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1. �ãáâì G| ®¤®á¢ï§ ï ®¡« áâì ¢ à áè¨à¥®© ¯«®áª®áâ¨ C, A(G) | ¯à®áâà áâ¢® äãª-
æ¨©,   «¨â¨ç¥áª¨å ¢ G, á â®¯®«®£¨¥© ¢ãâà¥¥© à ¢®¬¥à®© áå®¤¨¬®áâ¨, A(K) | ¤¢®©áâ¢¥-
®¥ ª A(G) ¯à®áâà áâ¢® äãªæ¨©,   «¨â¨ç¥áª¨å   ª®¬¯ ªâ¥ K = C nG. �à®áâà áâ¢  A(G)
¨ A(G) ¬®£ãâ, ¢®®¡é¥ £®¢®àï, ¨¬¥âì ®¡é¨© ¡ §¨á, ¤«ï ç¥£® ¤®áâ â®ç® ¨ ¢ ¥ª®â®à®¬ á¬ëá«¥
¥®¡å®¤¨¬® [1], çâ®¡ë £à ¨æ  ®¡« áâ¨ G ¡ë«  § ¬ªãâ®©   «¨â¨ç¥áª®© ªà¨¢®© (¢ ¤ «ì¥©è¥¬
íâ® âà¥¡®¢ ¨¥ áç¨â ¥âáï ¢ë¯®«¥ë¬).

�ãáâì D | ¯à®¨§¢®«ì ï ®¤®á¢ï§ ï ®¡« áâì, á®¤¥à¦ é ï G, D 6= G. �á«¨ ¨¬¥¥â ¬¥áâ®
áâà®£®¥ ¢ª«îç¥¨¥

D � G; (1)

â®, ª ª ¢ëâ¥ª ¥â ¨§ [2],  ©¤¥âáï ®¡é¨© ¡ §¨á ¯à®áâà áâ¢ A(G) ¨A(G), ¯à®¤®«¦ ¥¬ë© ¢ ®¡« áâì
D, â. ¥. ï¢«ïîé¨©áï ¡ §¨á®¬ â ª¦¥ ¢ ¯à®áâà áâ¢¥ A(D). �®  áâ®ïé¥£® ¢à¥¬¥¨ ¥ ¨§¢¥áâ®,
ï¢«ï¥âáï «¨ ãá«®¢¨¥ (1) ¥®¡å®¤¨¬ë¬ ¤«ï áãé¥áâ¢®¢ ¨ï â ª®£® ¡ §¨á . �®íâ®¬ã ¯®«¥§® à á-
á¬ âà¨¢ âì à §«®¦¥¨¥   «¨â¨ç¥áª®© äãªæ¨¨ ¢ àï¤ ¯® í«¥¬¥â ¬ ®¡é¥£® ¡ §¨á  ¯à®áâà áâ¢
A(G) ¨ A(G) ª ª   «®£ ª« áá¨ç¥áª®£® áâ¥¯¥®£® àï¤ . � ¤ ®© áâ âì¥ ¨§ãç îâáï ¯à®áâ¥©-
è¨¥ á¢®©áâ¢  ¡ §¨áëå à §«®¦¥¨©, ¨¬¥îé¨¥ ¯àï¬®¥ ®â®è¥¨¥ ª ¯à®¡«¥¬¥ ¯à®¤®«¦ ¥¬®áâ¨
¡ §¨á .

2. �®á«¥¤®¢ â¥«ì®áâì äãªæ¨© (fn)1n=1 � A(G) (á®®â¢¥âáâ¢¥® (fn)1n=1 � A(G))  §ë¢ îâ
ª¢¨§¨-áâ¥¯¥¯®© (ª.-á.), ¥á«¨ ¤«ï ¯à®¨§¢®«ì®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ç¨á¥« (cn)1n=1 � C ¢ë¯®«-
ï¥âáï ãá«®¢¨¥

1X
n=1

cnfn 2 A(G), lim
n!1

jcnj1=n � 1 (2)

¨«¨ á®®â¢¥âáâ¢¥® ãá«®¢¨¥
1X
n=1

cnfn 2 A(G), lim
n!1

jcnj1=n < 1: (3)

� ¬¥ç ¨¥ 1 ([3]). �§ (3), ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® ¢á¥ äãªæ¨¨ fn   «¨â¨çë ¢ ¥ª®â®à®©
®ªà¥áâ®áâ¨ ª®¬¯ ªâ  G.

�ãáâì (fn)1n=1 | ª.-á. ¯®á«¥¤®¢ â¥«ì®áâì ¢ ¯à®áâà áâ¢ å A(G) ¨ A(G), ¨ ¯ãáâì  àï¤ã á
(2) ¨ (3) ¢ë¯®«ï¥âáï ®¤® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

 ) lim
n!1

jfnj1=nKz
� 1; (4)

£¤¥ Kz | «î¡ ï § ¬ªãâ ï ®ªà¥áâ®áâì ¯à®¨§¢®«ì®© â®çª¨ z 2 @G, «¥¦ é ï ¢ ®¡« áâ¨   «¨-
â¨ç®áâ¨ ¢á¥å äãªæ¨© fn (á¨¬¢®« j � jK ®§ ç ¥â ¢¥àåîî £à ì ¬®¤ã«ï äãªæ¨¨, ®¯à¥¤¥«¥®©
  ¬®¦¥áâ¢¥ K);

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(£à â ò97-01-00-215).
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¡) ª ¦¤ ï ¯®á«¥¤®¢ â¥«ì®áâì ¨§ äãªæ¨© fn á®¤¥à¦¨â ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, áã¬¬  í«¥-
¬¥â®¢ ª®â®à®© ¨¬¥¥â á¢®¥© ¥áâ¥áâ¢¥®© £à ¨æ¥©   «¨â¨ç®áâ¨ @G.

