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�ãáâì R | ª« áá à¥£ã«ïàëå ¢ ¥¤¨¨ç®¬ ªàã£¥ E = fz : jzj < 1g äãªæ¨© ¢¨¤  f(z) =

z +
1P
k=2

akz
k. �¡®§ ç¨¬ ç¥à¥§ S0n(a; b) ¨ S�n(a; b) ª« ááë äãªæ¨© f(z) 2 R, ã¤®¢«¥â¢®àïîé¨å

á®®â¢¥âáâ¢¥® á®®â®è¥¨ï¬ ¯®¤ç¨¥®áâ¨

(zf 0(z))0=f 0n(z) � (1 + az)=(1 + bz); z 2 E; (1)

¨

zf 0(z)=fn(z) � (1 + az)=(1 + bz); z 2 E; (2)

£¤¥ a ¨ b | ¯à®¨§¢®«ì® § ¤ ë¥ ç¨á« , �1 � b � 0, b < a � 1,

fn(z) =
1
n

n�1X
m=0

"�mf("mz); " = exp(2�i=n); n = 1; 2; : : : (3)

�¥à¥§ Kn(a; b) ®¡®§ ç¨¬ ª« áá äãªæ¨© g(z) 2 R, ¤«ï ª ¦¤®© ¨§ ª®â®àëå áãé¥áâ¢ã¥â â ª ï
äãªæ¨ï f(z) 2 S0n(a; b), çâ®

Ref(zg0(z))0=f 0n(z)g > 0; z 2 E: (4)

�¬¥¥¬ S0n(a; b) � S0n(1;�1) � S0n | ª« áá äãªæ¨©, ¢ë¯ãª«ëå ®â®á¨â¥«ì® n á¨¬¬¥âà¨çëå
â®ç¥ª ¢ E [1], S�n(a; b) � S�n(1;�1) � S�n | ª« áá äãªæ¨©, §¢¥§¤®®¡à §ëå ®â®á¨â¥«ì® n
á¨¬¬¥âà¨çëå â®ç¥ª ¢ E [2], [3]. �ãªæ¨¨ g(z) 2 Kn(a; b) ¯®çâ¨ ¢ë¯ãª«ë ®â®á¨â¥«ì® n á¨¬-
¬¥âà¨çëå â®ç¥ª ¢ E [1]; K | ª« áá ¢á¥å ¯®çâ¨ ¢ë¯ãª«ëå äãªæ¨© ¢ E ( ¯à., [4], á. 583{584).

�«ï � > 0 ®¯à¥¤¥«¨¬ �-®ªà¥áâ®áâ¨ äãªæ¨¨ f(z) 2 R á«¥¤ãîé¨¬ ®¡à §®¬:

N �
� (f) =

�
g 2 R : g(z) = z +

1X
k=2

bkz
k;

1X
k=2

k� jak � bkj � �

�
; � = 1; 2:

� ¬¥â¨¬, çâ® N 2
� (f) � N 1

� (f). �®ïâ¨¥ �-®ªà¥áâ®áâ¨ N
1
� (f) ¢¢¥¤¥® ¢ [5].

� à ¡®â å [5]{[9] à áá¬ âà¨¢ «áï ¢®¯à®á ® ¢ª«îç¥¨¨ N 1
� (f) � S�n(a; b) ¤«ï f(z) 2 S0n(a; b) ¯à¨

®¯à¥¤¥«¥ëå § ç¥¨ïå ¯ à ¬¥âà®¢ n, a ¨ b. � ¤ ®© áâ âì¥ íâ®â ¢®¯à®á ¨áá«¥¤ã¥âáï ¯à¨ ¢á¥å
¤®¯ãáâ¨¬ëå § ç¥¨ïå ¯ à ¬¥âà®¢, ¨ à áá¬ âà¨¢ ¥âáï ¢®¯à®á ® ¢ª«îç¥¨¨ N 2

� (f) � Kn(a; b),
f(z) 2 S0n(a; b). �á®¢ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  1. �á«¨ f(z) 2 S0n(a; b), â® N 1
��
n

(f) � S�n(a; b), £¤¥

��n =

8>><
>>:
a� b

1� b

Z 1

0

(1� tn)(1 � btn)(a�b)=bn�1dt; b 6= 0;

a

Z 1

0
(1� tn) exp(�atn=n)dt; b = 0:

�®áâ®ïãî ��n ¥«ì§ï § ¬¥¨âì ¡�®«ìè¥©.
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ®á®¢ë¢ ¥âáï   ¨¤¥¥ �. �ãè¥¢¥©å  [5], à §¢¨â®© �¦.�à®ã®¬ ¤«ï
®¡®á®¢ ¨ï ¢ª«îç¥¨ï N 1

� (f) � S�1(1; b), f(z) = z+am+1z
m+1+ � � � 2 S01(1; b) [8], ¨   á«¥¤ãîé¨å

«¥¬¬ å.

�¥¬¬  1. �á«¨ f(z) 2 R, j(f(z) �  �(z))=zj � c > 0 ¢ E, £¤¥

 �(z) = (a� b)�1e�i�
�
(1 + aei�)

z

1� zn
� (1 + bei�)

z

(1� z)2

�
; 0 � � < 2�; (5)

â® N 1
� (f) � S�n(a; b), � = c(a� b)=(1 � b).

�®ª § â¥«ìáâ¢®. �«ï f(z) 2 R á®®â®è¥¨¥ ¯®¤ç¨¥®áâ¨ (2) à ¢®á¨«ì® ãá«®¢¨î

zf 0(z)=fn(z) 6= (1 + aei�)=(1 + bei�); z 2 E; 0 � � < 2�;

ª®â®à®¥ á ãç¥â®¬ à ¢¥áâ¢

f(z) � z=(1 � zn) = fn(z); f(z) � z(1 � z)�2 = zf 0(z) (6)

¨ ®¯à¥¤¥«¥¨ï  �(z) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã (f(z) �  �(z))=z 6= 0. �«¥¤®¢ â¥«ì®,

f(z) 2 S�n(a; b)() (f(z) �  �(z))=z 6= 0; z 2 E: (7)

�® ä®à¬ã«¥ (5) ¯®«ãç¨¬ à §«®¦¥¨¥  �(z) = z +
1P
k=2

ckz
k, £¤¥

ck =

(
�k(1 + bei�)=(a� b)ei�; k 6= mn+ 1;

[1� k + (a� kb)ei�]=(a � b)ei�; k = mn+ 1;
m = 1; 2; : : : ;

¨ § ¬¥â¨¬, çâ® jckj � (1� b)k=(a � b), k = 2; 3; : : : , ¯®áª®«ìªã �1 � b � 0, b < a � 1.

�ãáâì g(z) = z +
1P
k=2

bkz
k 2 N 1

� (f), £¤¥ äãªæ¨ï f(z) = z +
1P
k=2

akz
k ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

«¥¬¬ë, � = c(a� b)=(1 � b). �®£¤ ����g(z) �  �(z)z

���� �
����f(z) �  �(z)z

�����
����(g(z) � f(z)) �  �(z)

z

���� >
> c�

1X
k=2

jck(ak � bk)j � c� 1� b

a� b

1X
k=2

kjak � bkj � 0;

®âªã¤  (g(z) �  �(z))=z 6= 0, z 2 E. �â® ¢ á®®â¢¥âáâ¢¨¨ á (7) ®§ ç ¥â, çâ® g(z) 2 S�n(a; b).
� ¬¥ç ¨¥. �¬¯«¨ª æ¨ï (7) ¯à¨ n = 1, b = �1 ¨ a = 1�2�, 0 � � < 1, á®áâ ¢«ï¥â á®¤¥à¦ -

¨¥ ¨§¢¥áâ®© [10] â¥®à¥¬ë ® á¢¥àâª¥ äãªæ¨©, §¢¥§¤®®¡à §ëå ¢ E ¯®àï¤ª  � (¯® �®¡¥àâá®ã).

�¥¬¬  2. �á«¨ f(z) 2 S0n(a; b) ¨ fn(z) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (3), â®

jf 0n(z)j �
(
(1� brn)(a�b)=nb; b 6= 0;

exp(�arn=n); b = 0;
(8)

jzj = r, 0 < r < 1.

