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� ¤ ­­®© áâ âì¥ ¤®ª §ë¢ ¥âáï, çâ® ®â®¡à ¦¥­¨¥, áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã ­¥¯ãáâ®-
¬ã ®£à ­¨ç¥­­®¬ã ¬­®¦¥áâ¢ã ¢ á¯¥æ¨ «ì­®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ¥£® "-ï¤à®, ï¢«ï¥âáï
à ¢­®¬¥à­® ­¥¯à¥àë¢­ë¬ ®â­®á¨â¥«ì­® ¬¥âà¨ª¨ � ãá¤®àä . �â® á¢®©áâ¢® ®¡®¡é ¥â á¢®©áâ¢®
á¨«ì­®© ãáâ®©ç¨¢®áâ¨ ç¥¡ëè¥¢áª®£® æ¥­âà  ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  ¢ à ¢­®¬¥à­® ¢ë¯ãª«®¬
¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ [1].

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë

� ¯®¬­¨¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ ¯®­ïâ¨ï ¤«ï ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (X; �). �¥¡ë-
è¥¢áª¨¬ à ¤¨ãá®¬ ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M � X ­ §ë¢ ¥âáï ç¨á«® [2]

R(M) = inf
ã2X

sup
x2M

�(x; y):

�®çª  z 2 X, ¤«ï ª®â®à®©
sup
x2M

�(x; z) = inf
ã2X

sup
x2M

�(x; y);

­ §ë¢ ¥âáï ç¥¡ëè¥¢áª¨¬ æ¥­âà®¬ ¬­®¦¥áâ¢  M [2]. �¥âà¨ª®© � ãá¤®àä  ­  ¬­®¦¥áâ¢¥ B[X]
¢á¥å ­¥¯ãáâëå ®£à ­¨ç¥­­ëå § ¬ª­ãâëå ¬­®¦¥áâ¢ ¯à®áâà ­áâ¢  X ­ §ë¢ ¥âáï ¬¥âà¨ª  ([3],
á. 223)

�(M;N) = maxfsup
x2M

�(x;N); sup
y2N

�(y;M)g

¤«ï M;N 2 B[X]: �ç¥¢¨¤­®, çâ® ­  ¬­®¦¥áâ¢¥ B(X) ¢á¥å ­¥¯ãáâëå ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢
¯à®áâà ­áâ¢  X íâ® ¢ëà ¦¥­¨¥ ®¯à¥¤¥«ï¥â ¯á¥¢¤®¬¥âà¨ªã � ãá¤®àä .

�ãáâì " > 0, M 2 B(X), B[x; r] (B(x; r)) | § ¬ª­ãâë© (®âªàëâë©) è à á æ¥­âà®¬ ¢ x 2 X
à ¤¨ãá  r > 0 ¨ B(M; r) =

S
fB(x; r) : x 2Mg. �¢¥¤¥¬ ¬­®¦¥áâ¢ 

K"(M) = fy 2 X : sup
x2M

�(x; y) � R(M) + "g;

"(M) =
T
fB[x;R(M) + "] :M � B[x;R(M) + "]g;

k"(M) =
T
fB[x; r(x;M) + "] : x 2 "(M)g; £¤¥ r(x;M) = (�(x;M) + sup

y2M

�(x; y))=2:

�¯à¥¤¥«¥­¨¥. � §®¢¥¬ "-ï¤à®¬ ¬­®¦¥áâ¢  M ¬­®¦¥áâ¢® K"(M), £¤¥ M 2 B(X) ¨ 0 < " <
R(M).

�â¬¥â¨¬ ­¥ª®â®àë¥ í«¥¬¥­â à­ë¥ á¢®©áâ¢  ¢¢¥¤¥­­ëå ¬­®¦¥áâ¢, ¤®ª § â¥«ìáâ¢  ª®â®àëå
­¥âàã¤­® ¯®«ãç¨âì ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨©.