� ¯¥à¢®¬ á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ®¡« ¤ ¥â á¢®©áâ¢®¬ �¡¥«ï, ¢®
¢â®à®¬ | á¢®©áâ¢®¬ � ¡à¨.

� ¬¥ç ¨¥ 2. �¢®©áâ¢®  ) à ¢®á¨«ì® á«¥¤ãîé¥¬ã   «®£ã ª« áá¨ç¥áª®© \¯¥à¢®© â¥®à¥-
¬ë �¡¥«ï": ¨§ áå®¤¨¬®áâ¨ ¡ §¨á®£® à §«®¦¥¨ï ¢ ®ªà¥áâ®áâ¨ £à ¨ç®© â®çª¨ ®¡« áâ¨ G
á«¥¤ã¥â à ¢®¬¥à ï áå®¤¨¬®áâì ¢ãâà¨ ®¡« áâ¨; á¢®©áâ¢® ¡) ¡«¨§ª® ª â¥®à¥¬¥ � ¡à¨ ® « ªã-
 àëå áâ¥¯¥ëå àï¤ å.

�ãáâì � : N! N | ¯¥à¥áâ ®¢ª  ¨¤¥ªá®¢, (�n)1n=1 | ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå
ç¨á¥«, (fn)1n=1 | ¯®á«¥¤®¢ â¥«ì®áâì í«¥¬¥â®¢ ¢ A(G) «¨¡® ¢ A(G).

�à¥®¡à §®¢ ¨¥ ¢¨¤ 

(fn)1n=1 ! (�nf�(n))1n=1; (5)

á®áâ®ïé¥¥ ¢ ¯¥à¥áâ ®¢ª¥ ¨ ®à¬¨à®¢ª¥ í«¥¬¥â®¢,  §®¢¥¬ í«¥¬¥â àë¬.
�ãáâì (fn)1n=1 | ª.-á. ¯®á«¥¤®¢ â¥«ì®áâì ¢ A(G) «¨¡® ¢ A(G). �§ ®¯à¥¤¥«¥¨ï ¥¯®áà¥¤-

áâ¢¥® ¢ëâ¥ª ¥â

�¥¬¬  1. �à¥®¡à §®¢ ¨¥ (5) â®£¤  ¨ â®«ìª® â®£¤  á®åà ï¥â á¢®©áâ¢  (2) ¨ (3), ª®£¤ 
¢ë¯®«ïîâáï á®®â®è¥¨ï

a) 0 < lim
n!1

�(n)
n

� lim
n!1

�(n)
n

<1; ¡) lim
n!1

�1=nn = 1:

�à¨ íâ®¬ á®åà ïîâáï â ª¦¥ á¢®©áâ¢  �¡¥«ï ¨ � ¡à¨.

�¥¬¬  2 ([1]). �¡é¨© ¡ §¨á ¯à®áâà áâ¢ A(G) ¨ A(G) ¬®¦® í«¥¬¥â àë¬ ¯à¥®¡à §®-

¢ ¨¥¬ ¯à¨¢¥áâ¨ ª ª ®¨ç¥áª®¬ã ¢¨¤ã, â. ¥. á¤¥« âì ª.-á. ¯®á«¥¤®¢ â¥«ì®áâìî (¡ §¨á®¬) ¢
A(G) ¨ ¢ A(G).

�¥¬¬  3 ([4]). �á«¨ D � G ¨ áãé¥áâ¢ã¥â ª.-á. ¡ §¨á (fn)1n=1 ¢ A(G), ¯à®¤®«¦ ¥¬ë© ¢

®¡« áâì D, â®  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì (�n)1n=1, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

lim
n!1

�1=nn � 1; (6)

â ª ï, çâ® (�nfn)1n=1 ¥áâì ª.-á. ¡ §¨á ¢ A(D). � ¢¥áâ¢® ¢ (6) ¤®áâ¨£ ¥âáï â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ¢ª«îç¥¨¥ (1) ¥ ¨¬¥¥â ¬¥áâ .

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå «¥¬¬ë ¤«ï ¯à®¨§¢®«ì®£® ª®¬¯ ªâ  K � D ¢ë¯®«ï¥âáï á®®â®-
è¥¨¥

lim
n!1

j�nfnj1=nK < 1: (7)

�¥®à¥¬  1. �ãáâì D � G, D 6� G ¨ D 6= G. �¡é¨© ¡ §¨á ¯à®áâà áâ¢ A(G) ¨ A(G) ¥
¯à®¤®«¦ ¥âáï ¢ ®¡« áâì D, ¥á«¨ á®®â¢¥âáâ¢ãîé¨© ª ®¨ç¥áª¨© ¡ §¨á ®¡« ¤ ¥â á¢®©áâ¢ ¬¨

�¡¥«ï ¨«¨ � ¡à¨.