�®ª § â¥«ìáâ¢®. �ç¨âë¢ ï ¢ëâ¥ª îé¥¥ ¨§ (3) à ¢¥áâ¢® fn("kz)="kfn(z) á k=1; 2; : : : ; n�1,
®¤®«¨áâ®áâì ¨ ¢ë¯ãª«®áâì ¢ E äãªæ¨¨ (1 + az)=(1 + bz), ã¡¥¦¤ ¥¬áï, çâ® (1) ¢«¥ç¥â

1 + zf 00n (z)=f
0
n(z) � (1 + az)=(1 + bz); z 2 E: (9)

�âáî¤  ¢ á¨«ã ®¤®£® ®¡®¡é¥¨ï «¥¬¬ë �¢ àæ  ([4], á. 323) ¨¬¥¥¬ ¥à ¢¥áâ¢®

jzf 00n (z)=f 0n(z)j � jzjnja� b(1 + zf 00n (z))=f
0
n(z)j;
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¨§ ª®â®à®£® á«¥¤ã¥â, çâ® § ç¥¨ï äãªæ¨® «  w = 1 + zf 00n (z)=f
0
n(z) ¯à¨ § ¤ ®¬ z 2 E,

jzj = r > 0, «¥¦ â ¢ ªàã£¥

�r = fw : jw � w0j � �g; (10)

£¤¥ w0 = (1� abr2n)=(1 � b2r2n), � = (a� b)rn=(1� b2r2n). �§ (10)  å®¤¨¬

Refzf 00n (z)=f 0n(z)g � �(a� b)rn=(1� brn);

®âªã¤ 
@

@r
ln jf 0(rei')j � �(a� b)rn�1=(1� brn):

�â¥£à¨àãï íâ® ¥à ¢¥áâ¢® ¯® r ®â 0 ¤® r, ¯à¨å®¤¨¬ ª ®æ¥ª¥ (8).

�¥¬¬  3. �á«¨ f(z) 2 S0n(a; b), â® f(z) �  �(z) 2 K ¯à¨ ª ¦¤®¬ � 2 [0; 2�), £¤¥  �(z) ®¯à¥-
¤¥«ï¥âáï ¯® ä®à¬ã«¥ (5).

�®ª § â¥«ìáâ¢®. �á«¨ b = �1 ¨ � = 0, â® á®£« á® (5)  �(z) = z=(1� zn) ¨, á«¥¤®¢ â¥«ì®,
f(z) �  �(z) = fn(z). �® ¢¢¨¤ã (9) fn(z) 2 S01(a; b), â ª çâ® f(z) �  �(z) 2 S01(a; b) � K.

�ãáâì � 2 [0; 2�), � 6= 0 ¯à¨ b = �1. �á¯®«ì§ãï ä®à¬ã«ã (5) ¨ à ¢¥áâ¢  (6), ¯®«ãç¨¬

(a� b)ei�

1 + bei�
(f(z) �  �(z))0

f 0n(z)
=
1 + aei�

1 + bei�
� (zf 0(z))0

f 0n(z)
: (11)

�¨ªá¨àã¥¬ � ¨ ¯®«®¦¨¬ �0 = argfei�=(1 + bei�)g. �®£¤  ¤«ï «î¡®£® ¤¥©áâ¢¨â¥«ì®£® � ¨§ (11)
¡ã¤¥¬ ¨¬¥âì

ei(�0+�)
(f(z) �  �(z))0

f 0n(z)
= ei�

j1 + bei�j
a� b

�
1 + aei�

1 + bei�
� (zf 0(z))0

f 0n(z)

�
: (12)

�  ®á®¢ ¨¨ (1) § ª«îç ¥¬, çâ® § ç¥¨ï w = (zf 0(z))0=f 0n(z) ¤«ï f(z) 2 S0n(a; b) ¨ z 2 E
«¥¦ â ¢ �, £¤¥ � | ªàã£ ¢ �1 (á¬. (10)) ¯à¨ b 6= �1 ¨ � | ¯®«ã¯«®áª®áâì Rew > (1� a)=2 ¯à¨
b = �1. �à ¨æ  � | ®ªàã¦®áâì (¯à¨ b = �1 | ¯àï¬ ï)

� = fw : w = (1 + aeit)=(1 + beit); 0 � t < 2�g:

� ª ª ª (1 + aei�)=(1 + bei�) 2 � ¨ 0 =2 � [ �, â® áãé¥áâ¢ã¥â â ª®¥ � = �(�), çâ®

Re
�
ei�
�
1 + aei�

1 + bei�
� (zf 0(z))0

f 0n(z)

��
> 0; z 2 E: (13)

�®¯®áâ ¢¨¢ (12) ¨ (13), ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã

Refei(�0+�)(f(z) �  �(z))0=f 0n(z)g > 0; z 2 E;

®§ ç îé¥¬ã ¢¬¥áâ¥ á (9), çâ® f(z) �  �(z) 2 K ([4], á. 583{584).

�¥¬¬  4. �á«¨ f(z) 2 S0n(a; b), â®����1 + aei� � (1 + bei�)
(zf 0(z))0

f 0n(z)

���� � (a� b)(1 � rn)
1� brn

; (14)

jzj = r, 0 < r < 1.
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�®ª § â¥«ìáâ¢®. �à¨ b = �1 ¨ � = 0 ¥à ¢¥áâ¢® (14) âà¨¢¨ «ì®. �ãáâì 0 � � < 2�, � 6= 0
¯à¨ b = �1. �®«®¦¨¬

Q(w) = (1 + bei�)
�
1 + aei�

1 + bei�
� w

�
; w 2 �r; (15)

£¤¥ �r ®¯à¥¤¥«ï¥âáï ¯® (10). �ãªæ¨ï Q(w) à¥£ã«ïà  ¨ Q(w) 6= 0 ¢ �r. �®íâ®¬ã ª Q(w) ¯à¨-
¬¥�̈¬ ¯à¨æ¨¯ ¬¨¨¬ã¬  ¬®¤ã«ï ¤«ï à¥£ã«ïàëå äãªæ¨© ([11], á. 192), ¢ á¨«ã ª®â®à®£®

jQ(w)j � min
w2@�r

jQ(w)j = min
0�'<2�

j1 + aei� � (1 + bei�)(w0 + �ei')j =

=
a� b

1� b2r2n

�p
1 + 2br2n cos � + b2r4n � rn

p
1 + 2b cos � + b2

�
:

� å®¤ï ¬¨¨¬ã¬ ¯à ¢®© ç áâ¨ ®â®á¨â¥«ì® �, ¯®«ãç ¥¬

jQ(w)j � (a� b)(1� rn)=(1 � brn);

çâ® ¢¬¥áâ¥ á (15) ¨ (1) ¢«¥ç¥â ¥à ¢¥áâ¢® (14).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì f(z) 2 S0n(a; b). �®£¤  ¨§ (11) ¢ á¨«ã «¥¬¬ë 4 ¨¬¥¥¬

j(f(z) �  �(z))0j � jf 0n(z)j(1 � rn)=(1� brn); jzj = r:

�® «¥¬¬¥ 2 ®âáî¤  ¯®«ãç ¥¬

j(f(z) �  �(z))0j �
(
(1� rn)(1� brn)(a�b)=nb�1; b 6= 0;

(1� rn) exp(�arn=n); b = 0:
(16)

�¢¨¤ã «¥¬¬ë 3 äãªæ¨ï f(z) �  �(z) ®¤®«¨áâ  ¢ E, ¯®áª®«ìªã ª« áá K á®áâ®¨â ¨§ ®¤®-
«¨áâëå äãªæ¨© ¢ E ( ¯à., [4], á. 584). �à¨ ®¤®«¨áâ®¬ ®â®¡à ¦¥¨¨ w = f(z) �  �(z) ªàã£ 
E ®¡à §®¬ ®ªàã¦®áâ¨ jzj = r ï¢«ï¥âáï § ¬ªãâ ï ªà¨¢ ï �®à¤  , § ª«îç îé ï ¢ãâà¨
â®çªã w = 0. �â¬¥â¨¬   íâ®© ªà¨¢®© â®çªã, ¡«¨¦ ©èãî ª w = 0, ¨ á®¥¤¨¨¬ ¥¥ á w = 0
¯àï¬®«¨¥©ë¬ ®âà¥§ª®¬. �®®â¢¥âáâ¢ãîéãî ®âà¥§ªã ªà¨¢ãî jzj � r ®¡®§ ç¨¬ ç¥à¥§ L. �®£¤ 

jf(z) �  �(z)j =
Z
L
j(f(z) �  �(z))0j jdzj �

Z jzj

0
j(f(z) �  �(z))0jdjzj: (17)

