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1. �¢¥¤¥­¨¥

� ­­ ï áâ âìï ¯®á¢ïé¥­  ®¯¨á ­¨î ¢á¥å «®ª «ì­®-®¤­®à®¤­ëå £¨¯¥à¯®¢¥àå­®áâ¥© ¢ ç¥âë-
à¥å¬¥à­®©  ää¨­­®© ¨ ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¨,  «£¥¡àë á¨¬¬¥âà¨© ª®â®àëå ¨¬¥îâ à §¬¥à­®áâì
� 4. �¤­®à®¤­ë¥ ¯®¤¬­®£®®¡à §¨ï ï¢«ïîâáï ¨­â¥à¥á­ë¬ ¨ ¢ ¦­ë¬ ª« áá®¬ ¯®¤¬­®£®®¡à §¨© ¢
®¤­®à®¤­ëå ¯à®áâà ­áâ¢ å, ¨ § ¤ ç  ¨å ª« áá¨ä¨ª æ¨¨  ªâ¨¢­® ®¡áã¦¤ ¥âáï ¢ ¬ â¥¬ â¨ç¥áª®©
«¨â¥à âãà¥ á ª®­æ  ¯à®è«®£® ¢¥ª .

� ¨¡®«¥¥ å®à®è® ¨§ãç¥­ë ®¤­®à®¤­ë¥ ¯®¤¬­®£®®¡à §¨ï ¢  ää¨­­®© ¨ ¯à®¥ªâ¨¢­®© £¥®¬¥-
âà¨ïå à §¬¥à­®áâ¨ � 3. � ª, ¥é¥ �®äãá �¨ ®¯¨á « ®¤­®à®¤­ë¥ ¯®¤¬­®£®®¡à §¨ï ¢ âà¥å¬¥à­®©
ª®¬¯«¥ªá­®© ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¨ [1]. � à ¡®â å [2]{[4] ¯à¥¤áâ ¢«¥­  ª« áá¨ä¨ª æ¨ï ®¤­®-
à®¤­ëå ¯®¢¥àå­®áâ¥© ¤«ï âà¥å¬¥à­®© ã­¨¬®¤ã«ïà­®©  ää¨­­®© £¥®¬¥âà¨¨. � ¯®á«¥¤­¨¥ £®¤ë
¯®«ãç¥­® ®¯¨á ­¨¥ ®¤­®à®¤­ëå ¯®¢¥àå­®áâ¥© ¢ âà¥å¬¥à­®©  ää¨­­®© £¥®¬¥âà¨¨ [5] (á¬. â ª-
¦¥ [6], £¤¥ ª« áá¨ä¨æ¨à®¢ ­ë ¢á¥ ®¤­®à®¤­ë¥ ¯®¢¥àå­®áâ¨ á ­ã«¥¢ë¬ ¨­¢ à¨ ­â®¬ �¨ª ) ¨ ¢
âà¥å¬¥à­®© ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¨ [7], [8].

�¤­ ª® ¯à¨ ¯¥à¥å®¤¥ ª ç¥âëà¥å¬¥à­ë¬  ää¨­­®© ¨ ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨ï¬ ¢®§­¨ª ¥â àï¤
âàã¤­®áâ¥©, á¢ï§ ­­ëå á à¥§ª¨¬ ã¢¥«¨ç¥­¨¥¬ ®¡ê¥¬  ¢ëç¨á«¥­¨© ¨ £à®¬®§¤ª®áâìî ª®­¥ç­®£®
à¥§ã«ìâ â . � ª, ¢ ¤ ­­®© à ¡®â¥ ¬ë ®£à ­¨ç¨¢ ¥¬áï ®¯¨á ­¨¥¬ â ª¨å ®¤­®à®¤­ëå ¯®¢¥àå­®-
áâ¥©,  «£¥¡àë á¨¬¬¥âà¨© ª®â®àëå ¨¬¥îâ à §¬¥à­®áâì � 4, â. ¥. £àã¡® £®¢®àï, ­ ¨¡®«¥¥ á¨¬¬¥-
âà¨ç­ëå ¯®¢¥àå­®áâ¥©. � ç áâ­®áâ¨, ¢ íâ®â ª« áá ¯®¯ ¤ îâ ¢á¥ æ¨«¨­¤àë ¨ ª¢ ¤à¨ª¨. �¥®à¥¬ë 1
¨ 2 ¤ ­­®© à ¡®âë ¤ îâ ¯®«­ë© á¯¨á®ª ®áâ «ì­ëå ®¤­®à®¤­ëå ¯®¢¥àå­®áâ¥© ¨§ íâ®£® ª« áá 
(27 ¯®¢¥àå­®áâ¥© ¢ ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¨ ¨ 33 ¯®¢¥àå­®áâ¨ ¢  ää¨­­®© £¥®¬¥âà¨¨).

�â¬¥â¨¬, çâ®  ­ «®£¨ç­ë¥ ª« ááë ®¤­®à®¤­ëå ¯®¢¥àå­®áâ¥© ¢ âà¥å¬¥à­®¬ á«ãç ¥ (â. ¥. á
 «£¥¡à®© á¨¬¬¥âà¨© à §¬¥à­®áâ¨ � 3) ¨áç¥à¯ë¢ îâáï æ¨«¨­¤à ¬¨, ª¢ ¤à¨ª ¬¨ ¨

¯®¢¥àå­®áâìî �í«¨ z = xy + x3=3 ¢  ää¨­­®© £¥®¬¥âà¨¨,
¯®¢¥àå­®áâìî �í«¨ ¨ ¯®¢¥àå­®áâìî �­à¨ª¢¥á  (z � xy+ x3=3)2 = 8=9(y � x2=2)3 ¢ ¯à®¥ª-
â¨¢­®© £¥®¬¥âà¨¨.

� áá¬ âà¨¢ ¥¬ ï ¢ à ¡®â¥ § ¤ ç  â¥á­® á¢ï§ ­  â ª¦¥ á ®¯¨á ­¨¥¬  ää¨­­ëå ¨ ¯à®¥ªâ¨¢-
­ëå ¤¥©áâ¢¨©, ¨¬¥îé¨å ­¥âà¨¢¨ «ì­ãî ®âªàëâãî ®à¡¨âã, ¨, ¢ ç áâ­®áâ¨, â ª¨å ¤¥©áâ¢¨© á
ª®­¥ç­ë¬ ç¨á«®¬ ®à¡¨â. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ à §¬¥à­®áâì £àã¯¯ë ¯à¥®¡à §®¢ ­¨© ­¥
¬¥­¥¥ 4, ¨ íâ  £àã¯¯  á®¤¥à¦¨âáï ¢ £àã¯¯¥ á¨¬¬¥âà¨© ®¤­®© ¨§ ®à¡¨â ¬¥­ìè¥© à §¬¥à­®áâ¨. �
á«ãç ¥, ª®£¤  ®¤­  ¨§ ®à¡¨â ï¢«ï¥âáï £¨¯¥à¯®¢¥àå­®áâìî, ®­  ¯®¯ ¤ ¥â ¢ à áá¬ âà¨¢ ¥¬ë© ¢
à ¡®â¥ ª« áá ¯®¤¬­®£®®¡à §¨©. � ª¨¬ ®¡à §®¬, ¬ë ¯®¯ãâ­® ¯®«ãç ¥¬ è¨à®ª¨© ­ ¡®à ¯à¨¬¥à®¢
¤¥©áâ¢¨© á ®âªàëâ®© ®à¡¨â®© ¨ ª®­¥ç­ë¬ ç¨á«®¬ ®à¡¨â.

�á®¡¥­­®áâìî ¬¥â®¤¨ª¨, ¯à¥¤áâ ¢«¥­­®© ¢ ¤ ­­®© à ¡®â¥, ï¢«ï¥âáï ¨á¯®«ì§®¢ ­¨¥ ç¨áâ®
 «£¥¡à ¨ç¥áª¨å ¬¥â®¤®¢ ®¯¨á ­¨ï ®¤­®à®¤­ëå ¯®¤¬­®£®®¡à §¨©. �«ï à¥è¥­¨ï ¯à®¡«¥¬ë ¨á-
¯®«ì§ã¥âáï  «£¥¡à ¨ç¥áª¨©  ­ «®£ ¬¥â®¤  � àâ ­  ¯®¤¢¨¦­ëå à¥¯¥à®¢, ®¯¨á ­­ë© ¢ [5].
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2. �¥â®¤¨ª  ª« áá¨ä¨ª æ¨¨

�ãáâì M | ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢®, á­ ¡¦¥­­®¥ âà ­§¨â¨¢­ë¬ ¤¥©áâ¢¨¥¬ £àã¯¯ë �¨ G,
¨ L | ¢«®¦¥­­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢ M . �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤¥©áâ¢¨¥ G ­  M «®ª «ì­®
íää¥ªâ¨¢­®, ¨ ®â®¦¤¥áâ¢«ïâì  «£¥¡àã �¨ g £àã¯¯ë �¨ G á ­¥ª®â®à®© ¯®¤ «£¥¡à®©  «£¥¡àë �¨
¢¥ªâ®à­ëå ¯®«¥© ­  M .

