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� áá¬®âà¨¬ ­  ®âà¥§ª¥ [0; 1] ¤¢ãåâ®ç¥ç­ãî ªà ¥¢ãî § ¤ çã

y00 + axmyn = 0; 0 < x < 1; (1)

y(0) = y(1) = 0; (2)

£¤¥ m, n, a | ¯®áâ®ï­­ë¥, ¯à¨ç¥¬ a > 0, m > 0, n > 1. �®¤ ¯®«®¦¨â¥«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨
(1){(2) ¯®­¨¬ ¥¬ à¥è¥­¨¥ íâ®© § ¤ ç¨ ¨§ ª« áá  C2[0; 1], ¤«ï ª®â®à®£® y(x) > 0, x 2 (0; 1).

� ¤ ­­®© à ¡®â¥ ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï
§ ¤ ç¨ (1){(2), ¯à¥¤« £ ¥âáï ­¥¨â¥à æ¨®­­ë© ç¨á«¥­­ë© ¬¥â®¤ ¥£® ­ å®¦¤¥­¨ï, å®âï áãé¥-
áâ¢®¢ ­¨¥ ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ (1){(2) ¬®¦­® ¤®ª § âì â ª¦¥ ¬¥â®¤®¬ à áá«®¥­¨ï
C.�.�®å®¦ ¥¢ , ­ ¯à¨¬¥à, [1], [2].

1. �¯à¨®à­ë¥ ®æ¥­ª¨

�¥®à¥¬  1.1. �«ï ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï y(x) § ¤ ç¨ (1){(2) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

M1a
�

1
n�1 � max

[0;1]
y(x) �M2a

�
1
n�1 ; (1.1)

£¤¥ M1 ¨ M2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, § ¢¨áïé¨¥ «¨èì ®â m, n.

�®ª § â¥«ìáâ¢®. �ãáâì M = max
[0;1]

y(x) = y(d), d 2 (0; 1). �®£¤  y0(d) = 0, y00(d) � 0. �¬¥¥¬

M =
Z d

0

y0(t)dt = �
Z d

0

ty00(t)dt = a

Z d

0

tm+1yn(t)dt; (1.2)

á ¤àã£®© áâ®à®­ë,

M = �
Z 1

d
y0(t)dt = �

Z 1

d
(1� t)y00(t)dt = a

Z 1

d
(1� t)tmyn(t)dt: (1.3)

� ª ª ª y00(x) < 0 ¯à¨ x 2 (0; 1), â® y(x) | ¢ë¯ãª« ï ¢¢¥àå äã­ªæ¨ï. �âáî¤  á«¥¤ã¥â y(t) �
y(d)

d
t = M

d
t ¯à¨ 0 � t � d ¨ y(t) � 1�t

1�d
y(d) = M(1�t)

1�d
¯à¨ d � t � 1. �®«ì§ãïáì íâ¨¬, ¨§ (1.2)

¯®«ãç ¥¬

M �
aMn

m+ n+ 2
dm+2; (1.4)

a ¯à¨ d � t � 1 ¨§ (1.3) á«¥¤ã¥â

M �
aMn

(1� d)n

Z 1

d

(1� t)n+1tmdt:
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�®á«¥ § ¬¥­ë t = (1� d)s+ d ¢ ¯®á«¥¤­¥¬ ¨­â¥£à «¥ ¯®«ãç¨¬

M � aMn(1� d)2
Z 1

0

(1� s)n+1[(1� d)s+ d]mds � aMn(1� d)m+2

Z 1

0

(1� s)n+1smds: (1.5)

� ª ª ª 1� s � s ¯à¨ s 2 [0; 1=2] ¨ s � 1� s ¯à¨ s 2 [1=2; 1], â®
Z 1

0
(1� s)n+1smds =

Z 1=2

0
(1� s)n+1smds+

Z 1

1=2
(1� s)n+1smds �

�

Z 1=2

0

sn+m+1ds+
Z 1

1=2

(1� s)n+m+1ds =
1

2m+n+1(m+ n+ 2)
:

�®£¤  ¨§ (1.5) ¢ëâ¥ª ¥â

M �
aMn(1� d)m+2

2m+n+1(m+ n+ 2)
: (1.6)

�æ¥­¨¢ ï â¥¯¥àì ¨­â¥£à «ë (1.2) ¨ (1.3) á¢¥àåã, ¨¬¥¥¬

M � aMndm+2=(m+ 2) (1.7)

¨

M � aMn(1� dm+2)=(m+ 2): (1.8)

� á¨«ã (1.4) ¨ (1.8)

m+ 2
1� dm+2

� aMn�1 �
m+ n+ 2

dm+2
: (1.9)

�âáî¤  á«¥¤ã¥â

d �

�
m+ n+ 2
2m+ n+ 4

� 1
m+2

= d1 < 1: (1.10)

�­ «®£¨ç­® ¨§ (1.6) ¨ (1.7) ¯®«ãç¨¬

m+ 2
dm+2

� aMn�1 �
2m+n+1(m+ n+ 2)

(1� d)m+2
(1.11)

¨

d �

�
1 +

�
2m+n+1(m+ n+ 2)

m+ 2

� 1
m+2

��1

= d0: (1.12)

�¥¯¥àì ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (1.1) á«¥¤ã¥â ¨§ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (1.9) ¨ (1.12) á

M2 = (m + n+ 2)
1
n�1d

�
m+2

n�1

0 ,   «¥¢ ï ç áâì | ¨§ «¥¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (1.11) ¨ (1.10) á M1 =

(m+ 2)
1
n�1d

�
m+2

n�1

1 .

�á¯®«ì§ãï ®æ¥­ª¨ (1.1), «¥£ª® ã¡¥¤¨âìáï, çâ® ¥á«¨ y(x) | ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨
(1){(2), â®

max
[0;1]

jy00(x)j �Mn
2 a

�
1
n�1 : (1.13)

� ª ª ª

y0(0) = �
Z d

0

y00(t)dt = a

Z d

0

tmyn(t)dt;

â® ¢ á¨«ã (1.1), (1.10) ¨ (1.12) ¯®«ãç¨¬

C1a
�

n

n�1 � y0(0) � C2a
�

n

n�1 ; (1.14)
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£¤¥ ¯®áâ®ï­­ë¥ C1, C2 § ¢¨áïâ «¨èì ®â m ¨ n.
�ãáâì â¥¯¥àì h | ¯®«®¦¨â¥«ì­®¥ ç¨á«®. � áá¬®âà¨¬ § ¤ çã

y00 = �axmyn; 0 < x < h; (1.15)

y(0) = y(h) = 0: (1.16)

�®«ãç¨¬  ¯à¨®à­ë¥ ®æ¥­ª¨ ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï íâ®© § ¤ ç¨. �«ï íâ®£® § ¬¥­®© t = x=h
á¢¥¤¥¬ § ¤ çã (1.15){(1.16) ª § ¤ ç¥

u00 = �ahm+2tmun; 0 < t < 1;

u(0) = u(1) = 0;
(1.17)

£¤¥ u = u(t) = y(th) . �à ¢­¥­¨¥ (1.17) ®â«¨ç ¥âáï ®â ãà ¢­¥­¨ï (1) â®«ìª® ª®íää¨æ¨¥­â®¬
ahm+2 ¢¬¥áâ® ª®íää¨æ¨¥­â  a ¢ ãà ¢­¥­¨¨ (1). �®íâ®¬ã ¤«ï ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨
(1.15){(1.16) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

M1

h
m+2

n�1 a
1
n�1

� max
[0;h]

y(x) �
M2

h
m+2

n�1 a
1
n�1

: (1.18)

�­ «®£¨ç­® ¨§ (1.13) ¨ (1.14) ¯®«ãç ¥¬ ®æ¥­ª¨

max
[0;h]

jy00(x)j �
Mn

2

h
m+2

n�1 a
1
n�1

;
C1

h
m+2

n�1 a
1
n�1

� y0(0) �
C2

h
m+2

n�1 a
1
n�1

:

2. �¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï

�®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï ¢ C2[0; 1] § ¤ ç¨ (1){(2).
�«ï íâ®© æ¥«¨ à áá¬®âà¨¬ § ¤ çã �®è¨

y00 = �axmyn; (2.1)

y(0) = 0; (2.2)

y0(0) = s; (2.3)

£¤¥ s | ­¥ª®â®à®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®.

