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1. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï

� à ¡®â¥ ¯®«ãç¥ë ãá«®¢¨ï, ¯à¨ ª®â®àëå à¥è¥¨¥ x § ¤ ç¨

(t� a)�1(b� t)�2 �x(t) = (Tx)(t) + f(t); t 2 [a; b];

x(a) = 0; x(b) = 0;

áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥® ¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

x(t) < 0 ¯à¨ ¢á¥å t 2 (a; b) (1)

¯à¨ ª ¦¤®© ¯®çâ¨ ¢áî¤ã (¯. ¢.) ¥®âà¨æ â¥«ì®© f 2 L[a; b], f 6� 0.
� ¡®â  [1] ¡ë«  ¯®á¢ïé¥  ¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬ ¤«ï ¢ë¯®«¥¨ï ¥à ¢¥áâ¢  (1). �¤¥áì

à¥§ã«ìâ âë [1] ¤®¯®«ïîâáï ®¡é¨¬ ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¨ íää¥ªâ¨¢ë¬¨ ª®íää¨æ¨¥âë¬¨
¯à¨§ ª ¬¨. �á¯®«ì§ã¥âáï â¥à¬¨®«®£¨ï ¨ ®¡®§ ç¥¨ï ¨§ [1].

� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

(Lx)(t) def= �(t)�x(t)� (Tx)(t) = f(t); t 2 [a; b];

x(a) = �; x(b) = �;
(2)

£¤¥ �(t) = (t � a)�1(b � t)�2 , �1; �2 2 [0; 1]; f ¯à¨ ¤«¥¦¨â ¡  å®¢ã ¯à®áâà áâ¢ã L[a; b] áã¬-
¬¨àã¥¬ëå   [a; b] ¢¥é¥áâ¢¥ëå äãªæ¨©; T | «¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à ¨§ ¡  å®¢ 
¯à®áâà áâ¢  ¥¯à¥àë¢ëå ¢¥é¥áâ¢¥ëå äãªæ¨© C[a; b] ¢ L[a; b]. �á«¨ å®âï ¡ë ®¤® ¨§ ç¨á¥«
�1, �2 ®â«¨ç® ®â ã«ï, â® ãà ¢¥¨¥ Lx = f  §ë¢ ¥âáï á¨£ã«ïàë¬ [2], [3].

�ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ (2) ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ D äãªæ¨©, ®¯à¥¤¥«¥®¬ ¢ [1].
�â¬¥â¨¬, çâ® ¢ ¯à®áâà áâ¢¥ D § ¤ ç 

(L0x)(t)
def= �(t)�x(t) = f(t); t 2 [a; b];

x(a) = �; x(b) = �;

¯à¨ «î¡ëå f 2 L[a; b], �; � 2 R1 ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

x(t) = (G0f)(t) + �
t� a

b� a
+ �

b� t

b� a
; t 2 [a; b];

£¤¥ G0 : L[a; b]! C[a; b] | «¨¥©ë© ¨â¥£à «ìë© ®¯¥à â®à

(G0f)(t) =
Z b

a

G0(t; s)f(s) ds; t 2 [a; b];

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(£à â ò01-01-00511) ¨ ¯à®£à ¬¬ë \�¨¢¥àá¨â¥âë �®áá¨¨" (��.04.01.001).
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ï¢ë© ¢¨¤ ª®â®à®£® ¯à¨¢¥¤¥ ¢ [1].
�á«¨ ¯à¨ ¢á¥å f 2 L[a; b], �; � 2 R1 § ¤ ç  (2) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D, â®

®¯¥à â®à G, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© äãªæ¨¨ f 2 L[a; b] à¥è¥¨¥ § ¤ ç¨ (2) ¯à¨ � = 0 ¨
� = 0,  §ë¢ ¥âáï ®¯¥à â®à®¬ �à¨  íâ®© § ¤ ç¨. � ª ¢áïª¨© «¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à
¨§ L[a; b] ¢ C[a; b], ®¯¥à â®à �à¨  G ¨¬¥¥â ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ [4]