�¯à¥¤¥«¥­¨¥. �«£¥¡à®© á¨¬¬¥âà¨© ¯®¤¬­®£®®¡à §¨ï L ­ §ë¢ ¥âáï ¯®¤ «£¥¡à  sym(L)  «-
£¥¡àë g, ®¯à¥¤¥«¥­­ ï á«¥¤ãîé¨¬ á®®â­®è¥­¨¥¬:

sym(L) = fX 2 g j Xp 2 TpL ¤«ï ¢á¥å p 2 Lg:

�ãáâì L | § ¬ª­ãâ®¥ «®ª «ì­®-®¤­®à®¤­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢ M . �®£¤  £àã¯¯  á¨¬¬¥âà¨©
Sym(L) = fg 2 G j g:L = Lg ï¢«ï¥âáï ¯®¤£àã¯¯®© �¨ £àã¯¯ë G, ¨ sym(L) á®¢¯ ¤ ¥â á á®®â-
¢¥âáâ¢ãîé¥© ¯®¤ «£¥¡à®©  «£¥¡àë g. �®«¥¥ â®£®, L ï¢«ï¥âáï ®¤­®à®¤­ë¬ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  Sym(L) ¤¥©áâ¢ã¥â âà ­§¨â¨¢­® ­  L. �® ¢ ®¡é¥¬ á«ãç ¥ íâ® ­¥¢¥à­®. � ¯à¨¬¥à, ¥á«¨ G|
£àã¯¯  ¢á¥å ¯ à ««¥«ì­ëå ¯¥à¥­®á®¢ ­  ¯àï¬®© ¨ L | ®âªàëâë© ¨­â¥à¢ «, â® sym(L) = g, ­®
Sym(L) âà¨¢¨ «ì­ .

�ãáâì h | ¯à®¨§¢®«ì­ ï ¯®¤ «£¥¡à  ¢ g, ¨ H | á®®â¢¥âáâ¢ãîé ï á¢ï§­ ï ¢¨àâã «ì­ ï
¯®¤£àã¯¯  £àã¯¯ëG. �®£¤  ®à¡¨âëH ¬®£ãâ ¡ëâì à áá¬®âà¥­ë ª ª ¢«®¦¥­­ë¥ ¯®¤¬­®£®®¡à §¨ï
¢ M . �®¢®àïâ, çâ® L ï¢«ï¥âáï ®à¡¨â®© ¯®¤ «£¥¡àë h, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã p 2M , ¥á«¨ L |
á¢ï§­®¥ ®âªàëâ®¥ ¯®¤¬­®£®®¡à §¨¥ (¢® ¢­ãâà¥­­¥© â®¯®«®£¨¨) ®à¡¨âë H, ¯à¨¬¥­¥­­®© ª â®çª¥
p, ¨ p 2 L. � §ã¬¥¥âáï, ®à¡¨â  h ç¥à¥§ â®çªã p 2 M ®¯à¥¤¥«ï¥âáï ­¥ ®¤­®§­ ç­®, ­® «î¡ë¥ ¤¢¥
®à¡¨âë á®¢¯ ¤ îâ ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨ p.

� ª¨¬ ®¡à §®¬, çâ®¡ë ­ ©â¨ á®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ ¯®¤¬­®£®®¡à §¨¥ L, ­ã¦­® ­ ©â¨
¤«ï h á¢ï§­ãî ¢¨àâã «ì­ãî ¯®¤£àã¯¯ã H £àã¯¯ë G ¨ ¥¥ ®à¡¨âã, ¯à®å®¤ïéãî ç¥à¥§ ä¨ªá¨à®-
¢ ­­ãî â®çªã. � áá¬®âà¨¬ ¯à¨¬¥à ¯®áâà®¥­¨ï ¯®¤¬­®£®®¡à §¨ï ¯® ¥£®  «£¥¡à¥ á¨¬¬¥âà¨©.

�à¨¬¥à. �ãáâì g = sl(5;R), M = RP4 ¨

h =

8<:
0@ 0 0 z 0 x
z t x=2 0 y
0 0 �t 0 z
0 z y 2t 0
0 0 0 0 �2t

1A������ x; y; z; t 2 R
9=;

|  «£¥¡à  á¨¬¬¥âà¨© ­¥ª®â®à®£® ¯®¤¬­®£®®¡à §¨ï, ¯à®å®¤ïé¥£® ç¥à¥§ â®çªã o 2 RP4 , § ¯¨áë-
¢ ¥¬ãî ¢ ¯à®¥ªâ¨¢­ëå ª®®à¤¨­ â å ª ª o = [0 : 0 : 0 : 0 : 1]. � ©¤¥¬ ãà ¢­¥­¨¥, § ¤ îé¥¥ íâ®
¯®¤¬­®£®®¡à §¨¥. �à®¥ªâ¨¢­®¥ ¯à¥®¡à §®¢ ­¨¥

(x1 : x2 : x3 : x4 : x5) 7! (x4 : x2 : x1 : x3 : x5)

¯à¨¢®¤¨â ¯®¤ «£¥¡àã ª ¢¥àå­¥âà¥ã£®«ì­®¬ã ¢¨¤ã ¨ ®áâ ¢«ï¥â ­  ¬¥áâ¥ â®çªã o. �¨àâã «ì­ ï
¯®¤£àã¯¯  H � SL(5;R) ¯®à®¦¤ ¥âáï ¬ âà¨æ ¬¨ ¢¨¤  exp(X), £¤¥ X 2 h (á¬. [9]). �¥âàã¤­®
¯à®¢¥à¨âì, çâ® ¢ ¤ ­­®¬ á«ãç ¥

H =

8<:exp
 2t 0 0 0 0

0 t 0 0 0
0 0 0 0 0
0 0 0 �t 0
0 0 0 0 �2t

!
exp

0@ 0 z 0 y 0
0 0 z x=2 y
0 0 0 z x
0 0 0 0 z
0 0 0 0 0

1A������ x; y; z; t 2 R
9=; :

�®£¤ 

H:o =
��
(zy + 1=4xz2 + 1=24z4)e4t : (y + 3=4zx + 1=6z3)e3t : (x+ z2=2)e2t : zet : 1

�	
:
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� ª¨¬ ®¡à §®¬, ¯ à ¬¥âà¨ç¥áª¨ ¢  ää¨­­ëå ª®®à¤¨­ â å ¨áª®¬ ï ¯®¢¥àå­®áâì § ¯¨áë¢ -
¥âáï ¢ ¢¨¤¥ 8>>>><>>>>:

x1 = (zy + 1=4xz2 + 1=24z4)e4t;

x2 = (y + 3=4zx + 1=6z3)e3t;

x3 = (x+ z2=2)e2t;

x4 = zet:

�ëà ¦ ï ¨§ âà¥å ¯®á«¥¤­¨å ãà ¢­¥­¨© á¨áâ¥¬ë ¯¥à¥¬¥­­ë¥ x, y, z ¨ ¯®¤áâ ¢«ïï ¨å ¢ ¯¥à¢®¥
ãà ¢­¥­¨¥, ¯®«ãç ¥¬

x1 = x2x4 � 1=2x3x
2
4 + 1=8x44

¨«¨, ¢ ¨áå®¤­ëå ª®®à¤¨­ â å,

x4 = x2x3 � 1=2x1x
2
3 + 1=8x43:

�à®¥ªâ¨¢­®¥ ¯à¥®¡à §®¢ ­¨¥ (x1; x2; x3; x4) 7! (�4x1; 8x2; x3; 8x4) ¯à¨¢®¤¨â ¯®¢¥àå­®áâì ª ¡®«¥¥
¯à®áâ®¬ã ¢¨¤ã

x4 = x2x3 + x1x
2
3 + x43:

�ãáâì L| ®à¡¨â  ¯®¤ «£¥¡àë h. �®£¤  h � sym(L). �¥£ª® ¢¨¤¥âì, çâ® L «®ª «ì­®-®¤­®à®¤­®.
�®, ¢®®¡é¥ £®¢®àï, sym(L) ¡®«ìè¥, ç¥¬ h. � [5] ¯à¨¢¥¤¥­ ªà¨â¥à¨© â®£®, çâ® h = sym(L). �
¨¬¥­­®, ¯ãáâì a | ä¨ªá¨à®¢ ­­ ï â®çª  ­  M ¨ L | ®à¡¨â  h ç¥à¥§ â®çªã a. �¯à¥¤¥«¨¬
¯®¤ «£¥¡àã g � g ¨ ¯®áâà®¨¬ æ¥¯®çªã ¯®¤ «£¥¡à g = g0 � g1 � � � � á«¥¤ãîé¨¬ ®¡à §®¬: g =
fX 2 g j Xa = 0g, g0 = g, gn+1 = fx 2 gn j [x; h] � gn + hg, g1 =

1\
n=0

gn. �®£¤  sym(L) = g1 + h ¨

¯®¤ «£¥¡à  sym(L) ï¢«ï¥âáï ­ ¨¡®«ìè¥© ¨§ ¯®¤ «£¥¡à a â ª¨å, çâ® h � a � g+h. �âáî¤  á«¥¤ã¥â,
çâ® ¯®¤ «£¥¡à  h � g ï¢«ï¥âáï  «£¥¡à®© á¨¬¬¥âà¨© ­¥ª®â®à®£® ®¤­®à®¤­®£® ¯®¤¬­®£®®¡à §¨ï
L, á®¤¥à¦ é¥£® a, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «¨¡® g1 � h, «¨¡® ª ¦¤ ï ¯®¤ «£¥¡à  ¢ g,
á®¤¥à¦ é ï h ¨ á®¤¥à¦ é ïáï ¢ g+ h, á®¢¯ ¤ ¥â á h (íâ¨ ãá«®¢¨ï íª¢¨¢ «¥­â­ë).

