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� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï § ¤ ç  ®¯à¥¤¥«¥­¨ï ¤®¯ãáâ¨¬ëå §­ ç¥­¨© ¯à®¥ªæ¨© ­ 
®á¨ äã­ªæ¨¨ ­ ¯àï¦¥­¨© �x(x; y), �y(x; y), �xy(x; y), ¤¥©áâ¢ãîé¨å ¢ á¥à¥¤¨­­®© ¯®¢¥àå­®áâ¨
®¡®«®çª¨, ¯à¨ ª®â®à®© ­¥«¨­¥©­ ï á¨áâ¥¬  ãà ¢­¥­¨© � à£¥àà -�« á®¢ -�ãèâ à¨,   â ª¦¥
á¨áâ¥¬  ãà ¢­¥­¨© �¨¬®è¥­ª® ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ (ãáâ®©ç¨¢®¥) à¥è¥­¨¥.

�¤­¨¬ ¨§ à á¯à®áâà ­¥­­ëå ¯à¨¥¬®¢ à¥è¥­¨ï § ¤ ç¨ ãáâ®©ç¨¢®áâ¨ ¯« áâ¨­ ¨ ®¡®«®ç¥ª
­  ¡ §¥ ­¥«¨­¥©­®© ¬®¤¥«¨ ï¢«ï¥âáï ¯à¨¬¥­¥­¨¥ ¨ à¥ «¨§ æ¨ï ­  ��� ç¨á«¥­­ëå ¬¥â®¤®¢
(­ ¯à., [1]{[3]). � ®â¤¥«ì­ëå á«ãç ïå (­ ¯à., [3]{[5]) § ¤ ç  à¥è ¥âáï ¯ãâ¥¬ ¢ë¡®à   ¯¯à®ªá¨¬¨-
àãîé¨å à¥è¥­¨© á®®â¢¥âáâ¢ãîé¨å ãà ¢­¥­¨©.

�¢â®àë ¤«ï à¥è¥­¨ï ¤ ­­®© § ¤ ç¨ ¯à¥¤« £ îâ â ª ­ §ë¢ ¥¬ë© ®¯¥à â®à­ë© ¯®¤å®¤, ª®-
â®àë© á¢®¤¨â § ¤ çã ãáâ®©ç¨¢®áâ¨ ª § ¤ ç¥ ®¯à¥¤¥«¥­¨ï ®¡« áâ¨ ¯ à ¬¥âà®¢, ¯à¨ ª®â®àëå «¨-
­¥©­ë© ®¯¥à â®à, á¢ï§ ­­ë© ®¯à¥¤¥«¥­­ë¬ ®¡à §®¬ á á¨áâ¥¬®© ãà ¢­¥­¨© � à£¥àà -�« á®¢ -
�ãèâ à¨ ¨«¨ á á¨áâ¥¬®© ãà ¢­¥­¨© �¨¬®è¥­ª®, ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬.

1. �á­®¢­ë¥ ¯®«®¦¥­¨ï ®¯¥à â®à­®£® ¯®¤å®¤ 
¢ § ¤ ç¥ ãáâ®©ç¨¢®áâ¨ ¯« áâ¨­ ¨ ®¡®«®ç¥ª

�«ï ã¤®¡áâ¢  ¤ «ì­¥©è¥£® çâ¥­¨ï ªà âª® ®¯¨è¥¬ ®á­®¢­ë¥ ¯®«®¦¥­¨ï ®¯¥à â®à­®£® ¯®¤-
å®¤ , ª®â®àë¥ ­  ¯à¨¬¥à å ª®­ªà¥â­ëå ¬®¤¥«¥© ¡ã¤ãâ ¯®¤à®¡­® à áá¬ âà¨¢ âìáï ¢ á«¥¤ãîé¨å
¯ à £à ä å.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© � à£¥àà -�« á®¢ -�ãèâ à¨ ¨«¨ á¨áâ¥¬ã ãà ¢­¥­¨© �¨¬®è¥­-
ª® ¢ ®¯¥à â®à­®© ä®à¬¥

