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� áá¬®âà¨¬ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

_x = f(t; x; y; �); (1)

¢ ª®â®à®© x 2 En, u 2 Er, � 2 Em, u | ã¯à ¢«¥­¨¥, � | ¯ à ¬¥âà, t 2 [�; �], Es | s-¬¥à­®¥ ¢¥ª-
â®à­®¥ ¯à®áâà ­áâ¢®, �, � (� < �) | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥ ç¨á« . �­®¦¥áâ¢® U ¤®¯ãáâ¨¬ëå
ã¯à ¢«¥­¨© á®áâ ¢«ïîâ ¨§¬¥à¨¬ë¥ ®£à ­¨ç¥­­ë¥ ­  á¥£¬¥­â¥ [�; �] r-¬¥à­ë¥ ¢¥ªâ®à-äã­ªæ¨¨
u. �à¨ «î¡®¬ u 2 U ¨ «î¡®¬ � 2 Em ¯®¤ à¥è¥­¨¥¬ á¨áâ¥¬ë (1), ®¯à¥¤¥«¥­­ë¬ ­  ­¥ª®â®-
à®¬ á¥£¬¥­â¥, ¡ã¤¥¬ ¯®­¨¬ âì ¢¥ªâ®à-äã­ªæ¨î,  ¡á®«îâ­® ­¥¯à¥àë¢­ãî, ¯®çâ¨ ¢áî¤ã ­  íâ®¬
á¥£¬¥­â¥ ã¤®¢«¥â¢®àïîéãî á¨áâ¥¬¥ (1).

�¯à¥¤¥«¥­¨¥ 1. �ãáâì x0, x1 | â®çª¨ ¯à®áâà ­áâ¢  En. �¨áâ¥¬  (1) ¯à¨ � = � ­ §ë¢ ¥âáï
ã¯à ¢«ï¥¬®© ¢ â®çª å x0, x1 (¢ â®çª¥ x0 ¯à¨ ãá«®¢¨¨, çâ® x0 = x1), ¥á«¨ áãé¥áâ¢ãeâ ã¯à ¢«¥­¨¥
u 2 U â ª®¥, çâ® á¨áâ¥¬  (1) ¯à¨ u = u, � = � ¨¬¥¥â à¥è¥­¨¥ x(t), ®¯à¥¤¥«¥­­®¥ ­  á¥£¬¥­â¥
[�; �] ¨ ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

x(�) = x0; x(�) = x1: (2)

�«ï ªà âª®áâ¨ § ¯¨á¥© á¨áâ¥¬ã (1), ã¤®¢«¥â¢®àïîéãî ®¯à¥¤¥«¥­¨î 1, ¤ «¥¥ ¡ã¤¥¬ ­ §ë¢ âì
ã¯à ¢«ï¥¬®©.

� ¤ ­­®© áâ âì¥ áâ ¢¨âáï § ¤ ç  | ®¯à¥¤¥«¨âì ãá«®¢¨ï á®åà ­¥­¨ï (¯®â¥à¨) ã¯à ¢«ï¥¬®áâ¨
á¨áâ¥¬ë (1) ¯à¨ ¨§¬¥­¥­¨¨ ¯ à ¬¥âà  ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨ ¯ à ¬¥-
âà  á¨áâ¥¬  (1) ã¯à ¢«ï¥¬ . � íâ®© æ¥«ìî ¢¢®¤¨âáï ¯®­ïâ¨¥ ãáâ®©ç¨¢®áâ¨ (­¥ãáâ®©ç¨¢®áâ¨)
ã¯à ¢«¥­¨ï ¯® ¯ à ¬¥âàã. � à ¬¥âà � ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ®æ¥­ªã ¢«¨ï­¨ï ¢­¥è­¨å
¢®§¤¥©áâ¢¨© ­  ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã. �­ «®£¨ç­ ï § ¤ ç  ¨§ãç « áì ¢ [1], [2], £¤¥ ®¤­¨¬ ¨§
ãá«®¢¨© ï¢«ï«®áì âà¥¡®¢ ­¨¥ ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë «¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï á¨áâ¥¬ë
(1). �á­®¢­ë¥ à¥§ã«ìâ âë áâ âì¨ ¯®«ãç¥­ë ¡¥§ ¯à¥¤¯®«®¦¥­¨ï ® ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë
«¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï. �áá«¥¤®¢ ­ë á«ãç ¨, ª®£¤  ã á¨áâ¥¬ë (1) ¢®®¡é¥ ®âáãâáâ¢ã¥â á¨áâ¥¬ 
«¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï.

� ®¡é¥¬ á«ãç ¥ ­¥ ¢á¥ ª®®à¤¨­ âë ¢¥ªâ®à  � ¬®£ãâ ®ª §ë¢ âì ¢®§¤¥©áâ¢¨¥ ­  ã¯à ¢«ï¥¬ãî
á¨áâ¥¬ã. �®íâ®¬ã ¢¢®¤ïâáï äã­ªæ¨¨ ' ¨  ­ âãà «ì­®£®  à£ã¬¥­â , ®¯à¥¤¥«ïîé¨¥ ­®¬¥à  ª®-
®à¤¨­ â ¢¥ªâ®à  �, ª®â®àë¥ ¢®§¤¥©áâ¢ãîâ ­  ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã, ¨ ­®¬¥à  ª®®à¤¨­ â ¢¥ªâ®à 
�, ª®â®àë¥ â ª®£® ¢®§¤¥©áâ¢¨ï ­¥ ®ª §ë¢ îâ.

�¥ªâ®à-äã­ªæ¨î, ®¯à¥¤¥«¥­­ãî ­  á¥£¬¥­â¥ [�; �] ¨ ¯à¨ ­¥ª®â®àëå u 2 U ¨ � 2 Em ã¤®-
¢«¥â¢®àïîéãî à ¢¥­áâ¢a¬ (1), (2), ­ §®¢¥¬ à¥è¥­¨¥¬ § ¤ ç¨ (1), (2). �¨¬¢®«®¬ x(t; x0; u; �)
®¡®§­ ç¨¬ à¥è¥­¨¥ á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î x(�; x0; u; �) = x0, u 2 U , � 2 Em.

�ãáâì x(t; x0; u0; �0) | à¥è¥­¨¥ § ¤ ç¨ (1), (2). �®«®¦¨¬

z = x� x(t; x0; u0; �0); # = u� u0; � = �� �0: (3)

�®£¤  á¨áâ¥¬  (1) á¢¥¤¥âáï ª á¨áâ¥¬¥

_z = f1(t; z; #; �); (4)

38



¢ ª®â®à®© f1(t; z; #; �) = f(t; z+ x(t; x0; u0; �0); #+ u0; �+�0)� f(t; x(t; x0; u0; �0); u0; �0), ¯à¨ íâ®¬
ªà ¥¢ë¥ ãá«®¢¨ï (2) ¯à¨­¨¬ îâ ¢¨¤

z(�) = z(�) = 0: (5)

�ãáâì G(k1) = f1; 2; : : : ; k1g, F (k2) = fk2 + 1; k2 + 2; : : : ;m2g, k1 � m1, k2 � m2, k1, k2, m1,
m2 | ­ âãà «ì­ë¥ ç¨á« . �  ¬­®¦¥áâ¢¥ G(k1) ®¯à¥¤¥«¨¬ äã­ªæ¨î '(�; k1) â ªãî, çâ® ¯à¨
«î¡®¬ i 2 G(k1) '(i; k1) 2 G(m1) ¨ ¯à¨ «î¡ëå i, j ¨§ ¬­®¦¥áâ¢  G(k1), i < j, ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® '(i; k1) < '(j; k1). � ç áâ­®áâ¨, ¥á«¨ k1 = m1, â® ¤«ï «î¡®£® i 2 G(m1) '(i;m1) =
i. �  ¬­®¦¥áâ¢¥ F (k2) ®¯à¥¤¥«¨¬ äã­ªæ¨î  (�; k2), ¯à¨ «î¡®¬ i 2 F (k2) ã¤®¢«¥â¢®àïîéãî
¢ª«îç¥­¨î  (i; k2) 2 G(m2), ¯à¨ç¥¬ ¤«ï «î¡ëå i, j ¨§ ¬­®¦¥áâ¢  F (k2), i < j, ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢®  (i; k2) <  (j; k2). �á«¨ m1 = m2 = m, k1 = k2 = k, â® äã­ªæ¨¨ '(�; k) ¨  (�; k)
â ª®¢ë, çâ® ¯à¨ «î¡ëå i 2 G(k) ¨ j 2 F (k) '(i; k) 6=  (j; k), ¯à¨ k = m äã­ªæ¨ï  (�; k) ­¥
®¯à¥¤¥«¥­ .

