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� à ¡®â¥ [1] ¤«ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, § ¢¨áïé¨å ®â ¯®áâ®ïëå áãé¥áâ¢¥ëå ¯ -
à ¬¥âà®¢, ¤   ¯®áâ ®¢ª  § ¤ ç¨ ¯à¨¥¬«¥¬®áâ¨ ¯à¨¡«¨¦¥ëå à¥è¥¨© ¯® ç áâ¨ ¯¥à¥¬¥ëå
¨ ¯à¥¤«®¦¥® ¥¥ à¥è¥¨¥ ¬¥â®¤®¬ äãªæ¨© �ï¯ã®¢ . �ä®à¬ã«¨à®¢ ë ¨ ¤®ª § ë â¥®à¥¬ë
® ¯à¨¥¬«¥¬®áâ¨ á ¨á¯®«ì§®¢ ¨¥¬ ¢ ª ç¥áâ¢¥ äãªæ¨© �ï¯ã®¢  ª¢ ¤à â¨çëå ä®à¬.

� ¤ ®© à ¡®â¥ § ¤ ç  ¯à¨¥¬«¥¬®áâ¨ à¥è¥  á ¯®¬®éìî äãªæ¨© �ï¯ã®¢  ¤®áâ â®ç®
®¡é¥£® ¢¨¤ . �®ª §   â¥®à¥¬  ® ¯à¨¥¬«¥¬®áâ¨. � ª ç¥áâ¢¥ ¯à¨«®¦¥¨ï ®¡®á®¢ë¢ ¥âáï ¤®¯ã-
áâ¨¬®áâì ¯®¨¦¥¨ï ¯®àï¤ª  ãà ¢¥¨© ¤¢¨¦¥¨ï ®¤®© ¬¥å ¨ç¥áª®© á¨áâ¥¬ë.

1. �®áâ ®¢ª  § ¤ ç¨ [1]. �   ¤¨ ¬¨ç¥áª ï á¨áâ¥¬ 

_� = F (t; �; a); � 2 Rn; _� = d�=dt; (1)

£¤¥ t � 0 | ¥§ ¢¨á¨¬ ï ¯¥à¥¬¥ ï (¢à¥¬ï), a = const > 0 | áãé¥áâ¢¥ë© ¯ à ¬¥âà. � 
¯à¨¡«¨¦¥®¥ à¥è¥¨¥ á¨áâ¥¬ë (1) ¯à¨¬¥¬ ¢¥ªâ®à-äãªæ¨î

u(t; a) = col(u1(t; a); : : : ; un(t; a)); (2)

ª®¬¯®¥âë ª®â®à®© ¨ ¨å ¯à®¨§¢®¤ë¥ ¯® ¢à¥¬¥¨ ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¯à¨ t � 0.
�à ¢¨¬ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ (2) á à¥è¥¨¥¬ á¨áâ¥¬ë (1). � íâ®© æ¥«ìî ¢ ãà ¢¥¨¨ (1)

¯®«®¦¨¬ � = u+ x. �«ï ¯¥à¥¬¥®© x ¯®«ãç¨¬ ãà ¢¥¨¥

_x = F (t; u(t; a) + x; a)� _u(t; a) = X(t; x; a): (3)

�ë¤¥«¨¬, á«¥¤ãï ãá«®¢¨ï¬ § ¤ ç¨, ç áâì ¯¥à¥¬¥ëå �1; : : : ; �m (m < n) ¨ á®®â¢¥âáâ¢ãîé¨å
¨¬ ®âª«®¥¨© x1; : : : ; xm. �¡®§ ç¨¬

x� = y�; xm+� = z� (� = 1; : : : ;m; � = 1; : : : ; n�m = p):

�®£¤  x = col(y; z). �ãáâì

kyk =
� mX

i=1

y2i

�1=2

; kzk =
� pX
i=1

z2i

�1=2

; kxk =
� nX
i=1

x2i

�1=2

= (kyk2 + kzk2)1=2:

�®« £ ¥¬, çâ® ¤«ï á¨áâ¥¬ë (3) ¢ ®¡« áâ¨

Gh = fx : kyk < h (h = const > 0); kzk <1g; t � 0; (4)

¯à¨ a > 0 ¢ë¯®«¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨© x(t; t0; x0; a). � ¯à®-
áâà áâ¢¥ ¯¥à¥¬¥ëå fxg à áá¬®âà¨¬ â ª¦¥ ®¡« áâ¨

G" = fx : kyk � "1 < h; kzk � "2g (5)

¨ ¬®¦¥áâ¢ 

M = fx : y = 0g; M � = fx : y = 0; kzk � � < "2g: (6)
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�¯à¥¤¥«¥¨¥. �à¨¡«¨¦¥®¥ à¥è¥¨¥ (2) ¯à¨¥¬«¥¬® ¯® ¯¥à¥¬¥ë¬ �� (� = 1; : : : ;m),
¥á«¨ ¤«ï «î¡ëå ¯®«®¦¨â¥«ìëå ç¨á¥« "1, � (¯¥à¢®¥ ¬®¦¥â ¡ëâì áª®«ì ã£®¤® ¬ «®,   ¢â®à®¥
| ¢¥«¨ª®) áãé¥áâ¢ãîâ § ç¥¨¥ ¯ à ¬¥âà  a� ¨ ç¨á«® "2 > 0, ®¯à¥¤¥«ïîé¥¥ ®¡« áâì (5), â ª¨¥,
çâ® à¥è¥¨ï á¨áâ¥¬ë (3) x(t; t0; x0; a�) 2 G" (t � t0), ¥á«¨ â®«ìª® x0 2M � ¨§ (6).

2. �áá«¥¤®¢ ¨¥ ¯à¨¥¬«¥¬®áâ¨. �«¥¤ãï ¯àï¬®¬ã ¬¥â®¤ã �ï¯ã®¢ , ¡ã¤¥¬ à áá¬ âà¨¢ âì
®¯à¥¤¥«¥ë¥ ¢ ®¡« áâ¨ (4) ¯à¨ a > 0 ¢¥é¥áâ¢¥ë¥ ®¤®§ çë¥ äãªæ¨¨ V (t; x; a), ¥¯à¥àë¢-
ë¥ ¢¬¥áâ¥ á ¯à®¨§¢®¤ë¬¨ @V=@t, @V=@xi (i = 1; : : : ; n), ¨ ¨å ¯®«ë¥ ¯à®¨§¢®¤ë¥ ¯® ¢à¥¬¥¨
¢ á¨«ã á¨áâ¥¬ë (3)

_V (t; x; a) =
@V (t; x; a)

@t
+

nX
i=1

@V (t; x; a)
@xi

Xi(t; x; a): (7)

�¥®à¥¬ .�ãáâì äãªæ¨ï V (t; x; a) ¨ ¥¥ ¯à®¨§¢®¤ ï (7) ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) [V (t; x; a) : x 2M ] = eV (z), â. ¥. äãªæ¨ï V   ¬®¦¥áâ¢¥ M ®â t ¨ a ¥ § ¢¨á¨â;
2) V (t; x; a)!1 ¯à¨ kzk ! 1 à ¢®¬¥à® ¯® t � 0, y ¢ ®¡« áâ¨ kyk � " < h;
3) áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥ äãªæ¨¨ W1(y; a), W2(x; a) â ª¨¥, çâ®

W1(y; a) � V (t; x; a) �W2(x; a); (8)

£¤¥ W2(0; a) � 0, W1(y; a) | ®¯à¥¤¥«¥®-¯®«®¦¨â¥«ì ï ¨ â ª ï, çâ® ¤«ï ¢áïª¨å ¯®«®¦¨-

â¥«ìëå ç¨á¥« ", N (" < h áª®«ì ã£®¤® ¬ «®, N ¢¥«¨ª®) ¢®§¬®¦® ãª § âì a1 | § ç¥¨¥

¯ à ¬¥âà , ¤«ï ª®â®à®£®

inf[W1(y; a) : kyk = "; a > a1] > N; (9)

¥à ¢¥áâ¢®

inf[W1(y; a) : kyk = "] > sup[W2(x; a) : kxk � R("; a)] (10)

®¯à¥¤¥«ï¥â R("; a)! {" ¯à¨ a!1, { = const < 1;

4) ¯à®¨§¢®¤ ï (7)

[ _V (t; x; a) : x 2 Gh n Jr(a)] < 0; (11)

£¤¥ Jr(a) = fx : kxk � r(a)g, r(a)! 0, a!1.

