢ ¤ ­­®¬ á«ãç ¥ ¨¬¥¥â â®«ìª® âà¨ áãé¥áâ¢¥­­ë¥
ª®¬¯®­¥­âë:

~� = �1~e1 + �2~e2 + �3~e3;

â. ¥. ï¢«ï¥âáï ¢¥ªâ®à®¬ ­¥£®«®­®¬­®áâ¨. �¡à é¥­¨¥ ¢ ­ã«ì ¢¥ªâ®à  ~� å à ªâ¥à¨§ã¥â £®«®­®¬-
­®áâì !4 = 0. �«ï ­¥£® �1 = A2

3=2, �
2 = �A1

3=2, �
3 = A1

2=2. �¡®§­ ç¨¬ A1
4 = a, A2

4 = b, A3
4 = c.

�®£¤  ä®à¬ã«ë (1.2) ¨ ãà ¢­¥­¨¥ (1.7) ¯à¨¬ãâ á®®â¢¥âáâ¢¥­­® ¢¨¤

!1
4 = �k1!

1 + 2�3!2 � 2�2!3 + a!4;

!2
4 = �k2!

2 + 2�1!3 + b!4;

!3
3 = �k3!

3 + c!4

¨ ������
�k1 � � 2�3 2�2

0 �k2 � � 2�1

0 0 �k3 � �

������
= 0:

�¥à¥å®¤¨¬ ª ­ å®¦¤¥­¨î «¨­¨© ªà¨¢¨§­ë 2-£® à®¤ . �§¢¥áâ­® ([4], á. 62), çâ® ¢¤®«ì ¢áïª®©
«¨­¨¨ ªà¨¢¨§­ë 2-£® à®¤  ­®à¬ «¨ ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ®¯¨áë¢ îâ â®àá, â®çª  à¥¡à 
¢®§¢à â  ª®â®à®£® ­  ®¡à §ãîé¥© ®¡à â­  £« ¢­®© ªà¨¢¨§­¥ 2-£® à®¤ . � ª ª ª ¤«ï ­. ¯. ¤. ¢. ¢
ª ¦¤®© â®çª¥ ¨¬¥¥¬ âà¨ ¤¥©áâ¢¨â¥«ì­ë¥, ­¥ á®¢¯ ¤ îé¨¥ ªà¨¢¨§­ë 2-£® à®¤ , â® ¨¬ á®®â¢¥â-
áâ¢ãîâ ­  ­®à¬ «¨, ¯à®å®¤ïé¥© ç¥à¥§ ¢áïªãî â®çªã M 2 G, âà¨ ­¥ á®¢¯ ¤ îé¨å â®çª¨ F1, F2,
F3 à¥¡¥à ¢®§¢à â  â®àá®¢ á à ¤¨ãá-¢¥ªâ®à ¬¨

~F1 = ~r +
1
k1
~e4; ~F2 = ~r +

1
k2
~e4; ~F3 = ~r +

1
k3
~e4:
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�« ¢­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨, á®®â¢¥âáâ¢ãîé¨¬¨ £« ¢­ë¬ ªà¨¢¨§­ ¬ k1, k2, k3, ¡ã¤ãâ ­ ¯à -
¢«¥­¨ï ¢¥ªâ®à®¢

~e1; 2�3~e1 + (k1 � k2)~e2; (4�1�3 + 2�2(k3 � k1))~e1 � 2�1(k3 � k1)~e2 + (k3 � k1)2~e3:

� «¨­¨¨ ªà¨¢¨§­ë 2-£® à®¤  | íâ® «¨­¨¨, ®¯à¥¤¥«ï¥¬ë¥ ãà ¢­¥­¨ï¬¨

!2 = !3 = !4 = 0; (1.8)

(k2 � k1)!1 + 2�3!2 = 0;

!3 = 0;

!4 = 0;

(1.9)

(k3 � k1)!
1 + 2�3!2 � 2�2!3 = 0;

(k3 � k2)!2 + 2�1!3 = 0;

!4 = 0:

(1.10)

�«ï ¯®¢¥àå­®áâ¨ ¤¢®©­®£® ¢à é¥­¨ï ¢¤®«ì ¤¢ãå «¨­¨© ªà¨¢¨§­ë ­®à¬ «¨ ®¯¨áë¢ îâ ª®­ãá
([3], á. 23). �à¥¡ã¥¬ ¢ë¯®«­¥­¨¥ íâ®£® á¢®©áâ¢  ¨ ¤«ï ­. ¯. ¤. ¢.

�ãáâì ~F3 = const ¢¤®«ì «¨­¨¨ ªà¨¢¨§­ë (1.10), ª®â®à ï á®®â¢¥âáâ¢ã¥â ªà¨¢¨§­¥ k3. �®£¤ 

dk3 = �1[(k3 � k1)!1 + 2�3!2 � 2�!3] + �2[(k3 � k2)!2 + 2�1!3] + �3!
4: (1.11)

�ãáâì â ª¦¥ ~F2 = const ¢¤®«ì «¨­¨¨ ªà¨¢¨§­ë (1.9), ª®â®à ï á®®â¢¥âáâ¢ã¥â ªà¨¢¨§­¥ k2. �®£¤ 

dk2 = �1[(k2 � k1)!1 + 2�3!2] + �2!
3 + �3!

4:

�¥£®«®­®¬­ ï ¯®¢¥àå­®áâì !4 = 0 ¡ã¤¥â ­¥£®«®­®¬­®© ¯®¢¥àå­®áâìî ¤¢®©­®£® ¢à é¥­¨ï «¨èì
â®£¤ , ª®£¤  â®çª¨ F3 ¨ F2 ¡ã¤ãâ ®¯¨áë¢ âì ¤¢¥ ­¥¯®¤¢¨¦­ë¥ ¤¢ã¬¥à­ë¥ ¢§ ¨¬­® ¯¥à¯¥­¤¨ªã-
«ïà­ë¥ ¯«®áª®áâ¨ P3 ¨ P2, ¯¥à¥á¥ª îé¨¥áï ¢ ®¤­®© â®çª¥. �â®¡ë ¯®«ãç¨âì ¤ ­­ë¥ ãá«®¢¨ï,
­ å®¤¨¬ ¯à¥¦¤¥ ¢á¥£® ¯«®áª®áâì, ¯à®å®¤ïéãî ç¥à¥§ â®çªã F3 ¨ ª á â¥«ì­ë¥ ª «¨­¨ï¬, ®¯¨-
áë¢ ¥¬ë¬ â®çª®© F3 ¢¤®«ì «¨­¨© ªà¨¢¨§­ë (1.8) ¨ (1.9). �à ¢­¥­¨ï ¨áª®¬®© ¯«®áª®áâ¨ ¨¬¥îâ
¢¨¤