(Gf)(t) =
Z b

a

G(t; s)f(s) ds; t 2 [a; b]:

�¤à® íâ®£® ¯à¥¤áâ ¢«¥¨ï | äãªæ¨ï G(t; s) |  §ë¢ ¥âáï äãªæ¨¥© �à¨  § ¤ ç¨ (2). � á«ã-
ç ¥ ®¤®§ ç®© à §à¥è¨¬®áâ¨ ¯à¨ ¢á¥å ¯à ¢ëå ç áâïå à¥è¥¨¥ § ¤ ç¨ (2) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

x = Gf + �xa + �xb;

£¤¥ G | ®¯¥à â®à �à¨ , xa ¨ xb | à¥è¥¨ï § ¤ ç

Lxa = 0; xa(a) = 1; xa(b) = 0; (3)

Lxb = 0; xb(a) = 0; xb(b) = 1: (4)

�ã¤¥¬  §ë¢ âì ®¯¥à â®à �à¨  G : L[a; b] ! C[a; b] áâà®£®  â¨â®ë¬, ¥á«¨ ¢ë¯®«¥®
¥à ¢¥áâ¢® (Gf)(t) < 0 ¯à¨ ¢á¥å t 2 (a; b) ¤«ï ª ¦¤®© äãªæ¨¨ f 2 L[a; b], f(t) > 0 ¯à¨ ¯. ¢.
t 2 [a; b], f 6� 0. �â¬¥â¨¬, çâ® ®¯¥à â®à �à¨  G0 áâà®£®  â¨â®¥.

�®áâ â®çë¥ ãá«®¢¨ï áâà®£®©  â¨â®®áâ¨ ®¯¥à â®à  �à¨  ¯®«ãç¥ë,  ¯à¨¬¥à, ¢ à ¡®â å
[5]{[7]. � ¤ ®© áâ âì¥, ¨á¯®«ì§ãï ¢ ®á®¢®¬ ¨¤¥¨ à ¡®âë [8], ãâ®çï¥¬ ¨ ®¡®¡é ¥¬ à¥§ã«ìâ âë
à ¡®â [8], [9] ®¡ ãá«®¢¨ïå áâà®£®©  â¨â®®áâ¨ ®¯¥à â®à  �à¨  ¥á¨£ã«ïà®© ªà ¥¢®© § ¤ -
ç¨. �¤¥áì ¡ã¤ãâ ¯®«ãç¥ë íää¥ªâ¨¢ë¥ ãá«®¢¨ï, £ à â¨àãîé¨¥ ®¤®§ çãî à §à¥è¨¬®áâì
á¨£ã«ïà®© § ¤ ç¨ (2) ¨ áâà®£ãî  â¨â®®áâì ¥¥ ®¯¥à â®à  �à¨ .

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® «¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à T : C[a; b] ! L[a; b] ¨§®â®¥.
� ª®© ®¯¥à â®à ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥ ¨â¥£à «  �â¨«ìâì¥á 

(Tx)(t) =
Z b

a

x(s) dsr(t; s);

£¤¥ äãªæ¨ï r(t; s) ¨§¬¥à¨¬  ¢ ª¢ ¤à â¥ [a; b]� [a; b];
bR
a

jr(t; s)j dt <1 ¯à¨ ¯. ¢. s 2 [a; b]; äãªæ¨¨

r(t; �) ¨¬¥îâ ®£à ¨ç¥®¥ ¨§¬¥¥¨¥   [a; b] ¯à¨ ª ¦¤®¬ t 2 [a; b];
bR
a

Var
s2[a;b]

r(t; s) dt <1, ¯à¨ç¥¬

¯à¨ ¢á¥å t 2 [a; b] äãªæ¨¨ r(t; �) ¥ ã¡ë¢ îâ   [a; b] ([10], á. 317).

