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� à ¡®â¥ ¯à®¤®«¦ ¥âáï ¨§ãç¥­¨¥ ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢ (��) á ¯®¬®éìî ¯ã«ì¢¥-
à¨§ æ¨®­­®£® ¬®¤¥«¨à®¢ ­¨ï [1] (á¬. â ª¦¥ [2]{[5]). � ç áâ­®áâ¨, ¢¢¥¤¥­® ¯®­ïâ¨¥ â®ç¥ç­®-
âà ¥ªâ®à­®£® ¬®àä¨§¬  ��; ­ ©¤¥­ë ªà¨â¥à¨¨ â®ç¥ç­®-âà ¥ªâ®à­ëå ¨§®¬®àä¨§¬®¢ ¯®«¨­®-
¬¨ «ì­ëå �� 2-© áâ¥¯¥­¨ ¯® \áª®à®áâ¨"; ãáâ ­®¢«¥­ë ­¥ª®â®àë¥ á¢ï§¨ â®ç¥ç­®-âà ¥ªâ®à­ëå
¨­ä¨­¨â¥§¨¬ «ì­ëå á¨¬¬¥âà¨© á âà ¥ªâ®à­ë¬¨. �®«ãç¥­  ª« áá¨ä¨ª æ¨ï ­¥ª®â®àëå ¤¢ã¬¥à-
­ëå �� ¯® ¨å â®ç¥ç­®-âà ¥ªâ®à­®© ¯®¤¢¨¦­®áâ¨. �¥à¬¨­®«®£¨ï ¨ ®¡®§­ ç¥­¨ï ¯à¥¤ë¤ãé¨å
à ¡®â á®åà ­ïîâáï.

1. �®ç¥ç­®-âà ¥ªâ®à­ë¥ ¬®àä¨§¬ë ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢

�ãáâì f � (M;f) | �� ­  ¤¨ää¥à¥­æ¨àã¥¬®¬ ¬­®£®®¡à §¨¨ M , h � (N;h) | �� ­ 
¬­®£®®¡à §¨¨ N ,

d2xi

dt2
= f i

�
xj ; t;

dxj

dt

�
;

d2ya

dt
2 = ha

�
yb; t;

dyb

dt

�
| á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ª®®à¤¨­ â­ë¥ ãà ¢­¥­¨ï (1 � i; j � m � 1 = dimM ; 1 � a; b � n � 1 =
dimN). � ª ¨ ¯à¥¦¤¥ (á¬. [1]{[5]), ¢á¥ ®¡ê¥ªâë ¤®áâ â®ç­®¥ ç¨á«® à § ¤¨ää¥à¥­æ¨àã¥¬ë¥.

�¯à¥¤¥«¥­¨¥ 1. �â®¡à ¦¥­¨¥ � : M =M � R! N = N �R ­ §®¢¥¬ â®ç¥ç­ë¬ ª¢ §¨¬®à-
ä¨§¬®¬ �� f ¢ �� h, ¥á«¨ ®­® ¯¥à¥¢®¤¨â ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ¯¥à¢®£® �� ¢ ¨­â¥£à «ì­ë¥
ªà¨¢ë¥ ¢â®à®£®. �á«¨, ªà®¬¥ â®£®, � ¯¥à¥¢®¤¨â à á¯à¥¤¥«¥­¨¥ dt = 0 ¢ à á¯à¥¤¥«¥­¨¥ dt = 0, â®
� ¡ã¤¥â ­ §ë¢ âìáï á®¡áâ¢¥­­ë¬ â®ç¥ç­ë¬ ª¢ §¨¬®àä¨§¬®¬, ¨«¨ ¯à®áâ® â®ç¥ç­ë¬ ¬®àä¨§¬®¬.

�¡ëç­ë¬ ®¡à §®¬ (á¬.[3]) ¢¢®¤ïâáï ¯®­ïâ¨ï â®ç¥ç­®£® ª¢ §¨¨§®¬®àä¨§¬  ¨ â®ç¥ç­®£® ¨§®-
¬®àä¨§¬  ��. �« áá¨ç¥áª®¥ ¯®­ïâ¨¥ â®ç¥ç­®£® ¬®àä¨§¬  (á¬., ­ ¯à., [6]{[8]) á®¢¯ ¤ ¥â á ¯®-
­ïâ¨¥¬ â®ç¥ç­®£® ª¢ §¨¬®àä¨§¬ .

�¯à¥¤¥«¥­¨¥ 2. �®ç¥ç­ë© (ª¢ §¨)¬®àä¨§¬ � : M ! N �� f ¢ �� h ¡ã¤¥¬ ­ §ë¢ âì
â®ç¥ç­ë¬ (ª¢ §¨)£®¬®¬®àä¨§¬®¬, ¥á«¨ � | áã¡¬¥àá¨ï.

�¯à¥¤¥«¥­¨¥ 3. �¢ §¨¬®àä¨§¬ � : M ! N �� f ¢ �� h ­ §®¢¥¬ â®ç¥ç­®-âà ¥ªâ®à­ë¬,
¥á«¨ ®­ ¯¥à¥¢®¤¨â á«®¨ âà¨¢¨ «ì­®£® à áá«®¥­¨ï (M;Pr;M) ¢ á«®¨ (N;Pr; N), â. ¥. ¥á«¨ �(x; t) =
(�(x); t(x; t)), £¤¥ � : M ! N : x ! y = �(x) | ­¥ª®â®à®¥ ®â®¡à ¦¥­¨¥ ¡ §®¢ëå ¬­®£®®¡à §¨©,
  t = t(x; t) | äã­ªæ¨ï ­  M .

�§ á¢®©áâ¢ ¯ã«ì¢¥à¨§ æ¨®­­®£® ¬®¤¥«¨à®¢ ­¨ï (á¬. [1]{[5]) ¢ëâ¥ª îâ

�à¥¤«®¦¥­¨¥ 1. �«ï ¢áïª®£® â®ç¥ç­®-âà ¥ªâ®à­®£® ª¢ §¨¬®àä¨§¬  � : M = M � R !
N = N�R �� (M;f) ¢ �� (N;h) ¥£® ¯à®¥ªæ¨ï � :M ! N ï¢«ï¥âáï âà ¥ªâ®à­ë¬ ¬®àä¨§¬®¬

�� f ¢ �� h.
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�à¥¤«®¦¥­¨¥ 2. �à®¥ªæ¨ï «î¡®£® â®ç¥ç­®-âà ¥ªâ®à­®£® ª¢ §¨¨§®¬®àä¨§¬  � : M ! N
�� (M;f) ¢ �� (N;h) | ¤¨ää¥®¬®àä¨§¬ � : M ! N | ï¢«ï¥âáï âà ¥ªâ®à­ë¬ ¨§®¬®àä¨§-

¬®¬ �� f ¨ h.