�®£¤  ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ (2) ¯à¨¥¬«¥¬® ¯® ¯¥à¥¬¥ë¬ �� (� = 1; : : : ;m).

�®ª § â¥«ìáâ¢®. �ãáâì ¯à®¨§¢®«ì® § ¤ ë "1, � ("1 < h, � > "1). �®£¤  ¨§ ãá«®¢¨© 1, 2
á«¥¤ã¥â, çâ®

sup[V (t; x; a) : x 2M �] = sup[ eV (z) : kzk � �] = N > 0:

�¯à¥¤¥«¨¬ ¢ (9) § ç¥¨¥ a1 ¯ à ¬¥âà  ¨§ ãá«®¢¨ï

inf[W1(y; a) : kyk = "1; a > a1] = l(a) > N: (12)

�ë¡¥à¥¬ ¨ § ä¨ªá¨àã¥¬ ¤®áâ â®ç® ¡®«ìè®¥ a� > a1, ¤«ï ª®â®à®£® R("1; a�) ¢ (10), r(a�) ¢ (11)
ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬ "1 > R("1; a�) > r(a�). � â ª®¬ á«ãç ¥ ¨¬¥¥¬

[W2(x; a�) : kxk � R("1; a�)] < l(a�); (13)

[ _V (t; x; a�) : x 2 Gh n Jr(a�)] < 0: (14)

� ©¤¥¬ â¥¯¥àì ¤®áâ â®ç® ¡®«ìè®¥ "2, çâ®¡ë ¢ë¯®«ï«®áì ¥à ¢¥áâ¢® (ãá«®¢¨¥ 2)

[V (t; x; a�) : kyk � "1; kzk = "2] > l(a�): (15)

� ª¨¬ ®¡à §®¬, á®£« á® (8), (12), (15) ¨¬¥¥¬

[V (t; x; a�) : x 2 G" nG"] � l(a�) > N: (16)
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�¡®§ ç¨¬ áä¥àã

SR = fx : kxk = R("1; a
�)g: (17)

� áá¬®âà¨¬ â¥¯¥àì à¥è¥¨ï á¨áâ¥¬ë (3) ¯à¨ x0 2 M � ¢ (6), a = a�. �®ª ¦¥¬, çâ® à¥è¥¨ï
x(t; t0; x0; a�) 2 G" (t � t0), â. ¥. ¯à¨¥¬«¥¬®áâì ¨¬¥¥â ¬¥áâ®.

�ãáâì kz0k � R("1; a�). � ááã¦¤ ï ®â ¯à®â¨¢®£®, ¯®«®¦¨¬, çâ® ¢ ¬®¬¥â ¢à¥¬¥¨ � > t0
¨¬¥¥â ¬¥áâ® x(�) 2 G" nG". �® â®£¤  áãé¥áâ¢ã¥â ¬®¬¥â t1 (t0 � t1 < �), ¯à¨ ª®â®à®¬ x(t1) 2 SR
¢ (17), ¨ âà ¥ªâ®à¨ï, á®®â¢¥âáâ¢ãîé ï à áá¬ âà¨¢ ¥¬®¬ã à¥è¥¨î, ¯à¨ t 2 [t1; � ] æ¥«¨ª®¬ ¯à¨-
 ¤«¥¦¨â ®¡« áâ¨ ®âà¨æ â¥«ì®áâ¨ ¯à®¨§¢®¤®© _V ¢ (14). �®á«¥¤¥¥ ®§ ç ¥â, çâ® äãªæ¨ï
V (t) ¢¤®«ì íâ®£® ®âà¥§ª  âà ¥ªâ®à¨¨ ã¡ë¢ ¥â ¨, á«¥¤®¢ â¥«ì®, V (�) < V (t1), çâ® ¯à®â¨¢®à¥-
ç¨â (16) ¨ (13). �«¥¤®¢ â¥«ì®, à¥è¥¨¥ ®áâ ¥âáï ¢ ®¡« áâ¨ G". �¨¤®, çâ® â® ¦¥ § ª«îç¥¨¥
®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¨ ¤«ï à¥è¥¨© ¯à¨ � � kz0k > R. � ¬¥â¨¬, çâ® äãªæ¨ï V (t; x; a) y-
®¯à¥¤¥«¥®-¯®«®¦¨â¥«ì  ([2], c. 23).

