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1. � ¤ ®© à ¡®â¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï ª« áá¨ç¥áª¨¥ ¬¥â®¤ë áã¬¬¨à®¢ ¨ï ç¨á«®¢ëå
àï¤®¢ | ¬¥â®¤ë �¥§ à® (C;�) á � � 0 ¨ ¬¥â®¤ �¡¥«ï (A) (®¯à¥¤¥«¥¨ï íâ¨å ¬¥â®¤®¢ á¬. ([1],
áá. 20, 125{128)), ¨§ãç âìáï ãá«®¢¨ï â ã¡¥à®¢  â¨¯  ¤«ï íâ¨å ¬¥â®¤®¢.

�á«®¢¨¬áï, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, ¢¥§¤¥ ¤ «¥¥ áç¨â âì, çâ® an = fang
+1
n=0 | ¯®á«¥¤®¢ -

â¥«ì®áâì ¤¥©áâ¢¨â¥«ìëå ç¨á¥«; cn = fcng
+1
n=0 | ¯®á«¥¤®¢ â¥«ì®áâì ¥®âà¨æ â¥«ìëå ç¨á¥«;

fnrg
+1
r=1 |¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥«; k; l; n|æ¥«ë¥ ¥®âà¨æ â¥«ìë¥ ç¨á« ; �; �

| ¥®âà¨æ â¥«ìë¥ ç¨á« . � ¯¨áì
P
an = A(P ) ®§ ç ¥â, çâ® àï¤

+1P
n=0

an áã¬¬¨àã¥¬ ª ç¨á«ã A

¬¥â®¤®¬ P (àï¤ë á ¥ãª § ë¬¨ ¯à¥¤¥« ¬¨ áã¬¬¨à®¢ ¨ï ¡ã¤¥¬ áç¨â âì áã¬¬¨àã¥¬ë¬¨ ®â 0
¤® +1), § ¯¨áì an 2 R ®§ ç ¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì an ã¤®¢«¥â¢®àï¥â ãá«®¢¨î R.

�ã¤¥¬ £®¢®à¨âì, çâ® ¬¥â®¤ P ¢ª«îç ¥âáï ¬¥â®¤®¬ Q (P � Q), ¥á«¨ ¨§ â®£®, çâ®
P
an = A(P )

á«¥¤ã¥â
P
an = A(Q).

�®à®è® ¨§¢¥áâë ¢ª«îç¥¨ï (C;�) � (C; �) � A ¯à¨ � < � ([1], áá. 131, 140). �¡à âë¥ ¢ª«î-
ç¥¨ï ¢ ®¡é¥¬ á«ãç ¥ ¥¢¥àë, ®¤ ª® ®¨ áâ ®¢ïâáï á¯à ¢¥¤«¨¢ë¬¨, ¥á«¨   an  «®¦¨âì
¥ª®â®àë¥ ãá«®¢¨ï,  §ë¢ ¥¬ë¥ â ã¡¥à®¢ë¬¨.

�ã¤¥¬ à áá¬ âà¨¢ âì â ª  §ë¢ ¥¬ë¥ \O-ãá«®¢¨ï" â ã¡¥à®¢  â¨¯ , â. ¥. ãá«®¢¨ï ¢¨¤  an =
O(cn).

�ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì cn ¯à¨ ¤«¥¦¨â ª« ááã OTQ(P ) (cn 2 OTQ(P )), ¥á«¨ ¨§
â®£®, çâ® àï¤

P
an áã¬¬¨àã¥¬ ¬¥â®¤®¬ P , ¨ â®£®, çâ® an = O(cn), á«¥¤ã¥â, çâ®

P
an áã¬¬¨àã¥¬

¬¥â®¤®¬ Q. �¥â®¤ P ¯à¨ íâ®¬ ¡ã¤¥¬  §ë¢ âì \¢¥àå¨¬", Q | \¨¦¨¬". � «¥¥ ¢ ª ç¥áâ¢¥
\¢¥àå¥£®" ¬¥â®¤  à áá¬ âà¨¢ îâáï ¬¥â®¤ë �¥§ à® (C;�) ¨«¨ �¡¥«ï (A), ¢ ª ç¥áâ¢¥ \¨¦¥£®"
| ¬¥â®¤ (C; k) á k < �.

�à¨¢¥¤¥¬ ¥ª®â®àë¥ ª« áá¨ç¥áª¨¥ à¥§ã«ìâ âë ¤«ï á«ãç ï, ª®£¤  \¨¦¨¬" ¬¥â®¤®¬ ï¢«ï-
¥âáï (C; 0)-áå®¤¨¬®áâì.

� à¤¨ [2] ¤®ª § «, çâ® 1
n
2 OT(C;0)(C;�), �¨â«¢ã¤ [3] | çâ® 1

n
2 OT(C;0)(A).

� [4] à áá¬®âàe® á«¥¤ãîé¥¥ ãá«®¢¨¥ (E). �®á«¥¤®¢ â¥«ì®áâì cn 2 (E), ¥á«¨ ¤«ï «î¡®£®
" > 0 áãé¥áâ¢ãîâ ç¨á«® q > 1 ¨ ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥« fnrg

1
r=1 â ª¨¥, çâ®

nr+1

nr
� q ¨

P
nr<�<nr+1

c� < " ¤«ï ¢á¥å r.

�ãáâì P | ¥ª®â®àë© ä¨ªá¨à®¢ ë© ¬¥â®¤ (C;�) á � > 0 ¨«¨ ¬¥â®¤ (A). �®£¤ , ª ª
¯®ª § ® ¢ [4], ãá«®¢¨¥ cn 2 (E) ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ¤«ï â®£®, çâ®¡ë

cn 2 OT(C;0)(P ):

�§ íâ®£® à¥§ã«ìâ â  á«¥¤ã¥â, çâ® ãá«®¢¨¥ � à¤¨ an = O( 1
n
) ï¢«ï¥âáï  ¨«ãçè¨¬ á â®çª¨

§à¥¨ï ¯®àï¤ª , â. ¥. ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ wn â ª®©, çâ® lim
n!+1

wn = +1, ¨¬¥¥¬

wn

n
=2 OT(C;0)(P ):

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 03-01-00080.
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� áá¬®âà¨¬ â¥¯¥àì   «®£¨çë¥ ¢®¯à®áë ¤«ï á«ãç ï, ª®£¤  \¨¦¨¬" ¬¥â®¤®¬ ï¢«ï¥âáï
ã¦¥ ¥ ¬¥â®¤ (C; 0),   ¬¥â®¤ (C; k) á k > 0.