2. �à¨â¥à¨© â®ç¥ç­®-âà ¥ªâ®à­®£® ª¢ §¨¨§®¬®àä¨§¬ 

 ¢â®­®¬­ëå ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢ 2-© áâ¥¯¥­¨

� ª ¨§¢¥áâ­® [3], ¤¨ää¥®¬®àä¨§¬ � :M =M�R! N = N�R : (x; t)! (y; t) = (�(x); t(x; t))
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ ï¢«ï¥âáï â®ç¥ç­ë¬ ª¢ §¨¨§®¬®àä¨§¬®¬ �� (M;f) ¢ �� (N;h), ¥á«¨
®­ ¦¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢­ë¬ ¨§®¬®àä¨§¬®¬ áâ ­¤ àâ­ëå á¢ï§­®áâ¥© ��

�
(x; _x) ¨ H
�
�
(y;

�

y) ��
f ¨ h, â. ¥. ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï

�
�

�
(x; _x)� ��
�
(x; _x) =  ��

�

 +  
�

�
� + _x� �
; (1)

¢ ª®â®àëå �
�

�
 | �-¯®¤­ïâ¨¥ á¢ï§­®áâ¨ H�
�
, 1 � �; �; 
 � n.

�¯à ¢¥¤«¨¢ 

�¥¬¬  1. 'i = 1
2
@t=@xi ¨ � = @t=@t ï¢«ïîâáï á®®â¢¥âáâ¢¥­­® ª®¢¥ªâ®à­ë¬ ¯®«¥¬ ¨ äã­ª-

æ¨¥© (§ ¢¨áïé¨¬¨ ®â ¯ à ¬¥âà  t) ­  ¬­®£®®¡à §¨¨ M .

�ãáâì f ¨ h |  ¢â®­®¬­ë¥ �� 2-© áâ¥¯¥­¨ ¯® \áª®à®áâ¨"

f i = ��i
jk(x)

dxj

dt

dxk

dt
+Bi

j(x)
dxj

dt
+Ai(x);

hi = �H i
jk(y)

dyj

dt

dyk

dt
+ eBi

j(y)
dyj

dt
+ eAi(y);

(2)

1 � i; j; k � n� 1 = dimM = dimN:

�ëç¨á«ïï ª®íää¨æ¨¥­âë ¯®¤­ïâ®© á¢ï§­®áâ¨ �
�

�
, ­ å®¤¨¬, ¢ ç áâ­®áâ¨ (á¬. â ª¦¥ [3], (6)),

�
i

jk = H#i
jk � 'jB

#i
k � 'kB

#i
j � 4'j'kA

#i; (3)

�
i

jn = �
1
2
�B#i

j � 2�'jA
#i; (4)

�
i

nn = ��2A#i; (5)

�
n

jk = 2��1['j;k + 'i(B
#i
j 'k +B#i

k 'j + 4'j'kA
#i)]; (6)

�
n

jn = 'iB
#i
j + 4'i'jA

#i + ��1�;j; (7)

�
n

nn = 2�'iA
#i + ��1(@t�); (8)

£¤¥ §­ çª®¬ # (¤¨¥§) ®â¬¥ç¥­ë �-¯®¤­ïâ¨ï (á N ­  M) á®®â¢¥âáâ¢ãîé¨å ®¡ê¥ªâ®¢ H i
jk, eBi

j ¨eAi, 'j;k = @'j=@x
k �H#i

jk 'i.
�á«®¢¨ï (1) ¨ (3){(8) ¯à¨¢®¤ïâ ª á«¥¤ãîé¥¬ã ªà¨â¥à¨î â®ç¥ç­®-âà ¥ªâ®à­®£® ¨§®¬®àä¨§¬ 

�� 2-© áâ¥¯¥­¨.

�¥®à¥¬  1. �ãáâì f � (M;f) ¨ h � (N;h) | ¤¢  �� 2-© áâ¥¯¥­¨ á ª®®à¤¨­ â­ë¬¨ ãà ¢-

­¥­¨ï¬¨ (2) â ª¨¥, çâ® A = Ai@i 6= 0 ¢ ª ¦¤®© â®çª¥ M ¨«¨ A � 0  ää¨­®àë Bi
j ¨ �

i
j «¨­¥©­®

­¥§ ¢¨á¨¬ë ¢ ª ¦¤®© â®çª¥M . �§®¬®àä¨§¬ � :M =M�R! N = N�R âà¨¢¨ «ì­ëå à áá«®-

¥­¨© (M;Pr;M) ¨ (N;Pr; N), â. ¥. ¤¨ää¥®¬®àä¨§¬ ¢¨¤  �(x; t) = (�(x); t(x; t)), £¤¥ � : M ! N
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| ­¥ª®â®àë© ¤¨ää¥®¬®àä¨§¬, â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï â®ç¥ç­®-âà ¥ªâ®à­ë¬ ª¢ §¨-

¨§®¬®àä¨§¬®¬ �� f ¨ h, ª®£¤ 

�i
jk = H#i

jk + e j�
i
k + e k�

i
j + e'jB

i
k + e'kB

i
j + 4 e'j e'kA

i; (9)

B#i
j = e�Bi

j + 4e� e'jA
i + 2 e n�

i
j ; (10)

A#i = e�2Ai; (11)

e'(j;k) = 2 e'(j e k); (12)e i = e'sB
s
i + 4 e'i( e n=e�); (13)

e'sA
s = e n=e�; (14)

£¤¥ e� ¨ e n | äã­ªæ¨¨, e i ¨ e'i | ª®¢¥ªâ®à­ë¥ ¯®«ï ­  M (­¥ § ¢¨áïé¨¥ ®â \¢à¥¬¥­¨" t),
§ ¯ïâ ï ¢ (12) | á¨¬¢®« ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© ¢ á¢ï§­®áâ¨ H#i

jk , áª®¡ª¨ ¢ (12) | á¨¬¬¥-

âà¨à®¢ ­¨¥. �à¨ íâ®¬ e� = (@t=@t)�1 = const 6= 0, e'i = � 1
2
e�(@t=@xi).

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ (1) á ãç¥â®¬ (3){(8) ¨ (6) ¨§ [3] à á¯ ¤ ¥âáï ­  á«¥¤ãîé¨¥:

H#i
jk = �i

jk +  j�
i
k +  k�

i
j + 'jB

#i
k + 'kB

#i
j + 4'j'kA

#i; (15)

Bi
j = �B#i

j + 4�'jA
#i + 2 n�

i
j ; (16)

Ai = �2A#i; (17)

'j;k = �'i(B
#i
j 'k +B#i

k 'j + 4'j'kA
#i); (18)

 i = 'sB
#s
i + 4'i'sA

#s + ��1�;i; (19)

2�'sA
#s + ��1(@t�) = 2 n; (20)

£¤¥, ª ª ¨ à ­ìè¥, � = @t=@t, 'i = 1
2
@t=@xi,   § ¯ïâ ï ¢ (18) | ª®¢ à¨ ­â­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥

¢ á¢ï§­®áâ¨ H#i
jk . �â¬¥â¨¬, çâ® � 6= 0, â. ª. �(x; t) = (�(x); t(x; t)) | ¤¨ää¥®¬®àä¨§¬. �ãáâì

A = Ai@i 6= 0. �®£¤  ¨§ (17) á«¥¤ã¥â, çâ® � ­¥ § ¢¨á¨â ®â t; ¨§ (16) ¨ (19) ¢¨¤­®, çâ® 'i,  n ¨  i

â ª¦¥ ­¥ § ¢¨áïâ ®â t. �á«¨ ¦¥ A � 0,   Bi
j ¨ �

i
j «¨­¥©­® ­¥§ ¢¨á¨¬ë ¢ ª ¦¤®© â®çª¥ x 2M , â®

­¥§ ¢¨á¨¬®áâì � ¨  n ®â t á«¥¤ã¥â ¨§ (16); ­¥§ ¢¨á¨¬®áâì ¦¥ 'i ¨  i ®â t | ¨§ (15). � «¥¥, â. ª.
'i = @t=@xi ¨ � = @t=@t ­¥ § ¢¨áïâ ®â t, â® t = �t + v(xi) ¯à¨ � = const 6= 0. �¥£ª® ¯à®¢¥à¨âì,
çâ®  n = 'sA

#s � 0, e n = e'sA
s � 0. � ¢¥­áâ¢  (15){(20), ­ ª®­¥æ, ®ª §ë¢ îâáï à ¢­®á¨«ì­ë¬¨

(9){(14) ¯à¨ e� = ��1, e'i = �'i=�, e i = � i.