3. �à¨«®¦¥¨¥. � áá¬®âà¨¬ § ¤ çã ¯®¨¦¥¨ï ¯®àï¤ª  ãà ¢¥¨© ¤¢¨¦¥¨ï á¨áâ¥¬ë

dq

dt
= _q;

d _q
dt

= �aB(q) _q � Cq: (18)

�¤¥áì q = col(q1; : : : ; qk); a = const > 0 | ¯ à ¬¥âà; C = kcijk (i; j = 1; : : : ; k; cij = cji) |
®¯à¥¤¥«¥®-¯®«®¦¨â¥«ì ï ¯®áâ®ï ï ¬ âà¨æ ; B(q) = diag(b1(q1); : : : ; bk(qk)); äãªæ¨¨ bi(qi)
®¯à¥¤¥«¥ë, ¥¯à¥àë¢ë á® á¢®¨¬¨ ¯à®¨§¢®¤ë¬¨ dbi=dqi ¨ ã¤®¢«¥â¢®àïîâ ¢ ®¡« áâ¨ kqk < H
(H = const > 0) ãá«®¢¨î

0 < m � bi(qi) �M (i = 1; : : : ; k): (19)

�à ¢¥¨ï¬¨ (18) ®¯¨áë¢ ¥âáï ¤¢¨¦¥¨¥ ¬®£¨å ¬¥å ¨ç¥áª¨å ¨ í«¥ªâà®¬¥å ¨ç¥áª¨å á¨áâ¥¬.
�à¨ k = 1 ¨¬¥¥¬ ¨§¢¥áâ®¥ ãà ¢¥¨¥ � -¤¥à-�®«ï ([3], c. 79). �¨áâ¥¬ã

aB(p) _p+Cp = 0 (kpk � H); (20)

¨«¨ ¢ ®à¬ «ì®© ä®à¬¥

_p = �a�1B�1(p)Cp � �a�1g(p); (21)

¯à¨¬¥¬ ¤«ï (18) §  ¯à¨¡«¨¦¥ãî.
�§®«¨à®¢ ®¥ ¯®«®¦¥¨¥ à ¢®¢¥á¨ï á¨áâ¥¬ë (21)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. �â®¡ë ã¡¥-

¤¨âìáï ¢ íâ®¬, ¤®áâ â®ç® ¯à¨ïâì §  äãªæ¨î �ï¯ã®¢  ª¢ ¤à â¨çãî ä®à¬ã # = pTCp
(T | á¨¬¢®« âà á¯®¨à®¢ ¨ï), ¯à®¨§¢®¤ ï ª®â®à®© ¢ á¨«ã á¨áâ¥¬ë (21) ¨¬¥¥â ¢¨¤

_# = �2a�1
kX

s=1

b�1s (ps)
� kX
j=1

csjpj

�2

:

�¨¤®, çâ® _# ¯à¨ ãá«®¢¨ïå (19) ¨ ®¯à¥¤¥«¥®© ¯®«®¦¨â¥«ì®áâ¨ ¬ âà¨æë C ¥áâì äãªæ¨ï
®¯à¥¤¥«¥®-®âà¨æ â¥«ì ï ¢ ®¡« áâ¨ kpk � H.