1. �«ï ª ¦¤®£® ¬­®¦¥áâ¢  M 2 B(X) ¬­®¦¥áâ¢  K"(M), "(M) ¯à¨­ ¤«¥¦ â B[X] ¨ ¬®£ãâ
¡ëâì ¯à¥¤áâ ¢«¥­ë ¢ á«¥¤ãîé¨å ä®à¬ å: "(M) =

T
fB[x;R(M) + "] : x 2 K"(M)g, K"(M) =S

fy 2 X : M � B[y;R(M) + "]g =
S
fy 2 X : "(M) � B[y;R(M) + "]g =

T
fB[x;R(M) + "] : x 2

"(M)g.
2. �á«¨ � � ", â® K�(M) � K"(M).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 00-01-00308.
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3. �á«¨ ¤«ï ¬­®¦¥áâ¢  M 2 B(X) áãé¥áâ¢ã¥â ç¥¡ëè¥¢áª¨© æ¥­âà, â®
T
fK"(M) : " > 0g |

¬­®¦¥áâ¢® ¢á¥å ç¥¡ëè¥¢áª¨å æ¥­âà®¢ íâ®£® ¬­®¦¥áâ¢ .
4. �«ï ª ¦¤®£® ¬­®¦¥áâ¢  M 2 B(X) ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  R(K"(M)) � R(M) + ",

R(M) � R("(M)) � R(M) + ".
5. �ãáâì ª ¦¤ë© § ¬ª­ãâë© è à ¯à®áâà ­áâ¢  X ï¢«ï¥âáï ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ ¢ á«¥¤ã-

îé¥¬ á¬ëá«¥: ¢¬¥áâ¥ á® ¢áïª¨¬¨ ¤¢ã¬ï â®çª ¬¨ x, y ®­ á®¤¥à¦¨â ª ¦¤ãî â®çªã z, ã¤®¢«¥â¢®-
àïîéãî ãá«®¢¨ï¬ �(x; z) = �(y; z) = �(x; y)=2. �®£¤  ¬­®¦¥áâ¢  K"(M), "(M), k"(M) ï¢«ïîâáï
¢ë¯ãª«ë¬¨ ¢ â®¬ ¦¥ á¬ëá«¥ ¤«ï ª ¦¤®£® M 2 B(X).

� ¤ «ì­¥©è¥¬ ­  ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ¡ã¤¥¬ ­ « £ âì á«¥¤ãîé¥¥ ãá«®¢¨¥ [4]: ¤«ï
«î¡ëå x, y ¨§ X ­ ©¤¥âáï â®çª  z 2 X â ª ï, çâ®

�(x; z) = �(y; z) = �(x; y)=2: (1)

�ä®à¬ã«¨àã¥¬ ¯®«ãç¥­­ë¥ ¢ ¤ ­­®© áâ âì¥ à¥§ã«ìâ âë.

�¥¬¬  1. �¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® �(B[x; r]; B[y;R]) � �(x; y) + jR � rj ¤«ï ¢á¥å x, y ¨§

X ¨ R > 0, r > 0.

�¥¬¬  2. �ãáâì M�n 2 B(X), N�n 2 B(X) ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n ¨ ª ¦¤®£® � ¨§

­¥ª®â®à®£® ¬­®¦¥áâ¢  ¨­¤¥ªá®¢ A. �á«¨
T
�2A

M�n 6= ;,
T
�2A

N�n 6= ; ¤«ï ª ¦¤®£® ­ âãà «ì­®£®

n ¨ �(M�n; N�n)! 0 (n!1) ¤«ï ª ¦¤®£® � 2 A, â®

�
� \
�2A

M�n;
\
�2A

N�n

�
! 0 (n!1):

�¥®à¥¬ . �ãáâì ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n ­¥¯ãáâë¥ ¬­®¦¥áâ¢  Mn, Nn ®£à ­¨ç¥­ë ¨

�(Mn; Nn)! 0 (n!1). �®£¤ 
A: �(K"(Mn);K"(Nn))! 0 (n!1),
B: �("(Mn); "(Nn))! 0 (n!1),
C: �á«¨ ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n ¬­®¦¥áâ¢  k"(Mn), k"(Nn) ­¥¯ãáâë¥, â® �(k"(Mn);

k"(Nn))! 0 (n!1).

� ¬¥ç ­¨¥ 1. �â¢¥à¦¤¥­¨ï â¥®à¥¬ë à ¢­®á¨«ì­ë â®¬ã, çâ® ®â®¡à ¦¥­¨ï K" : B(X) !
B(X), " : B(X) ! B(X), k" : eB(X) ! B(X), £¤¥ eB(X) | ¯®¤¯à®áâà ­áâ¢® â ª¨å í«¥¬¥­â®¢
M 2 B(X), çâ® k"(M) 6= ;, à ¢­®¬¥à­® ­¥¯à¥àë¢­ë ®â­®á¨â¥«ì­® ¯á¥¢¤®¬¥âà¨ª¨ � ãá¤®àä .