3. �®ç¥ç­®-âà ¥ªâ®à­ë¥ ª¢ §¨¨§®¬®àä¨§¬ë  ää¨­­®© á¢ï§­®áâ¨

�ãáâì f � (M;f) ¨ h � (N;h) | ¤¢  ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª   ¢â®­®¬­ëå  ää¨­­ëå
á¢ï§­®áâ¥© �i

jk(x) ¨ H
i
jk(y) (­  ¬­®£®®¡à §¨ïå M ¨ N á®®â¢¥âáâ¢¥­­®). � íâ®¬ á«ãç ¥ Ai � 0,

Bi
j � 0, A#i � 0, B#i

j � 0 ¨ ãá«®¢¨ï (15){(20) â®ç¥ç­®-âà ¥ªâ®à­®£® ª¢ §¨¨§®¬®àä¨§¬  � :M !

N ¯®â®ª®¢ f ¨ h ¯à¨­¨¬ îâ ¢¨¤

H#i
jk = �i

jk +  j�
i
k +  k�

i
j ; (21)

'j;k = 0; (22)

 i = ��1�;i; (23)

£¤¥ 'j = @t=@xj , � = @t=@t| (­¥ § ¢¨áïé ï ®â t) äã­ªæ¨ï ­ M , § ¯ïâ ï ¢ (22) | ª®¢ à¨ ­â­ ï
¯à®¨§¢®¤­ ï ¢ á¢ï§­®áâ¨ H#i

jk . �®íâ®¬ã t = �(xi)t+ v(xi).
� ª¨¬ ®¡à §®¬, ¤®ª § ­ 
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�¥®à¥¬  2. �¨ää¥®¬®àä¨§¬ � : M = M � R ! N = N � R : (x; t) ! (y = �(x); t =
t(x; t)) â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï â®ç¥ç­®-âà ¥ªâ®à­ë¬ ª¢ §¨¨§®¬®àä¨§¬®¬  ää¨­­ëå

á¢ï§­®áâ¥© (M;�i
jk(x)) ¨ (N;H i

jk(y)), ª®£¤ 

I. t = �t+ v,
II. H#i

jk = �i
jk +  j�

i
k +  k�

i
j,

III.  i = ��1�;i,
IV. �;ij = 0, v;ij = 0;

£¤¥ � ¨ v | äã­ªæ¨¨ ­  M ,   § ¯ïâë¥ ¢ III ¨ IV | ª®¢ à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ ¢ á¢ï§­®áâ¨

H#i
jk , ï¢«ïîé¥©áï �-¯®¤­ïâ¨¥¬ á¢ï§­®áâ¨ H i

jk.

�§ â¥®à¥¬ë 2 ­¥¯®áà¥¤áâ¢¥­­® ¯®«ãç ¥âáï

�¥®à¥¬  3. �¨ää¥®¬®àä¨§¬ � : M = M � R ! N = N � R : (x; t) ! (y = �(x); t = t(x; t))
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ ï¢«ï¥âáï  ää¨­­ë¬ â®ç¥ç­®-âà ¥ªâ®à­ë¬ ª¢ §¨¨§®¬®àä¨§¬®¬

 ää¨­­ëå á¢ï§­®áâ¥© (M;�i
jk) ¨ (N;H i

jk), ª®£¤ 

I. t = �t+ v,
II. H#i

jk = �i
jk,

III. v;ij = 0;

£¤¥ � = const 6= 0, v | äã­ªæ¨ï ­ M ,   § ¯ïâ ï ¢ III| ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ¢ á¢ï§­®áâ¨

�i
jk.

4. �à ¥ªâ®à­ë¥ á¨¬¬¥âà¨¨

�ãáâì f � (M;f) | ¯à®¨§¢®«ì­ë© �� ­  ¬­®£®®¡à §¨¨ M . �à ¥ªâ®à­ë©  ¢â®¬®àä¨§¬ ��
f | íâ® ¤¨ää¥®¬®àä¨§¬ M ­  á¥¡ï, ¯¥à¥¢®¤ïé¨© âà ¥ªâ®à¨¨ ¢ âà ¥ªâ®à¨¨, ¡¥§ á®åà ­¥­¨ï,
¢®®¡é¥ £®¢®àï, ª ­®­¨ç¥áª®£® ¯ à ¬¥âà  (á¬., ­ ¯à., [9]{[12]).

�¯à¥¤¥«¥­¨¥ 4. �¥ªâ®à­®¥ ¯®«¥ X ­  ¬­®£®®¡à §¨¨M ­ §®¢¥¬ (¨­ä¨­¨â¥§¨¬ «ì­®©) âà -
¥ªâ®à­®© á¨¬¬¥âà¨¥© �� f , ¥á«¨ ¯®à®¦¤ ¥¬ ï ¨¬ «®ª «ì­ ï ®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¤¨ä-
ä¥®¬®àä¨§¬®¢ á®áâ®¨â ¨§ («®ª «ì­ëå) âà ¥ªâ®à­ëå  ¢â®¬®àä¨§¬®¢ �� f .

�§ à¥§ã«ìâ â®¢ à ¡®â [9]{[12] ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯®«ãç îâáï ªà¨â¥à¨¨ ¨­ä¨­¨â¥§¨¬ «ì-
­ëå á¨¬¬¥âà¨© ¯®«¨­®¬¨ «ì­ëå �� 2-© áâ¥¯¥­¨, â. ¥. �� á ª®®à¤¨­ â­ë¬ ¢ëà ¦¥­¨¥¬ (á¬.
â ª¦¥ (2))

d2xi

dt2
= ��i

jk(x)
dxj

dt

dxk

dt
+Bi

j(x)
dxj

dt
+Ai(x);

£¤¥ �i
jk | á¨¬¬¥âà¨ç­ ï  ää¨­­ ï á¢ï§­®áâì, f1 = [Bi

j(dx
j=dt)]@=@xi |  ää¨­®à­®¥ ¨ f0 =

Ai@=@xi | ¢¥ªâ®à­®¥ ¯®«ï ­  M (1 � i; j; k � n� 1 = dimM).
�ä®à¬ã«¨àã¥¬ íâ¨ ªà¨â¥à¨¨ ¤«ï �� âà¥å â¨¯®¢: A, B1 ¨ B2 (á¬. â ª¦¥ [9]{[12]), å à ªâ¥à¨-

§ãîé¨åáï á®®â¢¥âáâ¢¥­­® ãá«®¢¨ï¬¨ A) âà¨¢¥ªâ®à � ^ f1 ^ f0 6= 0 ª ª ª¢ ¤à â¨ç­ ï äã­ªæ¨ï
®â � = dx=dt ¢áî¤ã ­  M (¯à¨ íâ®¬ dimM � 3); �1) ¡¨¢¥ªâ®à � ^ f0 6= 0 ¢áî¤ã ­  M , f1 � 0
(dimM � 2); �2) ¡¨¢¥ªâ®à � ^ f1 6= 0 ¢áî¤ã ­  M , f0 � 0 (dimM � 2).