�ãáâì E['(�; k)] | ¬­®¦¥áâ¢® ¢á¥å k-¬¥à­ëå ¢¥ªâ®à®¢ (�'(1;k); �'(2;k); : : : ; �'(k;k)), E[ (�; k)] |
¬­®¦¥áâ¢® ¢á¥å (m�k)-¬¥à­ëå ¢¥ªâ®à®¢ (� (k+1;k); � (k+2;k); : : : ; � (m;k)), £¤¥ ¯à¨ «î¡®¬ i 2 G(k)
¨ «î¡®¬ j 2 F (k) �'(i;k), � (j;k) | á®®â¢¥âáâ¢¥­­® '(i; k)-ï,  (j; k)-ï ª®®à¤¨­ âë ¢¥ªâ®à  � 2 Em.
�®£¤  ¢¥ªâ®à � 2 Em á¨¬¢®«¨ç¥áª¨ § ¯¨è¥¬ ª ª � = (p; q), £¤¥ p 2 E['(�; k)], q 2 E[ (�; k)].

�ãáâì #0 2 U , �0 2 Em â ª®¢ë, çâ® z(t; #0; �0) | à¥è¥­¨¥ § ¤ ç¨ (4), (5). �¢¥¤¥¬ á«¥¤ãîé¨¥
®¡®§­ ç¥­¨ï: D(�0) = f(t; z; #; �) : t 2 [�; �]; z 2 En; # 2 Er; � 2 Em; jzj � �0; j#j � �0; j�j �
�0g, jzj = max

i
jzij, khk = sup

t2[�;�]

jh(t)j, h | ¢¥ªâ®à-äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ­  á¥£¬¥­â¥ [�; �],

jBj = sup
jzj�1

jBzj, B | ¬ âà¨æ , kBk = sup
t2[�;�]

jB(t)j, w(�0) = f# 2 U; k#k � �0g, P (k; �0) = fp 2

E['(�; k)] : jpj � �0g, Q(k; �0) = fq 2 E[ (�; k)] : jqj � �0g, T (�0) = [�; �] � w(�0) � P (m; �0),
V (�0) = fc 2 En : jcj � �0g, �0 > 0 | ­¥ª®â®à®¥ ç¨á«®.

�¯à¥¤¥«¥­¨¥ 2. �ãáâì #0 2 U , �0 2 Em. � àã (#0; �0) ­ §®¢¥¬ á®£« á®¢ ­­®© á § ¤ ç¥© (4),
(5), ¥á«¨ ¢¥ªâ®à-äã­ªæ¨ï z(t; #0; �0) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (4), (5).

�¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®© ¢ á¨áâ¥¬ã (4) ã¡¥¦¤ ¥¬áï, çâ® ¯ à  (#0; �0), ¢ ª®â®à®© #0 =
0, �0 = 0, á®£« á®¢ ­  á § ¤ ç¥© (4), (5). � íâ®¬ á«ãç ¥ à¥è¥­¨¥¬ § ¤ ç¨ (4), (5) ï¢«ï¥âáï
z(t) � 0. � ªãî ¯ àã ¤ «¥¥ ¡ã¤¥¬ ­ §ë¢ âì âà¨¢¨ «ì­®© ¯ à®© § ¤ ç¨ (4), (5).

�¯à¥¤¥«¥­¨¥ 3. �¯à ¢«¥­¨¥ #0 = 0 ­ §®¢¥¬ ãáâ®©ç¨¢ë¬ ¯® ¯ à ¬¥âàã �, ¥á«¨ áãé¥áâ¢ãîâ
ç¨á«  �1 > 0, �2 > 0, ­ âãà «ì­®¥ ç¨á«® k � m ¨ äã­ªæ¨¨ '(�; k),  (�; k) â ª¨¥, çâ® ¤«ï «î¡®£®
¢¥ªâ®à  p 2 P (k; �1) áãé¥áâ¢ãîâ ¢¥ªâ®à q 2 Q(k; �2) ¨ ã¯à ¢«¥­¨¥ # 2 w(�0), ¯à¨ ª®â®àëå ¯ à 
(#; �) á®£« á®¢ ­  á § ¤ ç¥© (4), (5).

�¯à¥¤¥«¥­¨¥ 4. �à¨¢¨ «ì­ãî ¯ àã § ¤ ç¨ (4), (5) ­ §®¢¥¬ ãáâ®©ç¨¢®©, ¥á«¨ áãé¥áâ¢ã¥â
­¥¯ãáâ®¥ ¬­®¦¥áâ¢® w� � w(�0) â ª®¥, çâ® ¤«ï «î¡®£® ã¯à ¢«¥­¨ï # 2 w� áãé¥áâ¢ã¥â ¢¥ªâ®à
� 2 P (m; �0), ¯à¨ ª®â®à®¬ ¯ à  (#; �) á®£« á®¢ ­  á § ¤ ç¥© (4), (5).

�¯à¥¤¥«¥­¨¥ 5. �¯à ¢«¥­¨¥ #0 = 0 ­ §®¢¥¬ ãá«®¢­® ãáâ®©ç¨¢ë¬ ¯® ¯ à ¬¥âàã �, ¥á«¨
áãé¥áâ¢ã¥â â ª®¥ ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® N � Em, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  � 2 N \ P (m; �0) áãé¥-
áâ¢ã¥â ã¯à ¢«¥­¨¥ # 2 w(�0), ¯à¨ ª®â®à®¬ ¯ à  (#; �) á®£« á®¢ ­  á § ¤ ç¥© (4), (5).

�¯à¥¤¥«¥­¨¥ 6. �¯à ¢«¥­¨¥ #0 = 0 ­ §®¢¥¬ ­¥ãáâ®©ç¨¢ë¬ ¯® ¯ à ¬¥âàã �, ¥á«¨ áãé¥áâ¢ã-
îâ ç¨á«  �1 > 0, �2 > 0 â ª¨¥, çâ® ¯à¨ «î¡®¬ � 2 P (m; �1), «î¡®¬ # 2 w(�2), j�j+ k#k 6= 0, ¯ à 
(#; �) ­¥ á®£« á®¢ ­  á § ¤ ç¥© (4), (5).