�§ á¢®©áâ¢  3, â¥®à¥¬ë ¨ «¥¬¬ë 2 á«¥¤ã¥â

�«¥¤áâ¢¨¥. �ãáâì ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n ¬­®¦¥áâ¢  Mn 2 B(X), Nn 2 B(X) ®¡« ¤ -
îâ ­¥¯ãáâë¬¨ ¬­®¦¥áâ¢ ¬¨ ç¥¡ëè¥¢áª¨å æ¥­âà®¢ Ch(Mn), Ch(Nn) ¨ �(Mn; Nn) ! 0 (n ! 1).
�®£¤  �(Ch(Mn);Ch(Nn))! 0 (n!1).

� ¬¥ç ­¨¥ 2. �â® á¢®©áâ¢® ®¡®¡é ¥â á¢®©áâ¢® á¨«ì­®© ãáâ®©ç¨¢®áâ¨ ç¥¡ëè¥¢áª®£® æ¥­âà 
®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  ¢ à ¢­®¬¥à­® ¢ë¯ãª«®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ [1].

2. �®ª § â¥«ìáâ¢  ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® «¥¬¬ë 1. �ãáâì z =2 B[x; r]. �®£¤  ¨§ ãá«®¢¨ï (1) á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£®
" > 0 ­ ©¤ãâáï u(") 2 B[x; r] ¨ v(") =2 B[x; r], ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

a) �(z; u(")) + �(u("); x) = �(z; x), �(z;B[x; r]) � �(z; u(")) � ";
b) �(z; v(")) + �(v("); x) = �(z; x), �(z;B[x; r]) � �(z; v(")) + ".
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�à®¬¥ â®£®, �(z; x) � r � " � �(z; x) � �(u("); x) � " = �(z; u(")) � " � �(z;B[x; r]), �(z;B[x; r]) �
�(z; v(")) + " = �(z; x)� �(x; v(")) + " � �(z; x)� r + ": �âáî¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ " á«¥¤ã¥â,
çâ® �(z;B[x; r]) = �(z; x) � r. �á¯®«ì§ãï íâ® à ¢¥­áâ¢®, ¯®«ãç¨¬

�(B[x; r]; B[y;R]) = maxf sup
z2B[x;r]

�(z;B[y;R]); sup
w2B[y;R]

�(w;B[x; r])g =

= maxf sup
z2B[x;r]

maxf�(z; y)�R; 0g; sup
w2B[y;R]

maxf�(w; x) � r; 0gg �

� maxfmaxf�(x; y) + r �R; 0g; maxf�(y; x) +R� r; 0gg = �(x; y) + jR� rj: �

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �á¯®«ì§ã¥¬ á®ªà é¥­­®¥ ®¡®§­ ç¥­¨¥
T
=

T
�2A

. �ã¤¥¬ ¤®ª §ë-

¢ âì «¥¬¬ã ®â ¯à®â¨¢­®£®. �ãáâì ­ ©¤ãâáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ f
T
M�mg, f

T
N�mg ¯®á«¥¤®-

¢ â¥«ì­®áâ¥© f
T
M�ng, f

T
N�ng, ­ âãà «ì­®¥ ç¨á«® m0 ¨ ª®­áâ ­â  c > 0, ¤«ï ª®â®àëå ¢ë¯®«-

­ïîâáï ­¥à ¢¥­áâ¢  �(
T
M�m;

T
N�m) > c ¯à¨ m > m0. �âáî¤  á«¥¤ã¥â, çâ® ­ ©¤ãâáï ¯®¤¯®á«¥-

¤®¢ â¥«ì­®áâ¨ f
T
M�lg, f

T
N�lg ¯®á«¥¤®¢ â¥«ì­®áâ¥© f

T
M�mg, f

T
N�mg, ­ âãà «ì­®¥ ç¨á«® l0,

¤«ï ª®â®àëå ®¤­® ¨§ ¤¢ãå ¢ëà ¦¥­¨© ¯®¤ §­ ª®¬ max ¢ ¯á¥¢¤®¬¥âà¨ª¥ � ãá¤®àä  (¤«ï ®¯à¥-
¤¥«¥­­®áâ¨, ¯¥à¢®¥ ¢ëà ¦¥­¨¥) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã supf�(xl;