�®ª § â¥«ìáâ¢®. �á«¨ áãé¥áâ¢ã¥â ®¡é¨© ¡ §¨á ¯à®áâà áâ¢ A(G), A(G) ¨ A(D), â® ¯®
«¥¬¬¥ 2 ¥£® ¬®¦® í«¥¬¥â àë¬ ¯à¥®¡à §®¢ ¨¥¬ ¯¥à¥¢¥áâ¨ ¢ ª ®¨ç¥áª¨© ¡ §¨á (fn)1n=1
¯à®áâà áâ¢ A(G) ¨ A(G), ¯à®¤®«¦ ¥¬ë© ¢ ®¡« áâì D. �® «¥¬¬¥ 3  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì
(�n)1n=1, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (6), â ª ï, çâ® (�nfn)1n=1 ¥áâì ª.-á. ¡ §¨á ¢ A(D). � ª ª ª
¯à¨ íâ®¬ ¢ (6) ¤®áâ¨£ ¥âáï à ¢¥áâ¢®,  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì ¨¤¥ªá®¢ � � N â ª ï, çâ®
lim
n2�

�1=nn = 1. � á¨«ã (7) ¨¬¥¥¬ lim
n2�

jfnj1=nK < 1 ¤«ï ¯à®¨§¢®«ì®£® ª®¬¯ ªâ  K � D. �® ãá«®¢¨î
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â¥®à¥¬ë  ©¤¥âáï â®çª  z 2 @G, ¢ãâà¥ïï ª D. �ãáâì Kz � D | ¥¥ § ¬ªãâ ï ®ªà¥áâ®áâì.
�á«¨ ¯®á«¥¤®¢ â¥«ì®áâì (fn)1n=1 ®¡« ¤ ¥â á¢®©áâ¢®¬ �¡¥«ï, â®   ®á®¢ ¨¨ (4) ¤®«¦® ¡ëâì

lim
n2�

jfnj1=nKz
� 1;

çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤ë¤ãé¥¬ã á®®â®è¥¨î. �â¨¬ ¤®ª § ® ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë. � -
«¥¥ § ¬¥â¨¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì (fn)n2�  ¡á®«îâ® áã¬¬¨àã¥¬  ¢ A(D). �ã¬¬  í«¥¬¥â®¢
«î¡®© ¥¥ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨   «¨â¨ç  ¢ ®¡« áâ¨ D,   íâ® ¥á®¢¬¥áâ¨¬® á ¯à¥¤¯®«®¦¥¨-
¥¬ ® â®¬, çâ® ¨áå®¤ ï ¯®á«¥¤®¢ â¥«ì®áâì (fn)1n=1 ®¡« ¤ ¥â á¢®©áâ¢®¬ � ¡à¨.

�¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¥¢¥à®, ª ª ¯®ª §ë¢ ¥â á«¥¤ãîé¨© ¯à¨¬¥à (áà. [5]).

�¥®à¥¬  2. �ãé¥áâ¢ã¥â ®¡é¨© ª ®¨ç¥áª¨© ¡ §¨á ¯à®áâà áâ¢ A(G) ¨ A(G), ¥ ¯à®¤®«-
¦ ¥¬ë© ¢ ®¡« áâì, á®¤¥à¦ éãî G, ¨ ¥ ®¡« ¤ îé¨© á¢®©áâ¢ ¬¨ �¡¥«ï ¨ � ¡à¨.

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ Ur = fz : jzj < rg (0 < r < 1). �®áâ â®ç® à áá¬®âà¥âì
¯à®áâà áâ¢  A1 = A(U1) ¨ A1 = A(U 1). �ãáâì

fn(z) =

8><
>:
zn�1; n 6= 2nk;
znk(z � 1)2nk�2nk

nk

� ; n = 2nk;
k = 1; 2; : : : ; (8)

£¤¥ n1 > 1, nk+1 > 3nk (k = 1; 2; : : : ). �®á«¥¤®¢ â¥«ì®áâì (8) ï¢«ï¥âáï ª.-á. ¡ §¨á®¬ ¯à®áâà áâ¢ 
A1 [5] ¨, ª ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢ , ¯à¨¢¥¤¥®£® ¢ [5], â ª¦¥ ¨ ®¡é¨¬ ª ®¨ç¥áª¨¬ ¡ §¨á®¬
¯à®áâà áâ¢ A1 ¨ A1. �ãáâì E | ¢ãâà¥®áâì § ¬ªãâ®©   «¨â¨ç¥áª®© ªà¨¢®© («¥¬¨áª âë)

L =
�
z :

jzj1=2jz � 1j
2

= 1
�
:

� áá¬®âà¨¬ àï¤

1X
k=1

c2nkf2nk(z) (z 2 E); (9)

£¤¥

lim
k!1

jc2nk j1=(2nk) = 1: (10)

�«ï ¯à®¨§¢®«ì®£® ª®¬¯ ªâ  K � E ¨¬¥¥¬

lim
k!1

jf2nk j1=(2nk)K = lim
k!1

2�2nk
nk

�1=(2nk) limk!1

����z
nk(z � 1)2nk

22nk

����
1=(2nk)