�1x
1 + �2x

2 + k3x
4 = 1;

x3 = 0:
(1.12)

�­ «®£¨ç­® ¯«®áª®áâì, ¯à®å®¤ïé ï ç¥à¥§ F2 ¨ ª á â¥«ì­ë¥ ª «¨­¨ï¬, ®¯¨áë¢ ¥¬ë¬ â®çª®© F2

¢¤®«ì «¨­¨© ªà¨¢¨§­ë (1.8) ¨ (1.9), ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

(k2 � k3)x
2 � 2�1x3 = 0;

�1x
1 + (2�2�1 + �2)x2 + k2x

4 = 1:
(1.13)

�«®áª®áâ¨ (1.12), (1.13) ®àâ®£®­ «ì­ë ¨ ¯¥à¥á¥ª îâáï ¢ ®¤­®© â®çª¥ «¨èì ¯à¨ ¢ë¯®«­¥­¨¨
ãá«®¢¨©

�1 = �2 = 0; �1�1 + k2k3 = 0; �2 + 2�2�1 = 0; �1k2 � �1k3 6= 0:

�®£¤  ãà ¢­¥­¨ï (1.12), (1.13) ¯à¨­¨¬ îâ ¢¨¤

�1x
1 + k3x

4 = 1; x3 = 0 (1.14)

¨

�1x
1 + k2x

4 = 1; x2 = 0: (1.15)
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�à¥¡®¢ ­¨¥ ­¥¯®¤¢¨¦­®áâ¨ ¯«®áª®áâ¥© (1.14) ¨ (1.15) ¯à¨¢®¤¨â ª à ¢¥­áâ¢ ¬

b = 0; c = 0; �3 = (k3)2 + a�1; �3 = (k2)2 + a�1;

!3
1 = ��1!

3; !3
2 = 0; !2

1 = ��1!
2; �2 = �2�1�

2;

d�1 = ((�1)2 + k1k3)!1 � 2�3k3!2 + 2�2k3!3 + k3(�1 � a)!4;

d�1 = ((�1)
2 + k1k2)!

1 � 2�3k2!
2 + 2�2k2!

3 + k2(�1 � a)!4;

(1.16)

¢ á¨«ã ª®â®àëå ä®à¬ë �ä ää , ¢å®¤ïé¨¥ ¢ ¤¥à¨¢ æ¨®­­ë¥ ä®à¬ã«ë à¥¯¥à , ¢ëà §ïâáï ç¥à¥§
¡ §¨á­ë¥ ä®à¬ë á«¥¤ãîé¨¬ ®¡à §®¬:

!1
4 = �k1!

1 + 2�3!2 � 2�2!3 + a!4;

!2
4 = �k2!

2; !3
4 = �k3!

3; !3
2 = 0; !1

2 = �1!
2;

(1.17)

£¤¥

�1 6= 0; �1 6= 0; k2 6= 0; k3 6= 0;

k2k3 + �1�1 = 0; �1k2 � �1k3 6= 0:

�à®¬¥ â®£®, ¯ãâ¥¬ ¢­¥è­¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ä®à¬, ¢å®¤ïé¨å ¢ (1.16), (1.17), ¯®«ãç ¥¬

dk1 = �
11!
1 + (2�3(�1 + a)� 
12)!2 + (�2�2(�1 + a)� 
13)!3 + (a2 + (k1)2 � 
14)!4;

dk2 = �1(k2 � k1)!
1 + 2�3�1!

2 � 2�2�1!
3 + ((k2)

2 + a�1)!
4;

dk3 = �1(k3 � k1)!1 + 2�3�1!
2 � 2�2�1!

3 + ((k3)2 + a�1)!4;

d�1 = ((�1)
2 + k1k3)!

1 � 2�3k3!
2 + 2�2k3!

3 + k3(�1 � a)!4;

d�1 = ((�1)2 + k1k2)!1 � 2�3k2!2 + 2�2k2!3 + k2(�1 � a)!4;

2d�3 = 
12!
1 + 
22!

2 + 
23!
3 + (
24 + 2�3(k1 + k2))!

4;

2d�2 = �
13!
1 � 
23!

2 � 
33!
3 + (2�2(k1 + k3)� 
34)!4;

da = 
14!
1 + 
24!

2 + 
34!
3 + 
44!

4:

�â ª, ¨¬¥¥¬ ¤¢¥ ­¥¯®¤¢¨¦­ë¥ ¢§ ¨¬­® ¯¥à¯¥­¤¨ªã«ïà­ë¥ ¯«®áª®áâ¨ P3 ¨ P2, ¯¥à¥á¥ª îé¨-
¥áï ¢ ®¤­®© â®çª¥ ¨ ®¯à¥¤¥«ï¥¬ë¥ ¢ «®ª «ì­ëå ª®®à¤¨­ â å ãà ¢­¥­¨ï¬¨ (1.14) ¨ (1.15). �áïª ï
¯ à ««¥«ì ­. ¯. ¤. ¢. ¯¥à¥á¥ª ¥â íâ¨ ¯«®áª®áâ¨ ¢ ¤¢ãå â®çª å F3 2 P3 ¨ F2 2 P2. �«®áª®áâ¨ P3 ¨
P2 ­ §ë¢ îâáï ¤¢ã¬¥à­ë¬¨ ®áï¬¨ ¢à é¥­¨ï ¤ ­­®© ­. ¯. ¤. ¢.