2. �á®¢ë¥ à¥§ã«ìâ âë

�¥®à¥¬  1. �á«¨ ®¯¥à â®à B
def= G0 + G0TG0  â¨â®¥, â® § ¤ ç  (2) ®¤®§ ç® à §à¥-

è¨¬  ¨ ¥¥ ®¯¥à â®à �à¨  G áâà®£®  â¨â®¥, ¯à¨ç¥¬ G0 6 G 6 B.

�¥®à¥¬  2. �¯¥à â®à B  â¨â®¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë ¥à ¢¥áâ¢ Z b

a

s� a

�(s)
F (s) ds 6 b� a;

Z b

a

b� s

�(s)
G(s) ds 6 b� a;

£¤¥

F (s) def=
Z b

a

r(s; �) d� � (b� a)r(s; a+ 0); G(s) def= (b� a)r(s; b� 0)�
Z b

a

r(s; �) d�:
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� ¬¥ç ¨¥ 1. �á«¨ «¨¥©ë© ®¯¥à â®à T ®¯à¥¤¥«¥ à ¢¥áâ¢®¬

(Tx)(t) =
kX

i=1

pi(t)xhi
(t); t 2 [a; b]; (5)

£¤¥ pi 2 L[a; b], pi(t) > 0 ¯à¨ t 2 [a; b], i = 1; : : : ; k,

xhi
(t) def=

(
x(hi(t)); ¥á«¨ hi(t) 2 [a; b];

0; ¥á«¨ hi(t) =2 [a; b],

hi : [a; b]! R1, i = 1; : : : ; k, | ¨§¬¥à¨¬ë¥ äãªæ¨¨, â®

F (s) =
kX

i=1

epi(s)(b� hi(s)); G(s) =
kX

i=1

epi(s)(hi(s)� a);

£¤¥

epi(s) def=

(
pi(s); ¥á«¨ hi(s) 2 (a; b);

0; ¥á«¨ hi(s) =2 (a; b),
s 2 [a; b]; i = 1; : : : ; k:

�«¥¤áâ¢¨¥ 1. �á«¨ ®¯¥à â®à T : C[a; b]! L[a; b] ¨¬¥¥â ¢¨¤ (5), £¤¥ pi 2 L[a; b], pi(t) > 0 ¯à¨
t 2 [a; b], i = 1; : : : ; k, ¨

hi(t)� a 6M(t� a); b� hi(t) 6M(b� t); t 2 [a; b]; i = 1; : : : ; k;

¯à¨ â ª®© ¯®áâ®ï®© M > 1, çâ®Z b

a

(s� a)1��1(b� s)1��2
kX

i=1

pi(s) ds 6
b� a

M
;

â® § ¤ ç  (2) ®¤®§ ç® à §à¥è¨¬ , ¥¥ ®¯¥à â®à �à¨  G áâà®£®  â¨â®¥ ¨ G0 6 G 6 B.

�¥®à¥¬  3. �á«¨ ¢ë¯®«¥ë ¥à ¢¥áâ¢ Z b

a

s� a

�(s)
eF (s) ds 6 b� a;

Z b

a

b� s

�(s)
eG(s) ds 6 b� a;

£¤¥ eF (s) def=
Z b

a

r(s; �) d� � (b� a)r(s; a); eG(s) def= (b� a)r(s; b)�
Z b

a

r(s; �) d�;

â® à¥è¥¨ï § ¤ ç (3) ¨ (4) ¯®«®¦¨â¥«ìë ¢ ¨â¥à¢ «¥ (a; b).