Au = f; (1.1)

£¤¥ u, f | í«¥¬¥­âë £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢ , ¢ë¤¥«ï¥¬®£® ¢ ¯à®áâà ­áâ¢¥ L2(
) � L2(
)
£à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. � ª ç¥áâ¢¥ ¯ à ¬¥âà®¢ ­¥«¨­¥©­®£® ®¯¥à â®à  A ¢ëáâã¯ îâ §­ ç¥­¨ï
äã­ªæ¨© �x(x; y), �y(x; y), �xy(x; y), ª®â®àë¥ ¢ á¢®î ®ç¥à¥¤ì § ¢¨áïâ ®â ¢¥«¨ç¨­ ­ £àã§®ª. � -
¤ ç  § ª«îç ¥âáï ¢ ®¯à¥¤¥«¥­¨¨ â¥å §­ ç¥­¨© ¯ à ¬¥âà®¢, ¯à¨ ª®â®àëå ãà ¢­¥­¨¥ (1.1) ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�§¢¥áâ­® [6], çâ® ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ãà ¢­¥­¨ï (1.1) á¢ï§ ­  á® á¢®©áâ¢®¬ ¯®«®¦¨-
â¥«ì­®© ¬®­®â®­­®áâ¨ ®¯¥à â®à  A. � ¨¬¥­­®, ¥á«¨ ®¯¥à â®à A ¯®«®¦¨â¥«ì­® ¬®­®â®­­ë©, â.¥.
¤«ï «î¡ëå u1, u2 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (Au1 � Au2; u1 � u2) � cku1 � u2k

2, â® ãà ¢­¥­¨¥
(1.1) ¨¬¥¥â ­¥ ¡®«¥¥ ®¤­®£® à¥è¥­¨ï. �¥¬ á ¬ë¬ § ¤ ç  ãáâ®©ç¨¢®áâ¨ á¢®¤¨âáï ª ­ å®¦¤¥­¨î
®¡« áâ¨ ¤®¯ãáâ¨¬ëå §­ ç¥­¨© ¯ à ¬¥âà®¢, ¯à¨ ª®â®àëå ®¯¥à â®à A ãà ¢­¥­¨ï (1.1) ï¢«ï¥âáï
¯®«®¦¨â¥«ì­® ¬®­®â®­­ë¬. � ª ¡ã¤¥â ¯®ª § ­® ­¨¦¥, íâ  § ¤ ç  ¢ ­ è¥¬ á«ãç ¥ á¢®¤¨âáï ª
§ ¤ ç¥ ®¯à¥¤¥«¥­¨ï ®¡« áâ¨ ¤®¯ãáâ¨¬ëå §­ ç¥­¨© ¯ à ¬¥âà®¢, ¯à¨ ª®â®àëå «¨­¥©­ë© ®¯¥à â®à
A1, ®¯à¥¤¥«¥­­ë¬ ®¡à §®¬ á¢ï§ ­­ë© á ®¯¥à â®à®¬ A, ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬ ¢
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¯à®áâà ­áâ¢¥ �20(
), ª®â®à®¥ ¢ë¤¥«ï¥âáï ¢ ¯à®áâà ­áâ¢¥ L2(
) ®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®-
¢¨ï¬¨.