�¨¦¥ á¨¬¢®« L
X
®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî �¨ ¢¤®«ì X,   r | ª®¢ à¨ ­â­ãî ¯à®¨§¢®¤­ãî ¢

á¢ï§­®áâ¨ �i
jk.

�¥®à¥¬  4. �¥ªâ®à­®¥ ¯®«¥ X ­  ¬­®£®®¡à §¨¨ M ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ ï¢«ï¥âáï

âà ¥ªâ®à­®© á¨¬¬¥âà¨¥© �� (M;f) â¨¯  A (dimM � 3), ¥á«¨

�L
X
�i
jk =  j�

i
k +  k�

i
j + 'jB

i
k + 'kB

i
j ;

L
X
Bi

j = �0�
i
j + �Bi

j + 4'jA
i;

L
X
Ai = 2�Ai; r(j'i) = 0;

 i = 'sB
s
i +

1
2
ri�; 'sA

s = �0=2;
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£¤¥ �0, � | äã­ªæ¨¨,   'i ¨  i | ª®¢¥ªâ®à­ë¥ ¯®«ï ­  M .

�¥®à¥¬  5. �¥ªâ®à­®¥ ¯®«¥ X ­  ¬­®£®®¡à §¨¨ M â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï âà ¥ª-

â®à­®© á¨¬¬¥âà¨¥© �� (M;f) â¨¯  B1 (dimM � 2), ª®£¤ 

L
X
�i
jk =  j�

i
k +  k�

i
j + 2'jkA

i; L
X
Ai = �Ai;

r(k'ij) = 0;  i = 'isA
s � 1

4
ri�;

£¤¥ �,  i, 'ij | ¯®«ï â¥­§®à®¢ ­  M .

�¥®à¥¬  6. �«ï â®£® çâ®¡ë ¢¥ªâ®à­®¥ ¯®«¥ X ­  ¬­®£®®¡à §¨¨ M ¡ë«® âà ¥ªâ®à­®© á¨¬-

¬¥âà¨¥© �� (M;f) â¨¯  B2 ¯à¨ dimM � 3, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

L
X
�i
jk =  j�

i
k +  k�

i
j + 'jB

i
k + 'kB

i
j ; L

X
Bi

j = �Bi
j ;

r(j'i) = 0;  i = 'sB
s
i �

1
2
ri�;

£¤¥ � | äã­ªæ¨ï, 'i ¨  i | ª®¢¥ªâ®àë ­  M .

�¥®à¥¬  7. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¨­ä¨­¨â¥§¨¬ «ì­®© á¨¬¬¥âà¨¨ X ��

(M;f) â¨¯  B2 ¢ ¯à¥¤¯®«®¦¥­¨¨ ª®á®á¨¬¬¥âà¨ç­®áâ¨ ¨ ­¥¢ëà®¦¤¥­­®áâ¨  ää¨­®à  f1 ¨ ¯à¨

dimM = 2 ¨¬¥îâ ¢¨¤, ãª § ­­ë© ¢ â¥®à¥¬¥ 6.

�¥ ¯à¨¢®¤ï §¤¥áì ¯®¤à®¡­ëå ¤®ª § â¥«ìáâ¢ \¨­ä¨­¨â¥§¨¬ «ì­ëå â¥®à¥¬", ®â¬¥â¨¬ ¤¢ 
®á­®¢­ëå ¬®¬¥­â . 1) �­ «®£¨ â¥®à¥¬ 4{7 ¤«ï ª®­¥ç­ëå á¨¬¬¥âà¨© á®¤¥à¦ âáï ¢ à¥§ã«ìâ â å
[9]{[12]: ¤«ï �� â¨¯  B1 | ¢ [9], ¤«ï �� â¨¯  A ¨ B2 (¯à¨ dimM � 3) | ¢ [10], ¤«ï �� â¨¯  B2

(¯à¨ dimM = 2) | ¢ [12]. 2) \�®­¥ç­ë¥"  ­ «®£¨ ¯à¨¢®¤ïâ ª \¨­ä¨­¨â¥§¨¬ «ì­ë¬" ªà¨â¥à¨ï¬
¢ à¥§ã«ìâ â¥ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤ , ãç áâ¢ãîé¥£® ¢ ®¡é¥¨§¢¥áâ­®¬ ®¯à¥¤¥«¥­¨¨ ¯à®¨§¢®¤­®©
�¨.

5. �®ç¥ç­®-âà ¥ªâ®à­ë¥ á¨¬¬¥âà¨¨

�ãáâì, ª ª ¨ ¯à¥¦¤¥ (á¬. [1]{[5]), �
�

�
(x; _x) | (áâ ­¤ àâ­ ï) á¢ï§­®áâì �� (M;f), § ¤ ­­ ï
¢ ¯à®áâà ­áâ¢¥ á®¡ëâ¨© M = M � R �� (M;f) (1 � �; �; 
 � n; x i = xi, xn = t, _x = dx=dt).
�á«®¢¨¥

L
X

�
�

�
 =  ��
�

 +  
�

�
� + _x� �
 (24)

®§­ ç ¥â, ª ª ¨§¢¥áâ­® [4], çâ® X | (¯à®¥ªâ¨¢­ ï, â®ç¥ç­ ï) ª¢ §¨á¨¬¬¥âà¨ï ¯®â®ª  (M;f).
�®£« á­® ä®à¬ã« ¬ (6) ¨§ [3]

�
i

jk(x; _x) = �i
jk(x); �

i

jn(x; _x) = � 1
2
Bi

j(x);

�
i

nn(x; _x) = �Ai(x); �
n

��(x; _x) = 0:
(25)

�ãáâì X = X i(x; t)@=@xi + Xn(x; t)@=@t | à §«®¦¥­¨¥ ¢¥ªâ®à  X ¯® ª®®à¤¨­ â­®¬ã ¡ §¨áã.
�¥à¢®¥ á« £ ¥¬®¥ X = X(x; t) = X i@=@xi ï¢«ï¥âáï ¢¥ªâ®à­ë¬ ¯®«¥¬,   ¢â®à®¥ | Xn(x; t)-äã­ª-
æ¨¥© ­  ¬­®£®®¡à §¨¨M (§ ¢¨áïé¨¬¨ ®â ¯ à ¬¥âà  | \¢à¥¬¥­¨" t). � ãç¥â®¬ (25) ãá«®¢¨¥ (24)
à á¯ ¤ ¥âáï ­  á«¥¤ãîé¨¥:

@jkX
i +Xs@s�

i
jk + (@jX

s)�i
sk + (@kX

s)�i
js � (@sX

i)�s
jk =

= 1
2
(@kX

n)Bi
j +

1
2
(@jX

n)Bi
k +  j�

i
k +  k�

i
j ; (26)