� ¬¥ç ¨¥ 2. �§ â¥®à¥¬ 2 ¨ 3 á«¥¤ã¥â, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë 3 § ¤ ç  (2) ¨¬¥¥â ¥¤¨-
áâ¢¥®¥ à¥è¥¨¥ ¯à¨ ¢á¥å f 2 L[a; b], �; � 2 R1, ¨ á¯à ¢¥¤«¨¢  â¥®à¥¬  ® ¤¨ää¥à¥æ¨ «ì®¬
¥à ¢¥áâ¢¥: ¥á«¨ x; y 2 D, x 6= y ¨

(Lx)(t) 6 (Ly)(t) ¯à¨ ¯. ¢. t 2 [a; b];

x(a) > y(a); x(b) > y(b);

â®

x(t) > y(t) ¯à¨ t 2 (a; b):

�«¥¤áâ¢¨¥ 2. �á«¨ ®¯¥à â®à T : C[a; b]! L[a; b] ¨¬¥¥â ¢¨¤ (5), £¤¥ pi 2 L[a; b], pi(t) > 0 ¯à¨
t 2 [a; b], i = 1; : : : ; k, ¨ ¢ë¯®«¥ë ¥à ¢¥áâ¢ Z b

a

(s� a)1��1(b� s)��2
kX

i=1

bpi(s)(b� hi(s)) ds 6 b� a;

Z b

a

(s� a)��1(b� s)1��2
kX

i=1

bpi(s)(hi(s)� a) ds 6 b� a;
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£¤¥

bpi(s) def=

(
pi(s); ¥á«¨ hi(s) 2 [a; b];

0; ¥á«¨ hi(s) =2 [a; b],
s 2 [a; b]; i = 1; : : : ; k;

â® § ¤ ç  (2) ®¤®§ ç® à §à¥è¨¬ , ¥¥ ®¯¥à â®à �à¨  áâà®£®  â¨â®¥ ¨ à¥è¥¨ï § ¤ ç (3),
(4) ¯®«®¦¨â¥«ìë ¢ (a; b).

3. �®ª § â¥«ìáâ¢  ®á®¢ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à B : L[a; b]! C[a; b] ¨¬¥¥â

¯à¥¤áâ ¢«¥¨¥ (Bf)(t) =
bR
a

B(t; s)f(s) ds, t 2 [a; b], £¤¥

B(t; s) = G0(t; s) +
1

�(s)(b� a)

�
b� t

b� a

Z t

a

� � a

�(�)
K(s; �) d� +

+
t� a

b� a

Z b

t

b� �

�(�)
K(s; �) d�

�
; t; s 2 (a; b); (6)

K(s; �) =
Z b

s

r(�; �) d�(s� a) +
Z s

a

r(�; �) d�(s� b); s; � 2 (a; b):

�ãªæ¨ï B(t; s) ¥¯à¥àë¢  ¯à¨ t; s 2 (a; b). �¯¥à â®à B  â¨â®¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
B(t; s) 6 0 ¯à¨ ¢á¥å t; s 2 (a; b). � áá¬®âà¨¬ á«ãç © a < s 6 t < b. �®£¤  B(t; s) 6 0 ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ª®£¤ Z t

a

� � a

�(�)
K(s; �)
s� a

d� +
t� a

b� t

Z b

t

b� �

�(�)
K(s; �)
s� a

d� 6 b� a; t; s 2 (a; b):

�ãªæ¨ï K(s; �)=(s � a) ¥ ¢®§à áâ ¥â ¯® s ¯à¨ ª ¦¤®¬ � 2 [a; b], ¯à¨ç¥¬ lim
s!a+0

K(s;�)

s�a
= F (�).

� ª¨¬ ®¡à §®¬, B(t; s) 6 0 ¯à¨ a < s 6 t < b â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

H(t) def=
Z t

a

� � a

�(�)
F (�) d� +

t� a

b� t

Z b

t

b� �

�(�)
F (�) d� 6 b� a; t 2 (a; b):

�à®¬¥ â®£®, ¨§ ¯à¥¤ë¤ãé¥£® á«¥¤ã¥â, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë B(t; s) = 0 ¯à¨ ¥ª®â®à®¬ s 2 (a; t)
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

r(�; �) � r1(�) ¯à¨ � 2 (a; s) ¨ ¯à¨ ¯. ¢. � 2 [a; b]: (7)

�«¥¤®¢ â¥«ì®, ¢ íâ®¬ á«ãç ¥ B(t; �) = 0 ¯à¨ ¢á¥å � 2 (a; s].
�ãªæ¨ï H(t) ¥ ã¡ë¢ ¥â, ¯à¨ç¥¬ H(t) 6 b� a ¯à¨ ¢á¥å t 2 (a; b) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

bR
a

��a

�(�)
F (�) d� 6 b� a.