2. �à¨¬¥­¥­¨¥ ®¯¥à â®à­®£® ¯®¤å®¤ 
¢ § ¤ ç¥ ãáâ®©ç¨¢®áâ¨ ¯« áâ¨­ ¨ ®¡®«®ç¥ª ­  ¡ §¥

¬®¤¥«¨ � à£¥àà -�« á®¢ -�ãèâ à¨

� ¯¨è¥¬ ¢ ¦­ãî ¢ â¥®à¨¨ ®¡®«®ç¥ª ¬®¤¥«ì � à£¥àà -�« á®¢ -�ãèâ à¨ [3] ¢ ®¯¥à â®à­®©
ä®à¬¥

Au = (q; 0); (2.1)

¯à¨ç¥¬

Au =

(
D

h
�2w � L(w;F )��kF;

1
E
�2F + 1

2
L(w;w) + �kw;

(2.2)

¤«ï u = (W;F ) 2 H,   £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® H ¢ë¤¥«ï¥âáï ¢ ¯à®áâà ­áâ¢¥ L2(
) � L2(
)
£à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ¢¨¤ 

wj� = '0;
@w

@�

���
�
= '1; F j� = F0;

@F

@�

���
�
= F1; (2.3)

£¤¥ � | £à ­¨æ  ®¡« áâ¨ 
.

� ¬¥ç ­¨¥ 1. �¥®¬¥âà¨ç¥áª¨ ­¥«¨­¥©­ãî ¬®¤¥«ì ®¡®«®çª¨, ®¯à¥¤¥«ï¥¬ãî ®¯¥à â®à­ë¬
ãà ¢­¥­¨¥¬ (2.1), ç áâ® ¢ «¨â¥à âãà¥ (­ ¯à., [3]) ­ §ë¢ îâ ¬®¤¥«ìî � à¬ ­ . �® ®á­®¢ë £¥®-
¬¥âà¨ç¥áª¨ ­¥«¨­¥©­®© â¥®à¨¨ ®¡®«®ç¥ª ¡ë«¨ § «®¦¥­ë ¢ [7], ¨ á¢®¥ § ¢¥àè¥­¨¥ íâ  â¥®à¨ï
­ è«  ¢ [8], [9]. �®â®¬ã á¯à ¢¥¤«¨¢®áâ¨ à ¤¨ íâã ¬®¤¥«ì ¬®¦¥â ¡ëâì á«¥¤ã¥â ­ §ë¢ âì ¬®¤¥-
«ìî � à£¥àà -�« á®¢ -�ãèâ à¨, ¨¬¥­­® â ª®£® ­ §¢ ­¨ï ¬®¤¥«¨  ¢â®àë ¯à¨¤¥à¦¨¢ îâáï ¢
¤ ­­®© áâ âì¥.

� ¬¥ç ­¨¥ 2. �®¯à®áë áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© ¢ à §«¨ç­ëå ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å ¤«ï
á¨áâ¥¬, ¯®¤®¡­ëå ­ è¥©, å®à®è® ¨§ãç¥­ë (­ ¯à., [10], [11]). �®íâ®¬ã ¡ã¤¥¬ áç¨â âì, çâ® £à ­¨ç-
­ë¥ ãá«®¢¨ï ¨ äã­ªæ¨ï q â ª®¢ë, çâ® ¬®¤¥«ì � à£¥àà -�« á®¢ -�ãèâ à¨ ¨¬¥¥â à¥è¥­¨¥ ¢
¯à®áâà ­áâ¢¥ L2(
)� L2(
).

� ¯®¬­¨¬ å®à®è® ¨§¢¥áâ­ë© ä ªâ [6].

�¥¬¬  2.1. �á«¨ ®¯¥à â®à A ¢¨¤  (2.2) ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ¬®­®â®­­ë¬ ­  ¬­®¦¥-

áâ¢¥ à¥è¥­¨© á¨áâ¥¬ë ãà ¢­¥­¨© � à£¥àà -�« á®¢ -�ãèâ à¨ á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (2.3),
â® íâ  á¨áâ¥¬  ãà ¢­¥­¨© ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

� «¥¥, à áá¬®âà¨¬ «¨­¥©­ë© ®¯¥à â®à A1, ¤¥©áâ¢ãîé¨© ¢ ¯à®áâà ­áâ¢¥

H2
0 (
) =

n
w 2 L2(
); wj� =

@w

@�

���
�
= 0

o
á«¥¤ãîé¨¬ ®¡à §®¬:

A1w =
D

h
�2w + �x

@2w

@x2
+ �y

@2w

@y2
+ 2�xy

@2w

@x@y
; (2.4)

£¤¥ �x, �y, �xy | ¯à®¥ªæ¨¨ ­  ®á¨ äã­ªæ¨¨ ­ ¯àï¦¥­¨©, ¤¥©áâ¢ãîé¨å ¢ á¥à¥¤¨­­®© ¯®¢¥àå­®áâ¨
®¡®«®çª¨ ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï ­ £àã§®ª.

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  2.1. �ãáâì §­ ç¥­¨ï äã­ªæ¨© �x, �y, �xy â ª®¢ë, çâ® «¨­¥©­ë© ®¯¥à â®à A1

ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬. �®£¤  ®¯¥à â®à A ¢¨¤  (2.2) ï¢«ï¥âáï ¯®«®¦¨â¥«ì­®

¬®­®â®­­ë¬ ­  ¬­®¦¥áâ¢¥ à¥è¥­¨© ¬®¤¥«¨ � à£¥àà -�« á®¢ -�ãèâ à¨.
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�®ª § â¥«ìáâ¢®. �¥«¨­¥©­®¥ á« £ ¥¬®¥ ®¯¥à â®à  A ¢¨¤  (2.2) ®¡®§­ ç¨¬ ç¥à¥§ B. �®£¤ 
®¯¥à â®à B ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

Bu =

(
�L(w;F );
1
2
L(w;w):

�ãáâì u1 ¨ u2 | ¤¢  à¥è¥­¨ï ¬®¤¥«¨ � à£¥àà -�« á®¢ -�ãèâ à¨: u1 = (w1; F1), u2 =
(w2; F2). �¡®§­ ç¨¬ v1 = w1 � w2, v2 = F1 � F2. �®£¤  «¥£ª® ¯®«ãç ¥âáï â®¦¤¥áâ¢®

Bu1 �Bu2 =

(
�L(w1; v2)� L(v1; F2);
1
2
L(v1; v1) + L(w1; v1):

(2.5)

�«ï äã­ªæ¨© ãá¨«¨© F1, F2 ¨¬¥¥¬ [3]

@2F1

@x2
=
@2F2

@x2
= ��y;

@2F1

@y2
=
@2F2

@y2
= ��x;

@2F1

@x@y
=
@2F2

@x@y
= �xy: (2.6)

�âáî¤ 

@2v2
@x2

=
@2v2
@y2

=
@2v2
@x@y

= 0 (2.7)

¨, á«¥¤®¢ â¥«ì­®,

L(w1; w2) = 0: (2.8)

� áá¬®âà¨¬ ®¯¥à â®à T , ¤¥©áâ¢ãîé¨© ¢ ¯à®áâà ­áâ¢¥ H2
0 (
),

Tv = Tx
@2v

@x2
+ 2Txy

@2v

@x@y
+ Ty

@2v

@y2
: (2.9)

� ª ¯®ª § ­® ¢ [12], ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©

@Tx
@x

+
@Txy
@y

= 0;
@Txy
@x

+
@Ty
@y

= 0 (2.10)

¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

(Tv1; v2) = (v1; T v2): (2.11)

�à¥®¡à §ã¥¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ (á ãç¥â®¬ (2.5))

(Bu1�Bu2; u1�u2)=�(L(w1; v2); v1)�(L(v1; F2); v1)+
1
2
(L(v1; v1); v2)+(L(w1; v1); v2): (2.12)