�ã¤¥¬ ¯®« £ âì, çâ® ¤¢¥ ¯®¤ «£¥¡àë  «£¥¡àë g íª¢¨¢ «¥­â­ë, ¥á«¨ ®­¨ ¬®£ãâ ¡ëâì ¯à¥®¡à -
§®¢ ­ë ¤àã£ ¢ ¤àã£  á ¯®¬®éìî í«¥¬¥­â®¢ £àã¯¯ë Aut(g; g).

�ãáâì Vn = (h + gn)=gn � g=gn ¤«ï ¢á¥å n � 0, V1 = (h + g1)=g1 � g=g1;   �n : g ! g=gn
¨ �n : g=gn+1 ! g=gn | ¥áâ¥áâ¢¥­­ë¥ ¯à®¥ªæ¨¨ ¯à¨ ¢á¥å n � 0. �«ï ¤ ­­®£® ¯®¤¯à®áâà ­áâ¢ 
Vn � g=gn ®¡®§­ ç¨¬ ç¥à¥§ Gn+1 ¯®¤£àã¯¯ã ¢ Aut(g; g), á®áâ®ïéãî ¨§ ¢á¥å  ¢â®¬®àä¨§¬®¢,
ª®â®àë¥ á®åà ­ïîâ ¯®¤ «£¥¡àã gn ¨ ¯à¨ ¨­¤ãæ¨à®¢ ­¨¨ ­  g=gn á®åà ­ïîâ ¯®¤¯à®áâà ­áâ¢® Vn.

�«£®à¨â¬ ®¯¨á ­¨ï ¢á¥å  «£¥¡à á¨¬¬¥âà¨© ®¤­®à®¤­ëå ¯®¤¬­®£®®¡à §¨© ¢ M (á¬. [5]).
1. �¯¨è¥¬ ¢á¥ ¯®¤¯à®áâà ­áâ¢  V0 ¢ g=g (á â®ç­®áâìî ¤® ¯à¥®¡à §®¢ ­¨©, ¨­¤ãæ¨à®¢ ­­ëå

í«¥¬¥­â ¬¨ £àã¯¯ë Aut(g; g)).
2. �«ï ª ¦¤®£® ¯®¤¯à®áâà ­áâ¢  Vn, ­ ©¤¥­­®£® ­  ¯à¥¤ë¤ãé¥¬ è £¥, ­ ©¤¥¬ ¯®¤ «£¥¡àã

gn+1, ¯®¤£àã¯¯ã Gn+1, ¨ ¯®¤¯à®áâà ­áâ¢® W = ��1n (Vn) ¢ g=gn+1. �á«¨ gn+1 6= gn, â® ®¯¨è¥¬ (á
â®ç­®áâìî ¤® Gn+1) ¢á¥ ¯®¤¯à®áâà ­áâ¢  Vn+1 ¢ W , ¤«ï ª®â®àëå ¢ë¯®«­¥­ë ãá«®¢¨ï:

Vn+1 ï¢«ï¥âáï ¤®¯®«­¨â¥«ì­ë¬ ª ker �n = gn=gn+1;
Vn+1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (CS): ¤«ï «î¡ëå ¤¢ãå í«¥¬¥­â®¢ x+ gn; y+ gn 2 Vn í«¥¬¥­â
[x; y] + gn�1 ¯à¨­ ¤«¥¦¨â ¯®¤¯à®áâà ­áâ¢ã Vn�1.

� â¥¬ ¯®¢â®àï¥¬ íâ®â è £ á­®¢ .
3. �á«¨ gn = gn+1, ­ ©¤¥¬ h = ��1n (Vn) ¢ g. �á«¨ h ï¢«ï¥âáï ¯®¤ «£¥¡à®©, â® h ï¢«ï¥âáï

 «£¥¡à®© á¨¬¬¥âà¨© ­¥ª®â®à®£® ®¤­®à®¤­®£® ¯®¤¬­®£®®¡à §¨ï. �®«¥¥ â®£®, â ª¨¬ ®¡à §®¬ ¬®£ãâ
¡ëâì ¯®«ãç¥­ë ¢á¥  «£¥¡àë á¨¬¬¥âà¨©.
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3. �®¢¥àå­®áâ¨ ¢ ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¨

�à¨¬¥­ïï  «£®à¨â¬ ª á«ãç î g = sl(5;R), M = RP4 , ¯®«ãç¨¬ ª« áá¨ä¨ª æ¨î.

�¥®à¥¬  1. �áïª®¥ âà¥å¬¥à­®¥ «®ª «ì­®-®¤­®à®¤­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢ RP4 ,  «£¥¡à  á¨¬-

¬¥âà¨© ª®â®à®£® ¨¬¥¥â à §¬¥à­®áâì � 4, «¨¡® ï¢«ï¥âáï ®âªàëâë¬ ¯®¤¬­®¦¥áâ¢®¬ æ¨-

«¨­¤à  ¨«¨ ª¢ ¤à¨ª¨, «¨¡® íª¢¨¢ «¥­â­® ®âªàëâ®¬ã ¯®¤¬­®¦¥áâ¢ã ®¤­®£® ¨§ á«¥¤ãîé¨å

¯®¤¬­®£®®¡à §¨©:

(1) x4 = x1x
2
3 + x2x3;

(2) x4 = x1x
2
3 + x2x3 + x43;

(3) x4 = x21x3 + x2x3;
(4) x4 = x21 + x2x3 + x33;
(5) x4 = x21 + x1x

2
3 + x2x3 + ax43;

(6) x22 + x1x
2
3 + x1x4 = 0, x1 > 0 _ x1 < 0;

(7) x4(1 + x21) = x1(x22 � x23) + 2x2x3;
(8) x1 + x3x4 � x22 + xa4 = 0, a � 2� a, a 6= �1; 0; 1; 2; 3;
(9) x1 + x3x4 � x22 + (1 + x24)e

a arctg x4 = 0, a � �a, a 6= 0;
(10) x1 + x3x4 + x22 + x4 lnx4 = 0;
(11) x1 + x3x4 + x22 + (1 + x24) arctg x4 = 0;
(12) x1 + x3x4 + x22 � lnx4 = 0;
(13) x1 + x3x4 + x22 � ex4 = 0;
(14) x22 + x1x3 = xa4, a � 2� a, a 6= 0; 1; 2;
(15) x22 + x1x3 = (1 + x24)e

a arctg x4, a � �a, a 6= 0;
(16) x22 + x1x3 = ex4 ;
(17) x2 + x1x3 + lnx4 = 0;
(18) x2 + x1x3 + ex4 = 0;
(19) x2 + x1x3 + x4 lnx4 = 0;
(20) x2 + x1x3 + xa4 = 0, a 6= 0; 1; 2;
(21) �(x21 + x22) + x23 = xa4, a � 2� a, a 6= 0; 1; 2;
(22) �(x21 + x22) + x23 = (1 + x24)e

a arctgx4 , a � �a, a 6= 0;
(23) �(x21 + x22) + x23 = ex4 ;
(24) x3x4 = �(x21 + x22) + xa4, a 6= 0; 1; 2;
(25) x3x4 = �(x21 + x22) + x24 lnx4;
(26) x3 = �(x21 + x22) + ex4 ;
(27) x3 = �(x21 + x22) + x4 lnx4.

� ¬¥ç ­¨¥ 1. � á«ãç ¥ (6) ¯®¢¥àå­®áâì ¨¬¥¥â ¤¢¥ á¢ï§­ë¥ ª®¬¯®­¥­âë, ®¯à¥¤¥«ï¥¬ë¥ ãá«®-
¢¨ï¬¨ x1 > 0 ¨ x1 < 0, ª®â®àë¥, ª ª á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢ , ­¥ ï¢«ïîâáï ¯à®¥ªâ¨¢­® íª¢¨-
¢ «¥­â­ë¬¨. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®¡®§­ ç âì íâ¨ á¢ï§­ë¥ ª®¬¯®­¥­âë ç¥à¥§ (6;+) ¨ (6;�)
á®®â¢¥âáâ¢¥­­®.

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¯®¤¯à®áâà ­áâ¢® W � R
5 ¢¨¤ 

W =

( 
0
0
0
0
x

!����� x 2 R
)
;

ª®â®à®¥ ¡ã¤¥¬ â ª¦¥ à áá¬ âà¨¢ âì ¨ ª ª â®çªã o 2 RP4 , § ¯¨áë¢ ¥¬ãî ¢ ¯à®¥ªâ¨¢­ëå ª®®à¤¨-
­ â å, o = [0 : 0 : 0 : 0 : 1]. �®£¤  g = gW |  «£¥¡à  áâ ¡¨«¨§ â®à  ¯®¤¯à®áâà ­áâ¢  W . � ­­ ï
¯®¤ «£¥¡à  ­ å®¤¨âáï ¨§ ä®à¬ã«ë g = fX 2 g jX:W �Wg ¨ ¨¬¥¥â ¢¨¤

g = g1 =
��

A 0
tB c

� �� A 2 gl(4;R); B 2 R4 ; c 2 R; trA+ c = 0
	
:
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� á ¨­â¥à¥áãîâ â®«ìª®  «£¥¡àë á¨¬¬¥âà¨© á à §¬¥à­®áâìî � 4, ¯®íâ®¬ã ¬ë ­¥ ¡ã¤¥¬ à á-
á¬ âà¨¢ âì á«ãç ©, ª®£¤  gn áâ ­®¢¨âáï âà¨¢¨ «ì­®©.