� «®£¨ç® § ª«îç ¥¬, çâ® B(t; s) 6 0 ¯à¨ ¢á¥å a < t 6 s < b â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
bR
a

b��

�(�)
G(�) d� 6 b� a. �à®¬¥ â®£®, ¢ ãá«®¢¨ïå â¥®à¥¬ë B(t; s) = 0 ¯à¨ ¥ª®â®à®¬ s 2 (t; b) ¢ â®¬

¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

r(�; �) � r2(�) ¯à¨ � 2 (s; b) ¯à¨ ¯. ¢. � 2 [a; b]: (8)

�«¥¤®¢ â¥«ì®, ¢ íâ®¬ á«ãç ¥ B(t; �) = 0 ¯à¨ ¢á¥å � 2 [s; b).

�áî¤ã ¨¦¥ ç¥à¥§ �(A) ®¡®§ ç ¥¬ á¯¥ªâà «ìë© à ¤¨ãá ª®¬¯«¥ªá®£® à áè¨à¥¨ï «¨¥©-
®£® ®¯¥à â®à  A, I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à.

�¥¬¬  1. �(TG0) = �(G0T ).
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�®ª § â¥«ìáâ¢®. �¤¥áì à áá¬ âà¨¢ ¥¬ ª®¬¯«¥ªáë¥ à áè¨à¥¨ï ®¯¥à â®à®¢ ¢ ª®¬¯«¥ªá¨-
ä¨ª æ¨ïå ¯à®áâà áâ¢ ([11], á. 477). �ãáâì � | ª®¬¯«¥ªá®¥ ç¨á«®, � 6= 0. � ¤ ç 

���x = Tx+ f; x(a) = 0; x(b) = 0; (9)

íª¢¨¢ «¥â  ãà ¢¥¨î

�x = G0Tx+G0f (10)

¢ ¯à®áâà áâ¢¥ C[a; b] ¨ ãà ¢¥¨î

�z = TG0z + f; (11)

£¤¥ z 2 L[a; b] á¢ï§  á x à ¢¥áâ¢®¬ x = G0z.
�á«¨ ®¯¥à â®à �I � G0T : C[a; b] ! C[a; b] ®¡à â¨¬, â® ãà ¢¥¨¥ (10), á«¥¤®¢ â¥«ì®, ¨

§ ¤ ç  (9) ¨¬¥îâ ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¯à¨ ¢á¥å f 2 L[a; b]. �®íâ®¬ã ¨ ãà ¢¥¨¥ (11) ¨¬¥¥â
¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¯à¨ ¢á¥å f 2 L[a; b]. � ª¨¬ ®¡à §®¬, ®¯¥à â®à �I � TG0 : L[a; b] ! L[a; b]
®¡à â¨¬.

�á«¨ ®¯¥à â®à �I � TG0 : L[a; b]! L[a; b] ®¡à â¨¬, â® (11),   á«¥¤®¢ â¥«ì®, (9) ¨ (10) ¨¬¥îâ
¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¯à¨ «î¡ëå f 2 L[a; b]. �¡à â¨¬®áâì ®¯¥à â®à  �I �G0T : C[a; b]! C[a; b]
¢ íâ®¬ á«ãç ¥ á«¥¤ã¥â ¨§ «¥¬¬ë 2 à ¡®âë [12]. �«ï ã¤®¡áâ¢  ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢®. �®«®¦¨¬

¢ (10) f � Tg, £¤¥ g 2 C[a; b], ¨ ®¯à¥¤¥«¨¬ y def= x+g. �®£¤  y | ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï
�y = G0Ty + �g ¯à¨ «î¡®© g 2 C[a; b]. � ª¨¬ ®¡à §®¬, ®¯¥à â®à �I � G0T ®¡à â¨¬, ¥ã«¥¢ë¥
â®çª¨ á¯¥ªâà®¢ ®¯¥à â®à®¢ TG0 ¨ G0T á®¢¯ ¤ îâ, ¯®íâ®¬ã á®¢¯ ¤ îâ ¨ á¯¥ªâà «ìë¥ à ¤¨ãáë
íâ¨å ®¯¥à â®à®¢.