�§ áª § ­­®£® ¢ëè¥ á«¥¤ã¥â, çâ® ¢¤®«ì ¤¢ãå «¨­¨© ªà¨¢¨§­ë 2-£® à®¤ , ¯à®å®¤ïé¨å ç¥à¥§
¤ ­­ãî â®çªã M 2 G, ­®à¬ «¨ ­. ¯. ¤. ¢. ®¯¨áë¢ îâ ª®­ãá á ¢¥àè¨­®© ­  ®¤­®© ¨§ ¤¢ã¬¥à­ëå
®á¥© ¢à é¥­¨ï. �«ï ­¨å ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �¨­¨¨ ªà¨¢¨§­ë 2-£® à®¤ , á®®â¢¥âáâ¢ãîé¨¥ ªà¨¢¨§­ ¬ k2 ¨ k3, «¥¦ â ­ 

¤¢ã¬¥à­ëå áä¥à å á æ¥­âà ¬¨ ­  ¯«®áª®áâïå ¢à é¥­¨ï.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® áä¥à 

(x1)2 + (x2)2 +
�
x4 � 1

k2

�2
=
�

1
k2

�2
; x3 = 0 (1.18)

®áâ ¥âáï ­¥¯®¤¢¨¦­®© ¢ â®çª å «¨­¨¨ ªà¨¢¨§­ë 2-£® à®¤  (1.9). � à ªâ¥à¨áâ¨ª  áä¥àë (1.18)
¯à¨ á¬¥é¥­¨¨ ¯® ¯à®¨§¢®«ì­®© «¨­¨¨ ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢­¥­¨©

(x1)2 + (x2)2 +
�
x4 � 1

k2

�2
=
�

1
k2

�
;

x3 = 0;

2x1(�!1
2x

2 � !1
4x

4 � !1) + 2x2(�!2
1x

1 � !2
4x

4 � !2)+

+2x4(�!4
1x

1 � !4
2x

2) + 2
k2
(!4

1x
1 + !4

2x
2) + 2dk2

(k2)2
x4 = 0;

!3
1x

1 + !3
2x

2 + !3
4x

4 + !3 = 0:

(1.19)
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�¤®«ì «¨­¨¨ ªà¨¢¨§­ë (1.9) ¯®á«¥¤­¨¥ ¤¢  ãà ¢­¥­¨ï á¨áâ¥¬ë (1.17) ®¡à é îâáï ¢ â®¦¤¥áâ¢ .
� ª¨¬ ®¡à §®¬, ¢¤®«ì «¨­¨¨ ªà¨¢¨§­ë (1.9) áä¥à  (1.18) ­¥ ¬¥­ï¥âáï. �­ ç¨â, «¨­¨ï ªà¨¢¨§­ë
(1.9) «¥¦¨â ­  ¤¢ã¬¥à­®© áä¥à¥ (1.18), æ¥­âà C2(0; 0; 0; 1=k2) ª®â®à®© «¥¦¨â ¢ ¯«®áª®áâ¨ (1.14).

�­ «®£¨ç­® ã¡¥¦¤ ¥¬áï, çâ® ¢â®à ï «¨­¨ï ªà¨¢¨§­ë 2-£® à®¤  (1.10) «¥¦¨â ­  ¤¢ã¬¥à­®©
áä¥à¥

(x1)2 + (x3)2 +
�
x4 � 1

k3

�2
=
�

1
k3

�2
; x2 = 0

á æ¥­âà®¬ C3(0; 0; 0; 1=k3), ¯à¨­ ¤«¥¦ é¨¬ ¯«®áª®áâ¨ (1.15).

�¥®à¥¬  2. �¨­¨¨ ªà¨¢¨§­ë 2-£® à®¤ , á®®â¢¥âáâ¢ãîé¨¥ ªà¨¢¨§­¥ k1, «¥¦ â ¢ ¤¢ã¬¥à-

­ëå ¯«®áª®áâïå, ¯à®å®¤ïé¨å ç¥à¥§ ­®à¬ «ì ­. ¯. ¤. ¢.

�®ª § â¥«ìáâ¢®. � ©¤¥¬ á®¯à¨ª á îéãîáï ¯«®áª®áâì â®© «¨­¨¨ ªà¨¢¨§­ë 2-£® à®¤  (1.8),
ª®â®à ï á®®â¢¥âáâ¢ã¥â k1. �­  ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

x2 = 0; x3 = 0: (1.20)

�®áª®«ìªã ¢¤®«ì «¨­¨¨ ªà¨¢¨§­ë (1.8) ¨¬¥¥¬ dx2 = 0, dx3 = 0, â® á®¯à¨ª á îé ïáï ¯«®á-
ª®áâì ¤ ­­®© «¨­¨¨ ªà¨¢¨§­ë ­¥ ¬¥­ï¥âáï,   §­ ç¨â, «¨­¨ï ªà¨¢¨§­ë 2-£® à®¤  (1.18) «¥¦¨â ¢
¯«®áª®áâ¨ (1.20), ª®â®à ï, ®ç¥¢¨¤­®, ¯à®å®¤¨â ç¥à¥§ ­®à¬ «ì ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨.

�¯à¥¤¥«¥­¨¥ 3. �¨­¨¨ ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ¤¢®©­®£® ¢à é¥­¨ï, ¢¤®«ì ª®â®àëå ­®à-
¬ «¨ ®¡à §ãîâ ª®­ãá, ­ §ë¢ îâáï ¯ à ««¥«ï¬¨ ­. ¯. ¤. ¢.

�¯à¥¤¥«¥­¨¥ 4. �¨­¨¨ ªà¨¢¨§­ë 2-£® à®¤  ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ¤¢®©­®£® ¢à é¥­¨ï,
«¥¦ é¨¥ ¢ ¤¢ã¬¥à­ëå ¯«®áª®áâïå, ­ §ë¢ îâáï ¬¥à¨¤¨ ­ ¬¨ ­. ¯. ¤. ¢.