�¯¨è¥¬ £àã¯¯ã Aut(g; g). �«ï íâ®£® à áá¬®âà¨¬ £àã¯¯ã

Aut(g;W ) = fag; g 2 GL(5;R) j g:W =Wg;
£¤¥, ª ª ®¡ëç­®, ag 2 Aut(g) | á®¯àï¦¥­¨¥ í«¥¬¥­â®¬ g, â. ¥. ag : A 7! gAg�1. �®ª ¦¥¬, çâ®

Aut(g; g) = Aut(g;W ):

� ª ¨§¢¥áâ­®, Aut(g) ¨¬¥¥â ¤¢¥ á¢ï§­ë¥ ª®¬¯®­¥­âë. �¢ï§­ ï ª®¬¯®­¥­â  ¥¤¨­¨æë £àã¯¯ë
Aut(g) ¨¬¥¥â ¢¨¤

Aut�(g) = fag j g 2 GL(5;R)g;
  ¢â®à ï ª®¬¯®­¥­â  á®áâ®¨â ¨§  ¢â®¬®àä¨§¬®¢ ¢¨¤  ag ��, £¤¥ � : X 7! �tX. �¥£ª® ¢¨¤¥âì, çâ®
ag 2 Aut(g; g) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  g á®åà ­ï¥â ¯®¤¯à®áâà ­áâ¢® W .

� ¤àã£®© áâ®à®­ë, ¯ãáâì ­¥ª®â®àë© í«¥¬¥­â ag � � á®åà ­ï¥â ¯®¤ «£¥¡àã g = gW . �®£¤ 
�(gW ) = gg�1:W , â. ¥. �(g) ¥áâì áâ ¡¨«¨§ â®à ­¥ª®â®à®£® ®¤­®¬¥à­®£® ¯®¤¯à®áâà ­áâ¢  ¢ R5 . �
¤àã£®© áâ®à®­ë, § ¬¥â¨¬, çâ® ¬­®¦¥áâ¢®

�(g) =
�
(A B
0 c ) j A 2 gl(4;R); B 2 R4 ; c 2 R; trA+ c = 0

	
­¥ á®åà ­ï¥â ­¨ª ª®¥ ®¤­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢®. �«¥¤®¢ â¥«ì­®, ­¨ ®¤¨­ í«¥¬¥­â ¨§ ¢â®à®©
ª®¬¯®­¥­âë ­¥ ¯à¨­ ¤«¥¦¨â Aut(g; g).

� ªâ¨ç¥áª¨ ¤®ª § ­ ¡®«¥¥ ®¡é¨© ä ªâ. � ª ¨§¢¥áâ­®, «î¡ë¥ ¤¢  ®¤­®¬¥à­ëå ¯®¤¯à®áâà ­-
áâ¢  ¢ R5 íª¢¨¢ «¥­â­ë á â®ç­®áâìî ¤®GL(5;R) ¨, á«¥¤®¢ â¥«ì­®, ¨å áâ ¡¨«¨§ â®àë á®¯àï¦¥­ë.
�«¥¤®¢ â¥«ì­®, Aut(g; gW ) = Aut(g;W ) ¤«ï «î¡®£® ®¤­®¬¥à­®£® ¯®¤¯à®áâà ­áâ¢  W .

�«ï ã¤®¡áâ¢  ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì ä ªâ®à¯à®áâà ­áâ¢  g=gn á ­¥ª®â®àë¬¨ ¯®¤¯à®áâà ­-
áâ¢ ¬¨ Ui � g, ¤®¯®«­¨â¥«ì­ë¬¨ ª gn, ¢ë¡¨à ï ¨å â ª, çâ®¡ë U1 � U2 � U3 � : : : � ¯à¨¬¥à,
¢ë¡¥à¥¬

U1 =
�
( 0 A0 0 ) j A 2 R4

	
:

�â®¡ë ¨áª«îç¨âì £®¬®â¥â¨¨, ®â®¦¤¥áâ¢¨¬ £àã¯¯ã Aut(g; g) á ¯®¤£àã¯¯®© ¢ SL(5;R). �¥©áâ¢¨¥
íâ®© ¯®¤£àã¯¯ë ­  g=g § ¤ ¥â á«¥¤ãîé¥¥ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨: A � XA, X 2 GL(4;R).
�âáî¤  á«¥¤ã¥â, çâ® «î¡ë¥ ¤¢  âà¥å¬¥à­ëå ¯®¤¯à®áâà ­áâ¢  ¢ g=g íª¢¨¢ «¥­â­ë, ¨

V1 =

( 0 0 0 0 x
0 0 0 0 y
0 0 0 0 z
0 0 0 0 0
0 0 0 0 0

! ����� x; y; z 2 R
)
:

�¬¥¥¬

g2 =
��

A B 0
0 c 0

tD f g

� ���� A 2 gl(3;R); B;D 2 R3 ; c; f; g 2 R; trA+ c+ g = 0
�
:

�á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V2 ¬®¦­® ®¯¨á âì ª ª

V2 =

8<:
0@ 0 0 x

0 0 y
0 0 z

(xyz)P 0 0
0 0 0

1A������x; y; z 2 R
9=; ;

£¤¥ P | ­¥ª®â®à ï ¬ âà¨æ  3� 3. �®£¤  ¨§ ãá«®¢¨ï CS á«¥¤ã¥â, çâ® ¬ âà¨æ  P á¨¬¬¥âà¨ç­ ï,
¨ £àã¯¯  G2 ¯®à®¦¤ ¥â ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ P � �XP tX, X 2 GL(3;R), detX = �.
�«¥¤®¢ â¥«ì­®, á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ ¨¬¥¥¬ á«¥¤ãîé¨¥ á«ãç ¨: 0. P = 0; 1. P =�
1 0 0
0 0 0
0 0 0

�
; 2. P =

�
1 0 0
0 1 0
0 0 0

�
; 3. P =

�
0 1 0
1 0 0
0 0 0

�
; 4. P =

�
1 0 0
0 1 0
0 0 1

�
; 5. P =

�
0 0 1
0 1 0
1 0 0

�
.
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3.1. �¨«¨­¤àë, ª¢ ¤à¨ª¨. � á«ãç ¥ 0 ¯®«ãç ¥¬, çâ® g3 = g2. �¤¥áì á®£« á­®  «£®à¨â¬ã
á®®â¢¥âáâ¢ãîé¨¬ ®¤­®à®¤­ë¬ ¯®¤¬­®£®®¡à §¨¥¬ ï¢«ï¥âáï £¨¯¥à¯«®áª®áâì. �â® ¬®¦­® ®¯à¥¤¥-
«¨âì ¯®  «£¥¡à¥ á¨¬¬¥âà¨©, ¯® ª®â®à®© ¬®¦­® â ª¦¥ ®¯à¥¤¥«¨âì, ï¢«ï¥âáï «¨ á®®â¢¥âáâ¢ãîé ï
¯®¢¥àå­®áâì æ¨«¨­¤à®¬ ¨«¨ ª¢ ¤à¨ª®©.

�ãáâì h |  «£¥¡à  á¨¬¬¥âà¨© ¯®¢¥àå­®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã o (¢ ¤ «ì­¥©è¥¬ ¬ë
¨­®£¤  ¡ã¤¥¬ § ¯¨áë¢ âì íâ® ª ª ¯ àã (h;W ), £¤¥W | á®®â¢¥âáâ¢ãîé¥¥ ¯®¤¯à®áâà ­áâ¢® ¢ R5).
�ãáâì, ¤ «¥¥, U � R

5 | h-¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢®. �®£¤  ¬®¦­® à áá¬®âà¥âì ¯®¤¯à®-
áâà ­áâ¢® eV = R

5=U ¨ ¯®¤¯à®áâà ­áâ¢® fW , ï¢«ïîé¥¥áï ®¡à §®¬ W ¯à¨ ®â®¡à ¦¥­¨¨ R5 ! eV ,
  â ª¦¥ ¯®¤ «£¥¡àã eh � gl( eV ), ¯®«ãç ¥¬ãî ¯à¨ ¨­¤ãæ¨à®¢ ­¨¨ ¤¥©áâ¢¨ï h ­  eV .

�®¢¥àå­®áâì, á®®â¢¥âáâ¢ãîé ï ¯ à¥ (h;W ), ï¢«ï¥âáï æ¨«¨­¤à®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®-
£¤  «¨¡® áãé¥áâ¢ã¥â ç¥âëà¥å¬¥à­®¥ h-¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢®, á®¤¥à¦ é¥¥ W , «¨¡® áã-
é¥áâ¢ã¥â h-¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢® f0g 6= U � R

5 â ª®¥, çâ® ¯ à  (eh;fW ) ®¯à¥¤¥«ï¥â
¯®¤¬­®£®®¡à §¨¥ ¢ P( eV ).