K

=
���� jzj

1=2jz � 1j
2

����
K

< 1:

�«¥¤®¢ â¥«ì®, àï¤ (9) áå®¤¨âáï à ¢®¬¥à® ¢ãâà¨ E ª ¥ª®â®à®© äãªæ¨¨ f(z) 2 A(E). �®-
«®¦¨¬

F (w) =
1X
k=1

c2nk
22nk�2nk
nk

�w2nk (jwj < 1):

�ãªæ¨ï F (w)   «¨â¨ç  ¢ ¥¤¨¨ç®¬ ªàã£¥ ¨, â. ª. ¢ë¯®«¥® ãá«®¢¨¥ k = o(nk), ¯® â¥®à¥¬¥
� ¡à¨ ® « ªã àëå áâ¥¯¥ëå àï¤ å ®  ¨¬¥¥â ®á®¡¥®áâ¨ ¢ ª ¦¤®© £à ¨ç®© â®çª¥. �ãáâì
w = 1

2

p
z(z � 1) ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ¯à®¨§¢®«ì®© â®çª¨ z0 2 L (ä¨ªá¨àã¥âáï ®¤®§ ç ï

¢¥â¢ì äãªæ¨¨). � ª ª ª f(z) = F (w) ¢ ç áâ¨ íâ®© ®ªà¥áâ®áâ¨, á®¤¥à¦ é¥©áï ¢ E, § ª«îç ¥¬,
çâ® z0 | ®á®¡ ï â®çª  äãªæ¨¨ f(z). �«¥¤®¢ â¥«ì®, ªà¨¢ ï L ï¢«ï¥âáï ¥áâ¥áâ¢¥®© £à ¨æ¥©
¤«ï áã¬¬ë àï¤  (9).
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�ãáâì â¥¯¥àì D | ®¡« áâì, á®¤¥à¦ é ï ¥¤¨¨çë© ªàã£, D 6= U1. � ª ª ª E á®¤¥à¦¨â
§ ¬ªãâë© ªàã£ U 1 á ¢ëª«îç¥®© â®çª®© �1,  ©¤¥âáï â®çª  z0 2 D \ E, ¤«ï ª®â®à®© jz0j =
R > 1. �á«¨ ¡ §¨á (8) ¯à®¤®«¦ ¥âáï ¢ ®¡« áâì D, â® àï¤

1
z + 1

=
1X
n=1

cnfn(z) (11)

áå®¤¨âáï ¢ A(D) ¨ â¥¬ ¡®«¥¥ ¢ A1,   â. ª. (8) | ª.-á. ¡ §¨á ¢ A1, â®

lim
n!1

jcnj1=n � 1:

�à¨ íâ®¬ ¤®áâ¨£ ¥âáï à ¢¥áâ¢®, ¨¡® ¢ ¯à®â¨¢®¬ á«ãç ¥ (á ãç¥â®¬ â®£®, çâ® (8) | ª.-á. ¡ §¨á
â ª¦¥ ¨ ¢ A1) à §«®¦¥¨¥ (11) áå®¤¨«®áì ¡ë ¢ ®ªà¥áâ®áâ¨ â®çª¨ �1. �§ áå®¤¨¬®áâ¨ àï¤ 

X
n=2�

cnfn(z) =
X
n=2�

cnz
n�1 (� = (2nk)1k=1) (12)

¢ â®çª¥ z0 ¨ ¨§ ¯¥à¢®© â¥®à¥¬ë �¡¥«ï á«¥¤ã¥â, çâ®

lim
n=2�

jcnj1=n � 1
R
:

� ª¨¬ ®¡à §®¬, áã¬¬  àï¤  (12) à¥£ã«ïà  ¢ ªàã£¥ Ur, ¨ ¯à¨ íâ®¬ ¢ë¯®«¥® ãá«®¢¨¥ (10).
� ç¨â, áã¬¬  àï¤  (9) ï¢«ï¥âáï äãªæ¨¥©,   «¨â¨ç¥áª®© ¢ E á ®á®¡¥®áâï¬¨ ¢ ª ¦¤®© â®çª¥
£à ¨æë,   áã¬¬  àï¤  (11) ¤®«¦  ¨¬¥âì ª®â¨ãã¬ ®á®¡ëå â®ç¥ª, ¯® ªà ©¥© ¬¥à¥,   ç áâ¨
ªà¨¢®© L, á®¤¥à¦ é¥©áï ¢ Ur. � ª ª ª íâ® ¯à®â¨¢®à¥ç¨â à ¢¥áâ¢ã (11), ¡ §¨á (8) ¥ ¯à®¤®«¦ ¥¬
¢ ®¡« áâì D. �áâ ¥âáï § ¬¥â¨âì, çâ® ® ¥ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ �¡¥«ï ¨ � ¡à¨. � ç áâ®áâ¨,
¯à¨ z = 1 ¢¬¥áâ® ãá«®¢¨ï (4) ¨¬¥¥¬

inf
K1

lim
n!1

jfnj1=nK1
= 0:

�à®¬¥ â®£®, áã¬¬  «î¡®£® àï¤  ¨§ äãªæ¨© fnk   «¨â¨ç  ¢ ª ¦¤®© â®çª¥ ¥¤¨¨ç®© ®ªàã¦-
®áâ¨, §  ¨áª«îç¥¨¥¬ z = �1.