�á«¨ ­  ¢ëà ¦¥­¨¥ L(w; v) á¬®âà¥âì ª ª ­  ®¯¥à â®à ¢¨¤  (2.3), â® «¥£ª® ¯à®¢¥à¨âì ¢ë¯®«­¥­¨¥
ãá«®¢¨© (2.10). �®£¤  ¢ á¨«ã ãá«®¢¨© (2.1) ¨ (2.7) ¯®«ãç¨¬

(L(w1; v1); v2) + (L(v1; v1); v2) = 0; (2.13)

  ¢ á¨«ã (2.6)

�L(v1; F2) = �x
@2v1
@x2

+ �y
@2v1
@y2

+ 2�xy
@2v1
@x@y

: (2.14)

�á¯®«ì§ãï (2.8), (2.13), (2.14), § ¯¨è¥¬ ¢ëà ¦¥­¨¥ (2.12) ¢ ¢¨¤¥

(Bu1 �Bu2; u1 � u2) =
�
�x
@2v1
@x2

+ �y
@2v1
@y2

+ 2�xy
@2v1
@x@y

; v1

�
: (2.15)
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�ç¨âë¢ ï (2.15), ¯®«ãç¨¬ ¤«ï ¤àã£®£® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ëà ¦¥­¨¥

(Au1 �Au2; u1 � u2) =
��
D

h
�2v1 ��kv2 + �x

@2v1
@x2

+

+ �y
@2v1
@y2

+ 2�xy
@2v1
@x@y

�
; v1

�
+

1
E
(�2v2; v2) + (�kv1; v2): (2.16)

�®á¯®«ì§ã¥¬áï ä®à¬ã«®© �à¨­  ¤«ï ®¯¥à â®à®¢ � ¨ �k (­ ¯à., [12]) ¨ ¯®«ãç¨¬ ¤¢  á®®â­®è¥­¨ï:

(�2v1; v1) =
ZZ



�2v1 � v1d
 =

ZZ


�v1 ��v1d
 +

Z
�

�
v1
@�v1
@�

��v1
@�v1
@�

�
ds =

=
ZZ




�v1 ��v1d
 = (�v1;�v1); (2.17)

(�kv2; v1) =
ZZ



�kv2 � v1d
 =

ZZ


v2�kv1d
 +

Z
�

�
v1
@v2
@�

� v2
@v1
@�

�
ds =

=
ZZ



v2�kv1d
 = (v2;�kv1): (2.18)

�ç¨âë¢ ï (2.17), (2.18), ¤«ï (2.16) ¡ã¤¥¬ ¨¬¥âì

(Au1 �Au2; u1 � u2) = (A1v1; v1) +
1
E
(�2v2; v2):

�®á¯®«ì§ã¥¬áï ãá«®¢¨¥¬ â¥®à¥¬ë ¨ â¥¬ ä ªâ®¬, çâ® ®¯¥à â®à �2 ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­­ë¬ ¢ ¯à®áâà ­áâ¢¥ H2

0 (
) (­ ¯à., [12]). �®£¤  ®ª®­ç â¥«ì­® ¯®«ãç¨¬

(Au1 �Au2; u1 � u2) � c1kv1k
2 + c2kv2k

2 � cku1 � u2k
2;

çâ® ¨ § ¢¥àè¨â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1.

� ª á«¥¤áâ¢¨¥ â¥®à¥¬ë 2.1 ¨ «¥¬¬ë 2.1 ¯®«ãç ¥âáï

�¥®à¥¬  2.2. �ãáâì ¤®¯ãáâ¨¬ë¥ §­ ç¥­¨ï äã­ªæ¨© �x(x; y), �y(x; y), �xy(x; y) â ª®¢ë, çâ®
«¨­¥©­ë© ®¯¥à â®à A1, ¤¥©áâ¢ãîé¨© ¢ ¯à®áâà ­áâ¢¥ H2

0 (
), ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥-

«¥­­ë¬. �®£¤  ¬®¤¥«ì � à£¥àà -�« á®¢ -�ãèâ à¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ (ãáâ®©ç¨¢®¥) à¥è¥­¨¥.