�¥®à¥¬  2.1. �«ï «î¡®£® s > 0 áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ç¨á«® h(s) > 0, ¯à¨ ª®â®à®¬

­ ©¤¥âáï ¥¤¨­áâ¢¥­­®¥ ­¥®âà¨æ â¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ (2:1){(2:3) ¨§ ª« áá  C2[0; h(s)],
®¡à é îé¥¥áï ¢ ­ã«ì ­  ª®­æ å ®âà¥§ª  [0; h(s)].

�®ª § â¥«ìáâ¢®. �­â¥£à¨àãï ¤¢  à §  ãà ¢­¥­¨¥ (2.1) ®â 0 ¤® x á ãç¥â®¬ ­ ç «ì­ëå ãá«®-
¢¨© (2.2){(2.3), ¯®«ãç¨¬

y(x) = sx� a

Z x

0

Z t

0

zmyn(x)dz dt: (2.4)

� ª ª ª y(0) = 0, y0(0) = s > 0, â® áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® �, çâ® y(x) > 0 ¯à¨
x 2 (0; �). �à¥¤¯®«®¦¨¬, çâ® y0(x) > 0 ¯à¨ ¢á¥å x > 0. �®£¤  y(x) > 0 ¨ ¢®§à áâ ¥â ¯à¨ x > 0.
�§ (2.4) á«¥¤ã¥â

y(x) > sx� a
xm+2yn

(m+ 1)(m+ 2)
:

�âáî¤  ¨¬¥¥¬

axm+2yn + (m+ 1)(m+ 2)y � (m+ 1)(m+ 2)sx � 0: (2.5)

�®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ �­£  ([3], á. 61):

ab � "a1=q + (q=")q=(1�q)(1� q)b1=(1�q);
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£¤¥ " | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®, q 2 (0; 1), a ¨ b | ­¥®âà¨æ â¥«ì­ë¥ ç¨á« . � á¨«ã
íâ®£® ­¥à ¢¥­áâ¢  ¯à¨ q = n�1

n
¨ " = 1

2
¨¬¥¥¬

(m+ 1)(m+ 2)y = [(m+ 1)(m+ 2)sx]
n�1

n

[(m+ 1)(m+ 2)]
1
n

(sx)
n�1

n

y �

�
(m+ 1)(m + 2)sx

2
+
�
2
n� 1
n

�n�1 1
n

(m+ 1)(m+ 2)
(sx)n�1

yn:

�®«ì§ãïáì íâ®© ®æ¥­ª®©, ¨§ (2.5) ¯®«ãç ¥¬

yn(x) � snxn
.� 2asn�1xm+n+1

(m+ 1)(m + 2)
+
�
2
n

�n
(n� 1)n�1

�
:

�âáî¤  á«¥¤ã¥â

yn(x) � snxn=[a0(s)(1 + xm+n+1)]; (2.6)

£¤¥

a0(s) = max
��

2
n

�n
(n� 1)n�1;

2asn�1

(m+ 1)(m+ 2)

�
:

�­â¥£à¨àãï ãà ¢­¥­¨¥ (2.1) ®â 0 ¤® x, á ãç¥â®¬ ­ ç «ì­®£® ãá«®¢¨ï (2.3) ¯®«ãç¨¬

y0(x) = s� a

Z x

0

tmyn(t)dt:

�âáî¤  á ãç¥â®¬ ¯à¥¤¯®«®¦¥­¨ï y0(x) > 0 ¯à¨ x > 0 ¨ ­¥à ¢¥­áâ¢  (2.6), ¨¬¥¥¬

s > a

Z x

0
tmyn(t)dt � a

sn

a0(s)