� [5] ãáâ ®¢«¥®, çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ wn â ª®©, çâ® lim
n!+1

wn = +1, áãé¥-

áâ¢ã¥â an â ª ï, çâ® an = O(wn

n
); àï¤

P
an áã¬¬¨àã¥¬ ¬¥â®¤®¬ (A) ¨ ¥ áã¬¬¨àã¥¬ ¨ª ª¨¬

¬¥â®¤®¬ (C; k), â. ¥. ¤«ï ¢á¥å k ¨¬¥¥¬ wn

n
=2 OT(C;k)(A).

� [6] ¡ë«¨ ¢¢¥¤¥ë ãá«®¢¨ï (F; k), ª®â®àë¥ ¤«ï ªà âª®áâ¨ ¥ ¡ã¤¥¬ §¤¥áì ä®à¬ã«¨à®¢ âì, ¨
ãáâ ®¢«¥ë á«¥¤ãîé¨¥ á¢®©áâ¢  íâ¨å ãá«®¢¨©:

1) (F; 0) = (E);
2) eá«¨ k < l ¨ cn 2 (F; k), â® cn 2 (F; l);
3) eá«¨ k < l, â® áãé¥áâ¢ã¥â cn â ª ï, çâ® cn =2 (F; k), ® cn 2 (F; l);
4) eá«¨ cn 2 (F; k), â® cn 2 OT(C;k)(C;�) ¤«ï «î¡®£® � > k.
�§ íâ¨å á¢®©áâ¢ á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ® ãá«®¢¨¥ cn 2 (E) ¥ ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¤«ï

â®£®, çâ®¡ë cn 2 OT(C;k)(P ), £¤¥ (P ) | ¬¥â®¤ (C;�) á � > k ¨«¨ ¬¥â®¤ (A). �¨¦¥ ¡ã¤ãâ ¢¢¥¤¥ë
ãá«®¢¨ï (ND; k) ¨ ¯®«ãç¥®, çâ® âà¥¡®¢ ¨¥ cn =2 (ND; k) ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¤«ï â®£®,
çâ®¡ë cn 2 OT(C;k)(P ).

�®ª § â¥«ìáâ¢® íâ®£® ¯à®¢®¤¨âáï ¢ â¥®à¥¬¥ 1, ª®â®à ï ä®à¬ã«¨àã¥âáï ¢ ¥áª®«ìª® ¨ëå
®¡®§ ç¥¨ïå ¤«ï ¯à¨¤ ¨ï ¥¥ ãâ¢¥à¦¤¥¨î ¡®«¥¥ ¯à®§à ç®£® á¬ëá« .

�ãáâì k |  âãà «ì®¥ ç¨á«®. � ¤¨¬ ®¯à¥¤¥«¥¨¥ ãá«®¢¨© (ND; k).
�®á«¥¤®¢ â¥«ì®áâì cn ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (ND; k), ¥á«¨ áãé¥áâ¢ãîâ ç¨á«  " > 0 ¨ p

(0 < p < 1) â ª¨¥, çâ® ¤«ï «î¡®£® q (1 < q < q3 � 2) áãé¥áâ¢ãîâ á«¥¤ãîé¨¥ ®¡ê¥ªâë, § ¢¨áïé¨¥
®â q:

I) ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥« fn(q)r g+1r=1 â ª ï, çâ®

q �
n
(q)
r+1

n(q)r

� q3;

II) ¯®á«¥¤®¢ â¥«ì®áâì fec(q)n g â ª ï, çâ® 0 � ec(q)n � cn;
III) (k+2) ¢®§à áâ îé¨å ¯®á«¥¤®¢ â¥«ì®áâ¥©  âãà «ìëå ç¨á¥« fl(q)ir g

+1
r=1 (i = 1; : : : ; k+2);

(k + 2) ¢®§à áâ îé¨å ¯®á«¥¤®¢ â¥«ì®áâ¥©  âãà «ìëå ç¨á¥« fm
(q)
ir g

+1
r=1 (i = 1; : : : ; k + 2),

¨ ¤«ï íâ¨å ®¡ê¥ªâ®¢ ¤«ï ¡¥áª®¥ç®£® ç¨á«  ®¬¥à®¢ r ®¤®¢à¥¬¥® ¢ë¯®«¥ë á«¥¤ãîé¨¥
á®®â®è¥¨ï:

n(q)r � l
(q)
1r < m

(q)
1r < qpm

(q)
1r � l

(q)
2r < m

(q)
2r < qpm

(q)
2r � l

(q)
3r < � � � � l

(q)
(k+2)r < m

(q)
(k+2)r < n

(q)
r+1; (1)

m
(q)
1rX

�=l
(q)
1r +1

ec(q)� =
m

(q)
irX

�=l
(q)

ir
+1

ec(q)� (i = 2; 3; : : : ; k + 2); (2)

k+2X
i=1

m
(q)
irX

�=l
(q)

ir
+1

(n(q)r+1 � � + 1)kec(q)� � "(n(q)r )k: (3)

�¥®à¥¬  1. �ãáâì k | ä¨ªá¨à®¢ ®¥  âãà «ì®¥ ç¨á«®, ¯®á«¥¤®¢ â¥«ì®áâì cn (cn�0)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (ND; k). �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì an, ¤«ï ª®â®à®© ¢ë-

¯®«¥® 1) janj � cn ¤«ï ¢á¥å n; 2) àï¤
P
an áã¬¬¨àã¥¬ ª ã«î «î¡ë¬ ¬¥â®¤®¬ (C;�) á � > k;

3) àï¤
P
an ¥ áã¬¬¨àã¥¬ ¬¥â®¤®¬ (C; k).