�®á¯®«ì§ã¥¬áï ¢ ¤ «ì¥©è¥¬ á«¥¤ãîé¥© ®æ¥ª®© ®¡« áâ¨ ¯à¨âï¦¥¨ï á¨áâ¥¬ë (21). �ãáâì
¢ë¡à ® H1 (0 < H1 < H). �®£¤  á ¯®¬®éìî ª¢ ¤à â¨ç®© ä®à¬ë # ¤«ï à¥è¥¨© á¨áâ¥¬ë (21)
¯à¨ t � 0 ¯®«ãç¨¬

kp(t; p0; a)k < H1; kp(t; p0; a)k ! 0; t!1; (22)

¥á«¨
kp0k < H0; H0 = H1(!1=!k)

1=2;

£¤¥ 0 < !1 � � � � � !k | á®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë C. �  ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ á¨áâ¥¬ë
(18) ¯à¨¬¥¬ ¢¥ªâ®à-äãªæ¨î

u(t; p0; a) = col(p(t; p0; a); _p(t; p0; a)); (23)
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£¤¥ p(t; p0; a) | ª ª®¥-«¨¡® à¥è¥¨¥ á¨áâ¥¬ë (21), ã¤®¢«¥â¢®àïîé¥¥ ®æ¥ª¥ (22). �®« £ ï ¢
á¨áâ¥¬¥ (18)

q = p+ y; _q = _p+ z; (24)

¤«ï ®âª«®¥¨© y, z ¢ (24), ¨á¯®«ì§®¢ ¢ â®¦¤¥áâ¢® (20), ¨¬¥îé¥¥ ¬¥áâ® ¤«ï à¥è¥¨© p(t; p0; a),
¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨©

_y = z; _z = �Cy � aB(p; y)z � f(y; p; a); (25)

¢ ª®â®à®© ®¡®§ ç¥ë

f(y; p; a) = a[B(p; y)�B(p)] _p+ �p;

B(p; y) = diag(b1(p1 + y1); : : : ;bk(pk + yk)); B(p) = diag(b1(p1); : : : ; bk(pk)):
(26)

�«ï ¯à®¨§¢®¤®© _p ¢®á¯®«ì§ã¥¬áï ¤ «¥¥ ¥¥ ¢ëà ¦¥¨¥¬ (21). �¨ää¥à¥æ¨àãï § â¥¬ (21) ¯®
¢à¥¬¥¨,  ©¤¥¬

�p = a�2
@g

@p
g � a�2�(p)

�
@g

@p
=
 @gi@pj

; i; j = 1; : : : ; k
�
: (27)

�®áâ ¢¨¬ § ¤ çã ¯à¨¥¬«¥¬®áâ¨ ¯à¨¡«¨¦¥®£® à¥è¥¨ï (23) ¤«ï á¨áâ¥¬ë (18) ¯® ¯¥à¥¬¥-
ë¬ q ¢ á¬ëá«¥ ¯à¨ïâ®£® ®¯à¥¤¥«¥¨ï, ¯à¨¨¬ ï ¯ à ¬¥âà a §  áãé¥áâ¢¥ë©. � áá¬®âà¨¬ á
íâ®© æ¥«ìî äãªæ¨î �ï¯ã®¢ 

V (x; p; a) =
1
2
a2k (p; y)k2 + a( (p; y); z) + kzk2 + yTCy; (28)

£¤¥ ª®¬¯®¥â ¬¨ ¢¥ªâ®à   (p; y) ï¢«ïîâáï

 i(pi; yi) =
Z yi

0

bi(pi + s)ds (i = 1; : : : ; k); (29)

®¯à¥¤¥«ïï § ç¥¨ï V ¢ ®¡« áâ¨

kyk � h = H �H1; kzk <1: (30)

� á¨«ã ãá«®¢¨© (19), (22) ¤«ï äãªæ¨© (29) ¢ ®¡« áâ¨ (30) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

0 < m �  i(pi; yi)=yi �M: (31)