3. �ãáâì

fn(z) =
1X
k=1

aknz
k�1 (n = 1; 2; : : : ) (13)

| ®¡é¨© ¡ §¨á ¯à®áâà áâ¢ A1 ¨ A1, ¯à¨¢¥¤¥ë© ª ª ®¨ç¥áª®¬ã ¢¨¤ã. �¥«¥á®®¡à §® ®å à ª-
â¥à¨§®¢ âì á¢®©áâ¢  �¡¥«ï ¨ � ¡à¨ ¢ â¥à¬¨ å ¬ âà¨æë (akn)1k;n=1 â¥©«®à®¢áª¨å ª®íää¨æ¨¥â®¢
äãªæ¨© (13).

�¥¬¬  4 ([3]). � âà¨æ  (akn)1k;n=1 ®¡« ¤ ¥â á¢®©áâ¢ ¬¨

a) 9r < 1
���� limn!1

� X
k�rn

jaknj
�1=n

< 1;

¡) 9R > 1
���� limn!1

� X
k�Rn

jaknj
�1=n

< 1; (14)

¢) lim
n!1

( max
nr<k�nR

jaknj)1=n = 1:

� «®£¨çë¬¨ á¢®©áâ¢ ¬¨ ®¡« ¤ ¥â âà á¯®¨à®¢  ï ¬ âà¨æ  (ank)1n;k=1.
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�¡®§ ç¨¬
P = f(pn)1n=1 : limn!1

japnnj1=n = 1g:
�à¨ íâ®¬, ª ª ¢¨¤® ¨§ «¥¬¬ë,

0 < lim
n!1

pn
n
� lim

n!1

pn
n

<1 (15)

¨ ¬®¦¥áâ¢® P ¥ ¯ãáâ®. �«ï ¯à®¨§¢®«ì®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (pn)1n=1 = p 2 P ®¡®§ ç¨¬ ¯à¨
0 < r � 1

�(p)(r) = lim
n!1

� pnX
k=1

jaknjrk�pn
�1=pn

; ��(r) = inf
p
�(p)(r);

�(p)(r) = lim
n!1

� 1X
k=pn

jaknjrpn�k
�1=pn

; ��(r) = inf
p
�(p)(r);

'(p)(r) = lim
n!1

� rpnX
k=1

jaknj
�1=pn

; '�(r) = inf
p
'(p)(r);

'(p)(r) = lim
n!1

� 1X
k=pn=r

jaknj
�1=pn

; '�(r) = inf
p
'(p)(r):

(16)

�ãªæ¨¨ (16) ¬®®â®ë (¯¥à¢ë¥ ¤¢¥ ¯ àë äãªæ¨© ¥ ¢®§à áâ îâ, ¤¢¥ ¤àã£¨¥ ¥ ã¡ë¢ îâ).
�à¨ íâ®¬ ¢á¥ äãªæ¨¨ ¯à¨¨¬ îâ § ç¥¨¥, à ¢®¥ ¥¤¨¨æ¥, ¢ â®çª¥ z = 1. �¬¥¥â ¬¥áâ® â ª¦¥
«¥£ª® ¯à®¢¥àï¥¬ ï

�¥¬¬  5. � à ¢¥áâ¢ å (16) ¢á¥ ¨¦¨¥ £à ¨ ¤®áâ¨£ îâáï   á®®â¢¥âáâ¢ãîé¨å ¯®á«¥-

¤®¢ â¥«ì®áâïå p 2 P (§ ¢¨áïé¨å ®â äãªæ¨¨ ¨ ®â r).

� ¬¥â¨¬, çâ® ¤«ï áâ¥¯¥®£® ¡ §¨á  (zn�1)1n=1 ¢ë¯®«ïîâáï (¯à¨ ¥ª®â®à®¬ " > 0) ¥à ¢¥-
áâ¢ 

a) ��(1� ") � 1; ¡) ��(1� ") � 1; (17)

  â ª¦¥

a) '�(1� 0) < 1; ¡) '�(1� 0) < 1: (18)

�® ¦¥, ®ç¥¢¨¤®, ¢¥à® ¨ ¤«ï «î¡®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ áâ¥¯¥®£® ¡ §¨á .

�¥¬¬  6. �ãáâì äãªæ¨¨ Fn(z) (n = 1; 2; : : : )   «¨â¨çë ¢ ª®«ìæ¥ U r2 n Ur1 (r1 < r2), ¨
¯ãáâì ¤«ï ¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®«®¦¨â¥«ìëå ç¨á¥« (�n)1n=1 ¢ë¯®«ï¥âáï á®®â-

®è¥¨¥

lim
n!1

jFnj�n@Ur = 1 (r1 � r � r2): (19)

�®£¤  áãé¥áâ¢ã¥â   «®£¨çë© ¯à¥¤¥«

lim
n!1

jFnj�nK = 1; (20)

£¤¥ K � U r2 n Ur1 | «î¡ ï § ¬ªãâ ï ®ªà¥áâ®áâì ¯à®¨§¢®«ì®© ¢ãâà¥¥© â®çª¨ ª®«ìæ .