�¥£ª® ¤®ª § âì, çâ® ¬¥à¨¤¨ ­ë ¨ ¯ à ««¥«¨ ­. ¯. ¤. ¢. ®¡« ¤ îâ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
1) ¯«®áª®áâì, ¢ ª®â®à®© «¥¦¨â ¬¥à¨¤¨ ­, ¯à®å®¤¨â ç¥à¥§ æ¥­âà ¢à é¥­¨ï;
2) ¬¥à¨¤¨ ­ë ï¢«ïîâáï £¥®¤¥§¨ç¥áª¨¬¨ ¯àï¬¥©è¨¬¨;
3) ¢¤®«ì ª ¦¤®© ¯ à ««¥«¨ ®¤­  ¨§ £« ¢­ëå ªà¨¢¨§­ 2-£® à®¤  ¯®áâ®ï­­ ;
4) «¨­¨ï â®ª  ¢¥ªâ®à­®£® ¯®«ï ­®à¬ «¥© f~e4g ­. ¯. ¤. ¢. «¥¦¨â ¢ ®¤­®© ¤¢ã¬¥à­®© ¯«®áª®áâ¨

á ¬¥à¨¤¨ ­®¬ ¨ ®àâ®£®­ «ì­  ¥¬ã;
5) ¤«¨­ë ®âà¥§ª®¢ ­®à¬ «¥©, § ª«îç¥­­ëå ¬¥¦¤ã â®çª®© ­. ¯. ¤. ¢. ¨ ¤¢ã¬¥à­ë¬¨ ®áï¬¨ ¢à -

é¥­¨ï, à ¢­ë  ¡á®«îâ­ë¬ ¢¥«¨ç¨­ ¬ â¥å à ¤¨ãá®¢ ªà¨¢¨§­ë 2-£® à®¤ , ª®â®àë¥ á®®â¢¥âáâ¢ãîâ
¯ à ««¥«ï¬.

2. �ª¢¨¤¨à¥ªæ¨®­­ë¥ «¨­¨¨ ¨ ¯®¢¥àå­®áâ¨ ­  ­. ¯. ¤. ¢.

�¨­¨ï (¯®¢¥àå­®áâì) ­ §ë¢ ¥âáï íª¢¨¤¨à¥ªæ¨®­­®© «¨­¨¥© (¯®¢¥àå­®áâìî) ¢¥ªâ®à­®£® ¯®«ï,
¥á«¨ ¢¤®«ì ­¥¥ ¢¥ªâ®àë ¯®«ï ¯ à ««¥«ì­ë ([8], á. 61).

�®áª®«ìªã ¬ âà¨æ A(e) ®á­®¢­®£® «¨­¥©­®£® ®¯¥à â®à  A ­. ¯. ¤. ¢. ¢ ¢ë¡à ­­®¬ à¥¯¥à¥ ¨¬¥¥â
¢¨¤

A(e) =

0
BB@

�k1 2�3 �2�2 a
0 �k2 0 0
0 0 �k3 0
0 0 0 0

1
CCA ;

â® íª¢¨¤¨à¥ªæ¨®­­ë¥ «¨­¨¨ ®¯à¥¤¥«ïîâáï á¨áâ¥¬®© ãà ¢­¥­¨©

�k1!
1 + a!4 = 0;

!2 = 0;

!3 = 0:

(2.1)

�¥®à¥¬  3. �¥à¥§ ª ¦¤ãî â®çªã ­. ¯. ¤. ¢. ¯à®å®¤¨â «¨¡® ®¤­  íª¢¨¤¨à¥ªæ¨®­­ ï «¨­¨ï,

«¨¡® ¤¢ã¬¥à­ ï íª¢¨¤¨à¥ªæ¨®­­ ï ¯®¢¥àå­®áâì. �ª¢¨¤¨à¥ªæ¨®­­ëå ¯®¢¥àå­®áâ¥© à §¬¥à­®-

áâ¨ 3 ­¥â.
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�®ª § â¥«ìáâ¢®. � ª ª ª à ­£ ¬ âà¨æë á¨áâ¥¬ë (2.1) ­¥ ¬®¦¥â ¡ëâì à ¢¥­ ¥¤¨­¨æ¥, â® íâ®
§­ ç¨â, çâ® ã ­. ¯. ¤. ¢. âà¥å¬¥à­ëå íª¢¨¤¨à¥ªæ¨®­­ëå ¯®¢¥àå­®áâ¥© ¡ëâì ­¥ ¬®¦¥â.

�§ãç ï á¨áâ¥¬ã (2.1), § ¬¥â¨¬, çâ® ¨¬¥îâ ¬¥áâ® ¤¢¥ ¢®§¬®¦­®áâ¨.
1) �á«¨ k1 = a = 0, â® rangA(e) = 2, ¨ á¨áâ¥¬  (2.1) ¢¯®«­¥ ¨­â¥£à¨àã¥¬ . �â® ®§­ ç ¥â, çâ®

ç¥à¥§ ª ¦¤ãî â®çªã ­. ¯. ¤. ¢. ¯à®å®¤¨â ¤¢ã¬¥à­ ï íª¢¨¤¨à¥ªæ¨®­­ ï ¯®¢¥àå­®áâì.
2) �á«¨ å®âï ¡ë ®¤­  ¨§ ¢¥«¨ç¨­ k1 ¨«¨ a ®â«¨ç­  ®â ­ã«ï, â® rangA(e) = 3. � íâ®¬ á«ãç ¥

ç¥à¥§ ª ¦¤ãî â®çªã ­. ¯. ¤. ¢. ¯à®å®¤¨â ¥¤¨­áâ¢¥­­ ï íª¢¨¤¨à¥ªæ¨®­­ ï «¨­¨ï.
�®ª ¦¥¬, çâ® ¥á«¨ ç¥à¥§ â®çªã M 2 G ¯à®å®¤¨â íª¢¨¤¨à¥ªæ¨®­­ ï «¨­¨ï, â® íâ  «¨­¨ï

¡ã¤¥â ¯àï¬®© «¨­¨¥©, á®¢¯ ¤ îé¥© «¨¡® á «¨­¨¥© â®ª  ¢¥ªâ®à­®£® ¯®«ï ­®à¬ «¥©, «¨¡® á ¬¥-
à¨¤¨ ­®¬.

2.1) �à¨ a = 0, k1 6= 0 íª¢¨¤¨à¥ªæ¨®­­ ï «¨­¨ï á®¢¯ ¤ ¥â á «¨­¨¥© â®ª . � ª ª ª a | ªà¨-
¢¨§­  ¯«®áª®© «¨­¨¨ â®ª , â® ¢ íâ®¬ á«ãç ¥ «¨­¨ï â®ª  (  §­ ç¨â, ¨ íª¢¨¤¨à¥ªæ¨®­­ ï «¨­¨ï)
| ¯àï¬ ï «¨­¨ï. 2.2) �à¨ k1 = 0, a 6= 0 íª¢¨¤¨à¥ªæ¨®­­ ï «¨­¨ï á®¢¯ ¤ ¥â á ¬¥à¨¤¨ ­®¬, ¨
¬¥à¨¤¨ ­ | ¯àï¬ ï «¨­¨ï, â. ¥. ¨ ¢ íâ®¬ á«ãç ¥ íª¢¨¤¨à¥ªæ¨®­­ ï «¨­¨ï | ¯àï¬ ï «¨­¨ï.