�¡®§ ç ï ç¥à¥§

'i(pi; yi) =  i(pi; yi)=yi; (32)

äãªæ¨î (28) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

V (x; p; a) =
kX
i=1

�
1
2
a2'2i y

2
i + a'iyizi + z2i

�
+ yTCy; (33)

¨«¨

V (x; p; a) =
kX
i=1

�
1
2
a'iyi + zi

�2

+
kX
i=1

1
4
a2'2i y

2
i + yTCy: (34)

�ãªæ¨¨ ¢¨¤  (33) ®¡ëç®  §ë¢ îâáï ¯á¥¢¤®ª¢ ¤à â¨çë¬¨ ä®à¬ ¬¨.
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�®ª ¦¥¬, çâ® äãªæ¨ï (28) ¨ ¥¥ ¯à®¨§¢®¤ ï _V ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë. �¥©áâ¢¨-
â¥«ì®, á®£« á® ãá«®¢¨î 1 eV (z) = kzk2. �ëà ¦¥¨ï (33), (34) â ª®¢ë, çâ® ¢ ¥à ¢¥áâ¢ å (8)
(ãá«®¢¨¥ 3) ¬®¦® ¯®«®¦¨âì, ¨¬¥ï ¢ ¢¨¤ã (32), (31),

W1(y; a) =
1
4
a2m2kyk2 (V > W1);

W2(x; a) = (1 + !k + a2M 2=2)kxk2 (V < W2):
(35)

�®£¤  ¨§ ¥à ¢¥áâ¢  (10) «¥£ª® ®¯à¥¤¥«ï¥âáï

R(a; ") = �am"=2(1 + !k + a2M 2=2)1=2;

£¤¥ ç¨á«  0 < � < 1, { = �
p
2m=2M .

�§ ¢ëà ¦¥¨ï (28) ¤«ï äãªæ¨¨ V ¥¯®áà¥¤áâ¢¥® ¢¨¤®, çâ® ®  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2
â¥®à¥¬ë: ®¯à¥¤¥«ï¥âáï ç¨á«® "2.

� ¬¥ç ¨¥. �ãªæ¨ï W2(x; a)  å®¤¨âáï ¯®á«¥ ®¯à¥¤¥«¥¨ï á®¡áâ¢¥ëå § ç¥¨© ¯á¥¢¤®-
ª¢ ¤à â¨ç®© ä®à¬ë (33) ¯¥à¥¬¥ëå yi, zi ¨ ¯®á«¥¤ãîé¥© ¨å ®æ¥ª¨.

�¥à¥©¤¥¬ ª ãá«®¢¨î 4 â¥®à¥¬ë. �à¨ ®¯à¥¤¥«¥¨¨ ¯à®¨§¢®¤®© _V ¢ á¨«ã á¨áâ¥¬ë (25) á«¥¤ã¥â
¯à¨ïâì ¢® ¢¨¬ ¨¥ ¯à®¨§¢®¤ë¥ @ i=@yi = bi(pi + yi), @ i=@pi = bi(pi + yi) � bi(pi), ¥¯®áà¥¤-
áâ¢¥® á«¥¤ãîé¨¥ ¨§ (29),   â ª¦¥ ¢ëà ¦¥¨ï (21), (27), (26) ¤«ï _p, �p, f(y; p; a). �¡®§ ç¨¢
¬ âà¨æë

�(p; y) = diag('1(p1; y1); : : : ; 'k(pk; yk)); �(p; y) = B(p; y)�B(p); (36)

¯®á«¥ ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬

_V (x; p; a) = �a[yTC�y + zTB(p; y)z + a�2�T�y + (�a�1gT� + 2a�3�T )z]: (37)

�¨¬¬¥âà¨§ãï ¬ âà¨æã C�, ®¡®§ ç ï ¬ âà¨æã

A(p; y) = kaijk = 1
2
kcij('i + 'j)k (A = AT ; i; j = 1; : : : ; k) (38)