�¤¥« ¥¬ ®¤® § ¬¥ç ¨¥ ®¡ ãá«®¢¨ïå (ND; k). �â¨ ãá«®¢¨ï ¡ë«¨ ¯®«ãç¥ë ¥ª®â®àë¬ ¨§-
¬¥¥¨¥¬ (¢¢¥¤¥¨¥¬ âà¥¡®¢ ¨ï \à ¢®¬¥à®áâ¨ à®áâ ") ¨§ ®âà¨æ ¨ï ãá«®¢¨© (F; k) ¨ ¢¥è¥
¢ë£«ï¤ïâ ¥áª®«ìª® £à®¬®§¤ª¨¬¨. �¤ ª®, ¥á¬®âàï   íâ®, ®¨ ®ª §ë¢ îâáï ¤®¢®«ì® ã¤®¡-
ë¬¨ ¢ ¯à¨¬¥¥¨¨. � ª, ¯à®áâ®© ¯à®¢¥àª®© â®£®, çâ® wn

n
2 (ND; k) ¤«ï ¢á¥å k, ¤®ª §ë¢ ¥âáï

�¥®à¥¬  2. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì wn â ª®¢ , çâ® lim
n!+1

wn = +1. �®£¤  wn

n
=2

OT(C;k)(C;�) ¨ ¯à¨ ª ª¨å k ¨ � (k < �).
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�¥®à¥¬  2 ¢¬¥áâ¥ á ãª § ë¬¨ ¢ëè¥ à¥§ã«ìâ â ¬¨ à ¡®â [2], [3], [5] ¯®«®áâìî à¥è ¥â ¢®¯à®á
®  ¨«ãçè¥¬ á â®çª¨ §à¥¨ï ¯®àï¤ª  OTQ(P )-ãá«®¢¨¨ ¤«ï á«ãç ï Q = (C; k); P = (C;�) á � > k
¨«¨ P = A,   ¨¬¥® 1

n
2 OT(C;k)(P ); wn

n
=2 OT(C;k)(P ), ¥á«¨ lim

n!+1
wn = +1.

2. �áâ ®¢¨¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï, ª®â®àë¥ ¯®âà¥¡ãîâáï ¯à¨ ¤®ª § -
â¥«ìáâ¢¥ â¥®à¥¬. �¡®§ ç¥¨ï ¢ ¯à¨¢®¤¨¬ëå ¨¦¥ «¥¬¬ å ¬ ªá¨¬ «ì® ¯à¨¡«¨¦¥ë ª á®®â-
¢¥âáâ¢ãîé¨¬ ®¡®§ ç¥¨ï¬ ¢ â¥®à¥¬ å.

� ª ¦¤®© ¨§ «¥¬¬ ä¨ªá¨à®¢ ë  âãà «ìë¥ ç¨á«  k, l,m, li, mi, £¤¥ i = 1; : : : ; k+2, ¯à¨ç¥¬
¢ë¯®«¥®

l � l1 < m1 < l2 < m2 < � � � < lk+2 < mk+2 � m: (4)

�¥©áâ¢¨â¥«ìë¥ ç¨á«  �, �i (i = 1; : : : ; k + 2), ec� , a� (� | æ¥«®¥, � 2 (l;m]) § ¤ ë â ª, çâ®

ec� � 0 ¤«ï ¢á¥å � 2 (l;m]; (5)

a� = 0; ¥á«¨ � 2 (l;m] n
k+2[
i=1

(li;mi]; (6)

a� = � � �i � ec� ; ¥á«¨ � 2 (li;mi]: (7)

�ã¤ãâ ¨á¯®«ì§®¢ âìáï â ª¦¥ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: [t] | æ¥« ï ç áâì ç¨á«  t;

Y�(n; k) =
kY

s=1

(n� � + s):

�¥¬¬  1. �ãáâì k, l, m, li, mi (i = 1; : : : ; k + 2) |  âãà «ìë¥ ç¨á« , ã¤®¢«¥â¢®àïîé¨¥

¥à ¢¥áâ¢ ¬ (4). �ãáâì �, �i (i = 1; : : : ; k+2), ec� , a� (� | æ¥«®¥, � 2 (l;m]) | ¤¥©áâ¢¨â¥«ìë¥

ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬ (5){(7) ¨ â ª¨¥, çâ® ¤«ï ¢á¥å æ¥«ëå t 2 [0; k] ¢ë¯®«¥®

k+2X
i=1

� miX
�=li+1

�tec���i = 0: (8)

�ãáâì n |  âãà «ì®¥ ç¨á«® â ª®¥, çâ® n � m. �®£¤  á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

mX
�=l+1

Y�(n; k + 1)a� = (�1)k+1�
� k+2X

i=1

� miX
�=li+1

�k+1ec���i� = �
k+2X
i=1

�i

� miX
�=li+1

(m� � + 1)k+1ec��; (9)
mX

�=l+1

Y�(n; k)a� = 0: (10)

�®ª § â¥«ìáâ¢®. �ëà ¦¥¨¥ Y�(n; k + 1) ï¢«ï¥âáï ¬®£®ç«¥®¬ áâ¥¯¥¨ k + 1 ®â ¯¥à¥¬¥-
®© �. �¡®§ ç¨¬ ç¨á«®¢®© ª®íää¨æ¨¥â ¯à¨ �t ¢ áâ ¤ àâ®© § ¯¨á¨ íâ®£® ¬®£®ç«¥  ç¥à¥§ �t,

â. ¥. Y�(n; k + 1) =
k+1P
t=0

�t�
t. �®£¤ , â. ª. �k+1 = (�1)k+1, â®, ¨á¯®«ì§ãï (5){(8), ¯®«ãç ¥¬

mX
�=l+1

Y�(n; k + 1)a� = �
k+2X
i=1

�i

miX
�=li+1

� k+1X
t=0

�t�
t

�ec� =
= �

k+1X
t=0

�t

� k+2X
i=1

� miX
�=li+1

�tec���i� = (�1)k+1�
� k+2X

i=1

� miX
�=li+1

�k+1ec���i�:
� «®£¨ç®, à áªàë¢ ï ¯® áâ¥¯¥ï¬ � ¢ëà ¦¥¨ï (m � � + 1)k ¨ Y�(n; k) ¨ ¯à¨¬¥ïï (8),

¯®«ãç ¥¬ á®®â¢¥âáâ¢¥® ¢â®à®¥ ¨§ à ¢¥áâ¢ ä®à¬ã«ë (9) ¨ ä®à¬ã«ã (10).
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�à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2 ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ , á¯à ¢¥¤«¨¢ë¥
¤«ï ¢á¥å q 2 (1; 1;5), p 2 (0; 1)

qp � 1
q � 1

�
p

2p+ 2
; (11)

q8 � 1 < 50(q � 1): (12)

�¥à ¢¥áâ¢® (11) ¢ëâ¥ª ¥â ¨§ ¢®§à áâ ¨ï   [0; 1] äãªæ¨¨ �(y) = (2y+2)(qy� 1)� y(q� 1),
ª®â®à®¥, ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ã¥â ¨§ â®£®, çâ® �0(0) > 0 ¨ �00(y) > 0 ¯à¨ y 2 [0; 1]. �¥à ¢¥áâ¢®
(12) ¯®«ãç ¥âáï à §«®¦¥¨¥¬ q8 � 1   ¬®¦¨â¥«¨ ¨ í«¥¬¥â àë¬¨ ç¨á«®¢ë¬¨ ®æ¥ª ¬¨.