�á«¨ ¦¥ ç¥à¥§ â®çªã M 2 G ¯à®å®¤¨â íª¢¨¤¨à¥ªæ¨®­­ ï ¯®¢¥àå­®áâì, â® íâ  ¯®¢¥àå­®áâì
ï¢«ï¥âáï ¯«®áª®áâìî, ¯à®å®¤ïé¥© ç¥à¥§ «¨­¨î â®ª  ¢¥ªâ®à­®£® ¯®«ï ­®à¬ «¥© ¨ ç¥à¥§ ¬¥à¨-
¤¨ ­.

�¥©áâ¢¨â¥«ì­®, á¨áâ¥¬  (2.1) ®¯à¥¤¥«ï¥â íª¢¨¤¨à¥ªæ¨®­­ë¥ ¯®¢¥àå­®áâ¨ «¨èì ¯à¨ k1=a=0.
�à¨ íâ®¬ «¨­¨¨ â®ª  !1 = !2 = !3 = 0 «¥¦ â ­  íª¢¨¤¨à¥ªæ¨®­­ëå ¯®¢¥àå­®áâïå (2.1) ¨
¬¥à¨¤¨ ­ë !2 = !3 = !4 = 0 â ª¦¥ «¥¦ â ­  íª¢¨¤¨à¥ªæ¨®­­ëå ¯®¢¥àå­®áâïå.

�áá«¥¤ã¥¬ íª¢¨¤¨à¥ªæ¨®­­ãî ¯®¢¥àå­®áâì, ¯à®å®¤ïéãî ç¥à¥§ â®çªãM 2 G. �¥ ª á â¥«ì­ ï
¯«®áª®áâì ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢­¥­¨©

x2 = 0; x3 = 0: (2.2)

�¥âàã¤­® ¯®ª § âì, çâ® íâ  ¯«®áª®áâì ®áâ ¥âáï ­¥¯®¤¢¨¦­®© ¢¤®«ì ¯®¢¥àå­®áâ¨ (2.1) (¯à¨ k1 =
a = 0). � ª¨¬ ®¡à §®¬, ¯à¨ k1 = a = 0 íª¢¨¤¨à¥ªæ¨®­­ë¥ ¯®¢¥àå­®áâ¨ ­. ¯. ¤. ¢. ¯à¥¤áâ ¢«ïîâ
á®¡®© ¤¢ã¬¥à­ë¥ ¯«®áª®áâ¨.

� ©¤¥¬ å à ªâ¥à¨áâ¨ª¨ íª¢¨¤¨à¥ªæ¨®­­®© ¯«®áª®áâ¨ ¯à¨ á¬¥é¥­¨¨ ¢¤®«ì ¯ à ««¥«¥© ­. ¯. ¤. ¢.
� à ªâ¥à¨áâ¨ª 

x2 = x3 = 0;

!2
1x

2 + !2
4x

4 + !2 = 0;

!3
1x

1 + !3
4x

4 + !3 = 0

¢¤®«ì ¯ à ««¥«¨
k2!

1 + 2�3!2 = 0; !3 = 0; !4 = 0

®¯à¥¤¥«ï¥âáï á¨áâ¥¬®©

x2 = x3 = 0;

�1x
1 + k2x

4 � 1 = 0:
(2.3)

�à ¢­¥­¨ï å à ªâ¥à¨áâ¨ª¨ ¯«®áª®áâ¨ (2.2) ¢¤®«ì ¯ à ««¥«¨

k3!
1 � 2�2!3 = 0; !2 = 0; !4 = 0

¨¬¥îâ ¢¨¤

x2 = x3 = 0;

�1x
1 + k3x

4 � 1 = 0:
(2.4)

�âáî¤  á«¥¤ãîâ ¤¢  ãâ¢¥à¦¤¥­¨ï:
a) å à ªâ¥à¨áâ¨ª¨ íª¢¨¤¨à¥ªæ¨®­­®© ¯«®áª®áâ¨ ¯à¨ á¬¥é¥­¨¨ ¥¥ ¯® ¯ à ««¥«ï¬ ¯¥à¥á¥ª -

îâ ­®à¬ «ì ¢ â®çª å F2 ¨ F3;
¡) å à ªâ¥à¨áâ¨ª¨ (2:3) ¨ (2:4) ®àâ®£®­ «ì­ë.
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3. �« ¢­ë¥ ªà¨¢¨§­ë ¨ £« ¢­ë¥ ­ ¯à ¢«¥­¨ï 1-£® à®¤ .
�¨­¨¨ ªà¨¢¨§­ë 1-£® à®¤  ­. ¯. ¤. ¢.

� ¯®áâà®¥­­®¬ à¥¯¥à¥ ¬ âà¨æ  ®¯¥à â®à  A� ¨¬¥¥â ¢¨¤

A�

(e) =

0
@
�k1 2�3 �2�2

0 �k2 0
0 0 �k3

1
A :

� §«®¦¨¬ ¬ âà¨æã A�

(e) ­  áã¬¬ã ¤¢ãå ¬ âà¨æ

A�

(e) =

0
@
�k1 �3 ��2

�3 �k2 0
��2 0 �k3

1
A+

0
@

0 �3 ��2

��3 0 0
�2 0 0

1
A :

�¯¥à â®à B ¯¥à¢®© ¨§ íâ¨å ¬ âà¨æ ï¢«ï¥âáï á¨¬¬¥âà¨ç­ë¬. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥
®¯¥à â®à  B ¨¬¥¥â ¢¨¤

������
�k1 � � �3 ��2

�3 �k2 � � 0
��2 0 �k3 � �

������
= 0: (3.1)

�£® ª®à­¨, ¢§ïâë¥ á ¯à®â¨¢®¯®«®¦­ë¬¨ §­ ª ¬¨, ­ §ë¢ îâáï £« ¢­ë¬¨ ªà¨¢¨§­ ¬¨ 1-£® à®¤ 
([8], á. 63),   á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë, ¨¬ á®®â¢¥âáâ¢ãîé¨¥, | £« ¢­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨ 1-£® à®¤ .