�®ª § â¥«ìáâ¢® «¥¬¬ë, ¨á¯®«ì§ãîé¥¥ ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï áã¡£ à¬®¨ç¥áª¨å äãªæ¨©
[6], ¯à¨¢®¤¨âáï ¢ à ¡®â¥ [7].

�¥®à¥¬  3. �â®¡ë ®¡é¨© ª ®¨ç¥áª¨© ¡ §¨á (13) ¯à®áâà áâ¢ A1 ¨ A1 ®¡« ¤ « á¢®©áâ¢ -

¬¨ �¡¥«ï ¨ � ¡à¨, ¤®áâ â®ç® ¨, ¢®®¡é¥ £®¢®àï, ¥®¡å®¤¨¬®, çâ®¡ë ¢ë¯®«ï«®áì å®âï ¡ë ®¤®

¨§ ¥à ¢¥áâ¢ (17) ¨ á®®â¢¥âáâ¢¥® (18), «¨¡® | çâ®¡ë ¡ §¨á ¬®¦® ¡ë«® à §¡¨âì   ¤¢¥

¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨, ã¤®¢«¥â¢®àïîé¨¥ â¥¬ ¦¥ ãá«®¢¨ï¬.
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�®ª § â¥«ìáâ¢®. �á«¨ ¯à¨ ¥ª®â®à®¬ " > 0 ¢ë¯®«¥® ¯¥à¢®¥ ¥à ¢¥áâ¢® (17), â®, ¯®-
áª®«ìªã äãªæ¨ï �� ¥ ¢®§à áâ ¥â, ¨¬¥¥¬ ��(1�") = 1. �® «¥¬¬¥ 5  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì
(pn)1n=1 = p 2 P, ¤«ï ª®â®à®© �(p)(1� ") = 1. �¡®§ ç¨¬

Fn(z) =
fn(z)
zpn�1

(n = 1; 2; : : : ): (21)

�§ (14) ¨ (15) á«¥¤ã¥â

lim
n!1

jFnj1=pn@U1
� lim

n!1

� 1X
k=1

jaknj
�1=pn

= lim
n!1

� 1X
k=1

jaknj
� 1

n
n
pn

= 1: (22)

�à®¬¥ â®£®, ¯à¨ 1� " � r < 1 ¨¬¥¥¬

lim
n!1

� 1X
k=pn+1

jaknjrk�pn
�1=pn

� lim
n!1

�
max
k
jaknj

1X
j=1

rj
�1=pn

� 1:

�«¥¤®¢ â¥«ì®,

lim
n!1

jFnj1=pn@Ur
� lim

n!1

� pnX
k=1

jaknjrk�pn +
1X

k=pn+1

jaknjrk�pn
�1=pn

� max(�(p)(r); 1) = 1:

� ¤àã£®© áâ®à®ë, jfnjUr � japnnjrpn�1 ¯à¨ ¢á¥å r, ¨§ ç¥£® § ª«îç ¥¬

lim
n!1

jFnj1=pn@Ur
� lim

n!1
(japnnj)

1
n

n
pn � 1 (1� " � r � 1): (23)

� ª¨¬ ®¡à §®¬, ¯à¨ r1 = 1 � ", r2 = 1 ¨ �n = 1=pn (n = 1; 2; : : : ) ¢ë¯®«ï¥âáï à ¢¥áâ¢® (19),  
¢ á¨«ã «¥¬¬ë 6 | â ª¦¥ ¨ à ¢¥áâ¢® (20). �ãáâì â¥¯¥àì Kz | § ¬ªãâ ï ®ªà¥áâ®áâì â®çª¨
z 2 U1 ¨ K � Kz | ªàã£, á®¤¥à¦ é¨©áï ¢ U1. �®£¤ 

lim
n!1

jfnj1=nKz
� lim

n!1
jfnj1=nK � lim

n!1
jFnjK lim

n!1
(r � �)(pn�1)=n � lim

n!1
(r � �)(pn�1)=n;

£¤¥ r | ¬®¤ã«ì æ¥âà  ªàã£  K,   � | ¥£® à ¤¨ãá. � ª ª ª r ¨ � ¬®¦® ¢ë¡à âì á®®â¢¥â-
áâ¢¥® ¯à®¨§¢®«ì® ¡«¨§ª® ª ¥¤¨¨æ¥ ¨ ª ã«î,   ç¨á«  pn ã¤®¢«¥â¢®àïîâ á®®â®è¥¨î (15),
§ ª«îç ¥¬, çâ® ¨¬¥¥â ¬¥áâ® (4).