¨ ¢¥ªâ®àë

l1(y; p; a) = a�2��; l2(y; p; a) = �a�1�g + 2a�3�; (39)

¯à®¨§¢®¤ãî (37) ¯à¥¤áâ ¢¨¬ ®ª®ç â¥«ì® ¢ ¢¨¤¥

_V (x; p; a) = �a(xTD(p; y)x+ lT (y; p; a)x); (40)

£¤¥ l = col(l1; l2) ¨ ¬ âà¨æ  D = diag(A;B) ª¢ §¨¤¨ £® «ì ï.
� á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬ 4 â¥®à¥¬ë ¥®¡å®¤¨¬®, á«¥¤®¢ â¥«ì®, ®¯à¥¤¥«¨âì ®¡« áâì (11)

®âà¨æ â¥«ì®áâ¨ ¯à®¨§¢®¤®© (40).
�®ª ¦¥¬ ¯à¥¦¤¥, çâ® ¯à¨ ¥ª®â®à®¬ ®£à ¨ç¥¨¨   ª®«¥¡ ¨¥ M�m äãªæ¨© 'i ¢ (32)

¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

xTD(p; y)x > �kxk2; (41)

£¤¥ � | ¥ª®â®à ï ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï. � áá¬®âà¨¬ á íâ®© æ¥«ìî ãá«®¢¨ï § ª®®¯à¥-
¤¥«¥®áâ¨ ¯á¥¢¤®ª¢ ¤à â¨ç®© ä®à¬ë

W = yTA(p; y)y: (42)

�à¥¤áâ ¢¨¬ äãªæ¨¨ (32) ¢ ¢¨¤¥

'i(pi; yi) = m+ �i(pi; yi) (i = 1; : : : ; k); (43)

¯®« £ ï

0 < �i(pi; yi) < � (� = const): (44)
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�®£¤  ¬ âà¨æ  A ¢ (38) ¯à¨¬¥â ¢¨¤

A(p; y) = mC +A�(p; y); A�(p; y) =
1
2
kcij(�i + �j)k: (45)

�«ï äãªæ¨¨ (42) â¥¯¥àì ¨¬¥¥â ¬¥áâ® ¢ëà ¦¥¨¥

W = myTCy + yTA�(p; y)y; (46)

¢ ª®â®à®¬ myTCy � m!1kyk2.
� ¤àã£®© áâ®à®ë, jyTA�yj � kA�k kyk2 (kA�k | ¥¢ª«¨¤®¢  ®à¬ ). �á«¨ ®¡®§ ç¨âì c =

max jcij j, â® ¯®«ãç¨¬, ¨¬¥ï ¢ ¢¨¤ã (44), (45),
jyTA�(p; y)yj � �ckkyk2:

�ãáâì ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

m!1 � �ck = m� > 0 (� | ¥ª®â®à®¥ ç¨á«®); (47)

â®£¤  ¤«ï äãªæ¨¨ (46) ãá«®¢¨¥ ¥¥ ®¯à¥¤¥«¥®© ¯®«®¦¨â¥«ì®áâ¨ ¡ã¤¥â

W (p; y) � m�kyk2: (48)

�§ (47) á«¥¤ã¥â

� = m(!1 � �)=kc: (49)

�¡à é ïáì ª (44), (43), (32), ¯à¨å®¤¨¬, ¯®« £ ï � > M �m ¨ ãç¨âë¢ ï (49), ª ãá«®¢¨î

1 <
M

m
< 1 +

!1 � �

kc
(0 < � < !1); (50)

 ª« ¤ë¢ îé¥¬ã ¤®¯®«¨â¥«ì®¥ ®£à ¨ç¥¨¥   á¨áâ¥¬ã (18).
� ª ª ª ¢ ¢ëà ¦¥¨¨ ¯à®¨§¢®¤®© (37)

zTB(p; y)z =
kX
i=1

bi(pi + yi)z2i � mkzk2;

â®, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (48), ¯®«®¦¨¢ � = min(m;m�), ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã (41).
�¥âàã¤® ã¡¥¤¨âìáï, çâ® ¤«ï ¢¥«¨ç¨ë áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢ ¢ëà ¦¥¨¨ ¤«ï ¯à®¨§-