�®«­®© ªà¨¢¨§­®© 1-£® à®¤  K1 ­ §ë¢ ¥âáï

detB(e) = �k
(2)
1 k

(2)
2 k

(2)
3 + k

(2)
2 (�2)2 + k

(2)
3 (�3)2:

�®áª®«ìªã K2 = �k
(2)
1 k

(2)
2 k

(2)
3 , â® á¢ï§ì ¬¥¦¤ã ¯®«­ë¬¨ ªà¨¢¨§­ ¬¨ 1-£® ¨ 2-£® à®¤  ¢ëà ¦ ¥âáï

à ¢¥­áâ¢®¬

K1 = K2 + k
(2)
2 (�2)2 + k

(2)
3 (�3)2:

�®¦­® ¯®ª § âì, çâ® £« ¢­ ï ªà¨¢¨§­  2-£® à®¤  k(2)1 , ª®â®à ï á®®â¢¥âáâ¢ã¥â ¬¥à¨¤¨ ­ã, ­¥
¬®¦¥â ¡ëâì £« ¢­®© ªà¨¢¨§­®© 1-£® à®¤ . �® ®¤­  ¨§ £« ¢­ëå ªà¨¢¨§­ 2-£® à®¤  (k(2)2 ¨«¨ k

(2)
3 )

¤«ï ­¥ª®â®àëå ­. ¯. ¤. ¢. ¬®¦¥â ¡ëâì â ª¦¥ ¨ £« ¢­®© ªà¨¢¨§­®© 1-£® à®¤ .

�à¥¤«®¦¥­¨¥ 1. �¤­  ¨§ £« ¢­ëå ªà¨¢¨§­ 2-£® à®¤ , á®®â¢¥âáâ¢ãîé ï ¯ à ««¥«¨, ï¢«ï-
¥âáï â ª¦¥ ¨ £« ¢­®© ªà¨¢¨§­®© 1-£® à®¤  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤ ­­ ï ¯ à ««¥«ì

®àâ®£®­ «ì­  ¬¥à¨¤¨ ­ã.

�®ª § â¥«ìáâ¢®. �ãáâì £« ¢­ ï ªà¨¢¨§­  2-£® à®¤  k
(2)
2 ï¢«ï¥âáï £« ¢­®© ªà¨¢¨§­®©

1-£® à®¤ , â®£¤  (�k(2)2 ) ï¢«ï¥âáï ª®à­¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï (3.1). �«¥¤®¢ â¥«ì-
­®, (�3)2(k(2)3 � k

(2)
2 ) = 0. � ª ª ª k

(2)
3 6= k

(2)
2 , â® �3 = 0. �â ª, k(2)2 ¡ã¤¥â £« ¢­®© ªà¨¢¨§­®© 1-£®

à®¤  «¨èì ¯à¨ �3 = 0, ¨ â®«ìª® ¢ íâ®¬ á«ãç ¥ ¯ à ««¥«ì

(k(2)2 � k
(2)
1 )!1 + 2�3!2 = 0; !3 = 0; !4 = 0

(k(2)2 6= k
(2)
1 ), á®®â¢¥âáâ¢ãîé ï k

(2)
2 , ®àâ®£®­ «ì­  ¬¥à¨¤¨ ­ã !2 = !3 = !4 = 0. �á«¨ ¦¥ k

(2)
3

ï¢«ï¥âáï £« ¢­®© ªà¨¢¨§­®© 1-£® à®¤ , â®  ­ «®£¨ç­® ¯®«ãç ¥¬ �2 = 0 ¨ â®£¤  ¢â®à ï ¯ à ««¥«ì
¡ã¤¥â ®àâ®£®­ «ì­  ¬¥à¨¤¨ ­ã.

� ¬¥â¨¬, çâ® ¢¥ªâ®à ­¥£®«®­®¬­®áâ¨ ~� = �2~e2 + �3~e3, ª®â®àë© ¤«ï ­. ¯. ¤. ¢. ¢ ®¡é¥¬ á«ãç ¥
«¥¦¨â ¢ ¯«®áª®áâ¨, ®àâ®£®­ «ì­®© ¬¥à¨¤¨ ­ã, ¯à¨ �3 = 0 (�2 = 0) ï¢«ï¥âáï ª á â¥«ì­ë¬ ª
á®®â¢¥âáâ¢ãîé¥© ¯ à ««¥«¨.
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4. �¥£®«®­®¬­ë¥ ¯®¢¥àå­®áâ¨ ¤¢®©­®£® ¢à é¥­¨ï ­ã«¥¢®© ¯®«­®© ªà¨¢¨§­ë
2-£® à®¤ 

� ª ª ª ¤«ï ­. ¯. ¤. ¢. k2 6= 0, k3 6= 0, â® ¯®«­ ï ªà¨¢¨§­  2-£® à®¤  K2 = �k1k2k3 à ¢­  ­ã«î
«¨èì ¯à¨ k1 = 0.

�à¥¤«®¦¥­¨¥ 2. �¥à¨¤¨ ­ ­. ¯. ¤. ¢. ï¢«ï¥âáï ¯àï¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  K2 = 0.

�¥©áâ¢¨â¥«ì­®, ¨§ (1.1) ¨ (1.14) ­ å®¤¨¬, çâ® ¢¤®«ì ¬¥à¨¤¨ ­  !2 = !3 = !4 = 0 ¨¬¥¥â ¬¥áâ®
ä®à¬ã«  d~e1 = k1!

1~e4. �«¥¤®¢ â¥«ì­®, d~e1 = 0 «¨èì ¯à¨ k1 = 0. �® ¥áâì ª á â¥«ì­ë© ¢¥ªâ®à ~e1
ª ¬¥à¨¤¨ ­ã ®áâ ¥âáï ¯®áâ®ï­­ë¬ ¢® ¢á¥å ¥£® â®çª å «¨èì ¯à¨ k1 = 0. �®á«¥¤­¥¥ ¦¥ ®§­ ç ¥â,
çâ® ¬¥à¨¤¨ ­ë ­. ¯. ¤. ¢. ¯à¥¤áâ ¢«ïîâ á®¡®© ¯àï¬ë¥ «¨­¨¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®«­ ï
ªà¨¢¨§­  2-£® à®¤  à ¢­  ­ã«î.

�à¥¤«®¦¥­¨¥ 3. �á«¨ ¤«ï ­. ¯. ¤. ¢. K2 = 0, â® ¥¥ ª á â¥«ì­ë¥ ¯«®áª®áâ¨ ®¡à §ãîâ âà¥å-

¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®.