�§ (16) ¨ (17) ¢ë¢®¤¨¬ ®æ¥ªã

����f(z) �  �(z)z

���� �
8>><
>>:
�(r) =

1
r

Z r

0

(1� tn)dt
(1� btn)1�(a�b)=bn

; b 6= 0;

�(r) =
1
r

Z r

0

(1� tn) exp(�atn=n)dt; b = 0:
(18)

�ãªæ¨¨ �(r) ¨ �(r) ã¡ë¢ îâ ¯à¨ 0 < r < 1, ¯®íâ®¬ã ¨§ (18) ¨¬¥¥¬

j(f(z) �  �(z))=zj � (1� b)��n=(a� b);

£¤¥ ��n â® ¦¥, çâ® ¨ ¢ â¥®à¥¬¥. �¥¯¥àì ¢ª«îç¥¨¥ N
1
��
n

(f) � S�n(a; b) á«¥¤ã¥â ¨§ «¥¬¬ë 1.
�à®áâë¬¨ ¢ëç¨á«¥¨ï¬¨ ã¡¥¤¨¬áï, çâ® ¯à¨ � = ��, zn = �rn ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (f(z) �

 �(z))=z = �(r) ¤«ï äãªæ¨¨

f(z) =
Z z

0
(1 + b�n)(a�b)=bnd� 2 S0n(a; b);

¥á«¨ b 6= 0, ¨ à ¢¥áâ¢® (f(z) �  �(z))=z = �(r) ¤«ï äãªæ¨¨

f(z) =
Z z

0
exp(a�n=n)d� 2 S0n(a; b);

¥á«¨ b = 0. �«¥¤®¢ â¥«ì®, ¯®áâ®ïãî ��n ¥«ì§ï § ¬¥¨âì ¡�®«ìè¥©.
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�¥®à¥¬  2. �á«¨ f(z) 2 S0n(a; b), â® N
2
�n
(f) � Kn(a; b), £¤¥ �n = (1 � a)(1 � b)(a�b)=nb�1 ¯à¨

b 6= 0 ¨ �n = (1� a) exp(�a=n) ¯à¨ b = 0.

�®ª § â¥«ìáâ¢®. �ãáâì g(z) 2 N 2
�n
(f). �®£¤  j(zf 0(z))0 � (zg0(z))0j < �n ¢ E, â ª çâ®

Re
(zg0(z))0

f 0n(z)
� Re

(zf 0(z))0

f 0n(z)
� �n
jf 0n(z)j

: (19)

�§ ãá«®¢¨ï (1) ¯® ¯à¨æ¨¯ã ¯®¤ç¨¥®áâ¨ ¨ «¥¬¬¥ �¢ àæ  ¯®«ãç¨¬ ¥à ¢¥áâ¢®

Ref(zf 0(z))0=f 0n(z)g � (1� ar)=(1� br); jzj = r < 1;

á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®© äãªæ¨¨ f(z) 2 S0n(a; b). �à ¢ ï ç áâì ¢ íâ®¬ ¥à ¢¥áâ¢¥ ã¡ë¢ ¥â ¢
¯à®¬¥¦ãâª¥ 0 < r < 1. �®íâ®¬ã

Ref(zf 0(z))0=f 0n(z)g � (1� a)=(1 � b); z 2 E: (20)

� á¨«ã «¥¬¬ë 2 ¨¬¥¥¬ ¢ E ®æ¥ªã

1
jf 0n(z)j

�
(
(1� b)�(a�b)=nb; b 6= 0;

exp(a=n); b = 0:
(21)

�§ (19){(21) á ãç¥â®¬ ®¯à¥¤¥«¥¨ï �n  å®¤¨¬ ¥à ¢¥áâ¢® (4), ®§ ç îé¥¥, çâ® g(z) 2 Kn(a; b).
�«¥¤®¢ â¥«ì®, N 2

�n
(f) � Kn(a; b).
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