�¥¬¬  2. �á«¨ B
def= G0 +G0TG0 6 0, â® �(TG0) = �(G0T ) < 1.

�â¬¥â¨¬, çâ® ¢ à ¡®â å [8], [9] ãá«®¢¨ï B 6 0 ¨ �(G0T ) < 1 à áá¬ âà¨¢ «¨áì ª ª ¥§ ¢¨á¨¬ë¥.

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ �
def= �(G0T ) = �(TG0). �§®â®ë© ®¯¥à â®à

K
def= � TG0 : L[a; b]! L[a; b]

á« ¡® ¢¯®«¥ ¥¯à¥àë¢¥ ([13], á. 135). � ª¨¬ ®¡à §®¬,K2 | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ([14],
c. 549). �§ ãâ¢¥à¦¤¥¨© ª¨£ ([14], VII.4.6) ¨ ([15], á. 401) á«¥¤ã¥â, çâ® � = �(K) | ¯®§¨â¨¢®¥
á®¡áâ¢¥®¥ ç¨á«® ®¯¥à â®à  K, â. ¥. áãé¥áâ¢ã¥â â ª ï äãªæ¨ï v 2 L[a; b], v(t) > 0 ¯à¨ ¯. ¢.
t 2 [a; b], v 6� 0, çâ® �v = Kv. �®£¤  Bv = G0(v + TG0v) = G0(v � Kv) = (1 � �)G0v. �âáî¤ 
á«¥¤ã¥â, çâ® ¥á«¨ � > 1, â® (Bv)(t) > 0, t 2 (a; b), çâ® ¯à®â¨¢®à¥ç¨â  â¨â®®áâ¨ ®¯¥à â®à  B.

�à¥¤¯®«®¦¨¬, çâ® � = 1. �®£¤  B |  â¨â®ë© ¨â¥£à «ìë© ®¯¥à â®à, ¥¯à¥àë¢®¥ ¢
(a; b)�(a; b) ï¤à® ª®â®à®£® ®¯à¥¤¥«¥® à ¢¥áâ¢®¬ (6), ¨ áãé¥áâ¢ã¥â â ª ï ¯. ¢. ¥®âà¨æ â¥«ì ï
äãªæ¨ï v 2 L[a; b], v 6� 0, çâ® (Bv)(t) = 0 ¯à¨ ¢á¥å t 2 [a; b]. �ãáâì E � [a; b] | ¬®¦¥áâ¢®
¥ã«¥¢®© ¬¥àë,   ª®â®à®¬ v(t) > 0. �ãáâì t1 2 (a; b) | â ª ï â®çª , çâ® ¤«ï «î¡®© ¥¥ ®ªà¥áâ-
®áâ¨ ! ¬¥à  �¥¡¥£  ¯¥à¥á¥ç¥¨ï ! \ E ¯®«®¦¨â¥«ì . �ç¥¢¨¤®, çâ® ¯® ªà ©¥© ¬¥à¥ ¤¢¥
â ª¨¥ â®çª¨ áãé¥áâ¢ãîâ. �®£¤  B(t; t1) = 0 ¯à¨ ¢á¥å t 2 [a; b], ¢ ¯à®â¨¢®¬ á«ãç ¥ (Bv)(t) < 0
¢ ¥ª®â®à®© â®çª¥ t 2 [a; b]. �âáî¤  ¨ ¨§ (7), (8) á«¥¤ã¥â, çâ® ¯à¨ ¥ª®â®àëå äãªæ¨ïå C1(t),
C2(t) ¢ë¯®«¥ë à ¢¥áâ¢  r(t; s) = C1(t) ¯à¨ s 2 (a; t1) ¨ r(t; s) = C2(t) ¯à¨ s 2 (t1; b). � ª ª ª
¥áâì ¤àã£¨¥ â®çª¨, ®¡« ¤ îé¨¥ â¥¬ ¦¥ á¢®©áâ¢®¬, çâ® ¨ t1, â® r(t; s) = C(t) ¯à¨ ¢á¥å t 2 (a; b)
¨ ¯à¨ ¥ª®â®à®© äãªæ¨¨ C(t). �®£¤  ®¯¥à â®à TG0 ã«¥¢®© ¨ ç¨á«® � = 1 ¥ ï¢«ï¥âáï ¥£®
á¯¥ªâà «ìë¬ à ¤¨ãá®¬. � ª¨¬ ®¡à §®¬, � < 1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ¤ ç  Lx = f , x(a) = 0, x(b) = 0 íª¢¨¢ «¥â  ãà ¢¥¨î