�¥©áâ¢¨â¥«ì­®, ¯à¥¤¯®«®¦¨¬, çâ® ®à¡¨â  L ¯®¤ «£¥¡àë h, ¯à®å®¤ïé ï ç¥à¥§ W , ï¢«ï¥âáï
æ¨«¨­¤à®¬. �á«¨ L| £¨¯¥à¯«®áª®áâì, â® ¯ à  (h;W ) ã¤®¢«¥â¢®àï¥â ¯¥à¢®¬ã ãá«®¢¨î. � ¯à®â¨¢-
­®¬ á«ãç ¥ á®®â¢¥âáâ¢ãîé ï ¯®¤£àã¯¯  H á®¤¥à¦¨â ¯¥à¥­®áë ¢¤®«ì ­¥ª®â®à®£® ¯®¤¯à®áâà ­-
áâ¢  U , à §¬¥à­®áâì ª®â®à®£® ¢ áã¬¬¥ á à §¬¥à­®áâìî ®á­®¢ ­¨ï æ¨«¨­¤à  ¤ áâ à §¬¥à­®áâì
¢á¥© ®à¡¨âë. �®áª®«ìªã æ¨«¨­¤à ­¥ ï¢«ï¥âáï £¨¯¥à¯«®áª®áâìî, íâ® ¯®¤¯à®áâà ­áâ¢® ®¤­®§­ ç­®
®¯à¥¤¥«¥­® ¨, á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï h-¨­¢ à¨ ­â­ë¬. �®£¤ , ¯¥à¥å®¤ï ª ä ªâ®à¯à®áâà ­áâ¢ã,
¯®«ãç ¥¬ ¯ àã (eh;fW ), ®¯à¥¤¥«ïîéãî ¯®¤¬­®£®®¡à §¨¥ ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ ¬¥­ìè¥©
à §¬¥à­®áâ¨ | ®á­®¢ ­¨¥ æ¨«¨­¤à . �«ï ¯ àë (h;W ), ã¤®¢«¥â¢®àïîé¥© ¯à¨¢¥¤¥­­ë¬ ãá«®¢¨-
ï¬, ®à¡¨â®© ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï æ¨«¨­¤à.

�­ «®£¨ç­®, ¯®¢¥àå­®áâì, á®®â¢¥âáâ¢ãîé ï ¯ à¥ (h;W ), ï¢«ï¥âáï ª¢ ¤à¨ª®© â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª ï ­¥¢ëà®¦¤¥­­ ï á¨¬¬¥âà¨ç¥áª ï ¡¨«¨­¥©­ ï ä®à¬  �, ¨§®âà®¯-
­ ï ­  W (â. ¥. �(w;w) = 0 ¤«ï ¢á¥å w 2W ), çâ® ¯®¤ «£¥¡à  h ¥¥ á®åà ­ï¥â.

�¥©áâ¢¨â¥«ì­®, ¯à¥¤¯®«®¦¨¬, çâ® ®à¡¨â  ¯®¤ «£¥¡àë h, ¯à®å®¤ïé ï ç¥à¥§W , ï¢«ï¥âáï ª¢ -
¤à¨ª®©. �®£¤  h ¬®¦¥â ¡ëâì ¢«®¦¥­  ¢  «£¥¡àë á¨¬¬¥âà¨©, á®®â¢¥âáâ¢ãîé¨¥ ª¢ ¤à¨ª ¬ (¯®¤-
 «£¥¡àë so(4; 1) ¨ so(3; 2)). �¤­ ª® ¤«ï ª ¦¤®© ¨§ íâ¨å ¯®¤ «£¥¡à áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­ ï
á¨¬¬¥âà¨ç¥áª ï ¡¨«¨­¥©­ ï ä®à¬  �0, ã¤®¢«¥â¢®àïîé ï ¯à¨¢¥¤¥­­ë¬ ãá«®¢¨ï¬. �­ ï �0, ¬®-
¦¥¬ «¥£ª® ¯®áâà®¨âì ä®à¬ã � ¤«ï ¯ àë (h;W ). �à¥¤¯®«®¦¨¬, çâ® ¯ à  (h;W ) â ª ï, çâ® áãé¥-
áâ¢ã¥â ­¥¢ëà®¦¤¥­­ ï á¨¬¬¥âà¨ç¥áª ï ¡¨«¨­¥©­ ï ä®à¬  �, ã¤®¢«¥â¢®àïîé ï ¯à¨¢¥¤¥­­ë¬
ãá«®¢¨ï¬. �®£¤  ¯®¤£àã¯¯ H � GL(5;R), á®®â¢¥âáâ¢ãîé ï ¯®¤ «£¥¡à¥ h, â ª¦¥ á®åà ­ï¥â ä®à-
¬ã �, ¤àã£¨¬¨ á«®¢ ¬¨ tX�X = � ¤«ï ¢á¥å X 2 H. �ë¡¥à¥¬ ¯®¤¯à®áâà ­áâ¢® U = X:W ¢ ®à¡¨â¥
W , á ãç¥â®¬ ãá«®¢¨ï ¨§®âà®¯­®áâ¨ ¯®«ãç ¥¬ tU�U = tW tX�XW = tW�W = 0. �«¥¤®¢ â¥«ì­®,
H:W | ª¢ ¤à¨ª .

3.2. �¥à¢ë© á«ãç ©. �á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V3 ¨¬¥îâ ¢¨¤

V3 =

8<:
0@ 0 0 0 0 x

0 0 0 0 y
�1 �2 �3 0 z
0 0 z 0 0
0 0 0 0 ��3

1A������ x; y; z 2 R
9=; ;

£¤¥ �i = aix + biy + ciz, ai; bi; ci | ­¥ª®â®àë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« . �§ ãá«®¢¨ï CS ¯®«ãç ¥¬
�1 = �z, �2 = �z, �3 = �=3x + �=3y + 
z. � â®ç­®áâìî ¤® £àã¯¯ë G3 ¬®¦¥¬ ¯®« £ âì, çâ®
� = � = 
 = 0.

� «ì­¥©è¨¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® á®®â¢¥âáâ¢ãîé¨¥ ®¤­®à®¤­ë¥ ¯®¤¬­®£®®¡à §¨ï
ï¢«ïîâáï æ¨«¨­¤à ¬¨.

3.3. �â®à®© á«ãç ©. �á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V3 ¨¬¥îâ ¢¨¤

V3 =

8<:
0@ 0 0 0 0 x

�2 �3 �5 0 y
�4 �5 �1 0 z
0 y z 0 0
0 0 0 0 ��1��3

1A������ x; y; z 2 R
9=; :
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�§ ãá«®¢¨ï CS ¯®«ãç ¥¬ �1 = ({2 � 3�3)x + {1y + (�3�3 + 2{5)z, �2 = {2y + �2z, �3 =
�3x+ (2�5 � 3{1)y+ �3z, �4 = �2y+ (3{2 � 8�3)z, �5 = �2=2x+{5y+ �5z. � â®ç­®áâìî ¤® £àã¯¯ë
G3 ¬®¦¥¬ à áá¬®âà¥âì á«ãç ¨, á®®â¢¥âáâ¢ãîé¨¥ ­¥íª¢¨¢ «¥­â­ë¬ ¯®¤¯à®áâà ­áâ¢ ¬ V3,

2.1 {1 = {2 = �2 = �3 = �3 = {5 = �5 = 0;
2.2 {1 = 1, {2 = �2 = �3 = �3 = {5 = �5 = 0;
2.3 {1 = {2 = 0, �2 = 1, �3 = �3 = {5 = �5 = 0.

� á«ãç ïå 2.1 ¨ 2.2 á®®â¢¥âáâ¢ãîé¨¬¨ ®¤­®à®¤­ë¬¨ ¯®¤¬­®£®®¡à §¨ï¬¨ ï¢«ïîâáï æ¨«¨­-
¤àë. � áá¬®âà¨¬ á«ãç © 2.3. �á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V4 ¨¬¥îâ ¢¨¤

V4 =

8<:
0@ 0 �2 �5 0 x

z 0 x=2+�3 0 y
y x=2��3 0 0 z
0 y z �7 0
�1 �4 �6 0 ��7

1A������ x; y; z 2 R
9=; :

�§ ãá«®¢¨ï CS ¨ ãá«®¢¨ï g5 6= f0g á«¥¤ã¥â �1 = 0, �2 = 0, �3 = 0 (á â®ç­®áâìî ¤® £àã¯¯ë
G4). � ª¨¬ ®¡à §®¬,

V5 =

8<:
0@ 0 0 0 �3 x

z 0 x=2 �1 y
y x=2 0 �2 z
0 y z 0 0
x �1 �2 �4 0

1A������ x; y; z 2 R
9=; :

�§ ãá«®¢¨ï CS ¨ ãá«®¢¨ï g6 6= f0g á«¥¤ã¥â �1 = �2 = �3 = �4 = 0.
�®£¤  g6 = g5. �¤¥áì  «£®à¨â¬ ¯à¥àë¢ ¥âáï, ¨ á®®â¢¥âáâ¢ãîé¥©  «£¥¡à®© á¨¬¬¥âà¨© ï¢«ï-

¥âáï

h =

8<:
0@�4t 0 0 0 x

z t x=2 0 y
y x=2 t 0 z
0 y z 6t 0
x 0 0 0 �4t

1A������ x; y; z; t 2 R
9=; :

�â®  «£¥¡à  á¨¬¬¥âà¨© ¯®¤¬­®£®®¡à §¨ï (6;+).