�¥¬¬  2. �ãáâì q (1 < q < q3 < 2), p (0 < p < 1) | ä¨ªá¨à®¢ ë¥ ç¨á« ; k, l, m, li, mi

(i = 1; : : : ; k + 2) |  âãà «ìë¥ ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ ¥à ¢¥áâ¢ ¬ (4) ¨ â ª¨¥, çâ®

qpmi � li+1; q �
m

l
� q3; 1 +

k + 1
m

< q3: (13)

�ãáâì lk+3 = [qpm]+1, V | ä¨ªá¨à®¢ ®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, � (�>0), �i (i=1; :::; k+2),ec� , a� (� | æ¥«®¥, � 2 (l;m]) | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬ (5){

(7) ¨ à ¢¥áâ¢ã
m1P

�=l1+1

ec� = miP
�=li+1

ec� (i = 2; : : : ; k + 1).

�ãáâì á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

���� miX
�=l+1

Y�(li+1; k)a�

���� < V

2k+2

�
p

100p+ 100

�k(k+2)

mk
i (14)

¤«ï i = 1; : : : ; k + 2 ¨

�
m1X

�=l1+1

ec� > V

(q8 � 1)k
: (15)

�®£¤  ¤«ï ¢á¥å æ¥«ëå i 2 [1; k + 2] ¨¬¥¥¬

j�ij <
1

2k+3�i

�
p

100p + 100

�k(k+2�i)

: (16)

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¨¤ãªæ¨¥© ¯® i. �ãáâì i = 1. �®£¤ , ¯à¨¬¥ïï ¥à ¢¥áâ¢  (11){
(15), ¯®«ãç ¥¬

V

2k+2

�
p

100p + 100

�k(k+2)

mk
i >

���� m1X
�=l+1

Y�(l2; k)a�

���� = �j�1j
m1X

�=l1+1

Y�(l2; k)ec� �
� �j�1j(l2 �m1)

k

m1X
�=l1+1

ec� � V

50k(q � 1)k
j�1jm

k
1

�
l2
m1

� 1
�k

�

�
V (qp � 1)k

50k(q � 1)k
j�1jm

k
1 � V

�
p

100p+ 100

�k

j�1jm
k
1:

�âáî¤  á«¥¤ã¥â, çâ® j�1j < 1
2k+2 (

p

100p+100
)k(k+1). �«ï i = 1 ¥à ¢¥áâ¢® (16) ¤®ª § ®.
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�®¯ãáâ¨¬, çâ® ®® ¢¥à® ¤«ï i = 1; : : : ; w, £¤¥ w | æ¥«®¥, w 2 [1; k + 1]. �®ª ¦¥¬, çâ® ®®
¢¥à® ¤«ï i = w + 1. � ¨á¯®«ì§®¢ ¨¥¬ (13), (14) ¨¬¥¥¬

V

2k+2

�
p

100p + 100

�k(k+2)

mk
w+1 >

���� mw+1X
�=l+1

Y�(lw+2; k)a�

���� =
=
����� wX

i=1

�i

miX
�=li+1

Y�(lw+2; k)ec� + ��w+1

mw+1X
�=lw+1+1

Y�(lw+2; k)ec� ���� �
� �j�w+1j

mw+1X
�=lw+1+1

Y�(lw+2; k)ec� � �
wX
i=1

j�ij
miX

�=li+1

Y�(lw+2; k)ec� �
� �j�w+1j(lw+2 �mw+1)

k

mw+1X
�=lw+1+1

ec� � �(lw+2 � l1 + k)k
wX
i=1

j�ij
miX

�=li+1

ec� =
= �

� m1X
�=l1+1

ec���j�w+1jmk
w+1

�
lw+2
mw+1

� 1
�k

�

� wX
i=1

j�ij

�
mk

w+1

�
l1

mw+1

�k�
lw+2 + k

l1
� 1

�k�
�

� mk
w+1�

� m1X
�=l1+1

ec���j�w+1j(qp � 1)k �
� wX

i=1

j�ij

�
(q8 � 1)k

�
:

�®á«¥¤¨© ¯¥à¥å®¤ á®¢¥àè¥ á ¯®¬®éìî ¥à ¢¥áâ¢  lw+2+k

l1
= (qpm+1+k)qpm

qpml1
< (1 + 1+k

m
)qp m

l
<

q3qq3 < q8. �à¨¬¥ïï â¥¯¥àì ¥à ¢¥áâ¢® (15), ¯®«ãç ¥¬

V

2k+2

�
p

100p+ 100

�k(k+2)

� V

�
j�w+1j

�
qp � 1
q8 � 1

�k

�
wX
i=1

j�ij

�
:

�âáî¤ , ¨á¯®«ì§ãï ä®à¬ã«ë (11), (12) ¨ ¨¤ãªæ¨®®¥ ¯à¥¤¯®«®¦¥¨¥, § ª«îç ¥¬

j�w+1j <

�
q8 � 1
qp � 1

�k� wX
i=1

j�ij+
1

2k+2

�
p

100p+ 100

�k(k+2)�
<

<

�
100p+ 100

p

�k� wX
i=1

1
2k+3�i

�
p

100p+ 100

�k(k+2�i)

+
1

2k+2

�
p

100p+ 100

�k(k+2)�
<

<

�
100p + 100

p

�k�
p

100p+ 100

�k(k+2�w)� wX
i=1

1
2k+3�i

+
1

2k+2

�
=
�

p

100p + 100

�k(k+1�w) 1
2k+2�w

: �

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ª ª ª cn 2 (ND; k), â® áãé¥áâ¢ãîâ " > 0 ¨ p (0 < p < 1)
â ª¨¥, çâ® ¤«ï «î¡®£® q (1 < q < q3 � 2)  ©¤ãâáï ãª § ë¥ ¢ ãá«®¢¨¨ (ND; k) ®¡ê¥ªâë,
§ ¢¨áïé¨¥, ¢®®¡é¥ £®¢®àï, ®â q.

� ª ç¥áâ¢¥ q ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢¥«¨ç¨ë qs =
3

q
1 + ( 1

2
)s+2 ¯à¨  âãà «ìëå s.