x = G0Tx+G0f (12)
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¢ ¯à®áâà áâ¢¥ C[a; b]. � ª ª ª �(G0T ) < 1 ¯® «¥¬¬¥ 2, â® íâ® ãà ¢¥¨¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ à ¢¥áâ¢ã G0Tx = (G0T )2x + G0TG0f , ¨, á«¥¤®¢ â¥«ì®, à ¢¥áâ¢ã
x = (G0T )2x+Bf . �ç¨âë¢ ï, çâ® �((G0T )2) = (�(G0T ))2 < 1, ¯®«ãç ¥¬

x = (I � (G0T )
2)�1Bx = (I + (G0T )

2 + (G0T )
4 + � � � )Bf: (13)

�âáî¤  G = (I + (G0T )2 + (G0T )4 + � � � )B. �§ íâ®£® à ¢¥áâ¢  ¨ ¨§ â®£®, çâ® ®¯¥à â®àë I ¨ G0T
¨§®â®ë,   B  â¨â®¥, á«¥¤ã¥â, çâ® G |  â¨â®ë© ®¯¥à â®à ¨ G 6 B. �§ à ¢¥áâ¢  (12)
¯à¨ x = Gf â¥¯¥àì á«¥¤ã¥â, çâ® G�G0 = G0TG| ¨§®â®ë© ®¯¥à â®à. � ª¨¬ ®¡à §®¬, G0 6 G.

�à¥¤¯®«®¦¨¬, çâ® ®¯¥à â®à G ¥ ï¢«ï¥âáï áâà®£®  â¨â®ë¬. �ãáâì f 6� 0, f(t) > 0 ¯à¨
¯. ¢. t 2 [a; b] ¨ x(t0) = 0 ¢ ¥ª®â®à®© â®çª¥ t0 2 (a; b). � áá¬®âà¨¬ ¢â®à®¥ á« £ ¥¬®¥ ¢ à §«®¦¥¨¨

(13): ((G0T )2Bf)(t0) = (G0 )(t0) = 0, £¤¥  def= TG0TG0f + TG0TG0TG0f . � ª ª ª ®¯¥à â®à G0

áâà®£®  â¨â®¥, â®  � 0. � ª¨¬ ®¡à §®¬,

TG0TG0f � 0; (14)

â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ íâ  äãªæ¨ï ¡ë«  ¡ë á®¡áâ¢¥®© äãªæ¨¥© ®¯¥à â®à  �TG0, á¯¥ª-
âà «ìë© à ¤¨ãá ª®â®à®£®, ª ª á«¥¤ã¥â ¨§ «¥¬¬ë 2, ¬¥ìè¥ ¥¤¨¨æë.