�¯à¥¤¥«¥­¨¥ 7. �¯à ¢«¥­¨¥ #0 = 0 ­ §®¢¥¬ ãá«®¢­® ­¥ãáâ®©ç¨¢ë¬ ¯® ¯ à ¬¥âàã �, ¥á«¨
áãé¥áâ¢ãîâ ç¨á«® �1 > 0 ¨ ¬­®¦¥áâ¢® w�� � w(�0) â ª¨¥, çâ® ¯à¨ «î¡®¬ � 2 P (m; �1) ¨ «î¡®¬
# 2 w��, j�j+ k#k 6= 0, ¯ à  (#; �) ­¥ á®£« á®¢ ­  á § ¤ ç¥© (4), (5).
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� «¥¥ ¢áî¤ã ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® áãé¥áâ¢ã¥â â ª®¥ ç¨á«® �1 2]0; �0], çâ® ¯à¨ «î¡®¬
# 2 w(�1), «î¡®¬ � 2 P (m; �1) á¨áâ¥¬  (4) ¨¬¥¥â à¥è¥­¨¥ z(t:#; �), ®¯à¥¤¥«¥­­®¥ ­  á¥£¬¥­â¥
[�; �], ­¥¯à¥àë¢­® § ¢¨áïé¥¥ ®â ã¯à ¢«¥­¨ï ¨ ¯ à ¬¥âà , jz(t; #; �)j � �0. �«ï ¯à®áâ®âë § ¯¨á¥©
¡ã¤¥¬ áç¨â âì �1 = �0.

�ãáâì z = z(t; #0; �0) | à¥è¥­¨¥ á¨áâ¥¬ë (4), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î z(�; #0; �0) = 0,
#0 2 w(�0), �0 2 P (m; �0). �¤­®¢à¥¬¥­­® á á¨áâ¥¬®© (4) á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (5) à áá¬®âà¨¬
á¨áâ¥¬ã

_y = f1(t; z(t; #0; �0); #; �) (6)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

y(�) = y(�) = 0: (7)

�¥®à¥¬  1. � à  (#0; �0) á®£« á®¢ ­  á § ¤ ç¥© (4), (5) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ 

á®£« á®¢ ­  á § ¤ ç¥© (6), (7).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì ãâ¢¥à¦¤¥­¨ï ®ç¥¢¨¤­ .

�®áâ â®ç­®áâì. � ª ª ª ¯ à  (#0; �0) á®£« á®¢ ­  á § ¤ ç¥© (6), (7), â® ¯à¨ # = #0, � = �0
áãé¥áâ¢ã¥â ¢¥ªâ®à-äã­ªæ¨ï y(t), ï¢«ïîé ïáï à¥è¥­¨¥¬ § ¤ ç¨ (6), (7). �® â. ª. á¨áâ¥¬  (6) ¯à¨
# = #0, � = �0 ®¡« ¤ ¥â á¢®©áâ¢®¬ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï, â® y(t) = z(t; #0; �0) ¯à¨ «î¡®¬
t 2 [�; �]. �«¥¤®¢ â¥«ì­®, ¯ à  (#0; �0) á®£« á®¢ ­  á § ¤ ç¥© (4), (5).

�¥®à¥¬  2. �«ï â®£® çâ®¡ë ¯ à  (#0; �0) ¡ë«  á®£« á®¢ ­  á § ¤ ç¥© (4), (5), ­¥®¡å®¤¨¬® ¨
¤®áâ â®ç­®, çâ®¡ë ¯ à  (#0; �0) ã¤®¢«¥â¢®àï«  à ¢¥­áâ¢ã

Z �

�

f1(t; z(t; #; �); #; �)dt = 0: (8)

�¥®à¥¬  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.
� ¬¥â¨¬, çâ® ¥á«¨ áãé¥áâ¢ã¥â ç¨á«® � 2]0; �0], ¯à¨ ª®â®à®¬ f1(t; 0; #; �) � 0 ­  ¬­®¦¥áâ¢¥

T (�), â® «î¡ ï ¯ à  (#; �), ã¤®¢«¥â¢®àïîé ï ¢ª«îç¥­¨ï¬ # 2 w(�), � 2 P (m; �), á®£« á®¢ ­  á
§ ¤ ç¥© (4), (5). �«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ã¯à ¢«¥­¨¥ #0 = 0 ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �, ¨
âà¨¢¨ «ì­ ï ¯ à  ãáâ®©ç¨¢ . �®íâ®¬ã á®¤¥à¦ â¥«ì­ë¬ ï¢«ï¥âáï á«ãç ©, ª®£¤  f1(t; 0; #; �) 6� 0
­  ¬­®¦¥áâ¢¥ T (�0). �®¦­® ã¡¥¤¨âìáï, çâ® ¢ íâ®¬ á«ãç ¥ ­ ¨¡®«¥¥ ®¡é¨¬ ¤«ï ¢¥ªâ®à-äã­ªæ¨¨
f1(t; z; #; �) ï¢«ï¥âáï ¯à¥¤áâ ¢«¥­¨¥

f1(t; z; #; �) = b(t; #) + s0(t; �) + l(t; #; �) + '(t; z; #; �); (9)

¢ ª®â®à®¬ ­  ¬­®¦¥áâ¢¥ T (�0) ¢ë¯®«­ïîâáï ãá«®¢¨ï s0(t; 0) � b(t; 0) � 0, '(t; 0; #; �) � 0,
l(t; 0; �) = l(t; #; 0) � 0 ¨ ¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ á«¥¤ãîé¨å ­¥à ¢¥­áâ¢: s0(t; �) 6� 0,
b(t; #) 6� 0, l(t; #; �) 6� 0.

� «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ á¨áâ¥¬¥ (4) ¢¥ªâ®à-äã­ªæ¨ï f1(t; z; #; �) ®¯à¥¤¥«ï¥âáï à -
¢¥­áâ¢®¬ (9) ¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1. ¢¥ªâ®à-äã­ªæ¨ï b(t; #) ¯à¥¤áâ ¢¨¬  à ¢¥­áâ¢®¬ b(t; #) = B(t)#+b0(t; #), £¤¥ B(t) | ®£à ­¨-
ç¥­­ ï ¨§¬¥à¨¬ ï ­  á¥£¬¥­â¥ [�; �] n�r-¬ âà¨æ , b0(t; #) | ¯à¨ «î¡®¬ # 2 w(�0) ®£à ­¨ç¥­­ ï
¨§¬¥à¨¬ ï ­  á¥£¬¥­â¥ [�; �] ¢¥ªâ®à-äã­ªæ¨ï;

2. ¯à¨ «î¡ëå � 2 P (m; �0) ¨ v 2 W (�0) ¢¥ªâ®à-äã­ªæ¨¨ s0(t; �), l(t; v; �) ®£à ­¨ç¥­ë ¨ ¨§¬¥-
à¨¬ë ­  á¥£¬¥­â¥ [�; �];

3. ­  ¬­®¦¥áâ¢¥ D(�0) ¢¥ªâ®à-äã­ªæ¨ï '(t; z; #; �) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ '(t; z; #; �) = A(t)z +

(t; z; #; �), ¢ ª®â®à®¬ A(t) | ¨§¬¥à¨¬ ï ®£à ­¨ç¥­­ ï ­  á¥£¬¥­â¥ [�; �] n � n-¬ âà¨æ ,

(t; z; #; �) = �(t; z; #; �)z, lim

z!0
�(t; z; #; �) = 0 à ¢­®¬¥à­® ­  ¬­®¦¥áâ¢¥ T (�0), áãé¥áâ¢ã¥â áã¬-

¬¨àã¥¬ ï ­  á¥£¬¥­â¥ [�; �] äã­ªæ¨ï m(t) â ª ï, çâ® ¯à¨ «î¡ëå # 2 w(�0), � 2 P (m; �0) ¨
«î¡®© ­¥¯à¥àë¢­®© ­  á¥£¬¥­â¥ [�; �] ¢¥ªâ®à-äã­ªæ¨¨ !(t) (k!k � �0) ¬ âà¨æ  �(t; !(t); #; �)
à §¬¥à­®áâ¨ n� n ¨§¬¥à¨¬  ­  íâ®¬ á¥£¬¥­â¥, ¨ j�(t; !(t); #; �)j � m(t).
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�ãáâì n(t; #; �) = jb(t; #) + s0(t; �) + l(t; #; �)j, � = maxfk#k; j�jg.