�¥©áâ¢¨â¥«ì­®, ¢ ¢ë¡à ­­®¬ à¥¯¥à¥ ª á â¥«ì­ ï ¯«®áª®áâì ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ !4=0
¨¬¥¥â ãà ¢­¥­¨¥ x4 = 0. � à ªâ¥à¨áâ¨ª  íâ®© ¯«®áª®áâ¨ ¯à¨ á¬¥é¥­¨¨ ¯® «î¡®¬ã ­ ¯à ¢«¥­¨î
®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢­¥­¨©

(2�3x1 � k2x
2)!2 + (�2�2x1 � k3x

3)!3 + (ax1 � 1)!4 = 0;

x4 = 0:
(4.1)

�à ¢­¥­¨ï (4.1) á®¤¥à¦ â â®«ìª® âà¨ ¡ §¨á­ë¥ ä®à¬ë. �â® ®§­ ç ¥â, çâ® ¯«®áª®áâ¨ x4 = 0
®¡à §ãîâ âà¥å¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®,   ­¥ ç¥âëà¥å¯ à ¬¥âà¨ç¥áª®¥, ª ª íâ® ¨¬¥¥â ¬¥áâ® ¢
®¡é¥¬ á«ãç ¥.

� à ªâ¥à¨áâ¨ç¥áª ï â®çª  M0 ¯«®áª®áâ¨ x4 = 0 ¨¬¥¥â ª®®à¤¨­ âë

x1
0 =

1
a
; x2

0 =
2�3

ak2
; x3

0 = �
2�2

ak3
: (4.2)

�âáî¤  â®çª  M0 ï¢«ï¥âáï á®¡áâ¢¥­­®© «¨èì â®£¤ , ª®£¤  a 6= 0.
�á¨¬¯â®â¨ç¥áª®© «¨­¨¥© ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ­ §ë¢ ¥âáï «¨­¨ï, ¢ ª ¦¤®© â®çª¥ ª®-

â®à®© ­®à¬ «ì­ ï ªà¨¢¨§­  à ¢­  ­ã«î.
� ª ¨§¢¥áâ­® ([8], á. 65), «¨­¨ï ­¥£®«®­®¬­®© ¯®¢¥àå­®áâ¨ ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª®©, ¥á«¨

¥¥ ¤¢ã¬¥à­ ï á®¯à¨ª á îé ïáï ¯«®áª®áâì ¯à¨­ ¤«¥¦¨â ª á â¥«ì­®© ¯«®áª®áâ¨ ¤ ­­®£® ¬­®£®-
®¡à §¨ï «¨¡® íâ  «¨­¨ï ¯àï¬ ï.

� ª¨¬ ®¡à §®¬, ­ ©¤¥¬  á¨¬¯â®â¨ç¥áª¨¥ «¨­¨¨ ­. ¯. ¤. ¢. !4 = 0 ¨§ à ¢¥­áâ¢ 

hd2~r; ~e1; ~e2; ~e3i = 0:

�å ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤

k1(!1)2 + k2(!2)2 + k3(!3)2 � 2�3!1!2 + 2�2!1!3 = 0; !4 = 0;

  á®¢®ªã¯­®áâì ¢á¥å ª á â¥«ì­ëå ª ­¨¬ ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢­¥­¨©

k1(x
1)2 + k2(x

2)2 + k3(x
3)2 � 2�3x1x2 + 2�2x1x3 = 0; x4 = 0: (4.3)

�à¥¤«®¦¥­¨¥ 4. �ãáâì ¤«ï ­. ¯. ¤. ¢. K2 = 0 ¨ rangA�

(e) = 3, â®£¤  ¢ ª ¦¤®© â®çª¥ M 2 G

ª á â¥«ì­ ï ª ­¥¯«®áª®©  á¨¬¯â®â¨ç¥áª®© «¨­¨¨ ­. ¯. ¤. ¢. !4 = 0 ¯à®å®¤¨â ç¥à¥§ å à ªâ¥à¨-

áâ¨ç¥áªãî â®çªã M0 ª á â¥«ì­®© ¯«®áª®áâ¨.

�â® ®ç¥¢¨¤­®, ¯®áª®«ìªã ¯à¨ k1 = 0 ª®®à¤¨­ âë å à ªâ¥à¨áâ¨ç¥áª®© â®çª¨M0 (4.2) ã¤®¢«¥-
â¢®àïîâ á¨áâ¥¬¥ (4.3), ®¯à¥¤¥«ïîé¥© ª á â¥«ì­ë¥ ª  á¨¬¯â®â¨ç¥áª¨¬.

�¥®à¥¬  4. � ¯à®¨§¢®«®¬ ¢ ®¤­ã äã­ªæ¨î ¤¢ãå  à£ã¬¥­â®¢ áãé¥áâ¢ã¥â ­. ¯. ¤. ¢. ­ã«¥¢®©

¯®«­®© ªà¨¢¨§­ë 2-£® à®¤ , ¤«ï ª®â®à®© ®¤­  ¨§ ¯ à ««¥«¥© ¯¥à¯¥­¤¨ªã«ïà­  ¬¥à¨¤¨ ­ã.
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�®ª § â¥«ìáâ¢®. �ãáâì k1 = �3 = 0. �®£¤  ®¤­  ¨§ ¯ à ««¥«¥© ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

!1 = !3 = !4 = 0:

� ª ¢¨¤¨¬, ¥¥ ª á â¥«ì­ë© ¢¥ªâ®à | ~e2. �®áª®«ìªã à¥¯¥à ®àâ®­®à¬¨à®¢ ­­ë©, â® ¢¥ªâ®à ~e2
®àâ®£®­ «¥­ ¢¥ªâ®àã ~e1, ª á â¥«ì­®¬ã ¢¥ªâ®àã ª ¬¥à¨¤¨ ­ã !2 = !3 = !4 = 0. �­ ç¨â, ¯ à ««¥«ì
®àâ®£®­ «ì­  ¬¥à¨¤¨ ­ã. �®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥ ­. ¯. ¤. ¢. á â ª¨¬ á¢®©áâ¢®¬ á ¯®¬®éìî ¬¥â®¤ 
�í«¥à  ([1], á. 23).