�«ï ª ¦¤®£® ¨§ íâ¨å qs áãé¥áâ¢ã¥â á«¥¤ãîé¨©  ¡®à \á¢®¨å" ®¡ê¥ªâ®¢ (¢ ª ç¥áâ¢¥ ¢¥àå¥£®
¨¤¥ªá  ã ¨å ¯à ¢¨«ì® ¡ë«® ¡ë ¯¨á âì (qs), ® ¤«ï ªà âª®áâ¨ ¡ã¤¥¬ ¯¨á âì (s)):

I) ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥« fn(s)r g+1r=1 â ª ï, çâ®

qs �
n
(s)
r+1

n
(s)
r

� q3s ;

II) ¯®á«¥¤®¢ â¥«ì®áâì fec(s)n g+1n=0 â ª ï, çâ® 0 � ec(s)n � cn;
III) (2k + 4) ¢®§à áâ îé¨å ¯®á«¥¤®¢ â¥«ì®áâ¥©  âãà «ìëå ç¨á¥« fl

(s)
ir g

+1
r=1, fm

(s)
ir g

+1
r=1

(i = 1; : : : ; k + 2),
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¨ ¤«ï íâ¨å ®¡ê¥ªâ®¢ ¤«ï ¡¥áª®¥ç®£® ç¨á«  ®¬¥à®¢ r ®¤®¢à¥¬¥® ¢ë¯®«¥ë á®®â®è¥¨ï
(1){(3).

�®áâà®¨¬ â¥¯¥àì ¯® ¨¤ãªæ¨¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fl(s)g+1s=1, fm
(s)g+1s=1, fl

(s)
i g+1s=1, fm

(s)
i g+1s=1

(i = 1; : : : ; k+2). �«ï íâ®£® ®¡®§ ç¨¬ ç¥à¥§ �1 ¯¥à¢ë© ¨§ ®¬¥à®¢ r ¯®á«¥¤®¢ â¥«ì®áâ¨ fn(1)r g,
¤«ï ª®â®àëå ¢ë¯®«¥ë (1){(3) ¨ n(1)�1

> 64(k + 1).
�®«®¦¨¬

l(1) = n(1)�1
; m(1) = n

(1)
�1+1; l

(1)
i = l

(1)
i�1
; m

(1)
i = m

(1)
i�1

(i = 1; : : : ; k + 2):

�¥¬ á ¬ë¬ ¯¥à¢ë¥ ç«¥ë ¯®á«¥¤®¢ â¥«ì®áâ¥© ¯®áâà®¥ë. �ãáâì â¥¯¥àì ¯®áâà®¥ë ¯¥à¢ë¥
(s� 1) ç«¥®¢. �®áâà®¨¬ ç«¥ë á ®¬¥à ¬¨ s.

�¡®§ ç¨¬ ç¥à¥§ �s ¯¥à¢ë© ¨§ ®¬¥à®¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ fn(s)r g, ¤«ï ª®â®àëå ¢ë¯®«¥ë
á®®â®è¥¨ï (1){(3) ¨ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :

n(s)�s
> 2m(s�1);

s�1X
j=1

(l(j))k+1
.
(n(s)�s

)k+1 <
1

2s+1
:

�®«®¦¨¬ l(s) = n(s)�s
, m(s) = n

(s)
�s+1, l

(s)
i = l

(s)
i�s
, m(s)

i = m
(s)
i�s
.

�¥¬ á ¬ë¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ fl(s)g, fm(s)g, fl(s)i g, fm(s)
i g, £¤¥ i = 1; : : : ; k+2, s 2 N, ¯®áâà®-

¥ë, ¯à¨ç¥¬ ¤«ï ¢á¥å s ¢ë¯®«¥ë á®®â®è¥¨ï

1 < qs �
m(s)

l(s)
� q3s = 1 +

1
2s+2

; (17)

8(k + 1) < l(s) � l
(s)
1 < m

(s)
1 < qpsm

(s)
1 � l

(s)
2 < m

(s)
2 < qpsm

(s)
2 � l

(s)
3 < � � � � l

(s)
k+2 < m

(s)
k+2 � m(s);

(18)

m
(s)
1X

�=l
(s)
1 +1

ec(s)� =
m

(s)

iX
�=l

(s)
i

+1

ec(s)� (i = 2; : : : ; k + 2); (19)

k+2X
i=1

m
(s)

iX
�=l

(s)
i

+1

(m(s) � � + 1)kec(s)� � "(l(s))k; (20)

l(s) > 2m(s�1); (21)
s�1P
j=1

(l(j))k+1

(l(s))k+1
<

1
2s+1

: (22)

�§ á®®â®è¥¨© (18) ¨ (20) ¯®«ãç¨¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâ¨ fl(s)g ¨ fm(s)g ¬®®â®® ¢®§-
à áâ îâ, áâà¥¬ïáì ª +1, ¨ ¯®«ã¨â¥à¢ «ë (l(s);m(s)] ¯à¨ à §«¨çëå s ¯®¯ à® ¥ ¯¥à¥á¥ª îâáï.

� «¥¥ ¡ã¤¥¬ áâà®¨âì ¯®á«¥¤®¢ â¥«ì®áâì fang
+1
n=0, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ â¥®à¥¬ë.

�®«®¦¨¬ an = 0, ¥á«¨ n =2
+1
[
s=1

(l(s);m(s)]. �ã¤¥¬ áç¨â âì â¥¯¥àì, çâ® s | ¯à®¨§¢®«ì®¥, ®

ä¨ªá¨à®¢ ®¥  âãà «ì®¥ ç¨á«®, ¨ ¯®áâà®¨¬ an ¤«ï n 2 (l(s);m(s)]. �«ï íâ®£® ¯® ¤®¡ïâáï
ç¨á«  �(s) ¨ �

(s)
i , £¤¥ i | æ¥«®¥, i 2 [1; k + 2], ª®â®àë¥ á¥©ç á ®¯à¥¤¥«¨¬. �®«®¦¨¬

�(s) =
"(l(s))k

k+2P
i=1

m
(s)

iP
�=l

(s)
i

+1

(m(s) � � + 1)kec(s)�

: (23)

�§ (20) á«¥¤ã¥â, çâ® 0 < �(s) � 1.
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� áá¬®âà¨¬ â¥¯¥àì á«¥¤ãîéãî á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâëå �(s)i ,
£¤¥ i | æ¥«®¥, i 2 [1; k + 2]:

� m
(s)
1X

�=l
(s)
1 +1

ec(s)�

�
�
(s)
1 + � � � +

� m
(s)

k+2X
�=l

(s)

k+2
+1

ec(s)�

�
�
(s)
k+2 = 0;

� m
(s)
1X

�=l
(s)
1 +1

�ec(s)�

�
�
(s)
1 + � � �+

� m
(s)

k+2X
�=l

(s)

k+2
+1

�ec(s)�

�
�
(s)
k+2 = 0;