3.4. �à¥â¨© á«ãç ©. � íâ®¬ á«ãç ¥ ¢á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V3 ¨¬¥îâ ¢¨¤

V3 =

8<:
0@ �1 0 0 0 x

�2 0 �4 0 y
�3 �5 0 0 z
0 z y 0 0
0 0 0 0 ��1

1A������ x; y; z 2 R
9=; :

�§ ãá«®¢¨ï CS ¯®«ãç ¥¬ �1 = �x+2{y+2�z, �2 = �y+�z, �3 = 
y+�z, �4 = �=2x+�y+dz,
�5 = 
=2x + gy + {z. � â®ç­®áâìî ¤® £àã¯¯ë G3 ¬®¦¥¬ ¯®« £ âì { = � = � = 0. �à¨¢¥¤¥¬
á«ãç ¨, á®®â¢¥âáâ¢ãîé¨¥ ­¥íª¢¨¢ «¥­â­ë¬ ¯à®áâà ­áâ¢ ¬ V3,

3.1 � = 
 = g = d = 0;
3.2 � = 
 = g = 0, d = 1;
3.3 � = 1, 
 = g = d = 0;
3.4 � = 1, 
 = �1, g = d = 0;
3.5 � = 
 = 0, g = d = 1;
3.6 � = 1, 
 = d = 0, g = 1.

� á«ãç ïå 3.1, 3.2 ¨ 3.5 ®¤­®à®¤­ë¬¨ ¯®¤¬­®£®®¡à §¨ï¬¨ á ­ ©¤¥­­ë¬¨ ¯®  «£®à¨â¬ã  «£¥-
¡à ¬¨ á¨¬¬¥âà¨© ï¢«ïîâáï æ¨«¨­¤àë.

� á«ãç ¥ 3.6 ­¥â ¯®¤ «£¥¡à âà¥¡ã¥¬®£® â¨¯ .
� áá¬®âà¨¬ á«ãç © 3.4. �¬¥¥¬

V4 =

8<:
0@ 0 �4 �5 0 x

z �6 x=2 0 y
�y �x=2 ��6 0 z
0 z y �7 0
�1 �2 �3 0 ��7

1A������ x; y; z 2 R
9=; :
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�§ ãá«®¢¨ï CS ¨ g5 6= f0g á«¥¤ã¥â (á â®ç­®áâìî ¤® £àã¯¯ë G4), çâ® �1 = �x, �6 = �7 = �2 = �3 =
�4 = �5 = 0. � ª¨¬ ®¡à §®¬,

V5 =

8<:
0@ 0 0 0 �3 x

z 0 x=2 �2 y
�y �x=2 0 �1 z
0 z y 0 0
�x �1 �2 �4 0

1A������ x; y; z 2 R
9=; :

�®£¤  ¨§ ãá«®¢¨ï CS ¨ g6 6= f0g á«¥¤ã¥â, çâ® �1 = �2 = �3 = �4 = 0 ¨ g6 = g5. �¤¥áì  «-
£®à¨â¬ ¯à¥àë¢ ¥âáï, ¨ á®®â¢¥âáâ¢ãîé¨¬¨  «£¥¡à ¬¨ á¨¬¬¥âà¨© ï¢«ïîâáï  «£¥¡àë á¨¬¬¥âà¨©
¯®¤¬­®£®®¡à §¨© (6;�) ¨ (7).

� áá¬®âà¨¬ á«ãç © 3.3. �à¨ íâ®¬

V4 =

8<:
0@ 0 �2 �3 0 x

z 0 1=2x 0 y
0 0 0 0 z
0 z y �5 0
�1 �4 0 0 ��5

1A������ x; y; z 2 R
9=; :

�§ ãá«®¢¨ï CS á«¥¤ã¥â, çâ® �1 = �z, �2 = �x + �y + 
z, �3 = �=3x + 
=3y + �z, �4 = �=2z;
�5 = �y + �z. � â®ç­®áâìî ¤® £àã¯¯ë G4 ¬®¦¥¬ ¯®« £ âì, çâ® � = � = 
 = � = 0, � = 0 ¨«¨
� = 1.

�à¨ � = 0 ¯®«ãç ¥¬  «£¥¡àã á¨¬¬¥âà¨© ¯®¤¬­®£®®¡à §¨ï (1).
�à¨ � = 1 ¯®«ãç ¥¬  «£¥¡àã á¨¬¬¥âà¨© ¯®¤¬­®£®®¡à §¨ï (2).

3.5. �¥â¢¥àâë© á«ãç ©. �á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V3 ¨¬¥îâ ¢¨¤

V3 =

8<:
0@ �6 �4 �1 0 x

�5 �2 �4 0 y
�3 �5 �6 0 z
z y x 0 0
0 0 0 0 ��2�2�6

1A������ x; y; z 2 R
9=; :

�§ ãá«®¢¨ï CS ¯®«ãç ¥¬ �1 = (2{4�5=2�2)x+{1y+�1z, �2 = (2�3�4�6)x+(2�5�4{6)y+�2z,
�3 = �3x+{3y+�3z, �4 = �5x+{4y+{1z, �5 = {3x+(3�3�5�6)y+�5z, �6 = �6x+{6y+({4�3=2�2)z.
� â®ç­®áâìî ¤® ¤¥©áâ¢¨ï G3 ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ­¥íª¢¨¢ «¥­â­ë¥ á«ãç ¨:

4.1 {1 = �1 = �2 = �3 = �3 = {3 = {4 = �5 = �6 = {6 = 0;
4.2 {1 = 1, �1 = �2 = �3 = �3 = {3 = {4 = �5 = �6 = {6 = 0;
4.3 {1 = 0, �1 = 1, �2 = �3 = �3 = {3 = {4 = �5 = �6 = {6 = 0;
4.4 {1 = �1 = 0, �2 = 1, �3 = �3 = {3 = {4 = �5 = �6 = {6 = 0;
4.5 {1 = �1 = �2 = �3 = �3 = {3 = {4 = �5 = �6 = 0, {6 = 1;
4.6 {1 = 0, �1 = 5, �2 = 2, �3 = �5, �3 = �1, {3 = 0, {4 = 3, �5 = �6 = {6 = 0.

� ®áâ «ì­ëå á«ãç ïå g5 = f0g ¨, á«¥¤®¢ â¥«ì­®, ­¥â ¯®¤ «£¥¡à âà¥¡ã¥¬®£® â¨¯ .
� á«ãç ¥ 4.1 á®®â¢¥âáâ¢ãîé¨¬ ¯®¤¬­®£®®¡à §¨¥¬ ï¢«ï¥âáï ª¢ ¤à¨ª  x4 = x21 + x22 � x23.
� á«ãç ¥ 4.5 ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® g6 = g5. �¤¥áì  «£®à¨â¬ ¯à¥àë¢ ¥âáï, ¨ á®®â¢¥â-

áâ¢ãîé¥©  «£¥¡à®© á¨¬¬¥âà¨© ï¢«ï¥âáï

h =

8<:
0@ t+y 0 0 �x x

0 �4y 0 ��y y
0 0 y�t �z z
z y x �y 0
�z ��y �x 0 (2��)y

1A������ x; y; z; t 2 R
9=;

(®­  ï¢«ï¥âáï ¯®¤ «£¥¡à®© â®«ìª® ¯à¨ � = 1 ¨«¨ � = 0).
�à¨ à §«¨ç­ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ h ï¢«ï¥âáï  «£¥¡à®© á¨¬¬¥âà¨© à §«¨ç­ëå ®¤­®à®¤-

­ëå ¯®¤¬­®£®®¡à §¨©
� = 1, � 6= 0, � < 25=8: ¯®¢¥àå­®áâì (14);
� = 1, � > 25=8: ¯®¢¥àå­®áâì (15);
� = 1, � = 25=8: ¯®¢¥àå­®áâì (16);
� = 1, � = 0: ¯®¢¥àå­®áâì (17);
� = 6, � = 0: ¯®¢¥àå­®áâì (18);
� = �4, � = 0: ¯®¢¥àå­®áâì (19);
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� 6= 1;�4; 6, � = 0: ¯®¢¥àå­®áâì (20).
� á«ãç ¥ 4.6 ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® g6 = g5. �®«ãç¥­­ ï  «£¥¡à  ¢ § ¢¨á¨¬®áâ¨ ®â

§­ ç¥­¨© ¯ à ¬¥âà®¢ ï¢«ï¥âáï  «£¥¡à®© á¨¬¬¥âà¨© ¯®¤¬­®£®®¡à §¨© (21;+; a > 2), (21;�; 1 <
a < 2), (22;+), (23;+), (24;�; a > 2), (24;�; a < 1), (24;+; 1 < a < 2), (25;�), (26;�), (27;�)
(á¬. â ª¦¥  ­ «®£¨ç­ë© á«ãç © 5.2).

� á«ãç ¥ 4.4 ¯®«ãç ¥¬ ¯®¤¬­®£®®¡à §¨¥ (3).
� áá¬®âà¨¬ á«ãç © 4.3. �®£¤ 

V4 =

8<:
0@ 0 0 z 0 x

�11 0 0 0 y
0 ��11 0 0 z
z y x �10 0
�7 �8 �9 0 ��10

1A������ x; y; z 2 R
9=; :

�§ ãá«®¢¨ï CS á«¥¤ã¥â, çâ® �11 = ��=2y+ 
z, �10 = �x� 
y+ �z, �9 = �x+�z, �8 = �y, �7 = �z.
� â®ç­®áâìî ¤® £àã¯¯ë G4 ¬®¦¥¬ ¯®« £ âì, çâ® � = � = 
 = � = 0.