�¥¬¬ . �á«¨ lim
�!0

Z �

�

n(t; #; �)dt = 0, â®

 ) à ¢­®¬¥à­® ­  á¥£¬¥­â¥ [�; �] lim
�!0

z(t; #; �) = 0,

¡)
Z �

�


(t; z(t; #; �); #; �)dt = o

�Z �

�

n(t; #; �)dt
�
.

�®ª § â¥«ìáâ¢®. �§ á¨áâ¥¬ë (4) á«¥¤ã¥â, çâ® ¤«ï «î¡ëå # 2 w(�0), � 2 P (m; �0)

jz(t; #; �)j �
Z �

�

n(t; #; �)dt+
Z t

�

jA(�) + �(�; z(�; #; �); #; �)j jz(�; #; �)jd�:

�®£¤  á®£« á­® «¥¬¬¥ �à®­ã®«« -�¥««¬ ­  ([3], á. 108)

jz(t; #; �)j �
Z �

�

n(t; #; �)dt exp
Z �

�

jA(t) + �(t; z(t; #; �); #; �)jdt: (10)

�âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥  ). �â¢¥à¦¤¥­¨¥ ¡) á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  (10) ¨ â®£®, çâ®
����
Z �

�


(t; z(t; #; �); #; �)dt
���� �

Z �

�

j�(t; z(t; #; �); #; �)jdt
Z �

�

n(t; #; �)dt exp
Z �

�

(jA(t)j+m(t))dt: �

� «¥¥ ¡ã¤¥¬ ¯®« £ âì, çâ® ãá«®¢¨¥ «¥¬¬ë ¢ë¯®«­¥­®. �ãáâì Z(t) | äã­¤ ¬¥­â «ì­ ï ¬ -
âà¨æ  á¨áâ¥¬ë _z = A(t)z, Z(�) = E, E | ¥¤¨­¨ç­ ï ¬ âà¨æ . �ç¥¢¨¤­®, çâ® á¨áâ¥¬  (8) íª¢¨-
¢ «¥­â­  á¨áâ¥¬¥Z �

�

Z�1(t)[b(t; #) + s0(t; �) + l(t; #; �) + 
(t; z(t; #; �); #; �)]dt = 0: (11)

�®«®¦¨¬ Y (t) = Z�1(t)B(t). �¯¥à â®à F , § ¤ ­­ë© ­  ¬­®¦¥áâ¢¥ w(�0), ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬

F# =
Z �

�

Y (t)#(t)dt. �à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ � 2 P (m; �0) ¢¥ªâ®à-äã­ªæ¨î # 2 w(�0), ã¤®¢«¥-

â¢®àïîéãî à ¢¥­áâ¢ã (11), ¡ã¤¥¬ ®âëáª¨¢ âì ¢ ¢¨¤¥ #(t) = Y �(t)c+ rv(t), £¤¥ Y �(t) | ¬ âà¨æ ,
á®¯àï¦¥­­ ï ¤«ï ¬ âà¨æë Y (t), c = (c1; c2; : : : ; cn) | ¯®áâ®ï­­ë© ¢¥ªâ®à, r | ¤¥©áâ¢¨â¥«ì­®¥
ç¨á«®, v 2 kerF � w(�0).

�ãáâì " = maxfjcj; j�j; jrjg, K(�0) = f(c; �; r) : " � �0g,
Z �

�

n(t; #; �)dt=" ®£à ­¨ç¥­® ­  ¬­®¦¥-

áâ¢¥ K(�0)� kerF . �®£¤  á®£« á­® «¥¬¬¥ à¥è¥­¨¥ z(t; #; �) (z(�; #; �) = 0) á¨áâ¥¬ë (4) ¯à¥¤áâ -
¢¨¬® ¢ ¢¨¤¥

z(t; #; �) = Z(t)
Z t

�

Z�1(�)[b(�; #) + s0(�; �) + l(�; #; �)]dt + o("); (12)

lim
"!0

o(")=" = 0 à ¢­®¬¥à­® ®â­®á¨â¥«ì­® v 2 kerF . �«ï ®¯à¥¤¥«¥­¨ï ¢¥«¨ç¨­ c, �, r, v, ã¤®¢«¥-

â¢®àïîé¨å à ¢¥­áâ¢ã (11), ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©

Mc+ b1(c; r; v) + s(�) + l1(c; �; r; v) + o(") = 0; (13)

¢ ª®â®à®©

M =
Z �

�

Y (t)Y �(t)dt; b1(c; r; v) =
Z �

�

Z�1(t)b0(t; Y
�(t)c+ rv(t))dt;

s(�) =
Z �

�

Z�1(t)s0(t; �)dt; l1(c; �; r; v) =
Z �

�

Y �1(t)l(t; Y �(t)c+ rv(t); �)dt:

�ç¥¢¨¤­®, çâ® M | n� n-¬ âà¨æ , ª®â®àãî ¯à¥¤áâ ¢¨¬ à ¢¥­áâ¢®¬ M = [mij ]nl .
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� «¥¥ ¢áî¤ã ¡ã¤¥¬ ¯®« £ âì, çâ® áãé¥áâ¢ã¥â ç¨á«® �� > 0 â ª®¥, çâ® ¤«ï «î¡®© ¢¥ªâ®à-
äã­ªæ¨¨ v = kerF ­  ¬­®¦¥áâ¢¥ K(��) ¢¥ªâ®à-äã­ªæ¨¨ b1(c; r; v), s(�), l1(c; �; r; v), o(") ­¥¯à¥-
àë¢­ë ¨ #(t) = Y �(t)c+ rv(t) 2 w(�0).

�¥®à¥¬  3. �á«¨ detM 6= 0, lim
�!0

s(�) = 0, ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ v 2 kerF b1(c; r; v) =

o("), l1(c; �; r; v) = o("), â® #0 = 0 ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �.

�®ª § â¥«ìáâ¢®. �ãáâì v 2 kerF | ¯à®¨§¢®«ì­ ï, ­® ä¨ªá¨à®¢ ­­ ï ¢¥ªâ®à-äã­ªæ¨ï.
�¡¥¤¨¬áï, çâ® áãé¥áâ¢ã¥â ç¨á«® �1 2]0; ��] â ª®¥, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  � 2 P (m; �1) áãé¥-
áâ¢ãîâ ¢¥ªâ®à c ¨ ç¨á«® r, ã¤®¢«¥â¢®àïîé¨¥ ¢ª«îç¥­¨î (c; �; r) 2 V (��) ¨ à ¢¥­áâ¢ã (13). �à¨
«î¡®¬ ä¨ªá¨à®¢ ­­®¬ � 2 P (m; ��) ®¯¥à â®à �0 ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬ �0c = �M�1[b1(c; r; v) +
s(�)+l1(c; �; r; v)+o(")]. �¨á«® �1 2]0; ��] ¢ë¡¥à¥¬ â ª¨¬ ®¡à §®¬, çâ®¡ë ¯à¨ «î¡®¬ " � �1 ¢ë¯®«-
­ï«®áì ­¥à ¢¥­áâ¢® jM�1[b1(c; r; v)+ l1(c; �; r)+o(")]j < �1

2
. �à®¬¥ â®£®, ¨§ à ¢¥­áâ¢  lim

�!0
s(�) = 0

á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª®¥ ç¨á«® �2 2]0; �1], çâ® ¯à¨ � 2 P (m; �2) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
js(�)j < �1

2
. � íâ® §­ ç¨â, çâ® ¯à¨ «î¡ëå ä¨ªá¨à®¢ ­­ëå � 2 P (m; �2), jrj � �1, «î¡®¬ c 2 V (�1)

®¯¥à â®à �0 ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã j�0cj < �1. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¢¥ªâ®à c� 2 V (�1)
â ª®©, çâ® �0c

� = c�. � ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® ¢¥ªâ®à  � 2 P (m; �2), «î¡®£® ç¨á«  r (jrj � �1)
áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ #(t) = Y �(t)c�+rv 2 w(�0), ¯à¨ ª®â®à®¬ ¯ à  (#; �) á®£« á®¢ ­  á § ¤ ç¥©
(4), (5), â. ¥. ã¯à ¢«¥­¨¥ #0 = 0 ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �.