¢®¤®© (40) ¨¬¥¥â ¬¥áâ® ®æ¥ª 

jlT (y; p; a)xj � a�1(a)kxk; (51)

£¤¥ (a) !  = const ¯à¨ a! 1. �¥©áâ¢¨â¥«ì®, ¨§ (39)  å®¤ïâáï ®æ¥ª¨ ¤«ï ®à¬ ¢¥ªâ®à®¢,
¨¬¥îé¨¥ ¬¥áâ® ¢ ®¡« áâ¨ (30) ¯à¨ ãá«®¢¨¨ (22),

kl1k � a�2k�k k�k � a�2�1; kl2k � a�1k�k kgk + 2a�3k�k � a�1�1 + 2a�3�2 = a�1�(a); (52)

£¤¥ �(a) = �1 + 2a�2�2, �(a)! �1 (a!1); �1, �1, �2 | á®®â¢¥âáâ¢ãîé¨¥ ¯®áâ®ïë¥.
�®áª®«ìªã jlTxj � klk kxk, â® á®£« á® (52) ¯®«ãç¨¬

kl(y; p; a)k � a�1(a�2�21 + �2(a))1=2:

�¡®§ ç¨¢ (a) = (a�2�21 + �2(a))1=2, ¯à¨å®¤¨¬ ª ®æ¥ª¥ (51), ¢ ª®â®à®© (a) ! �1 (a ! 1),
 = �1.

�á¯®«ì§ãï ®æ¥ª¨ (41), (51), ®¯à¥¤¥«¨¬ ®¡« áâì ®âà¨æ â¥«ì®áâ¨ ¯à®¨§¢®¤®© (40). �«ï íâ®-
£® ¤®áâ â®ç® ¯®«®¦¨âì �kxk2 > a�1(a)kxk, ¨«¨ kxk > a�1(a)=� (r(a) = a�1(a)=�).

�á«®¢¨¥ 4 â¥®à¥¬ë â¥¬ á ¬ë¬ ¢ë¯®«ï¥âáï. � ª¨¬ ®¡à §®¬, ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï â¥®-
à¥¬ë. �à¨¥¬«¥¬®áâì à¥è¥¨© á¨áâ¥¬ë (21) ¤«ï á¨áâ¥¬ë (18) ¯® ª®®à¤¨ â ¬ ¨¬¥¥â ¬¥áâ® ¢
á¬ëá«¥ ¯à¨ïâ®£® ®¯à¥¤¥«¥¨ï. � ª«îç¥¨¥ ® ¯à¨¥¬«¥¬®áâ¨ æ¥«¥á®®¡à §® áä®à¬ã«¨à®¢ âì
á«¥¤ãîé¨¬ ®¡à §®¬.
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�¥è¥¨ï á¨áâ¥¬ë (21) p(t; p0; a) á® á¢®©áâ¢®¬ (22) ¨ t0 = 0 ¯à¨¥¬«¥¬ë ¯® ª®®à¤¨ â ¬ ¤«ï
á¨áâ¥¬ë (18): ¤«ï «î¡ëå ¯®«®¦¨â¥«ìëå ç¨á¥« "1, � (¯¥à¢®¥ ¬®¦¥â ¡ëâì áª®«ì ã£®¤® ¬ «®,
  ¢â®à®¥ ¢¥«¨ª®)  å®¤ïâáï § ç¥¨¥ ¯ à ¬¥âà  a� ¨ ç¨á«® "2 > 0 â ª¨¥, çâ® ¯à¨ t > 0 ¨¬¥îâ
¬¥áâ® ¥à ¢¥áâ¢ 

kq � pk < "1; k _q � _pk < "2;

¥á«¨ â®«ìª® ¯à¨ t0 = 0 ¢ë¯®«ïîâáï ãá«®¢¨ï

q0 = p0; k _q0 � _p0k � �:

�¨â¥à âãà 
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