@jnX
i � 1

2
Xs@sB

i
j �

1
2
(@jX

s)Bi
s � (@jX

n)Ai +

+ (@nX
s)�i

js �
1
2
(@nX

n)Bi
j +

1
2
(@sX

i)Bs
j =  n�

i
j ; (27)
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@nnX
i �Xs@sA

i � 2@nX
nAi � @nX

sBi
s + (@sX

i)As = 0; (28)

@jkX
n + @sX

n�s
jk = 0; (29)

@jnX
n + 1

2
(@sX

n)Bs
j =  j ; (30)

@nnX
n + (@sX

n)As = 2 n: (31)

�¯à¥¤¥«¥­¨¥ 5. �®ç¥ç­ãî ª¢ §¨á¨¬¬¥âà¨î X = X i(xj ; t)@i+Xn(x; t)@t �� (M;f) ­ §®¢¥¬
â®ç¥ç­®-âà ¥ªâ®à­®©, ¥á«¨ ®­  ¯à®¥ªâ¨àã¥¬  ­  ¡ §ã âà¨¢¨ «ì­®£® à áá«®¥­¨ï (M;Pr;M), â. ¥.
¥á«¨ X i ­¥ § ¢¨áïâ ®â t: X i = X i(xj). �®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¥© ¡ã¤¥¬ ­ §ë¢ âì
¯à¨ íâ®¬ ¨ ¢¥ªâ®à­®¥ ¯®«¥ X = X i@i | ¯à®¥ªæ¨î ¯®«ï X .

�â® ®¯à¥¤¥«¥­¨¥ \®¯à ¢¤ë¢ ¥âáï" á«¥¤ãîé¨¬ ®ç¥¢¨¤­ë¬ ¯à¥¤«®¦¥­¨¥¬.

�à¥¤«®¦¥­¨¥ 3. �à®¥ªæ¨ï â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¨ X = X + Xn@t ��

(M;f), â. ¥. ¢¥ªâ®à­®¥ ¯®«¥ X ­  M , ï¢«ï¥âáï âà ¥ªâ®à­®© á¨¬¬¥âà¨¥© íâ®£® ¯®â®ª .

�á«®¢¨ï (26){(31) ¤«ï â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¨ �� (M;f) ¯à¨¢®¤ïâáï á®®â-

¢¥âáâ¢¥­­® ª ¢¨¤ã

L
X
�i
jk =  j�

i
k +  k�

i
j +

1
2
(@kX

n)Bi
j +

1
2
(@jX

n)Bi
k; (32)

L
X
Bi

j = �2 n�
i
j � (@nX

n)Bi
j � 2(@jX

n)Ai; (33)

L
X
Ai = �2(@nXn)Ai; (34)

rk(@jX
n) = 0; (35)

@jnX
n + 1

2
(@sX

n)Bs
j =  j ; (36)

@nnX
n + (@sX

n)As = 2 n: (37)

�¥¬¬  2. �«ï �� (M;f) ª ¦¤®£® ¨§ â¨¯®¢ A, B1 ¨ B2 ¢¥«¨ç¨­ë  n, @nX
n,  i ¨ @iX

n ­¥

§ ¢¨áïâ ®â ¯ à ¬¥âà  t ¨, á«¥¤®¢ â¥«ì­®,  n ¨ @nX
n | äã­ªæ¨¨,    i ¨ @iX

n | ª®¢¥ªâ®à­ë¥

¯®«ï ­  M .

�®ª § â¥«ìáâ¢®. � á«ãç ¥ �� â¨¯  A ¨§ (33) ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¯®«ãç ¥¬

L
X
B ^ f1 ^ f0 = �2 n� ^ f1 ^ f0;

L
X
B ^ � ^ f0 = (�@nXn)f1 ^ � ^ f0; (38)

L
X
B ^ � ^ f1 = �2(@jX

n�j)f0 ^ � ^ f1;

£¤¥ L
X
B = (L

X
Bi

j�
j)@i, f1 = Bi

j�
j@i, f0 = Ai@i (� = dx=dt).

�§ (38) á«¥¤ã¥â ­¥§ ¢¨á¨¬®áâì ®â t ¢¥«¨ç¨­  n, @nX
n ¨ @jXn. � ãç¥â®¬ íâ®£® à ¢¥­áâ¢® (36)

§ ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

�á«¨ f | �� â¨¯  B1, â. ¥. � ^ f0 6= 0,   f1 � 0, â® âà¥¡ã¥¬ ï ­¥§ ¢¨á¨¬®áâì á«¥¤ã¥â ¨§ (34)
(¤«ï @nXn), (32) (¤«ï  i) ¨ (33) (¤«ï  n ¨ @jX

n). � á«ãç ¥ �� â¨¯  B2 ¨áª®¬ ï ­¥§ ¢¨á¨¬®áâì
¤«ï  j ¨ @jX

n ®¡¥á¯¥ç¨¢ ¥âáï ãà ¢­¥­¨¥¬ (32),   ¤«ï  n ¨ @nXn | ãà ¢­¥­¨¥¬ (33).

�®á«¥ ¢¢¥¤¥­¨ï ®¡®§­ ç¥­¨© e i = � i, e�0 = �2 n, e� = �@nX
n, e'i = � 1

2
@iX

n ãà ¢­¥­¨ï
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(32){(37) ¯¥à¥¯¨èãâáï á«¥¤ãîé¨¬ ®¡à §®¬:

�L
X
�i
jk = e j�

i
k + e k�

i
j + e'jB

i
k + e'kB

i
j ; (39)

L
X
Bi

j = e�0�ij + e�Bi
j + 4 e'jA

i; (40)

L
X
Ai = 2e�Ai; (41)

rk e'j � r(k e'j) = 0; (42)e i = e'sB
s
i ; (43)e'sA

s = e�0=2: (44)

�âáî¤  ã¦¥ ®â­®á¨â¥«ì­® «¥£ª® ¯®«ãç îâáï á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  8. �¥ªâ®à­®¥ ¯®«¥ X = X i(xj)@i + Xn(xj ; t)@t ­  ¬­®£®®¡à §¨¨ M = M � R â®-

£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¥© �� (M;f) â¨¯  A ¯à¨

dimM � 3, ª®£¤  Xn = �e�t� 2 e'(xj), £¤¥ e� = �@nX
n = const, ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (39){(44), ¢

ª®â®àëå e�0 | ­¥ª®â®à ï äã­ªæ¨ï, e i | ª®¢¥ªâ®à­®¥ ¯®«¥ ­  M ,   e'i = � 1
2
@iX

n = @ e'=@xi.
�¥®à¥¬  9. �«ï â®£® çâ®¡ë ¢¥ªâ®à­®¥ ¯®«¥ X = X i(xj)@i + Xn(xj ; t)@t ­  M = M � R

¡ë«® â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¥© �� (M;f) â¨¯  B1 ¯à¨ dimM � 2, ­¥®¡å®¤¨¬®
¨ ¤®áâ â®ç­®, çâ®¡ë Xn = �e�t� 2 e' ¯à¨ e� = const ¨ e' = const, L

X
�i
jk = 0, L

X
Ai = 2e�Ai.