�ãáâì ¢¥ªâ®à-äã­ªæ¨ï s(�) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ s(�) = S�+s1(�), ¢ ª®â®à®¬ S | ¯®áâ®ï­­ ï
n�m-¬ âà¨æ , S = [sij ].

�¥®à¥¬  4. �á«¨ 1) detM = 0; 2) áãé¥áâ¢ãîâ ­ âãà «ì­ë¥ ç¨á«  k < n, d < m ¨ äã­ª-

æ¨¨ '(�; k),  (�; d), ®¯à¥¤¥«¥­­ë¥ á®®â¢¥âáâ¢¥­­® ­  ¬­®¦¥áâ¢ å G(k), F (d), k +m � d = n,
'(G(k); k) � G(n),  (F (d); d) � G(m), â ª¨¥, çâ® ¬ âà¨æ  � = [colon(m1'(1;k); : : : ;mn'(1;k)); : : : ;
colon(m1'(k;k); : : : ;mn'(k;k)); colon(s1 (d+1;d); : : : ; sn (d+1;d)); : : : ; colon(s1 (m;d); : : : ; sn (m;d))] ­¥®á®¡¥­-

­ ï; 3) ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ v 2 kerF ¢ë¯®«­¥­ë à ¢¥­áâ¢  b1(c; r; v) = o("), l1(c; �; r; v) =
o("); 4) s1(�) = o(j�j), â® ã¯à ¢«¥­¨¥ #0 = 0 ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �.

�®ª § â¥«ìáâ¢®. �ãáâì v 2 kerF | ¯à®¨§¢®«ì­ ï, ­® ä¨ªá¨à®¢ ­­ ï ¢¥ªâ®à-äã­ªæ¨ï.
�«ï ¯à®áâ®âë à ááã¦¤¥­¨© ¬®¦­® áç¨â âì '(i; k) = i,  (j; d) = j ¯à¨ «î¡ëå i 2 G(k), j 2
F (d). �â®£® ¢á¥£¤  ¬®¦­® ¤®áâ¨£­ãâì ¯¥à¥áâ ­®¢ª®© áâ®«¡æ®¢ ¢ ¬ âà¨æ å M ¨ S. �ãáâì z =
(c1; c2; : : : ; ck; �d+1; �d+2; : : : ; �m), z1 = (ck+1; ck+2; : : : ; cn), p = (�1; �2; : : : ; �d), M = [M1;M2], S =
[S1; S2], £¤¥ M1 | n � k-¬ âà¨æ , M2 | n � (n�k)-¬ âà¨æ , S1 | n � d-¬ âà¨æ , S2 | n �
(m�d)-¬ âà¨æ . �«¥¤®¢ â¥«ì­®, � = [M1; S2]. �ç¨âë¢ ï á¨áâ¥¬ã (13), ®¯¥à â®à �1 ®¯à¥¤¥«¨¬
à ¢¥­áâ¢®¬ �1z = ���1[M2z1+S1p+b1(c; r; v)+s1(�)+l1(c; �; r; v)+o(")]. � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥
â¥®à¥¬ë 3, ãáâ ­ ¢«¨¢ ¥¬ áãé¥áâ¢®¢ ­¨¥ ç¨á¥« �1 2]0; ��], �2 2]0; ��], �3 2]0; �1] â ª¨å, çâ® ¯à¨
«î¡ëå ä¨ªá¨à®¢ ­­ëå z1, p, r, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ jz1j � �3, jpj � �2, jrj � �1,
®¯¥à â®à �1 ­  ¬­®¦¥áâ¢¥ fz 2 En : jzj � �1g ¨¬¥¥â ­¥¯®¤¢¨¦­ãî â®çªã. � ª¨¬ ®¡à §®¬, ¤«ï
«î¡®£® ¢¥ªâ®à  p 2 P (k; �2) áãé¥áâ¢ã¥â ¢¥ªâ®à q = (�d+1; : : : ; �m) 2 Q(d; �1) ¨ ã¯à ¢«¥­¨¥ #(t) =
Y �c+rv(t) 2 w(�0), ¯à¨ ª®â®àëå ¯ à  (#; �) á®£« á®¢ ­  á § ¤ ç¥© (4), (5), â. ¥. ã¯à ¢«¥­¨¥ #0 = 0
ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �.

�¥®à¥¬  5. �ãáâì 1) m = n, detS 6= 0; 2) ¢ë¯®«­¥­ë ãá«®¢¨ï 3) ¨ 4) â¥®à¥¬ë 4. �®£¤ 
âà¨¢¨ «ì­ ï ¯ à  § ¤ ç¨ (4), (5) ãáâ®©ç¨¢ .

�®ª § â¥«ìáâ¢®. �ãáâì w�(�) = f#(t) = Y �(t)c+ rv(t) : v 2 kerF; c 2 V (�); jrj � �g. �¯¥à -
â®à �2 ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬ �2� = �S�1[Mc+ b1(c; r; v) + s1(�) + l1(c; �; r; v) + o(")]. �ç¨âë¢ ï
ãá«®¢¨¥ 2 â¥®à¥¬ë, ãáâ ­ ¢«¨¢ ¥¬ áãé¥áâ¢®¢ ­¨¥ ç¨á¥« �1 2]0; ��], �2 2]0; ��] â ª¨å, çâ® ¯à¨
«î¡®¬ # 2 w�(�2) ®¯¥à â®à �2 ­  ¬­®¦¥áâ¢¥ P (m; �1) ¨¬¥¥â ­¥¯®¤¢¨¦­ãî â®çªã. � íâ® §­ ç¨â,
çâ® ¤«ï «î¡®£® ã¯à ¢«¥­¨ï # 2 w�(�2) áãé¥áâ¢ã¥â ¢¥ªâ®à � 2 P (m; �1), ¯à¨ ª®â®à®¬ ¯ à  (#; �)
á®£« á®¢ ­  á § ¤ ç¥© (4), (5), â. ¥. âà¨¢¨ «ì­ ï ¯ à  § ¤ ç¨ (4), (5) ãáâ®©ç¨¢ .
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�¥®à¥¬  6. �ãáâì 1) ¢ à ¢¥­áâ¢¥ (9) b(t; #) � 0 ­  ¬­®¦¥áâ¢¥ [�; �] � w(�0); 2) rang S =
m � d, d � 1, s1(�) = o(j�j); 3) ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ v 2 kerF ¢ë¯®«­¥­® à ¢¥­áâ¢®

l1(c; �; r; v) = L0(c)�+l2(c; �; r; v), ¢ ª®â®à®¬ L0(c)| n�m-¬ âà¨æ , í«¥¬¥­âë ª®â®à®© «¨­¥©­®

§ ¢¨áïâ ®â ª®®à¤¨­ â ¢¥ªâ®à  c, l2(c; ��; r; v) = �kl�2(c; �; �; r; v), k � 1, � > 0, ¤«ï «î¡®£®

¢¥ªâ®à  � 2 P (m; �0) ¨ «î¡®£® ç¨á«  � > 0 l�2(c; �; �; r; v) = o(jcj) ¯à¨ r = jcj; 4) áãé¥áâ¢ã¥â
d-¬¥à­ë© ¢¥ªâ®à e (jej = 1), ã¤®¢«¥â¢®àïîé¨© ­¥à ¢¥­áâ¢ã detL�0(Re) 6= 0, £¤¥ L�0(�) | n� n-
¬ âà¨æ , ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬ L0(c)� = L�0(�)c, R | m� d-¬ âà¨æ , áâ®«¡æ ¬¨ ª®â®à®©

ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï á¨áâ¥¬ë S� = 0. �®£¤  ã¯à ¢«¥­¨¥ #0 = 0 ãá«®¢­®

ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �.