: : : : : : : : :� m
(s)
1X

�=l
(s)
1 +1

�kec(s)�

�
�
(s)
1 + � � �+

� m
(s)

k+2X
�=l

(s)

k+2
+1

�kec(s)�

�
�
(s)
k+2 = 0:

(24)

� á¨áâ¥¬¥ (24) ª®«¨ç¥áâ¢® ãà ¢¥¨© (k+1) ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå. �«¥¤®¢ â¥«ì®, íâ 
á¨áâ¥¬  ®¡« ¤ ¥â à¥è¥¨ï¬¨, ®â«¨çë¬¨ ®â ã«¥¢®£®. �®£¤ , ®ç¥¢¨¤®, áãé¥áâ¢ã¥â à¥è¥¨¥
(�(s)1 ; �

(s)
2 ; : : : ; �

(s)
k+2) á¨áâ¥¬ë (24) â ª®¥, çâ® max

1�i�k+2
j�

(s)
i j = 1. �¬¥® â ª®© ª®ªà¥âë©  ¡®à

ç¨á¥« �
(s)
i ¨ ¡ã¤¥¬ ¢ ¤ «ì¥©è¥¬ à áá¬ âà¨¢ âì.

�®«®¦¨¬

an = �(s)�
(s)
i c(s)n ¯à¨ n 2 (l(s)i ;m(s)

i ]; £¤¥ i = 1; : : : ; k + 2;

an = 0 ¯à¨ n 2 (l(s);m(s)] n
k+2
[
i=1

(l(s)i ;m(s)
i ]:

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì®áâì fang
+1
n=0 ®¯à¥¤¥«¥ , ¯à¨ç¥¬ janj � cn ¤«ï ¢á¥å n.

�®ª ¦¥¬, çâ®
P
an = 0 (C; k+1). �®§ì¬¥¬ «î¡®¥ � > 0. �«ï íâ®£® � áãé¥áâ¢ã¥â  âãà «ì®¥

s0 (s0 > 2) â ª®¥, çâ® ¤«ï ¢á¥å s � s0 ¢ë¯®«¥® ¥à ¢¥áâ¢®

(k + 1)!
2s

" < �: (25)

�ãáâì n > l(s0). �®£¤  áãé¥áâ¢ã¥â s � s0 â ª®¥, çâ® l(s) < n � l(s+1). �¡®§ ç¨¬ T k(n) =
nP

�=0
Y�(n; k)a� , T k+1(n) =

nP
�=0

Y�(n; k + 1)a� ¨ ®æ¥¨¬ ¬®¤ã«¨ íâ¨å ¢¥«¨ç¨.

�à¨¬¥ïï «¥¬¬ã 1 ª ª ¦¤®¬ã ¨§ ¯à®¬¥¦ãâª®¢ (l(j);m(j)], £¤¥ j = 1; : : : ; s� 1, â. ¥. ¯®« £ ï ¢
«¥¬¬¥ 1 l = l(j), m = m(j), li = l

(j)
i , mi = m

(j)
i , � = �(j), c� = c(j)� , ¯®«ãç ¥¬

jT k+1(n)j =
���� s�1X
j=1

m(j)X
�=l(j)+1

Y�(n; k + 1)a� +
nX

�=l(s)+1

Y�(n; k + 1)a�

���� =
=
���� s�1X
j=1

�(j)
k+2X
i=1

�i

� m
(j)
iX

�=l
(j)

i
+1

(m(j) � � + 1)k+1ec(j)�

�
+

nX
�=l(s)+1

Y�(n; k + 1)a�

����;
jT k(n)j =

���� nX
�=l(s)+1

Y�(n; k)a�

����: (26)

� áá¬®âà¨¬ ®â¤¥«ì® ¤¢  á«ãç ï à á¯®«®¦¥¨ï n ¢ ¯à®¬¥¦ãâª¥ (l(s); l(s+1)]:
A) m(s) < n � l(s+1),
�) l(s) < n �m(s).
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� á«ãç ¥ A), ¥é¥ à § ¯à¨¬¥ïï «¥¬¬ã 1 ª ¯à®¬¥¦ãâªã (l(s);m(s)], ¢ë¢®¤¨¬

jT k+1(n)j =
���� sX
j=1

�(j)
k+2X
i=1

�i

m
(j)

iX
�=l

(j)
i

+1

(m(j) � � + 1)k+1ec(j)�

���� � sX
j=1

�(j)
k+2X
i=1

m
(j)

iX
�=l

(j)
i

+1

(m(j) � � + 1)k+1ec(j)� ;
(27)

jT k(n)j = 0: (28)

� á«ãç ¥ �), ¨á¯®«ì§ãï ®æ¥ª¨ Y�(n; k) < k!(m(s)� �+1)k, Y�(n; k+1) < (k+1)!(m(s)� �+1)k+1,
¯®«ãç ¥¬

jT k+1(n)j � (k + 1)!
sX

j=1

�(j)
k+2X
i=1

m
(j)
iX

�=l
(j)

i
+1

(m(j) � � + 1)k+1ec(j)� ; (29)

jT k(n)j � k!�(s)
k+2X
i=1

m
(s)
iX

�=l
(s)

i
+1

(m(s) � � + 1)kec(s)� : (30)

�à ¢¨¢ ï ¯®«ãç¥ë¥ ®æ¥ª¨ á ä®à¬ã« ¬¨ (27), (28), § ª«îç ¥¬, çâ® ¤«ï «î¡®£® n 2 (l(s); l(s+1)]
¢¥àë ¥à ¢¥áâ¢  (29), (30).

�§ ä®à¬ã«ë (29) á ¨á¯®«ì§®¢ ¨¥¬ (17), (22), (23), (25) ¯®«ãç ¥¬

jT k+1(n)j
(n+ 1) � � � (n+ k + 1)

�
(k + 1)!
(l(s))k+1

sX
j=1

�(j)l(j)
�
m(j)

l(j)
� 1

� k+2X
i=1

m
(j)
iX

�=l
(j)

i
+1

(m(j) � � + 1)kec(j)� �

�
(k + 1)!
(l(s))k+1

sX
j=1

"(l(j))k+1

2j+2
<
(k + 1)!"
(l(s))k+1

� s�1X
j=1

(l(j))k+1 +
(l(s))k+1

2s+2

�
<
(k + 1)!

2s
" < �: (31)

�®à¬ã«  (31) ®§ ç ¥â, çâ®

lim
n!+1

1�
n+k+1
k+1

� nX
�=0

 
n� � + k + 1

k + 1

!
a� = 0:

�«¥¤®¢ â¥«ì® ([1], á. 125{126),
P
an = 0 (C; k + 1).