�á«¨ ¢ë¯®«ï¥âáï ¢â®à®¥ ¥à ¢¥áâ¢® (17), â®, à ááã¦¤ ï, ª ª ¨ ¢ëè¥,  ©¤¥¬, çâ® �(p)(1�
") = 1 ¤«ï ¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨ p = (pn)1n=1. �à¨ 1� " � r < 1 ¨¬¥¥¬

lim
n!1

� pnX
k=1

jaknjrpn�k
�1=pn

� lim
n!1

�
max
k
jaknj

1X
j=1

rj
�1=pn

� 1:

�«ï äãªæ¨© (21) ¯à¨ R = 1=r ®âáî¤  á«¥¤ã¥â

lim
n!1

jFnj1=pn@UR
� lim

n!1

� pnX
k=1

jaknjrpn�k +
1X

k=pn+1

jaknjrpn�k
�1=pn

� max(1; ��(r)) = 1 (1 < R � 1
1�"

):

�æ¥ª  ¢¥à  â ª¦¥ ¯à¨ R = 1 ¢ á¨«ã (22). � ¤àã£®© áâ®à®ë, ¢ ¨â¥à¢ «¥ [1; 1=(1 � ")] ¨¬¥¥¬
jfnjUR � japnnjRpn�1 ¨, á«¥¤®¢ â¥«ì®, lim

n!1
jFnj1=pn@UR

� 1 ¯®   «®£¨¨ á (23). �®«®¦¨¢ â¥¯¥àì

r1 = 1, r2 = 1=(1� "), �n = 1=pn (n = 1; 2; : : : ) ¨ ¢®á¯®«ì§®¢ ¢è¨áì «¥¬¬®© 6, ¯®«ãç¨¬ à ¢¥áâ¢®
(20), ¢ ª®â®à®¬ K | «î¡ ï § ¬ªãâ ï ®ªà¥áâ®áâì ¯à®¨§¢®«ì®© ¢ãâà¥¥© â®çª¨ ª®«ìæ  á
à ¤¨ãá ¬¨ 1 ¨ 1=(1 � "). � ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¨§ ¯à®¨§¢®«ì®áâ¨ K á«¥¤ã¥â á¢®©áâ¢®
�¡¥«ï (4).
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�ãáâì, ¤ «¥¥, ¢ë¯®«¥® ãá«®¢¨¥  ) ¢ (18). �® «¥¬¬¥ 4  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì (pn)1n=1 =
p 2 P â ª ï, çâ®

sup
r<1

lim
n!1

� rpnX
k=1

jaknj
�1=pn

< 1:

�â® ¯®§¢®«ï¥â ¯®áâà®¨âì ¯®á«¥¤®¢ â¥«ì®áâì ¨¤¥ªá®¢

(p0n)
1
n=1; p0n < pn (n = 1; 2; : : : ); lim

n!1

p0n
pn

= 1; (24)

â ªãî, çâ®¡ë ¯à¨ ¥ª®â®à®¬ R > 1 ¢ë¯®«ï«®áì á®®â®è¥¨¥

lim
n!1

� p0

nX
k=1

jaknjRk�1

�1=pn

< 1: (25)

� ª ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 4,  ©¤¥âáï ¥é¥ ¯®á«¥¤®¢ â¥«ì®áâì (p00n)
1
n=1, p

00
n > pn (n = 1; 2; : : : ), ¤«ï

ª®â®à®©

lim
n!1

� X
k=p00

n+1

jaknjRk�1

�1=pn

< 1: (26)

�¥¯¥àì, ¥á«¨ ¤   ¯à®¨§¢®«ì ï ¯®á«¥¤®¢ â¥«ì®áâì ¨¤¥ªá®¢, ¢ë¤¥«¨¬ ¨§ ¥¥ ¯®¤¯®á«¥¤®-
¢ â¥«ì®áâì (nj)1j=1 â ª, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ p0nj+1 > �p00nj ¯à¨ ¥ª®â®à®¬ � > 1
(j = 1; 2; : : : ). � áá¬®âà¨¬ àï¤

1X
j=1

fnj(z) =
1X
j=1

1X
k=1

aknjz
k�1 =

1X
j=1

p0

njX
k=1

aknjz
k�1 +

1X
j=1

p00

njX
k=p0

nj

aknjz
k�1 +

1X
j=1

1X
k=p00

nj

aknjz
k�1: (27)

� á¨«ã (25) ¨ (26) ¯¥à¢ ï ¨ âà¥âìï áã¬¬ë áå®¤ïâáï ª äãªæ¨ï¬,   «¨â¨ç¥áª¨¬ ¢ UR, ¢â®à ï
¦¥ áã¬¬  ¥áâì « ªã àë© áâ¥¯¥®© àï¤, ª®íää¨æ¨¥âë ª®â®à®£® ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

 ) lim
j!1

japnjnj j1=pnj = 1; (28)

¡) ¯à¨ ¥ª®â®à®¬ � > 1 ç¨á«® ®â«¨çëå ®â ã«ï ª®íää¨æ¨¥â®¢   ¨â¥à¢ «¥ ®¬¥à®¢
1
�
pnj < k � pnj à áâ¥â ¥ ¡ëáâà¥¥, ç¥¬ o(pnj ) ¯à¨ j ! 1. �¥©áâ¢¨â¥«ì®, á¢®©áâ¢® ¡) ¢ëâ¥ª ¥â
¨§ â®£®, çâ® (pnj � p0nj )=nj ! 0 ¯à¨ j !1 ¢ á¨«ã ãá«®¢¨ï (24).

�® â¥®à¥¬¥ � ¡à¨{�®«¨  ([8], á. 84) áã¬¬  áâ¥¯¥®£® àï¤  ¨¬¥¥â ¥¤¨¨çãî ®ªàã¦®áâì
á¢®¥© ¥áâ¥áâ¢¥®© £à ¨æ¥©. �® ¦¥ ¢ á¨«ã ¢ëè¥ áª § ®£® ®â®á¨âáï ¨ ª áã¬¬¥ àï¤  (27).