�®ª § â¥«ìáâ¢®. �®£« á­® ãá«®¢¨ï¬ â¥®à¥¬ë ¨ à ¢¥­áâ¢ã (10) à ¢¥­áâ¢® (13) ¬®¦­® § ¯¨-
á âì ¢ ¢¨¤¥

S�+ s1(�) + L�0(�)c+ l2(c; �; r; v) + o(j�j) = 0: (14)

�®«®¦¨¢ ¢ à ¢¥­áâ¢¥ (14) � = R
, ¯®«ãç¨¬

L�0(R
)c+ s1(R
) + l2(c;R
; r; v) + o(jR
j) = 0: (15)

�ãáâì � = j
j, ei = 
i=�, e = (e1; e2; : : : ; ed). �ë¡¥à¥¬ d-¬¥à­ë© ¢¥ªâ®à e� (je�j = 1) â ª¨¬
®¡à §®¬, çâ®¡ë detL�0(Re

�) 6= 0. � ¢¥­áâ¢® (15) ¯à¨¬¥â ¢¨¤ L�0(Re
�)c+�k�1l�2(c; �; �; r; v)+O(�) =

0. �¯¥à â®à �2 ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬ �2c = �[L�0(Re
�)]�1[�k�1l�2(c; �; �; jcj; v) + O(�)], ¢ ª®â®à®¬

r = jcj.
�á«®¢¨ï 2), 3) â¥®à¥¬ë ®¡¥á¯¥ç¨¢ îâ áãé¥áâ¢®¢ ­¨¥ â ª¨å ç¨á¥« �1 2]0; ��], �2 > 0, çâ® ¯à¨

«î¡®¬ ä¨ªá¨à®¢ ­­®¬ �� < �2 ¨ «î¡®¬ ¢¥ªâ®à¥ c 2 V (�1) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® j�2cj < �1.
�«¥¤®¢ â¥«ì­®, ®¯¥à â®à �2 ­  ¬­®¦¥áâ¢¥ V (�1) ¨¬¥¥â ­¥¯®¤¢¨¦­ãî â®çªã. � ª¨¬ ®¡à §®¬,
ã¯à ¢«¥­¨¥ #0 = 0 ãá«®¢­® ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �, ¬­®¦¥áâ¢® N (á¬. ®¯à¥¤¥«¥­¨¥ 5) ®¯à¥-
¤¥«ï¥âáï à ¢¥­áâ¢®¬ N = f� = R�e� : � < �2g.

�¥®à¥¬  7. �ãáâì 1) m = n, ¢ à ¢¥­áâ¢¥ (9) s0(t; �) � 0 ­  ¬­®¦¥áâ¢¥ [�; �] � P (n; �0);
2) rangM = n� d, d � 1, ¯à¨ r = jcj b1(c; r; v) = o(jcj); 3) ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ v 2 kerF
¢ë¯®«­¥­® à ¢¥­áâ¢® l1(c; �; r; v) = L0(c)�+ l2(c; �; r; v), ¢ ª®â®à®¬ L0(c) | n� n-¬ âà¨æ , ¤«ï
«î¡®£® ç¨á«  � > 0 L0(�c) = �L0(c), l2(�c; �; �r; v) = �kl2(c; �; �; jcj; v), k � 1, ¤«ï «î¡®£® ¢¥ªâ®à 
c 2 V (��) l2(c; �; �; jcj; v) = o(�); 4) áãé¥áâ¢ã¥â d-¬¥à­ë© ¢¥ªâ®à e (jej = 1), ã¤®¢«¥â¢®àïîé¨©
à ¢¥­áâ¢ã detL0(Re) 6= 0, £¤¥ R | n � d-¬ âà¨æ , áâ®«¡æ ¬¨ ª®â®à®© ï¢«ïîâáï «¨­¥©­®

­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï á¨áâ¥¬ë Mc = 0. �®£¤  âà¨¢¨ «ì­ ï ¯ à  § ¤ ç¨ (4), (5) ãáâ®©ç¨¢ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 6.
� «¥¥ ¡ã¤¥¬ ¯®« £ âì, çâ® ! = (c; �; r), b1(c; r; v) + s1(�) + l1(c; �; r; v) =  1(!; v) +  2(!; v),


(t; z; #; �) = 
1(t; z; #; �) + 
2(t; z; #; �), £¤¥  1(!; v) | ä®à¬  ¯®àï¤ª  k � 2 ¯® ¯¥à¥¬¥­­®© !,
 2(!; v) = o(j!jk) à ¢­®¬¥à­® ®â­®á¨â¥«ì­® v = kerF , 
1(t; z; #; �) | ä®à¬  ¯®àï¤ª  k � 2 ¯®
á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå z, #, �, lim

�!0

2(t; �z; �#; ��)=�k = 0 à ¢­®¬¥à­® ­  ¬­®¦¥áâ¢¥ D(�0).

�®£¤  á¨áâ¥¬  (11) á ãç¥â®¬ à ¢¥­áâ¢  (12) ¯à¨¬¥â ¢¨¤

T! + g�(!v) + g �(!; v) = 0; (16)

¢ ª®â®à®¬ T | n � (n+m+1)-¬ âà¨æ , ¢¥ªâ®à-äã­ªæ¨ï g�(!; v) | ä®à¬  ¯®àï¤ª  k � 2 ¯®
¯¥à¥¬¥­­®© !, lim

!!0

g �(!;v)

j!jk
= 0 à ¢­®¬¥à­® ®â­®á¨â¥«ì­® v = kerF .

� á«ãç ¥, ª®£¤  rang T = n, á¯à ¢¥¤«¨¢ë â¥®à¥¬ë,  ­ «®£¨ç­ë¥ â¥®à¥¬ ¬ 3, 4 ¨ 5. �®íâ®¬ã
¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â á«ãç ©, ª®£¤  rang T = d ¨ 0 � d < n. � à ¢¥­áâ¢¥ (16) ¯®«®¦¨¬ ! = R1
,
£¤¥ R1 | (n+m+1)�(n+m+1�d)-¬ âà¨æ , áâ®«¡æ ¬¨ ª®â®à®© ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¥
à¥è¥­¨ï á¨áâ¥¬ë T! = 0 (! = 
 ¯à¨ d = 0). �®£¤  á¨áâ¥¬  (16) § ¯¨è¥âáï ¢ ¢¨¤¥

g(
; v) + g(
; v) = 0; (17)

£¤¥ g(
; v) = g�(R1
; v), g(
; v) = g �(R1
; v).
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�¥®à¥¬  8. �á«¨ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® d� > 0, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  
� (j
�j = 1) ¨
«î¡®© ¢¥ªâ®à-äã­ªæ¨¨ v = kerF jg(
�; v)j � d�, â® ã¯à ¢«¥­¨¥ #0 = 0 ãá«®¢­® ­¥ãáâ®©ç¨¢® ¯®
¯ à ¬¥âàã �.