�§ ä®à¬ã« (23) ¨ (30) áà §ã ¢ëâ¥ª ¥â, çâ® jT k(n)j � k!"nk ¨, á«¥¤®¢ â¥«ì®,
nP

�=0

�
n��+k

k

�
a� =

O(nk),   íâ® ¯® ®¯à¥¤¥«¥¨î ([1], á. 128) ®§ ç ¥â, çâ® àï¤
P
an ®£à ¨ç¥ (C; k).

� ª¨¬ ®¡à §®¬, àï¤
P
an ®£à ¨ç¥ (C; k) ¨ áã¬¬¨àã¥¬ ª ã«î ¬¥â®¤®¬ (C; k+1). �«¥¤®¢ -

â¥«ì®, ¯® â¥®à¥¬¥ ® ¢ë¯ãª«®áâ¨ ([1], á. 163{164, â¥®à¥¬  70)
P
an = 0 (C;�) ¤«ï ¢á¥å � > k.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®áâ «®áì ãáâ ®¢¨âì, çâ® àï¤
P
an ¥ áã¬¬¨àã¥¬ ¬¥â®¤®¬

(C; k). �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, çâ® àï¤
P
an áã¬¬¨àã¥¬ (C; k). �®áª®«ìªã

P
an = 0 (C; k + 1),

â® ¨ áã¬¬¨à®¢ âìáï (C; k) àï¤
P
an ¬®£ ¡ë â®«ìª® ª ç¨á«ã 0. �®£¤ 

lim
n!+1

1�
n+k
k

� nX
�=0

 
n� � + k

k

!
a� = 0:

�â® á®®â®è¥¨¥ íª¢¨¢ «¥â® â®¬ã, çâ®
nP

�=0
Y�(n; k)a� = o(nk). �®£¤  ¤«ï «î¡®£® B áãé¥áâ¢ã¥â s

â ª®¥, çâ® ¤«ï «î¡®£® n > l(s) ¨¬¥¥¬ 1
nk

��� nP
�=0

Y�(n; k)a�
��� < B.
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� ª ç¥áâ¢¥ B ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢¥«¨ç¨ã "

(k+2)22k+2 (
p

100p+100
)k(k+2). �®£¤  ¨§ (26) ¤«ï

i = 1; : : : ; k + 1 ¯®«ãç ¥¬

����
l
(s)

i+1X
�=0

Y�(l
(s)
i+1; k)a�

���� = jT k(l(s)i+1)j =
����

l
(s)

i+1X
�=l(s)+1

Y�(l
(s)
i+1; k)a�

���� =
=
���� m

(s)
iX

�=l(s)+1

Y�(l
(s)
i+1; k)a�

���� < B(l(s)i+1)
k < 2kB(m(s)

i )k:

�®«®¦¨¢ l(s)k+3 = [qpm(s)] + 1, ¯® «¥¬¬¥ 1 ¯®«ãç¨¬

����
m

(s)

k+2X
�=l(s)+1

Y�(l
(s)
k+3; k)a�

���� = ���� m(s)X
�=l(s)+1

Y�(l
(�)
k+3; k)a�

���� = 0:

�¥¬ á ¬ë¬ ¤«ï ¢á¥å i = 1; : : : ; k + 2 ¨¬¥¥¬

���� m
(s)
iX

�=l(s)+1

Y�(l
(s)
i+1; k)a�

���� < "

(k + 2)2(k+2)

�
p

100p+ 100

�k(k+2)

(m(s)
i )k: (32)

� «¥¥

"(l(s))k = �(s)
k+2X
i=1

m
(s)
iX

�=l
(s)
i

+1

(m(s) � � + 1)kec(s)� � �(s)
k+2X
i=1

(m(s) � l(s))k
m

(s)
iX

�=l
(s)
i

+1

ec(s)� =

= (k + 2)�(s)(l(s))k
�
m(s)

l(s)
� 1

�k m
(s)
1X

�=l
(s)
1 +1

ec(s)� < (k + 2)(l(s))k(q8 � 1)k�(s)
m

(s)
1X

�=l
(s)
1 +1

ec(s)� :

�«¥¤®¢ â¥«ì®,

�(s)
m

(s)
1X

�=l
(s)
1 +1

ec(s)� >
"

(k + 2)(q8 � 1)k
: (33)

�à ¢¨¢ ï ä®à¬ã«ë (32), (33) á ä®à¬ã« ¬¨ (14), (15), § ¬¥ç ¥¬, çâ® ¢ë¯®«¥ë ãá«®¢¨ï
«¥¬¬ë 2   ¯à®¬¥¦ãâª¥ (l(s);m(s)] á V = "

k+2
(á®®â®è¥¨¥ 1 + k+1

m(s) < q3 ¢ë¯®«¥®, â. ª. ¨§ (21)

á«¥¤ã¥â k+1
m(s) <

k+1
l(1)

l(1)

l(2)
� � � l

(s�1)

l(s)
< 1

8
1

2s�1
= 1

2s+2 = q3s � 1).
�à¨¬¥ïï «¥¬¬ã 2, ¯®«ãç ¥¬ ¤«ï ¢á¥å æ¥«ëå i 2 [1; k + 2] ¥à ¢¥áâ¢®

j�
(s)
i j <

1
2k+3�i

�
p

100p+ 100

�k(k+2�i)

�
1
2
;

ª®â®à®¥ ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® max
1�i�k+2

j�
(s)
i j = 1. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥-

¬ã 1. �

4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ãáâì cn = wn

n
¤«ï ¢á¥å n ¨ ¯ãáâì k|«î¡®¥ ä¨ªá¨à®¢ ®¥

 âãà «ì®¥ ç¨á«®. �®£« á® â¥®à¥¬¥ 1 ¤®áâ â®ç® ãáâ ®¢¨âì, çâ® cn 2 (ND; k).
�®§ì¬¥¬ " = 1, p = 1

2k+4
¨ ¯®áâà®¨¬ ¤«ï «î¡®£® q â ª®£®, çâ® 1 < q < q3 � 2, âà¥¡ã¥-

¬ë¥ ¢ ãá«®¢¨¨ (ND; k) ®¡ê¥ªâë. � ç¥¬ á ¯®áâà®¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¥© fn(q)r g+1r=1, fl
(q)
ir g

+1
r=1,
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fm
(q)
ir g

+1
r=1 (i = 1; : : : ; k + 2). �®«®¦¨¬ n

(q)
1 =

�
1

q2p�1

�
+ 1. �ç¨â ï â¥¯¥àì, çâ® ¯à¨ ¥ª®â®à®¬  âã-

à «ì®¬ r ¯®áâà®¥  ¢¥«¨ç¨  n(q)r , ®¯à¥¤¥«¨¬ § ç¥¨ï l(q)ir , m
(q)
ir (i = 1; : : : ; k + 2) ¨ n

(q)
r+1 á«¥¤ã-

îé¨¬ ®¡à §®¬: l(q)1r = n(q)r , m(q)
ir = [qpl(q)ir ]+1 (i = 1; : : : ; k+2), l(q)(i+1)r = [qpm(q)

ir ]+1 (i = 1; : : : ; k+1),

n(q)r+1 = [qpm(q)
(k+2)r] + 1.