�«¥¤áâ¢¨¥. �áïª ï â®ç¥ç­®-âà ¥ªâ®à­ ï ª¢ §¨á¨¬¬¥âà¨ï �� â¨¯  B1 ï¢«ï¥âáï 1) á®¡áâ¢¥­-
­®©, â. ¥. á®åà ­ï¥â �ä ää®¢® ãà ¢­¥­¨¥ dt = 0 (á¬. [3]); 2)  ää¨­­®© á¨¬¬¥âà¨¥© á¢ï§­®áâ¨
�i
jk.

�¥®à¥¬  10. �¥ªâ®à­®¥ ¯®«¥ X = X + Xn(x; t)@t ­  M = M � R ¢ â®¬ ¨ â®«ìª® â®¬

á«ãç ¥ ï¢«ï¥âáï â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¥© �� (M;f) â¨¯  B2 ¯à¨ dimM � 2,
¥á«¨ Xn = �e�t � 2 e'(xj) ¯à¨ e� = const ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (39), (40), (42) ¨ (43), ¢ ª®â®àëåe�0 � 0, e i | ­¥ª®â®à®¥ ª®¢¥ªâ®à­®¥ ¯®«¥ ­  M ,   e'i = @ e'=@xi.

�àï¬®¥ á®¯®áâ ¢«¥­¨¥ â¥®à¥¬ 8{10 á â¥®à¥¬ ¬¨ 3{7 á®®â¢¥âáâ¢¥­­® ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬
à¥§ã«ìâ â ¬.

�¥®à¥¬  11. �à ¥ªâ®à­ ï á¨¬¬¥âà¨ï X = X i(xj)@i �� (M;f) â¨¯  A ¯à¨ dimM � 3 â®-
£¤  ¨ â®«ìª® â®£¤  ¤®¯®«­ï¥âáï ¤® â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¨ X = X+Xn(xj ; t)@t
íâ®£® ¯®â®ª , ª®£¤  ¢å®¤ïé¨¥ ¢ â¥®à¥¬ã 4 ¢¥«¨ç¨­ë � ¨ 'i ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ � = const,
  ä®à¬  ! = 'idx

i â®ç­ ï, â. ¥. ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «®¬ ­¥ª®â®à®© äã­ªæ¨¨ ' ­  M
(! = d'). �à¨ íâ®¬ Xn = ��t� 2'.

�¥®à¥¬  12. �à ¥ªâ®à­ ï á¨¬¬¥âà¨ï X = X i(xj)@i �� (M;f) â¨¯  B1 ¯à¨ dimM � 2
¤®¯®«­ï¥âáï ¤® â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¨ X = X+Xn(x; t)@t íâ®£® ¯®â®ª , ¥á«¨
¨ â®«ìª® ¥á«¨ ¢¥«¨ç¨­ë ¨§ â¥®à¥¬ë 5 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬  i � 0, 'ij � 0, � = const. �à¨
íâ®¬ Xn = ��

2
t� 2', £¤¥ ' = const.

�¥®à¥¬  13. �à ¥ªâ®à­ ï á¨¬¬¥âà¨ï X = X i(xj)@i �� (M;f) â¨¯  B2 ¯à¨ dimM � 3,   ¢
á«ãç ¥ ª®á®á¨¬¬¥âà¨ç­®áâ¨ ¨ ­¥¢ëà®¦¤¥­­®áâ¨  ää¨­®à­®£® ¯®«ï Bi

j ¨ ¯à¨ dimM = 2, ¢ â®¬
¨ â®«ìª® â®¬ á«ãç ¥ á¢®¤¨âáï ª â®ç¥ç­®-âà ¥ªâ®à­®© ª¢ §¨á¨¬¬¥âà¨¨ X = X + Xn(x; t)@t
íâ®£® ¯®â®ª , ª®£¤  ¢¥«¨ç¨­ë ¨§ â¥®à¥¬ë 6 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ � = const, ! = 'idx

i =
d', £¤¥ ' | ­¥ª®â®à ï äã­ªæ¨ï ­  M . �à¨ íâ®¬ Xn = ��

2
t� 2'.
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6. �« áá¨ä¨ª æ¨ï ¤¢ã¬¥à­ëå �� â¨¯  B1 ¯® ¨å â®ç¥ç­®-âà ¥ªâ®à­®©

¯®¤¢¨¦­®áâ¨

� §¨àãïáì ­  ª« áá¨ä¨ª æ¨¨ �.�¨  «£¥¡à ¢¥ªâ®à­ëå ¯®«¥© ­  ¯«®áª®áâ¨, �¦.�¨¢ ©­ [13]
ª« áá¨ä¨æ¨à®¢ « ¤¢ã¬¥à­ë¥  ää¨­­ë¥ á¢ï§­®áâ¨ �i

jk ¯® ¨å  ää¨­­®© ¯®¤¢¨¦­®áâ¨, â. ¥. ¯®
¤®¯ãáª ¥¬ë¬ ¨¬¨ ¯®«­ë¬ (¬ ªá¨¬ «ì­®© à §¬¥à­®áâ¨)  «£¥¡à ¬  ää¨­­ëå ª®««¨­¥ æ¨©.

�®ª § ­­ ï ¢ëè¥ â¥®à¥¬  9 ¯®§¢®«ï¥â á ¯®¬®éìî à¥§ã«ìâ â®¢ [13] ª« áá¨ä¨æ¨à®¢ âì ¤¢ã-
¬¥à­ë¥ �� â¨¯  B1 ¯® ¨å â®ç¥ç­®-âà ¥ªâ®à­®© ¯®¤¢¨¦­®áâ¨.

�¥®à¥¬  14. �¢ã¬¥à­ë¥ �� (M;f) â¨¯  B1 ¬®£ãâ ¤®¯ãáª âì á«¥¤ãîé¨¥ è¥áâì ¯®«­ëå

 «£¥¡à â®ç¥ç­®-âà ¥ªâ®à­ëå á¨¬¬¥âà¨©:
1: X0 = (0; 0; 1), X1 = (1; 0;��1

2
t);

2: X0 = (0; 0; 1), X1 = (1; 0;��1
2
t), X2 = (0; 1;��2

2
t);

3: X0 = (0; 0; 1), X1 = (1; 0; 0), X2 = (x; y;��2
2
t);

4:

(
X0 = (0; 0; 1); X1 = (1; 0;��1

2
t); X2 = (0; 1; 0);

X3 = (0; y; t=2); X4 = (0; ex; 0);
5: X0 = (0; 0; 1), X1 = (1; 0; 0), X2 = (2x; y; 0), X3 = (x2; xy; 0),

6:

(
X0 = (0; 0; 1); X1 = (1; 0;��1

2
t); X2 = (0; y;� t

2
);

X3 = (0; eax cos x; 0); X4 = (0; eax sinx; 0):
�à¨ íâ®¬ �� (M;f) â®£¤  ¨ â®«ìª® â®£¤  ¤®¯ãáª ¥â ®¤­ã ¨§  «£¥¡à, § ¤ ­­ëå ¢ëè¥ ¯®¤

­¥ª®â®àë¬ ­®¬¥à®¬ ­ ¡®à®¬ á¢®¨å £¥­¥à â®à®¢, ª®£¤  ª®íää¨æ¨¥­âë �i
jk(x; y) á¢ï§­®áâ¨ ��

(M;f) ¨ ª®¬¯®­¥­âë Ai(x; y) ¢¥ªâ®à­®£® ¯®«ï f0 ¨¬¥îâ ãª § ­­ë© ­¨¦¥ ¯®¤ â¥¬ ¦¥ ­®¬¥à®¬

¢¨¤

1: a) �i
jk = �i

jk(y) (¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨);

¡) Ai = �e�1x+v
i(y) ¨«¨ A1 � 0, A2 = �e�1x+v(y), ¨«¨ A1 = �e�1x+v(y), A2 � 0;

2: a) �i
jk = aijk (¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥);

¡) ¯à¨ �21 + �22 6= 0 : Ai = �e�1x+�2y+ki ¨«¨ A1 � 0, A2 = �e�1x+�2y+k, ¨«¨ A1 = �e�1x+�2y+k,
A2 � 0; ¯à¨ �1 = �2 = 0 Ai = const,

3: a) �i
jk =

1
y
aijk (a

i
jk = const);

¡) Ai = Kijyj
1+�2 ¨«¨ A1 � 0, A2 = Kjyj1+�2 , ¨«¨ A1 = Kjyj1+�2 , A2 � 0,

4: a) �111 =
1
3
+ 2a, �112 = �122 = �211 � 0, �212 = � 1

3
+ a, �222 � 0 (a 6= � 2

3
; 1

3
);

¡) A1 � 0, A2 = �e�1x+k,
5: a) �111 =

2b
y2
, �112 = � 1

y
, �122 � 0, �211 =

a

y3
, �212 =

b

y2
, �222 = �2=y;

¡) A1 = K1y
2, A2 = K2y ¨«¨ A1 � 0, A2 = Ky;

6: a) �111 =
2
3
a+ 2b, �112 = �122 = �222 � 0, �211 = (1 + a2)y, �212 = � 2

3
a+ b;

¡) A1 � 0, A2 = �e�1x+k.

�®ª § â¥«ìáâ¢®. �®®â¢¥âáâ¢¨¥ Pr
�
: X = X + Xn@n ! X = X i(xj)@i ï¢«ï¥âáï £®¬®¬®à-

ä¨§¬®¬  «£¥¡à �¨ â®ç¥ç­®-âà ¥ªâ®à­ëå á¨¬¬¥âà¨© �� (M;f) (¤¥©áâ¢ãîé¥© ­  M = M � R
 «£¥¡àë L ¢ ¤¥©áâ¢ãîéãî ­  M  «£¥¡àã L). �®£« á­® â¥®à¥¬¥ 9

1) ï¤à® kerPr
�
íâ®£® £®¬®¬®àä¨§¬  | ®¤­®¬¥à­ ï  «£¥¡à  á ®¡à §ãîé¥© X0 = (0; 0; 1);

2)  «£¥¡à  L ¨, à ¢­ë¬ ®¡à §®¬, L ï¢«ïîâáï ¯®«­ë¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  L| ¯®«-
­ ï  «£¥¡à   ää¨­­ëå ¤¢¨¦¥­¨© (ª®««¨­¥ æ¨©) ¯à®áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨ (M;�i

jk).
�« áá¨ä¨ª æ¨ï ¦¥ ¯®á«¥¤­¨å, ª ª ã¦¥ £®¢®à¨«®áì, ¤ ­  ¢ [13]. �áâ ¢è ïáï ç áâì ¤®ª § â¥«ì-
áâ¢  § ª«îç ¥âáï ¢ â®¬, çâ®¡ë ª ¦¤ãî ¨§ 12  «£¥¡à ª« áá¨ä¨ª æ¨¨ �¦.�¨¢ ©­  [13] \¯à®¯ã-
áâ¨âì ç¥à¥§ à¥è¥â®" ãá«®¢¨© â¥®à¥¬ë 9. �«ï ¯à¨¬¥à  à áá¬®âà¨¬ áà §ã ¤¢¥  «£¥¡àë ¨§ [13],
ª®â®àë¥ \®âá¥¨¢ îâáï" (¨ ¯®íâ®¬ã ®âáãâáâ¢ãîâ ¢ ¯à¨¢¥¤¥­­®¬ ¢ëè¥ á¯¨áª¥). �â®  «£¥¡àë L"

(" = �1) á ®¡à §ãîé¨¬¨ X"
1 = (1 + "x2; "xy), X"

2 = ("xy; 1 + "y2), X"
3 = (y;�x), ª®â®àë¥ ¯®

â¥®à¥¬¥ 9 ¤®«¦­ë ã¤®¢«¥â¢®àïâì ãá«®¢¨î

L
X
Ai = �Ai
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¯à¨ � = const ¨ ­¥ ®¡à é îé¥¬áï ¢ ­ã«ì ¢¥ªâ®à­®¬ ¯®«¥ f0 = A = Ai@i. �®£¤  ¯®«ãç ¥¬

(1 + "x2)@1A1 + "xy@2A
1 � 2"xA1 = �1A

1;

(1 + "x2)@1A2 + "xy@2A
2 � "yA1 � "xA2 = �1A

2;

"xy@1A
1 + (1 + "y2)@2A1 � "yA1 � "xA2 = �2A

1;

"xy@1A
2 + (1 + "y2)@2A

2 � 2"yA2 = �2A
2;

y@1A
1 � x@2A

1 �A2 = �3A
1;

y@1A
2 � x@2A

2 +A1 = �3A
2:

(45)

� ¢¥­áâ¢  (45) á®áâ ¢«ïîâ ®¤­®à®¤­ãî á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®á¨-
â¥«ì­® è¥áâ¨ ­¥¨§¢¥áâ­ëå: @1A1, @2A1, A1, @1A2, @2A2 ¨ A2 (¢ ª ¦¤®© ä¨ªá¨à®¢ ­­®© â®çª¥
(x; y)), ¤®¯ãáª îéãî ­¥­ã«¥¢®¥ à¥è¥­¨¥. �«¥¤®¢ â¥«ì­®, áâà®ª¨ ¬ âà¨æë0BBBBBBBBBBBBBBB@

1 + "x2 "xy ��1 � 2"x
... 0 0 0

"xy 1 + "y2 ��2 � "y
... 0 0 �"x

y �x ��3
... 0 0 �1

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 �"y
... 1 + "x2 "xy ��1 � "x

0 0 0
... "xy 1 + "y2 ��2 � 2"y

0 0 1
... y �x ��3

1CCCCCCCCCCCCCCCA
«¨­¥©­® § ¢¨á¨¬ë (á ª®íää¨æ¨¥­â ¬¨ u, v, w, �, � ¨ � | äã­ªæ¨ï¬¨ ®â x ¨ y):

uy + v"xy + w(1 + "x2) = 0;

�ux+ v(1 + "y2) + w"xy = 0;

�u�3 � v(�2 + "y)� w(�1 + 2"x) + � � 1� �"y = 0;

�y + �"xy + �(1 + "x2) = 0;

��x+ �(1 + "y2) + �"xy = 0;

���3 � �(�2 + 2"y)� �(�1 + "x)� u � 1� v"x = 0:

(46)

�®§¬®¦­ë ¤¢  á«ãç ï:  ) u = v = w = 0 ¨ ¡) u 6= 0, v 6= 0, w 6= 0.
� á«ãç ¥  ) ­¥®¡å®¤¨¬® � = � = � = 0, çâ® ­¥¢®§¬®¦­®. � á«ãç ¥ ¡) � = �u, � = �v, � = �w