�®ª § â¥«ìáâ¢®. �®« £ ï ¢ à ¢¥­áâ¢¥ (17) 
 = �
�, � > 0, ¯®«ãç¨¬ g(
�; v) + O(�; v) = 0,
lim
�!0

O(�; v) = 0 à ¢­®¬¥à­® ®â­®á¨â¥«ì­® v. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ç¨á«® � > 0 â ª®¥, çâ®

¤«ï «î¡®£® � 2]0; �] d� + O(�; v) > 0. �â® §­ ç¨â, çâ® ¯ à  (#; �), � 2 P (m; �jR1j), # 2 w� =
f#(t) = Y �(t)c + rv(t); jcj � �jR1j; jrj � �jR1jg, j�j+ k#k 6= 0, ­¥ ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (11) ¨
¯®íâ®¬ã ­¥ á®£« á®¢ ­  á § ¤ ç¥© (4), (5).

� ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ãáâ®©ç¨¢®áâ¨ ã¯à ¢«¥­¨ï #0 = 0 ¯® ¯ à ¬¥âàã �
ï¢«ï¥âáï áãé¥áâ¢®¢ ­¨¥ ¢¥ªâ®à  
� (j
�j = 1) ¨ ¢¥ªâ®à-äã­ªæ¨¨ v 2 kerF , ã¤®¢«¥â¢®àïîé¨å
à ¢¥­áâ¢ã g(
�; v�) = 0.

�ãáâì ¢¥ªâ®à y� (jy�j = 1) ¨ ¢¥ªâ®à-äã­ªæ¨ï v� = kerF â ª®¢ë, çâ® g(y�; v�) = 0. �®£¤ ,
¯®« £ ï 
 = �y, � > 0, u = y � y� ¨ ¯à¨¬¥­ïï ä®à¬ã«ã �¥©«®à , á¨áâ¥¬ã (17) § ¯¨è¥¬ ¢ ¢¨¤¥

D[g(y�; v�)]u+
kX
j=2

Pj(y�; v�;u) +O(�; y; v�) = 0; (18)

£¤¥ Pj(y�; v�;u) | ä®à¬  ¯®àï¤ª  j ¯à¨ «î¡®¬ j 2 f2; : : : ; kg ¯® ¯¥à¥¬¥­­®© u, lim
�!0

O(�; y; v�) = 0

à ¢­®¬¥à­® ®â­®á¨â¥«ì­® y, D[g(y�; v�)] | ¬ âà¨æ  �ª®¡¨.

�¥®à¥¬  9. �á«¨ u 2 Es, s > n ¨ rangD[g(y�; v�)] = n, â® ¯à¨ v = v� á¨áâ¥¬  (18) ¨¬¥¥â
­¥­ã«¥¢®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �«ï ¯à®áâ®âë à ááã¦¤¥­¨© ¯®«®¦¨¬ D[g(y�; v�)] = [M1;M2],M1 | n�n-
¬ âà¨æ , detM1 6= 0, M2 | n� (s�n)-¬ âà¨æ . �ãáâì u = colon(u1; u2), u1, u2 | á®®â¢¥âáâ¢¥­­®
n-¬¥à­ë© ¨ (s� n)-¬¥à­ë© ¢¥ªâ®àë. �®£¤  á¨áâ¥¬ã (18) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

M1u1 +M2u2 + o(ju1j) +O1(u1; u2) +O(�; y; v�) = 0; (19)

lim
u2!0

O1(u1; u2) = 0 à ¢­®¬¥à­® ®â­®á¨â¥«ì­® u1. � «¥¥, à ááã¦¤ ï â ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § -

â¥«ìáâ¢¥ â¥®à¥¬ë 5, ã¡¥¦¤ ¥¬áï, çâ® áãé¥áâ¢ãîâ ç¨á«  �1 > 0, �2 > 0 â ª¨¥, çâ® ¤«ï «î¡ëå u2
(ju2j � �2), � 2]0; �2] á¨áâ¥¬  (19) ¨¬¥¥â à¥è¥­¨¥ u1 ¨ ju1j < �1. �® â®£¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨
u2 ¨ � á¨áâ¥¬  (19) ¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥.

� ¬¥ç ­¨¥ 1. �ãáâì y1 = u1 + y�1 , y2 = u2 + y�2 , y = colon(y1; y2), y� = colon(y�1 ; y
�
2), 
1 = �y1,


2 = �y2. �®£¤  ¨§ â¥®à¥¬ë 9 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ç¨á¥« "1 > 0, "2 > 0 â ª¨å, çâ® ¤«ï «î¡®£®

2 (j
2j < "2) áãé¥áâ¢ã¥â ¢¥ªâ®à 
1 (j
1j < "1), ¯à¨ ª®â®à®¬ ¢¥ªâ®à 
 = colon(
1; 
2) ã¤®¢«¥â¢®àï¥â
á¨áâ¥¬¥ (17) ¯à¨ v = v�. �«¥¤®¢ â¥«ì­®, â¥®à¥¬  9 1) ®¯à¥¤¥«ï¥â ãá«®¢¨ï ãá«®¢­®© ãáâ®©ç¨-
¢®áâ¨ ã¯à ¢«¥­¨ï #0 = 0 ¯® ¯ à ¬¥âàã �, ¥á«¨ áà¥¤¨ ­¥­ã«¥¢ëå ª®®à¤¨­ â ¢¥ªâ®à  ! = R1�
,

 = colon(0; u2 + y�2) (0 | ­ã«¥¢®© n-¬¥à­ë© ¢¥ªâ®à) á®¤¥à¦ âáï ¢á¥ ª®®à¤¨­ âë ¢¥ªâ®à  �;
2) ®¯à¥¤¥«ï¥â ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ âà¨¢¨ «ì­®© ¯ àë § ¤ ç¨ (4), (5), ¥á«¨ ! = R1�y = (c; 0; r).

�ãáâì ¢ á¨áâ¥¬¥ (18) u 2 Es, s > n, rangD[g(y�; v�)] = d, 0 � d < n. �®£¤ , ¯®«®¦¨¢ u =
R2e, £¤¥ R2 | s� (s�d)-¬ âà¨æ , áâ®«¡æ ¬¨ ª®â®à®© ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï
á¨áâ¥¬ë D[g(y�; v�)]u = 0 (u = e ¯à¨ d = 0), á¨áâ¥¬ã (18) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

�(e) + �1(e) +O(�; y; v�) = 0; (20)

£¤¥ �(e) | ä®à¬  ¯®àï¤ª  2 � k1 � k, lim
e!0

�1(e)=jejk1 = 0.

�¥®à¥¬  10. �á«¨ �(e) 6= 0 ¤«ï «î¡®£® ¢¥ªâ®à  e (jej = 1), â® ã¯à ¢«¥­¨¥ #0 = 0 ãá«®¢­®

­¥ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �.
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�®ª § â¥«ìáâ¢®. � ª ª ª ¬­®¦¥áâ¢® fe : jej = 1g § ¬ª­ãâ® ¨ ®£à ­¨ç¥­®, �(e) | ä®à¬ ,
â® áãé¥áâ¢ã¥â ç¨á«® d� > 0 â ª®¥, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  e (jej = 1) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
j�(e)j � d�. � «¥¥ ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 8.

� ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ãáâ®©ç¨¢®áâ¨ ã¯à ¢«¥­¨ï #0 = 0 ¯® ¯ à ¬¥âàã �
ï¢«ï¥âáï áãé¥áâ¢®¢ ­¨¥ ¢¥ªâ®à  e� (je�j = 1), ã¤®¢«¥â¢®àïîé¥£® à ¢¥­áâ¢ã �(e�) = 0.