�â¬¥â¨¬, çâ® § ¤ ç  ®¯à¥¤¥«¥­¨ï ®¡« áâ¨ ¤®¯ãáâ¨¬ëå §­ ç¥­¨© äã­ªæ¨© �x(x; y), �y(x; y),
�xy(x; y), ¯à¨ ª®â®àëå ®¯¥à â®à A1 ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬, à áá¬ âà¨¢ « áì ¢
[12], £¤¥ ¤®ª § ­ 

�¥®à¥¬  2.3. �ãáâì äã­ªæ¨¨ �x(x; y), �y(x; y), �xy(x; y) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

k�xk <
CD

2h
; k�yk <

CD

2h
; k�xyk <

CD

2h
; (2.19)

£¤¥ C | ­ ¨¡®«ìè ï ¨§ ª®­áâ ­â ¢ ­¥à ¢¥­áâ¢¥ �à¨¤à¨åá : ¤«ï w 2 H2
0 (
)

(�2w;w) � C

ZZ



��
@w

@x

�2

+
�
@w

@y

�2�
dx dy:

�®£¤  ®¯¥à â®à A1 ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬.

�â¬¥â¨¬, çâ® ®æ¥­ª¨ (2.19) ¤®áâ â®ç­® £àã¡ë. � ¤ ç  ¡®«¥¥ â®ç­®£® ®¯¨á ­¨ï ®¡« áâ¨ ¯®«®-
¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à  A1 á¢®¤¨âáï ª á«ãç î, ª®£¤  �x(x; y), �y(x; y), �xy(x; y) |
¯®áâ®ï­­ë¥ äã­ªæ¨¨. � íâ®© á¨âã æ¨¨ ¯à¨ ­ «¨ç¨¨ ¯®«­®© ®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥¬ë á®¡-
áâ¢¥­­ëå äã­ªæ¨© ®¯¥à â®à  A1 ã¤ ¥âáï ¯®«ãç¨âì â®ç­®¥ ®¯¨á ­¨¥ ®¡« áâ¨ ¯®«®¦¨â¥«ì­®©
®¯à¥¤¥«¥­­®áâ¨ íâ®£® ®¯¥à â®à . � íâ®© æ¥«ìî ¤®ª ¦¥¬ á«¥¤ãîéãî «¥¬¬ã.
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�¥¬¬  2.2. �á«¨ «¨­¥©­ë© á¨¬¬¥âà¨ç­ë© ®¯¥à â®à A ¨¬¥¥â ¯®«­ãî ®àâ®­®à¬¨à®¢ ­-

­ãî á¨áâ¥¬ã fUng ¢ ª ç¥áâ¢¥ á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ªæ¨© á á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨

f�ng ¨ �1 < �2 < � � � < �n < � � � , â® ®¯¥à â®à A ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬ â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  �1 > 0.

�®ª § â¥«ìáâ¢®. �§¢¥áâ­® [12], çâ® ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®£®
®¯¥à â®à  A ï¢«ïîâáï ¯®«®¦¨â¥«ì­ë¬¨.

�¡à â­® (¢ ¯à¥¤¯®«®¦¥­¨¨ ¯®«®¦¨â¥«ì­®áâ¨ á®¡áâ¢¥­­ëå §­ ç¥­¨© �n, n = 1; 2; : : : ) ¨¬¥¥¬
¤«ï

u =
1X
1

(u; un)un

á®®â­®è¥­¨¥

Au =
1X
1

(Au; un)un =
1X
1

(u;Aun)un =
1X
1

�n(u; un)un;

®âªã¤ 

(Au; u) =
1X
1

�n(u; un)2 � �1

1X
1

(u; un)2 = �1kuk
2: �

� ª á«¥¤áâ¢¨¥ «¥¬¬ë 2.2 ¯®«ãç ¥âáï

�¥¬¬  2.3. �ãáâì ®¡  «¨­¥©­ëå ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ëå ®¯¥à â®à  A1 ¨ A2 ¨¬¥îâ