Z x

0

tm+n

1 + tm+n+1
dt =

asn

(m+ n+ 1)a0(s)
ln (1 + xm+n+1):

�â®£® ­¥ ¬®¦¥â ¡ëâì, â. ª. ln (1 + xm+n+1)! +1 ¯à¨ x! +1. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª ï
â®çª  x0 > 0, çâ® y0(x0) = 0 ¨ y0(x) > 0 ¯à¨ 0 � x < x0. �§ ãà ¢­¥­¨ï (2.1) á«¥¤ã¥â y00(x0) < 0,
â. ¥. x0 ï¢«ï¥âáï â®çª®© ¬ ªá¨¬ã¬  à¥è¥­¨ï § ¤ ç¨ (2.1){(2.3). � ª ª ª ¢ á¨«ã ãà ¢­¥­¨ï (2.1)
y0(x) < 0 ¯à¨ y(x) > 0, â® y0(x) < 0 ¯à¨ x0 < x < x1 ¤«ï ­¥ª®â®à®£® x1,   ¨§ ¢ë¯ãª«®áâ¨ ¢¢¥àå
y(x) ¤«ï ¯®«®¦¨â¥«ì­ëå §­ ç¥­¨© y(x) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®© â®çª¨ h = h(s), ¢
ª®â®à®© ¯®«®¦¨â¥«ì­®¥ ­  (0; h(s)) à¥è¥­¨¥ § ¤ ç¨ �®è¨ (2.1){(2.3) ®¡à é ¥âáï ¢ ­ã«ì.

�ãáâì y(x; s) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ (2.1){(2.3). �ãé¥áâ¢®¢ ­¨¥ ¤«ï «î¡®£® s > 0 ¥¤¨­-
áâ¢¥­­®£® §­ ç¥­¨ï h(s) > 0 â ª®£®, çâ® y(x; s) > 0 ¯à¨ 0 < x < h(s) ¨ y(h(s); s) = 0, ¤®ª § ­®
¢ëè¥. �§  ¯à¨®à­ëå ®æ¥­®ª (1.18) á h = h(s) á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì y(x; s) ¢ C2[0; h(s)].

�¥®à¥¬  2.2. �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(2).

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 2.1 ¤«ï ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï y(x) § ¤ ç¨ �®è¨

y 00 + axmyn = 0; y(0) = 0; y 0(0) = 1

áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ §­ ç¥­¨¥ h â ª®¥, çâ® y(h) = 0. �¥£ª® ¯à®¢¥à¨âì ¯®  ­ «®£¨¨ á [4],

çâ® § ¬¥­  x = A�1x, y = A�2y á A = h
(m+n+1)=(n�1)

, �1 = � n�1
m+n+1

, �2 = m+2
m+n+1

¯à¨¢¥¤¥â ª
¥¤¨­áâ¢¥­­®¬ã ¯®«®¦¨â¥«ì­®¬ã à¥è¥­¨î § ¤ ç¨ (1){(2).

� ¬¥ç ­¨¥. �§ ®æ¥­®ª (1.18) á«¥¤ã¥â, çâ® ãà ¢­¥­¨¥ (1) ­¥ ¨¬¥¥â ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï,
ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬ y(0) = 0, lim

x!+1
y(x) = 0.

�å¥¬  ç¨á«¥­­®£® à¥è¥­¨ï á¢ï§ ­  á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 2.2. �¬¥­­®, á­ ç «  ­ å®-
¤¨¬ h ¨§ ãá«®¢¨ï y(h) = 0, § â¥¬ ¯® h ¢ëç¨á«ï¥¬ A, § â¥¬ § ¯¨áë¢ ¥¬ p¥è¥­¨¥. �¨á«¥­­ë©
íªá¯¥à¨¬¥­â, ¯à®¢¥¤¥­­ë© ¯à¨ à §«¨ç­ëå §­ ç¥­¨ïå m, n ¨ a = 1, ¯®ª § «, çâ® íâ  áå¥¬  «¥£ª®
à¥ «¨§ã¥âáï ­  ���.
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