� ¬ª­¥¬ á¨áâ¥¬ã

2d�2 = 2�2(�1 + a)!1 � 
33!
2 + (2�2k3 � 
34)!

4;

da = a2!1 + 
34!
3 + 
44!

4:

�®«ãç¨«¨ á«¥¤ãîé¨¥ ¢­¥è­¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

[d
33 + (4�2
34 � 
33a� 2
33�1)!
1 + (4(�2)2a� 2
33k3)!

4] ^ !3 +

+[d
34 + (2�2
44 � (�1 + 2a)
34)!1] ^ !4 = 0;

[d
34 + (2�2
44 � (�1 + 2a)
34)!
1 + (�2�2a2 � 
34k3)!

4] ^ !3 + [d
44 � 3a
44!
1] ^ !4 = 0:

�¥à¥¯¨è¥¬ á¨áâ¥¬ã ¢ ¢¨¤¥

d
33 ^ !3 + d
34 ^ !4 +A1!
1 ^ !3 +A2!

3 ^ !4 +A3!
4 ^ !1 = 0;

d
34 ^ !3 + d
44 ^ !4 +B1!
1 ^ !3 +B2!

3 ^ !4 +B3!
4 ^ !1 = 0;

(4.4)

£¤¥

A1 = 4�2
34 � 
33a� 2
33�1; A2 = 2
33k3 � 4(�2)2a; A3 = (�1 + 2a)
34 � 2�2
44;

B1 = 2�2
44 � (�1 + 2a)
34; B2 = 2�2a2 + 
34k3; B3 = 3a
44:

� ª ª ª !1, !3, !4 | ¡ §¨á­ë¥ ä®à¬ë, â® ¬®¦­® ¯®«®¦¨âì

d
33 = �1!
1 + �3!

3 + �4!
4;

d
34 = �1!
1 + �3!

3 + �4!
4;

d
44 = �1!
1 + �3!

3 + �4!
4:

(4.5)

�«¥¤ãï ¬¥â®¤ã �í«¥à , áâà®¨¬ æ¥¯ì ¨­â¥£à «ì­ëå í«¥¬¥­â®¢ E1 � E2. �ãáâì !1 = !3 = 0, â®£¤ 
¤«ï E1 ¯ à ¬¥âàë �4, �4, �4 á¢®¡®¤­ë¥, â. ¥. å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«® r1 = 3. �«ï E2 ¯®« £ ¥¬
!1 = 0, â®£¤  ¨§ (4.4) ¨ (4.5) ¯®«ãç ¥¬

�3 = �3 �A2; �3 = �4 �B2:

� à ¬¥âà �3 ®áâ ¥âáï á¢®¡®¤­ë¬. �­ ç¨â, å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«® r2 = 1. �®¤áâ ¢«ïï (4.5) ¢
(4.4), ­ å®¤¨¬

�1 = �A1; �1 = �B1; �1 = �B3; B1 +A3 = 0:

�âáî¤  ¢¨¤¨¬, çâ® å à ªâ¥àë á¨áâ¥¬ë s1, s2, s3 ¨¬¥îâ ãà ¢­¥­¨ï

s1 = r1 � r2 = 2; s2 = r2 � r3 = 1; s3 = 0:

�®áâ â®ç­ë© ¯à¨§­ ª �í«¥à  ¢ë¯®«­¥­. �¥è¥­¨¥ á¨áâ¥¬ë áãé¥áâ¢ã¥â ¨ ¨¬¥¥â ¯à®¨§¢®« ¢ ®¤­ã
äã­ªæ¨î ¤¢ãå  à£ã¬¥­â®¢.

�¥®à¥¬  5. �á«¨ k1 = �3 = 0, â® ®¤­  ¨§ ¯ à ««¥«¥© ï¢«ï¥âáï ®ªàã¦­®áâìî.
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�¥©áâ¢¨â¥«ì­®, ­ ©¤¥¬ á®¯à¨ª á îéãîáï ¯«®áª®áâì ª ¯ à ««¥«¨ !1 = !3 = !4 = 0. �¥
ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤

�1x
1 + k3x

4 = 0; x3 = 0: (4.6)

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¯«®áª®áâì (4.6) ­¥ ¬¥­ï¥âáï ¢¤®«ì ¯ à ««¥«¨. �­ ç¨â, ¯ à ««¥«ì «¥-
¦¨â ¢ ¤¢ã¬¥à­®© ¯«®áª®áâ¨. � ª ª ª ¯® â¥®à¥¬¥ 2 ®­  «¥¦¨â â ª¦¥ ­  âà¥å¬¥à­®© áä¥à¥, â®
íâ  ¯ à ««¥«ì ï¢«ï¥âáï ®ªàã¦­®áâìî.

� ¬¥â¨¬, çâ® ¢â®à ï ¯ à ««¥«ì

k3!
1 � 2�2!3 = 0; !2 = 0; !4 = 0

¡ã¤¥â ®ªàã¦­®áâìî «¨èì ¢ £®«®­®¬­®¬ á«ãç ¥.

�¥®à¥¬  6. �á«¨ k1 = �3 = 0, â® ª á â¥«ì­ë¥ ª  á¨¬¯â®â¨ç¥áª¨¬ «¨­¨ï¬ ¢ ª ¦¤®©

â®çª¥ ­. ¯. ¤. ¢. ®¡à §ãîâ ¤¥©áâ¢¨â¥«ì­ë© ª®­ãá 2-£® ¯®àï¤ª . �¥à¨¤¨ ­ ¯à¨ íâ®¬ ï¢«ï¥âáï

 á¨¬¯â®â¨ç¥áª®© «¨­¨¥©.

�®ª § â¥«ìáâ¢®. �á«¨ k1 = �3 = 0, â® á®¢®ªã¯­®áâì ª á â¥«ì­ëå ª  á¨¬¯â®â¨ç¥áª¨¬ «¨­¨-
ï¬ ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

k2(x2)2 + k3(x3)2 + 2�2x1x3 = 0; x4 = 0;

â. ¥. ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¥©áâ¢¨â¥«ì­ë© ª®­ãá 2-£® ¯®àï¤ª .
�¥à¨¤¨ ­ !2 = !3 = !4 = 0 ¯à¨ k1 = �3 = 0 ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (4.4),   §­ ç¨â, ï¢«ï¥âáï

 á¨¬¯â®â¨ç¥áª®© «¨­¨¥©.
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