�á«¨ ¢ë¯®«ï¥âáï ãá«®¢¨¥ ¡) ¢ (18), â®  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì (pn)1n=1 = p 2 P, ¤«ï
ª®â®à®©

sup
r<1

lim
n!1

� 1X
k= 1

r
pn

jaknj
�1=pn

< 1:

�®«ì§ãïáì íâ¨¬, ¢ë¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì®áâì (p00n)
1
n=1 â ªãî, çâ®

p00n > pn (n = 1; 2; : : : ); lim
n!1

pn
p00n

= 1;

¨ ¯à¨ íâ®¬

lim
n!1

� 1X
k=p00

n+1

jaknj
�1=pn

< 1:

�âáî¤  á ¯®¬®éìî «¥¬¬ë 4 ¢ëâ¥ª ¥â ®æ¥ª  (26) ¤«ï ¥ª®â®à®£® R > 1. � ª ¢¨¤® ¨§ «¥¬¬ë
4,  ©¤ãâáï ¯®á«¥¤®¢ â¥«ì®áâì

(p0n)
1
n=1; p0n < pn (n = 1; 2; : : : ); lim

n!1
p0n =1;
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¨ ç¨á«® R > 1, ¤«ï ª®â®àëå

lim
n!1

� p0

nX
k=1

jaknjRk

�1=pn

< 1: (29)

� «¥¥ ¨§ § ¤ ®© ¯à®¨§¢®«ì®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¨¤¥ªá®¢ ¢ë¤¥«¨¬ ¯®¤¯®á«¥¤®¢ â¥«ì®áâì
(nj)1j=1 â ª, çâ®¡ë ¡ë«® p0nj+1 > �p00nj , £¤¥ � > 1 (j = 1; 2; : : : ). � ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥,
à áá¬®âà¨¬ àï¤ (27), à §«®¦¥ë©   âà¨ áã¬¬ë. �¥à¢ ï ¨ âà¥âìï áã¬¬ë áå®¤ïâáï ª äãªæ¨ï¬,
  «¨â¨ç¥áª¨¬ ¢ ªàã£¥ à ¤¨ãá , ¡®«ìè¥£® ¥¤¨¨æë, ¢ á¨«ã (29) ¨ (26) á®®â¢¥âáâ¢¥®. �â®à ï
áã¬¬  ï¢«ï¥âáï áâ¥¯¥ë¬ àï¤®¬, ¤«ï ª®íää¨æ¨¥â®¢ ª®â®à®£® ¢ë¯®«ï¥âáï (28),   â ª¦¥
á«¥¤ãîé¥¥ ãá«®¢¨¥: ç¨á«® ®â«¨çëå ®â ã«ï ª®íää¨æ¨¥â®¢   ¨â¥à¢ «¥ ®¬¥à®¢ pnj � k <
�pnj ¨¬¥¥â à®áâ ¥ ¢ëè¥, ç¥¬ o(pnj ). �à¨¬¥ïï á®¢  â¥®à¥¬ã � ¡à¨{�®«¨ , § ª«îç ¥¬, çâ® ¢á¥
â®çª¨ ¥¤¨¨ç®© ®ªàã¦®áâ¨ ï¢«ïîâáï ®á®¡ë¬¨ ¤«ï áã¬¬ë àï¤  (27).

�â¨¬ ¤®ª §   ¤®áâ â®ç®áâì ª ¦¤®£® ¨§ ãá«®¢¨© (17) ¨ á®®â¢¥âáâ¢¥® (18). �«ãç ©, ª®£¤ 
¡ §¨á á®áâ®¨â ¨§ ¤¢ãå ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¥©, ã¤®¢«¥â¢®àïîé¨å â¥¬ ¦¥ ãá«®¢¨ï¬, à áá¬ âà¨-
¢ ¥âáï   «®£¨ç®. �à¨¬¥à ¡ §¨á  (8), ¥ ®¡« ¤ îé¥£® á¢®©áâ¢ ¬¨ �¡¥«ï ¨ � ¡à¨, ¯®ª §ë¢ ¥â,
çâ® ãá«®¢¨ï â¥®à¥¬ë, ¢®®¡é¥ £®¢®àï, ¥®¡å®¤¨¬ë (¤«ï ¡ §¨á  (8) ¨¬¥¥¬ ��(1� ") = ��(1� ") =
(1� 1

2
")(1 � ")�3=2 > 1, '�(1� 0) = '�(1� 0) = 1).

� § ª«îç¥¨¥ § ¬¥â¨¬, çâ® ¯à¨¬¥à ¡ §¨á , á®áâ®ïé¥£® ¨§ ¤¢ãå ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¥©, ®¤ 
¨§ ª®â®àëå ã¤®¢«¥â¢®àï¥â â®«ìª® ¯¥à¢®¬ã,   ¤àã£ ï | â®«ìª® ¢â®à®¬ã ¨§ ãá«®¢¨© (17) (á®®â-
¢¥âáâ¢¥® (18)), ¬®¦¥â ¡ëâì «¥£ª® ¯®áâà®¥ ¯® ®¡à §æã ¡ §¨á  (8).
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