�ãáâì ¢¥ªâ®à y � (jy �j = 1) â ª®¢, çâ® �(y �) = 0, ¨ ¯ãáâì e = �1y, �1 > 0. �®£¤  á¨áâ¥¬ã (20)
¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�(y) +O(�1; y) +O(�; y; v�)=�k11 = 0;

¢ ª®â®à®¬ lim
�1!0

O(�1; y) = 0 à ¢­®¬¥à­® ®â­®á¨â¥«ì­® y. �®« £ ï u = y�y � ¨ ¯à¨¬¥­ïï ä®à¬ã«ã

�¥©«®à , ¯®«ãç¨¬

D[�(y �)]u+
k1X
j=2

P j(y
�;u) +O(�1; y) +O(�; y; v�)=�k11 = 0; (21)

£¤¥ D[�(y �)] | ¬ âà¨æ  �ª®¡¨, P j(y �;u) | ä®à¬  ¯®àï¤ª  j ¯à¨ «î¡®¬ j 2 f2; : : : ; k1g ¯®
¯¥à¥¬¥­­®© u.

�¥®à¥¬  11. �á«¨ u 2 Es, s > n ¨ rangD[�(y �)] = n, â® áãé¥áâ¢ã¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥

á¨áâ¥¬ë (21).

�®ª § â¥«ìáâ¢®. �«ï ®¯à¥¤¥«¥­­®áâ¨ ¯®«®¦¨¬ D[�(y �)] = [M 1;M 2],M 1 | n�n-¬ âà¨æ ,
detM 1 6= 0,M 2 | n� (s�n)-¬ âà¨æ . �ãáâì u = colon(u1; u2), u1, u2 | á®®â¢¥âáâ¢¥­­® n-¬¥à­ë©
¨ s�n-¬¥à­ë© ¢¥ªâ®àë. �®£¤  á¨áâ¥¬  (21) ¯à¨¬¥â ¢¨¤

M 1u1 +M 2u2 + o(ju1j) +O1(u1; u2) +O(�1; y) +O(�; y; v�)=�k11 = 0;

lim
u2!0

O1(u1; u2) = 0 à ¢­®¬¥à­® ®â­®á¨â¥«ì­® u1. � «¥¥, à ááã¦¤ ï â ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ì-

áâ¢¥ â¥®à¥¬ë 9, ãáâ ­ ¢«¨¢ ¥¬ áãé¥áâ¢®¢ ­¨¥ ç¨á¥« ��1 > 0, �1 > 0, �2 > 0 â ª¨å, çâ® ¯à¨ «î¡®¬
u2 (ju2j � �2), «î¡®¬ � 2]0; �2] á¨áâ¥¬  (21) ¨¬¥¥â à¥è¥­¨¥ u1 (ju1j < �1). � á¨«ã ¯à®¨§¢®«ì­®áâ¨
� ¨ u2 íâ® à¥è¥­¨¥ ­¥­ã«¥¢®¥.

� ¬¥ç ­¨¥ 2. �­ «®£¨ç­®, ª ª ¨ ¢ § ¬¥ç ­¨¨ 1, ãáâ ­ ¢«¨¢ ¥¬, ª®£¤  â¥®à¥¬  11 ®¯à¥¤¥«ï-
¥â ãá«®¢¨ï ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ã¯à ¢«¥­¨ï #0 = 0 ¯® ¯ à ¬¥âàã � ¨«¨ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨
âà¨¢¨ «ì­®© ¯ àë § ¤ ç¨ (4), (5).

�ãáâì rangD[�(y �)] = d, 0 � d < n. �®£¤  ¨§«®¦¥­­ë© ¢ëè¥ ¬¥â®¤ ®¯à¥¤¥«¥­¨ï ãá«®¢¨©
à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (18) ¬®¦¥â ¡ëâì á­®¢  ¯à¨¬¥­¥­ ¤«ï ­ å®¦¤¥­¨ï ãá«®¢¨© à §à¥è¨¬®áâ¨
á¨áâ¥¬ë (21), ¥á«¨ à §¬¥à­®áâì s ¢¥ªâ®à  u ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã s� d > n. � â ª ¤ «¥¥.

�à¨¬¥à. �¢¨¦¥­¨¥ ¬ â¥à¨ «ì­®© â®çª¨ á ¯¥à¥¬¥­­®© ¬ áá®© ¯à¨ ­ «¨ç¨¨ ¢­¥è­¨å ¢®§¬ã-
é¥­¨© ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_x = Ax+Bu+ s�(t; �) + '(t; x; u; �); (22)

¢ ª®â®à®© A = [col(0; 0; 0; 0); col(1; 0; 0; 0); col(0; 0; 0; 0); col(0; 0; 1; 0)], B = [col(0; 1; 0; 0); col(0; 0; 0; 1)],
s�0(t; �) = col(�12t2+�4 cos t; �2 sin t+�13t3; �1 cos t+3�2t; �g+�3t+2�1t2+2�4t3), '(t; x; u; �) =
col(2�1x1x23 + 4u2x2x24; 0; 3u1x

3
3 + 2�4x1x24; 0).

� «¨­¥©­®¬ á«ãç ¥ ¯à¨ � = 0 á¨áâ¥¬  (22) à áá¬®âà¥­  ¢ ª­¨£¥ ([4], á. 25). �à¨ � = 0 à¥-
è¥­¨¥¬ á¨áâ¥¬ë (22), ã¤®¢«¥â¢®àïîé¨¬ ªà ¥¢ë¬ ãá«®¢¨ï¬ x(0) = (�1; 0; 0; 0), x(1) = (0; 0; 0; 0)
¯à¨ u = u(t) = col(u1(t); u2(t)), u1(t) = 6� 12t, u2(t) = g, ï¢«ï¥âáï x = x(t) = col('1(t); '2(t); 0; 0),
'1(t) = �1 + 3t2 � 2t3, '2(t) = 6t� 6t2.
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� ¬¥­®© ¯¥à¥¬¥­­ëå z1 = x1 � '1(t), z2 = x2 � '2(t), z3 = x3, z4 = x4, v1 = u1 � 6 + 12t,
v2 = u2 � g á¨áâ¥¬  (22) ¯à¥®¡à §ã¥âáï ¢ á¨áâ¥¬ã

_z = Az +Bv + s0(t; �) + '0(t; z; v; �)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ z(0) = z(1) = (0; 0; 0; 0), '0(t; z; v; �) = '(t; z+x(t); v+u(t); �), s0(t; 0) � 0.
�ã­¤ ¬¥­â «ì­®© ¬ âà¨æ¥© á¨áâ¥¬ë _z = Az ï¢«ï¥âáï Z(t) = [col(1; 0; 0; 0); col(t; 1; 0; 0);

col(0; 0; 1; 0); col(0; 0; t; 1)]. �®£¤ , ¯®«®¦¨¢ Y (t) = Z�1(t)B, v(t) = Y �(t)c, ¯®«ãç¨¬ M =Z 1

0

Y (t)Y �(t)dt = �1=144. �ç¨âë¢ ï, çâ® b1(c; r; v) � 0, l1(c; �; r; v) � 0, " = maxfj�j; jcjg, á¨-

áâ¥¬ã (13) ¤«ï á¨áâ¥¬ë (22) § ¯¨è¥¬ ¢ ¢¨¤¥ Mc+ s(�) + o(") = 0. �«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ 3
ã¯à ¢«¥­¨¥ v0 = 0 ãáâ®©ç¨¢® ¯® ¯ à ¬¥âàã �.
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