®¤­ã ¨ âã ¦¥ ¯®«­ãî ®àâ®­®à¬¨à®¢ ­­ãî á¨áâ¥¬ã äã­ªæ¨© fung ¢ ª ç¥áâ¢¥ á¨áâ¥¬ë á®¡-

áâ¢¥­­ëå äã­ªæ¨© á á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ f�ing, i = 1; 2, ¯à¨ç¥¬

0 < �11=�
2
1 � � � � � �1n=�

2
n � � � � (2.20)

¨

0 < �11 � �21 < � � � < �1n � �2n < � � � (2.21)

�®£¤  ®¡« áâì ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à 

A = A1 � �A2 (2.22)

á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬

� < �11=�
2
1:

�®ª § â¥«ìáâ¢®. �¥£ª® ¢¨¤¥âì, çâ® ¯à¨ ãá«®¢¨ïå «¥¬¬ë 2.3 á¨áâ¥¬  fung ¡ã¤¥â á¨áâ¥¬®©
á®¡áâ¢¥­­ëå äã­ªæ¨© ®¯¥à â®à  A ¢¨¤  (2.22) á á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ �n = �1n���

2
n. � á¨«ã

(2.20) ¨ (2.21) ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© �n ¢ë¯®«­ïîâáï ãá«®¢¨ï «¥¬¬ë 2.2, çâ® ¨ § ¢¥àè ¥â
¤®ª § â¥«ìáâ¢® «¥¬¬ë 2.3.

� ¬¥ç ­¨¥. �¥§ã«ìâ â «¥¬¬ë 2.2 ¯®§¢®«ï¥â ®¯¨á âì ®¡« áâì ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®-
áâ¨ ®¯¥à â®à 

A = A0 � �A1 � �A2 � �A3;

£¤¥ A0, A1, A2, A3 | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¥ ®¯¥à â®àë,   �, �, � | ç¨á«®¢ë¥ ¯ à ¬¥âàë.
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3. �à¨¬¥­¥­¨¥ ®¯¥à â®à­®£® ¯®¤å®¤  ¢ § ¤ ç¥ ãáâ®©ç¨¢®áâ¨
¯« áâ¨­ ¨ ®¡®«®ç¥ª ­  ¡ §¥ ¬®¤¥«¨ �¨¬®è¥­ª®

�®¤¥«ì �¨¬®è¥­ª® ï¢«ï¥âáï ãâ®ç­¥­¨¥¬ ¬®¤¥«¨ � à£¥àà -�« á®¢ -�ãèâ à¨, § ¯¨á ­­®©
¢ ¯¥à¥¬¥é¥­¨ïå: ­ àï¤ã á äã­ªæ¨ï¬¨ u, v, w à áá¬ âà¨¢ îâáï ¥é¥ ãâ®ç­ïîé¨¥ äã­ªæ¨¨  x,
 y. �ë¢®¤ ãà ¢­¥­¨© �¨¬®è¥­ª® ¯à¨¢®¤¨âáï ¢ [5] ¨ â ¬ ¦¥ à áá¬ âà¨¢ ¥âáï ¯®¤áâ ­®¢ª 

 x = �

�
@'

@x
+
@�

@y

�
;  y =

@�

@x
�
@'

@y
;