¯à¨ ­¥ª®â®à®© äã­ªæ¨¨ � = �(x; y). �®íâ®¬ã ¨§ 1-£® ¨ 2-£®, 4-£® ¨ 5-£® ãà ¢­¥­¨© (46) ¯®«ãç ¥¬

�

�
=
u

w
=
�(1 + "x2 + "y2)
y(1 + "x2 + "y2)

= �
1
y
;

�

�
=
v

w
=
�x(1 + "x2 + "y2)
y(1 + "x2 + "y2)

= �
x

y
:

� «¥¥, ¨§ 3-£® ¨ 6-£® ãà ¢­¥­¨© (46) á«¥¤ã¥â

1
�

1
y
�3 +

1
�

x

y
(�2 + "y)�

1
�
(�1 + 2"x) �

1
y
� "y = 0;

1
y
�3 +

x

y
(�2 + 2"y)� (�1 + "x) +

1
�

1
y
+
1
�

x

y
"x = 0:

�âªã¤  ¯®«ãç ¥¬

1
�
=

1 + "y2

�2 + �3 + ("+ �1)y + 2"xy
=
�1y � �2x� �3 � "xy

1 + "x2
:
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�®á«¥¤­¥¥ ¢«¥ç¥â

�1 = �2 = 0; 1 + "x2 + "y2 + x2y2 = (�3 + "y + 2"xy)(��3 � "xy);

çâ® ­¥¢®§¬®¦­®. � ª¨¬ ®¡à §®¬, à áá¬®âà¥­­ë¥  «£¥¡àë ­¥ ¬®£ãâ á«ã¦¨âì  «£¥¡à ¬¨ â®ç¥ç­®-
âà ¥ªâ®à­ëå á¨¬¬¥âà¨© ª ª®£®-«¨¡® 2-¬¥à­®£® �� â¨¯  B1. �­ «®£¨ç­® \®âá¥¨¢ îâáï" ¥é¥
ç¥âëà¥  «£¥¡àë ã¯®¬ï­ãâ®© ª« áá¨ä¨ª æ¨¨ �¦.�¨¢ ©­  ¨§ [13].

�áâ ¥âáï § ¬¥â¨âì, çâ® ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ Ai = Ai(x; y) ¢¥ªâ®à­®£® ¯®«ï f0 = Ai@i
¤«ï ª ¦¤®© ¨§ è¥áâ¨  «£¥¡à â¥®à¥¬ë 14 ­ å®¤ïâáï ¨§ ãà ¢­¥­¨ï L

X
Ai = 2e�Ai. � ¯à¨¬¥à, ¤«ï

 «£¥¡àë á ­®¬¥à®¬ 1 X = (1; 0) (2e� = �1), ¨ ãà ¢­¥­¨¥ ¯à¨­¨¬ ¥â ¢¨¤ @1Ai = �1A
i; ¥£® ®¡é¥¥

à¥è¥­¨¥ ¯à¨¢¥¤¥­® ¢ â¥®à¥¬¥ 14, 1.¡).
� § ª«îç¥­¨¥ ­¥®¡å®¤¨¬® ¥é¥ à § ®áâ ­®¢¨âìáï ­  à®«¨ £¥®¤¥§¨ç¥áª®£® (¯ã«ì¢¥à¨§ æ¨®­­®-

£®) ¬®¤¥«¨à®¢ ­¨ï ¨ ­  á¢ï§¨ ¯®«ãç¥­­ëå á ¥£® ¯®¬®éìî à¥§ã«ìâ â®¢ á à¥§ã«ìâ â ¬¨ ¤àã£¨å
 ¢â®à®¢.

� [14] �.� àâ ­ ¢¢¥« ¯®­ïâ¨¥ ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨ ¨ ¯®ª § «, çâ® ¥£® £¥®-
¤¥§¨ç¥áª¨¥ «¨­¨¨ «®ª «ì­® ¬®¦­® à áá¬ âà¨¢ âì ª ª ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ á¯¥æ¨ «ì­®£® ��,
¯®«¨­®¬¨ «ì­®£® 3-© áâ¥¯¥­¨, ®â­®á¨â¥«ì­® ¯¥à¢ëå ¯à®¨§¢®¤­ëå. � àâ ­ ¯®áâ ¢¨« § ¤ çã â ª
®¡®¡é¨âì â¥®à¨î, çâ®¡ë ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ «î¡®£® �� ¬®¦­® ¡ë«® à áá¬ âà¨¢ âì ª ª £¥®-
¤¥§¨ç¥áª¨¥.

�®§¤­¥¥ �.�.� ¯¨à® à á¯à®áâà ­¨« à¥§ã«ìâ âë �.� àâ ­  ¯® ¬®¤¥«¨à®¢ ­¨î ¨­â¥£à «ì-
­ëå ªà¨¢ëå �� £¥®¤¥§¨ç¥áª¨¬¨ «¨­¨ï¬¨ ­  á«ãç © ¯à®áâà ­áâ¢ á  ää¨­­®© á¢ï§­®áâìî [15].
� à¥§ã«ìâ â¥ ¨¬ ¡ë«  á®§¤ ­  â¥®à¨ï ¯à®¥ªâ¨¢­ëå, ¨«¨ ¢ª«îç ¥¬ëå (¨­ ç¥ £®¢®àï, ¬®¤¥«¨àã-
¥¬ëå £¥®¤¥§¨ç¥áª¨¬¨ «¨­¨ï¬¨  ää¨­­®© á¢ï§­®áâ¨) á¨áâ¥¬ âà ¥ªâ®à¨© ¨ ¯ãâ¥©,   â ª¦¥ â¥á­®
á ­¥© á¢ï§ ­­ ï â¥®à¨ï à¨¬ ­®¢ëå ¨  ää¨­­®á¢ï§­ëå ¯à®áâà ­áâ¢ á £¥®¤¥§¨ç¥áª¨¬ ¨ â®àá®-
®¡à §ãîé¨¬ ¯®«¥¬ ¬­®£®¬¥à­ëå ­ ¯à ¢«¥­¨©. � ¤ «ì­¥©è¥¬ ¢ àï¤¥ à ¡®â �.�.� ¯¨à® ¨ ¥£®
ãç¥­¨ª®¢ íâ  â¥®à¨ï âà ¥ªâ®à­ëå ¬®àä¨§¬®¢ � àâ ­ {� ¯¨à® ¡ë«  à áè¨à¥­  ¤® â¥®à¨¨ ª®-
­¥ç­ëå âà ¥ªâ®à­ëå (£®¬®)¬®àä¨§¬®¢ ¯®«¨­®¬¨ «ì­ëå ¯® \áª®à®áâ¨" �� (á¬., ¢ ç áâ­®áâ¨,
[9]{[12]). � ª®­¥æ, ¯ã«ì¢¥à¨§ æ¨®­­®¥ ¬®¤¥«¨à®¢ ­¨¥ [1]{[5] ¯®§¢®«¨«® [16] ¤ âì ¯®«­®¥ à¥è¥­¨¥
¯à®¡«¥¬ë £¥®¤¥§¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï � àâ ­ {� ¯¨à®.
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