�¥¬ á ¬ë¬ âà¥¡ã¥¬ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®áâà®¥ë ¨ ¤«ï ¨å ¢ë¯®«¥ë á®®â®è¥¨ï

n
(q)
r+1

n
(q)
r

=
n
(q)
r+1

m
(q)
(k+2)r

k+2Y
i=1

m
(q)
ir

l
(q)
ir

k+1Y
i=1

l
(q)
(i+1)r

m
(q)
ir

> qp(qp)k+2(qp)k+1 = q; (34)

m
(q)

ir

l
(q)
ir

� qp + 1

l
(q)
ir

� qp + 1

n
(q)
1

< qp + (q2p � 1) < qp + qp(q2p � 1) = q3p ¤«ï ¢á¥å æ¥«ëå i 2 [1; k + 2].

� «®£¨ç®
l
(q)

(i+1)r

m
(q)
ir

< q3p (i = 1; : : : ; k + 1) ¨
n
(q)

r+1

m
(q)

(k+2)r

< q3p.

� «¥¥, ¯à¨¬¥ïï à §«®¦¥¨¥
n
(q)
r+1

n
(q)
r

¢ ¯à®¨§¢¥¤¥¨¥ (á¬. (34)), ¯®«ãç ¥¬
n
(q)
r+1

n
(q)
r

< q3. �à®¬¥ â®£®,

¨§ ¯®áâà®¥¨ï á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë (1) ¨§ ®¯à¥¤¥«¥¨ï (ND; k).
�®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì®áâì fec(q)n g+1n=0. �«ï íâ®£® á ç «  ®¡à §ã¥¬ ¯à®¬¥¦ãâ®çãî ¯®á«¥-

¤®¢ â¥«ì®áâì fd(q)n g+1n=0, ¯®«®¦¨¢

d(q)� = 0 ¯à¨ 0 � � � n
(q)
1 ;

d(q)� = ( min
n
(q)
r <n<n

(q)
r+1

wn)=n
(q)
r+1 ¯à¨ n(q)r < � � n

(q)
r+1:

�¡®§ ç¨¬ H
(q)
ir =

m
(q)
irP

�=l
(q)

ir
+1

d� (i = 1; : : : ; k + 2) ¨ H(q)
r = min

i=1;:::;k+2
H

(q)
ir .

�®«®¦¨¬ â¥¯¥àì ec(q)� = 0 ¯à¨ 0 � � � n
(q)
1 , ec(q)� = H(q)

r

H
(q)
ir

d(q)� ¯à¨ l
(q)
ir < � � m

(q)
ir (i = 1; : : : ; k + 2),

ec(q)� = 0 ¯à¨ � 2 (n(q)r ;n(q)r+1] n
k+2
[
i=1

(l(q)ir ;m
(q)
ir ]. �«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fec(q)n g+1n=0 ¢ë¯®«¥® 0 � ec(q)n �

dn �
wn

n
= cn ¨

m
(q)
irX

�=l
(q)

ir
+1

ec(q)� =
H(q)

r

H
(q)
ir

m
(q)
irX

�=l
(q)

ir
+1

d� = H(q)
r (i = 1; : : : ; k + 2): (35)

�§ à ¢¥áâ¢  (35) ¢ëâ¥ª ¥â, çâ® ¢ë¯®«¥  ä®à¬ã«  (2) ¨§ ®¯à¥¤¥«¥¨ï ãá«®¢¨© (ND; k).
�®áª®«ìªã lim

n!+1
wn = +1, â® áãé¥áâ¢ã¥â N â ª®¥, çâ® ¤«ï ¢á¥å n > N ¢ë¯®«¥®

wn >
2

(qp � 1)k+1
:

�ãáâì r «î¡®¥ â ª®¥, çâ® nr > N . �®£¤ 

k+2X
i=1

m
(q)
irX

�=l
(q)
ir

+1

(n(q)r+1 � � + 1)kec(q)� =
k+2X
i=1

H(q)
r

H
(q)
ir

m
(q)
irX

�=l
(q)
ir

+1

(n(q)r+1 � � + 1)kd� =

=

min
n
(q)
r <n�n

(q)
r+1

wn

n
(q)
r+1

k+2X
i=1

H(q)
r

H
(q)
ir

m
(q)

irX
�=l

(q)
ir

+1

(n(q)r+1 � � + 1)k �

�
2

(qp � 1)k+1
1

n(q)r+1

k+2X
i=1

H(q)
r

H(q)
ir

m
(q)

irX
�=l

(q)
ir

+1

(n(q)r+1 �m
(q)
(k+2)r)

k =
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=
2

(qp � 1)k+1
(m(q)

(k+2)r)
k

n
(q)
r+1

�
n
(q)
r+1

m
(q)
(k+2)r

� 1
�k k+2X

i=1

H(q)
r

H
(q)
ir

l
(q)
ir

�
m

(q)
ir

l
(q)
ir

� 1
�
�

� (n(q)r )k
k+2X
i=1

H(q)
r

H(q)
ir

� (n(q)r )k = "(n(q)r )k:

�¥¬ á ¬ë¬ á¯à ¢¥¤«¨¢  ¨ ä®à¬ã«  (3) ¨§ ®¯à¥¤¥«¥¨ï ãá«®¢¨© (ND; k). �«¥¤®¢ â¥«ì®,

cn 2 (ND; k): �

�¢â®à £«ã¡®ª® ¯à¨§ â¥«¥ á¢®¥¬ã  ãç®¬ã àãª®¢®¤¨â¥«î ç«¥-ª®àà¥á¯®¤¥âã ���
�.�.�«ìï®¢ã §  ¢¨¬ ¨¥ ª à ¡®â¥ ¨ àï¤ ¯®«¥§ëå § ¬¥ç ¨©.
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