�á«¨ Tx � pax(a)+pbx(b), pa; pb 2 L[a; b], â® G = G0. �á«¨ Tx 6� pax(a)+pbx(b), â® (TG0f)(t)60
¯à¨ ¯. ¢. t 2 [a; b] ¨ TG0f 6� 0, â. ª. (G0f)(t) < 0 ¯à¨ t 2 (a; b). � ª¨¬ ¦¥ ®¡à §®¬ ¯®«ãç ¥¬
(TG0)2f 6� 0, çâ® ¯à®â¨¢®à¥ç¨â (14).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. � ãá«®¢¨ïå â¥®à¥¬ë ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 2 ¨, á«¥¤®-
¢ â¥«ì®, ãá«®¢¨ï «¥¬¬ë 2. �®íâ®¬ã �(G0T ) < 1. �®ª ¦¥¬, çâ® à¥è¥¨¥ § ¤ ç¨ (4) ¯®«®¦¨â¥«ì-
® ¯à¨ t 2 (a; b]. �¥è¥¨¥ íâ®© § ¤ ç¨ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î x = G0Tx + y ¢ ¯à®áâà áâ¢¥

C[a; b], £¤¥ y def= t�a

b�a
, t 2 [a; b]. �ç¨âë¢ ï, çâ® �(G0T ) < 1, ¯®«ãç ¥¬

x = (I �G0T )
�1y = (I +G0T + (G0T )

2 + � � � )y = (I + (G0T )
2 + (G0T )

4 + � � � )(I +G0T )y:

�¬¥¥¬

(Ty)(t) =
Z b

a

t� a

b� a
dsr(t; s) = r(t; b)�

1
b� a

Z b

a

r(t; s) ds; t 2 [a; b];

z(t) def= y(t) + (G0Ty)(t) =
t� a

b� a
+
t� b

b� a

Z t

a

s� a

�(s)
(Ty)(s) ds+

t� a

b� a

Z b

t

s� b

�(s)
(Ty)(s) ds; t 2 [a; b]:

� ª¨¬ ®¡à §®¬, z(t) > 0, t 2 [a; b], â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥® ¥à ¢¥áâ¢®

eH(t) def=
b� t

t� a

Z t

a

s� a

�(s)
eG(s) ds+ Z b

t

b� s

�(s)
eG(s) ds 6 b� a; t 2 (a; b):

�ãªæ¨ï eH(t) ¥ ¢®§à áâ ¥â   (a; b), ¯®íâ®¬ã ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢ë¯®«¥® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  Z b

a

b� s

�(s)
eG(s) ds 6 b� a:

�â ª, ¢ ãá«®¢¨ïå â¥®à¥¬ë

z(t) > 0; t 2 [a; b]; ¯à¨ç¥¬ Tz 6� 0; (15)

â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ T (I +G0T )y � 0 ¨ Ty | á®¡áâ¢¥ ï äãªæ¨ï ®¯¥à â®à  �G0T , á¯¥ª-
âà «ìë© à ¤¨ãá ª®â®à®£® ¬¥ìè¥ ¥¤¨¨æë (¥á«¨ ¦¥ Ty � 0, â® y | à¥è¥¨¥ § ¤ ç¨ (4)). � ª
ª ª ®¯¥à â®à G0 áâà®£®  â¨â®¥, â® ¨§ (15) ¨ à ¢¥áâ¢ 

x = (I + (G0T )2 + (G0T )4 + � � � )z
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á«¥¤ã¥â, çâ® x(t) > 0, t 2 (a; b], ¯à¨ Tx 6� pax(a) + pbx(b), pa; pb 2 L[a; b]. �á«¨ ¦¥ Tx � pax(a) +
pbx(b), â®

x(t) = (G0T + (G0T )
2 + � � � )y(t) + z(t) > 0; t 2 (a; b]:

�®ª § â¥«ìáâ¢® ¯®«®¦¨â¥«ì®áâ¨ à¥è¥¨ï § ¤ ç¨ (3)   «®£¨ç®.

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨© 1, 2. � ãá«®¢¨ïå á«¥¤áâ¢¨ï 1 ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ 1, 2.
� ãá«®¢¨ïå á«¥¤áâ¢¨ï 2 ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ 1, 2, 3.
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