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬

V5 =

8<:
0@ 0 0 z �4 x

0 0 0 �3 y
0 0 0 �2 z
z y x 0 0
�2 �3 �4 �1 0

1A������ x; y; z 2 R
9=; :

�®£¤  ¨§ ãá«®¢¨ï CS ¨ g6 6= f0g á«¥¤ã¥â �1 = �2 = �3 = 0, �4 = �z.
�á«¨ � = 0, â® g6 = g5, ¨ ¯®«ãç ¥¬ ¯®¤¬­®£®®¡à §¨¥ (4).
�á«¨ � 6= 0, â®, ­¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì � = �1, ¨ á®®â¢¥âáâ¢ãîé¥©  «£¥-

¡à®© á¨¬¬¥âà¨© ï¢«ï¥âáï

h =

8<:
0@ �z t z �z x

0 0 �t 0 y
0 0 ��z 0 z
z y x 3�z 0
0 0 �z 0 �3�z

1A������ x; y; z; t 2 R
9=; :

�à¨ à §«¨ç­ëå §­ ç¥­¨ïå ¯ à ¬¥âà  ¯®¤ «£¥¡à  h ï¢«ï¥âáï  «£¥¡à®© á¨¬¬¥âà¨© á«¥¤ãîé¨å
®¤­®à®¤­ëå ¯®¤¬­®£®®¡à §¨©.

� á«ãç ¥ � = 1
� 6= 0, � 6= �1=p3: ¯®¢¥àå­®áâì (8;+);
� = �1=p3: ¯®¢¥àå­®áâì (12);
� = 0: ¯®¢¥àå­®áâì (10).
� á«ãç ¥ � = �1
0 < j�j < 1: ¯®¢¥àå­®áâì (9);
j�j > 1: ¯®¢¥àå­®áâì (8;�);
� = �1: ¯®¢¥àå­®áâì (13);
� = 0: ¯®¢¥àå­®áâì (11).
� á«ãç ¥ 4.2 ¯®«ãç ¥¬ ¯®¤¬­®£®®¡à §¨¥ (5).

3.6. �ïâë© á«ãç ©. �á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V3 ¨¬¥îâ ¢¨¤

V3 =

8<:
0@ �1 �4 �6 0 x

�4 �2 �5 0 y
�6 �5 �3 0 z
x y z 0 0
0 0 0 0 ��2��1��3

1A������ x; y; z 2 R
9=; :

�§ ãá«®¢¨ï CS á«¥¤ã¥â �1 = �1x+{1y+ �1z, �2 = �2x+{2y+ �2z, �3 = �3x+{3y+ �3z, �4 =
3{1+{2+{3

2
x+ 3�2+�1+�3

2
y+�4z, �5 = �4x+ 3�2+�1+�3

2
y+ 3{3+{1+{2

2
z, �6 = 3�1+�2+�3

2
x+�4y+ 3�3+�1+�2

2
z.

� â®ç­®áâìî ¤® ¤¥©áâ¢¨ï G3 ¯®«ãç ¥¬ ­¥íª¢¨¢ «¥­â­ë¥ á«ãç ¨

5.1 {1 = �1 = {2 = �2 = {3 = �3 = �4 = �3 = �1 = �2 = 0;
5.2 {1 = �1 = {2 = �2 = {3 = �3 = �4 = �3 = 0, �1 = �2 = 1.
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� ®áâ «ì­ëå á«ãç ïå g5 = f0g ¨, á«¥¤®¢ â¥«ì­®, ­¥â ¯®¤ «£¥¡à âà¥¡ã¥¬®£® â¨¯ .
� á«ãç ¥ 5.1 ¨áª®¬ë¬ ¯®¤¬­®£®®¡à §¨¥¬ ï¢«ï¥âáï ª¢ ¤à¨ª  x4 = x21 + x22 + x23.
� á«ãç ¥ 5.2 g6 = g5, ¨ á®®â¢¥âáâ¢ãîé¥©  «£¥¡à®© á¨¬¬¥âà¨© ï¢«ï¥âáï

h =

8<:
0@ z t 2x �x x

�t z 2y �y y
2x 2y 0 (4+2 ��)z z
x y z  z 0
�x �y (���2 )z (4��4)z �2z� z

1A������ x; y; z; t 2 R
9=;

(®­  ï¢«ï¥âáï ¯®¤ «£¥¡à®© â®«ìª® ¯à¨  = �1 ¨«¨ � = �2). �à¨ à §«¨ç­ëå §­ ç¥­¨ïå ¯ à ¬¥-
âà®¢ ¯®¤ «£¥¡à  h ï¢«ï¥âáï  «£¥¡à®© á¨¬¬¥âà¨© á«¥¤ãîé¨å ®¤­®à®¤­ëå ¯®¤¬­®£®®¡à §¨©:

 = �1, � 6= �2, � < 9=8: ¯®¢¥àå­®áâì (21;�; a > 2), (21;+; 1 < a < 2);
 = �1, � > 9=8: ¯®¢¥àå­®áâì (22;�);
 = �1, � = 9=8: ¯®¢¥àå­®áâì (23;�);
 6= �1; 4;�6, � = �2: | ¯®¤¬­®£®®¡à §¨© (24;+; a > 2), (24;+; a < 1), (24;�; 1 < a < 2);
 = �1, � = �2: ¯®¢¥àå­®áâì (25;+);
 = 4, � = �2: ¯®¢¥àå­®áâì (26;+);
 = �6, � = �2: ¯®¢¥àå­®áâì (27;+): �

4. �®¢¥àå­®áâ¨ ¢  ää¨­­®© £¥®¬¥âà¨¨

�« áá¨ä¨æ¨àã¥¬ â¥¯¥àì âà¥å¬¥à­ë¥ ®¤­®à®¤­ë¥ ¯®¤¬­®£®®¡à §¨ï ¢ ç¥âëà¥å¬¥à­®¬  ää¨­-
­®¬ ¯à®áâà ­áâ¢¥, ¯à¨¬¥­ïï ª« áá¨ä¨ª æ¨®­­ë©  «£®à¨â¬ ª á«ãç î g = aff(4;R), g = gl(4),
M = R

4 ¨ dimVn = 3 (n � 0). �¤¥áì ¯®¤ g = aff(4;R) ¡ã¤¥¬ ¯®­¨¬ âì ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥
gl(4;R) i R

4 ¨ § ¯¨áë¢ âì í«¥¬¥­âë g ¢ ¢¨¤¥ A + B, A 2 gl(4;R), B 2 R
4 , ¨áª«îç ï ­ã«¥¢ë¥

¬ âà¨æë.
�« áá¨ä¨ª æ¨ï ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¯à¨¢¥¤¥­­®© ¢ëè¥ ª« áá¨ä¨ª æ¨¨ ¯®¤¬­®£®®¡à §¨©

¢ ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¨. �¥©áâ¢¨â¥«ì­®, ª ¦¤ë© í«¥¬¥­â X 2 GL(4;R) ¯®à®¦¤ ¥â á«¥¤ãîé¨©
 ¢â®¬®àä¨§¬ �X 2 Aut(4;R):

�X : A+B 7! XAX�1 +XB; A 2 gl(4;R); B 2 R4 :

�®«¥¥ â®£®, «¥£ª® ¯®ª § âì, çâ® ®â®¡à ¦¥­¨¥ � : X ! �X ãáâ ­ ¢«¨¢ ¥â ¨§®¬®àä¨§¬ ¬¥¦¤ã
GL(4;R) ¨ Aut(g; g) ¨, á«¥¤®¢ â¥«ì­®, ¬®¦­® ®â®¦¤¥áâ¢«ïâì ¯®¤£àã¯¯ë £àã¯¯ë Aut(g; g) á á®-
®â¢¥âáâ¢ãîé¨¬¨ ¯®¤£àã¯¯ ¬¨ ¢ GL(4;R).

�«ï ã¤®¡áâ¢  ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì ä ªâ®à¯à®áâà ­áâ¢  g=gn, n � 0, á ­¥ª®â®àë¬¨ ¯®¤-
¯à®áâà ­áâ¢ ¬¨ Ui � g, ¤®¯®«­¨â¥«ì­ë¬¨ ª gn, ¢ë¡¨à ï ¨å â ª, çâ®¡ë U1 � U2 � U3 � � � �
� ¯à¨¬¥à, ¢ë¡¥à¥¬ U1 à ¢­ë¬ R

4 . �®£¤  Aut(g; g) ¯®à®¦¤ ¥â £àã¯¯ã «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨©
R
4 . � ª ª ª ¢á¥ âà¥å¬¥à­ë¥ ¯®¤¯à®áâà ­áâ¢  ¢ g=g = R

4 íª¢¨¢ «¥­â­ë, ¬®¦¥¬ áç¨â âì, çâ®

V1 =
�� x

y
z
0

� ���� x; y; z 2 R� :
�¬¥¥¬

g2 =
�
( A B
0 c ) j A 2 gl(3;R); B 2 R3 ; c 2 R	 :

�á¥ ¢®§¬®¦­ë¥ ¯®¤¯à®áâà ­áâ¢  V2 ¬®¦­® ®¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

V2 =
n�

0 0
t(PA) 0

�
+ ( A0 )

��� A 2 R3
o
;

£¤¥ P | ­¥ª®â®à ï ¬ âà¨æ  3�3. �®£¤  ¨§ ãá«®¢¨ï CS á«¥¤ã¥â, çâ® ¬ âà¨æ  P á¨¬¬¥âà¨ç¥áª ï,
¨ £àã¯¯  G1 ¯®à®¦¤ ¥â á«¥¤ãîé¥¥ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨: P � XP tX, X 2 GL(3;R).