ª®â®à ï ¯®§¢®«ï¥â á¨áâ¥¬ã ãà ¢­¥­¨© �¨¬®è¥­ª® ¯à¨¢¥áâ¨ ª ¡®«¥¥ ¯à®áâ®¬ã ¢¨¤ã ®â­®á¨â¥«ì­®
äã­ªæ¨© u, v, w, �, '. � íâ®¬ á«ãç ¥ á¨áâ¥¬ã ãà ¢­¥­¨© �¨¬®è¥­ª® ã¤ ¥âáï § ¯¨á âì ¢ ã¤®¡­®©
¤«ï ¤ «ì­¥©è¨å ¨áá«¥¤®¢ ­¨© ¯à¨¢¥¤¥­­®© ä®à¬¥ ®â­®á¨â¥«ì­® äã­ªæ¨© w, F , �, ', £¤¥ F |
äã­ªæ¨ï ãá¨«¨©. � ¯¨è¥¬ íâã á¨áâ¥¬ã ãà ¢­¥­¨© ¢ ®¯¥à â®à­®© ä®à¬¥

Au = (q; 0; 0; 0);

£¤¥ ®¯¥à â®à A ¤¥©áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥ H, ¢ë¤¥«¥­­®¬ ¨§ L2(
)�L2(
)�L2(
)�L2 £à ­¨ç-
­ë¬¨ ãá«®¢¨ï¬¨ ¢¨¤ 

wj� = w1; F j� = F1;
@F

@�

���
�
= F2; �j� = �1; 'j� = '1; (3.1)

á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï u = (w;F; �; ') 2 H

Au =

8>>>>><
>>>>>:

��w � 2
k2
0
(1��)

L(w;F ) � 2
k2
0
(1��)

�kF � 6k2
0
(1��)

h2
(w � ');

2
k2
0
(1��)

�2F + 1
k2
0
(1��)

L(w;w) + 2
k2
0
(1��)

�kw;

��� + 12k2
0

h2
�;

��'� 6k2
0
(1��)

h2
(w � '):

(3.2)

�®¢â®àïï à ááã¦¤¥­¨ï, ¯à¨¢¥¤¥­­ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.1 ¨ â¥®à¥¬ë 2.2 ¨§ x 2,
¯®«ãç¨¬ ¤¢  ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  3.1. �ãáâì ¤®¯ãáâ¨¬ë¥ §­ ç¥­¨ï äã­ªæ¨© �x(x; y), �y(x; y), �xy(x; y) â ª®¢ë, çâ®
«¨­¥©­ë© ®¯¥à â®à A1, ¤¥©áâ¢ãîé¨© ¢ ¯à®áâà ­áâ¢¥ H2

0 (
) = fw 2 L2(
); wj� = 0g,

A1w = ��w �
6k20(1� �)

h2
w +

1
k20(1� �)

�
�x
@2w

@x2
+ �y

@2w

@y2
+ 2�xy

@2w

@x@y

�
;

ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬. �®£¤  ®¯¥à â®à A ¢¨¤  (3.2) ï¢«ï¥âáï ¯®«®¦¨â¥«ì­®

¬®­®â®­­ë¬ ­  ¬­®¦¥áâ¢¥ à¥è¥­¨© ¬®¤¥«¨ �¨¬®è¥­ª®.

�¥®à¥¬  3.2. � ãá«®¢¨ïå â¥®à¥¬ë 3.1 á¨áâ¥¬  ãà ¢­¥­¨© �¨¬®è¥­ª® ¯à¨ £à ­¨ç­ëå ãá«®-

¢¨ïå (3.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ (ãáâ®©ç¨¢®¥) à¥è¥­¨¥.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¢ ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ «¨áì ¬®¤¥«¨ ¨§®âà®¯­ëå ®¡®«®ç¥ª,
çâ® ï¢«ï¥âáï ­¥áãé¥áâ¢¥­­ë¬ á â®çª¨ §à¥­¨ï ¯à¨¬¥­¥­¨ï ®¯¥à â®à­®£® ¯®¤å®¤ . �à®¬¥ â®£®,
¬®¦­® ¯®«ãç¨âì ãá«®¢¨ï ­  äã­ªæ¨î ãá¨«¨© F , ¯à¨ ª®â®àëå á®®â¢¥âáâ¢ãîé ï ¬®¤¥«ì ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
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