�«¥¤®¢ â¥«ì­®, á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ ¨¬¥¥¬ á«ãç ¨ 0. P = 0; 1. P =
�
1 0 0
0 0 0
0 0 0

�
; 2. P =�

1 0 0
0 1 0
0 0 0

�
; 3. P =

�
0 1 0
1 0 0
0 0 0

�
; 4. P =

�
1 0 0
0 1 0
0 0 1

�
; 5. P =

�
0 0 1
0 1 0
1 0 0

�
.
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�®ç­® â ª®¥ ¦¥ à §¡¨¥­¨¥ ­ ¬¨ ¡ë«® ¯®«ãç¥­® ¢ ¯à®¥ªâ¨¢­®¬ á«ãç ¥. �à®¤®«¦ ï ª« áá¨-
ä¨ª æ¨î ¯®  ­ «®£¨¨ á ¯à®¥ªâ¨¢­ë¬ á«ãç ¥¬, ¯®«ãç ¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  2. �áïª®¥ âà¥å¬¥à­®¥ «®ª «ì­®-®¤­®à®¤­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢ R
4 ,  «£¥¡à  á¨¬-

¬¥âà¨© ª®â®à®£® ¨¬¥¥â à §¬¥à­®áâì � 4 «¨¡® ï¢«ï¥âáï ®âªàëâë¬ ¯®¤¬­®¦¥áâ¢®¬ æ¨-

«¨­¤à  ¨«¨ ª¢ ¤à¨ª¨, «¨¡® íª¢¨¢ «¥­â­® ®âªàëâ®¬ã ¯®¤¬­®¦¥áâ¢ã ®¤­®£® ¨§ á«¥¤ãîé¨å

¯®¤¬­®£®®¡à §¨©:

(1) x22 + x1x2x3 + x4x
2
1 = 0;

(2) x4 = x1x
2
3 + x2x3;

(3) x4 = x1x
2
3 + x2x3 + x43;

(4) x4 = x21x3 + x2x3;
(5) x4x3 + x1x

2
3 + x22 = 0;

(6) x4 = x21 + x2x3 + x33;
(7) x4 = x21 + x1x

2
3 + x2x3 + ax43;

(8) x22 + x1x
2
3 + x1x4 = 0, x1 > 0 _ x1 < 0;

(9) x1 + x3x4 � x22 + xa4 = 0, a 6= 0; 1; 2; 3;
(10) x1 + x3x4 + x22 � x4 lnx4 = 0;
(11) x1 + x3x4 + x22 � lnx4 = 0;
(12) x1 + x3x4 + x22 � x24 lnx4 = 0;
(13) x1 + x3x4 + x22 � ex4 = 0;
(14) x22 + x1x3 = xa4, a 6= 0; 1; 2;
(15) x22 + x1x3 = ex4 ;
(16) x2x4 + x1x3 + x24 lnx4 = 0;
(17) x2 + x1x3 + lnx4 = 0;
(18) x2 + x1x3 + ex4 = 0;
(19) x2x4 + x1x3 + x4 lnx4 = 0;
(20) x2 + x1x3 + x4 lnx4 = 0;
(21) x2 + x1x3 + xa4 = 0, a 6= 0; 1; 2;
(22) x2x4 + x1x3 + xa4 = 0, a 6= 0; 1; 2;
(23) �(x21 + x22) + x23 = xa4, a 6= 0; 1; 2;
(24) �(x21 + x22) + x23 = ex4 ;
(25) x3x4 = �(x21 + x22) + xa4, a 6= 0; 1; 2;
(26) x3 = �(x21 + x22) + xa4, a 6= 0; 1; 2;
(27) x3x4 = �(x21 + x22) + x24 lnx4;
(28) x3 = �(x21 + x22)� lnx4;
(29) x3 = �(x21 + x22) + ex4 ;
(30) x3x4 = �(x21 + x22)� x4 lnx4;
(31) x3 = �(x21 + x22) + x4 lnx4;
(32) (x1x23 � x4x2x3 + x34=3)

2 = �8=9(x3x2 � x24=2)
3;

(33) x1x2x3 + x21x4 + x32 = 0.

� ¬¥ç ­¨¥ 2. � á«ãç ¥ (8) ¯®¢¥àå­®áâì ¨¬¥¥â ¤¢¥ á¢ï§­ë¥ ª®¬¯®­¥­âë, ®¯à¥¤¥«ï¥¬ë¥ ãá«®-
¢¨ï¬¨ x1 > 0 ¨ x1 < 0, ª®â®àë¥ ­¥ ï¢«ïîâáï ¯à®¥ªâ¨¢­® íª¢¨¢ «¥­â­ë¬¨.

5. �­ «¨§ à¥§ã«ìâ â®¢

5.1. �®¯®áâ ¢«¥­¨¥ à¥§ã«ìâ â®¢ ª« áá¨ä¨ª æ¨©. �à ¢­¨¬ ¯®«ãç¥­­ë¥ ª« áá¨ä¨ª æ¨¨
¤«ï  ää¨­­®© ¨ ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨©. �àã¯¯   ää¨­­ëå ¯à¥®¡à §®¢ ­¨© ª®­¥ç­®¬¥à­®£®
¯à®áâà ­áâ¢  ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢ª« ¤ë¢ ¥âáï ¢ £àã¯¯ã ¯à¥®¡à §®¢ ­¨© ¯à®¥ªâ¨¢¨§ æ¨¨
¤ ­­®£® ¯à®áâà ­áâ¢ . �«¥¤®¢ â¥«ì­®, ¢áïª®¥  ää¨­­®-®¤­®à®¤­®¥ ¯®¤¬­®£®®¡à §¨¥ ï¢«ï¥âáï
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¯à®¥ªâ¨¢­® ®¤­®à®¤­ë¬, ­® ­¥ª®â®àë¥  ää¨­­®-­¥íª¢¨¢ «¥­â­ë¥ ¯®¤¬­®£®®¡à §¨ï ï¢«ïîâáï
¯à®¥ªâ¨¢­® íª¢¨¢ «¥­â­ë¬¨. � â¥®à¥¬¥ 2 ¯à®¥ªâ¨¢­® íª¢¨¢ «¥­â­ë¬¨ ï¢«ïîâáï á«¥¤ãîé¨¥
¯ àë ¯®¤¬­®£®®¡à §¨©: (1) ¨ (2), (4) ¨ (5), (6) ¨ (9; a = �1), (9; a) ¨ (9; 2 � a), (10;+) ¨ (10;�),
(11) ¨ (12), (14; a) ¨ (14; 2� a), (16) ¨ (17), (19) ¨ (20), (21) ¨ (22), (23; a) ¨ (23; 2� a), (25) ¨ (26),
(27) ¨ (28), (30) ¨ (31). �®¤¬­®£®®¡à §¨ï¬ (32) ¨ (33) á®®â¢¥âáâ¢ãîâ ¯à®¥ªâ¨¢­ë¥ æ¨«¨­¤àë.

� ¤àã£®© áâ®à®­ë, ¯®¢¥àå­®áâ¨ (7), (9), (11), (15) ¨ (22) ¨§ â¥®à¥¬ë 1, ª®â®àë¥ ®âáãâáâ¢ãîâ
¢ â¥®à¥¬¥ 2, ­¥ ï¢«ïîâáï  ää¨­­®-®¤­®à®¤­ë¬¨.

5.2. �¥©áâ¢¨ï á ®âªàëâ®© ®à¡¨â®©. �ë¤¥«¨¬ ¨§ ­ ©¤¥­­ëå  ää¨­­ëå ¨ ¯à®¥ªâ¨¢­ëå
¤¥©áâ¢¨© â¥, ª®â®àë¥ ¨¬¥îâ ®âªàëâãî ®à¡¨âã ¨, ¢ ç áâ­®áâ¨, ¨¬¥îâ ª®­¥ç­®¥ ç¨á«® ®à¡¨â.

� ¯à¨¢¥¤¥­­ëå ¢ëè¥ ¯®¤¬­®£®®¡à §¨© ¢ á«ãç ïå (1){(7) â¥®à¥¬ë 1 ¨ á«ãç ïå (1){(8) â¥®à¥-
¬ë 2  «£¥¡àë á¨¬¬¥âà¨© ¤¥©áâ¢ãîâ á ª®­¥ç­ë¬ ç¨á«®¬ ®à¡¨â. �à®¬¥ íâ®£®,  «£¥¡àë á¨¬¬¥âà¨©
ª¢ ¤à¨ª ¨¬¥îâ ª®­¥ç­®¥ ç¨á«® ®à¡¨â. � «¥¥,  «£¥¡à  á¨¬¬¥âà¨© æ¨«¨­¤à  ¨¬¥¥â ª®­¥ç­®¥ ç¨-
á«® ®à¡¨â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   «£¥¡à  á¨¬¬¥âà¨© ®á­®¢ ­¨ï íâ®£® æ¨«¨­¤à  ¨¬¥¥â
ª®­¥ç­®¥ ç¨á«® ®à¡¨â. � ¬¥â¨¬, çâ® ®á­®¢ ­¨¥ ï¢«ï¥âáï ¯®¢¥àå­®áâìî ¢ ¯à®áâà ­áâ¢¥ ¬¥­ìè¥©
à §¬¥à­®áâ¨,   ¢á¥ â ª¨¥ ¯®¤¬­®£®®¡à §¨ï ª« áá¨ä¨æ¨à®¢ ­ë ¢ [5], [8].
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