T
N�l) : xl 2

T
M�lg > c

¯à¨ l > l0. �®íâ®¬ã ­ ©¤ãâáï xl 2
T
M�l â ª¨¥, çâ® �(xl;

T
N�l) > c ¯à¨ l > l0. �«¥¤®¢ â¥«ì-

­®, B(xl; c=3) \ B(
T
N�l; c=3) = ; ¯à¨ l > l0. �âáî¤  á«¥¤ã¥â, çâ® ­ ©¤¥âáï â ª®¥ � 2 A, çâ®

B(xl; c=3) \N�l = ; ¯à¨ l > l0. �® â®£¤  �(M�l; N�l) � supf�(x�l; N�l) : x�l 2M�lg � �(x�l; N�l) �
c=3 > 0 ¯à¨ l > l0, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î «¥¬¬ë 2. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®ª ¦¥¬ ¯à¥¦¤¥ ¢á¥£®, çâ®

jR(M)�R(N)j � �(M;N) (2)

¤«ï ¢á¥å M , N ¨§ B(X) [1]. �ãáâì x 2 M ¨ � > 0. �®£¤  ­ ©¤¥âáï â®çª  z 2 N â ª ï, çâ®
�(x; z) � �(x;N) + � . �à®¬¥ â®£®, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢  �(x; y) � �(x; z) + �(z; y) � �(x;N) +
�(z; y) + � � sup

x2M

�(x;N) + sup
z2N

�(z; y) + � � �(M;N) + sup
z2N

�(z; y) + � ¤«ï y 2 X. �âáî¤  á«¥¤ã¥â,

çâ® inf
y2X

sup
x2M

�(x; y) � �(M;N) + sup
z2N

�(z; y) + � . �¥à¥å®¤ï ª â®ç­®© ­¨¦­¥© £à ­¨ ¢ ¯à ¢®© ç áâ¨

¨ ¨á¯®«ì§ãï ¯à®¨§¢®«ì­®áâì ¢ë¡®à  � > 0, ¯®«ãç¨¬

R(M) = inf
y2X

sup
x2M

�(x; y) � �(M;N) + inf
y2X

sup
z2N

�(z; y) = �(M;N) +R(N):

�¥à ¢¥­áâ¢® R(N) � �(M;N) + R(M) ¯®«ãç ¥âáï  ­ «®£¨ç­®. �ãáâì ãâ¢¥à¦¤¥­¨¥ A â¥®à¥-
¬ë ­¥¢¥à­®. �®£¤  ­ ©¤ãâáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ fMmg, fNmg ¯®á«¥¤®¢ â¥«ì­®áâ¥© fMng,
fNng, ­ âãà «ì­®¥ ç¨á«® m0 ¨ ª®­áâ ­â  c > 0, ¤«ï ª®â®àëå ¯à¨ m > m0 ¢ë¯®«­ï¥âáï ­¥à -
¢¥­áâ¢® �(K"(Mm);K"(Nm)) > á. �âáî¤  á«¥¤ã¥â, çâ® ­ ©¤ãâáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ fMlg,
fNlg ¯®á«¥¤®¢ â¥«ì­®áâ¥© fMmg, fNmg, ­ âãà «ì­®¥ ç¨á«® l0, ¤«ï ª®â®àëå ®¤­® ¨§ ¤¢ãå ¢ë-
à ¦¥­¨© ¯®¤ §­ ª®¬ max ¢ ¯á¥¢¤®¬¥âà¨ª¥ � ãá¤®àä  (¤«ï ®¯à¥¤¥«¥­­®áâ¨, ¯¥à¢®¥ ¢ëà ¦¥-
­¨¥) ã¤®¢«¥â¢®àï¥â ¯à¨ l > l0 ­¥à ¢¥­áâ¢ã supf�(xl;K"(Nl)) : xl 2 K"(Ml)g > c. �®íâ®¬ã
¯à¨ l > l0 ­ ©¤¥âáï zl 2 K"(Ml) â ª®¥, çâ® �(zl;K"(Nl)) > c. �«¥¤®¢ â¥«ì­®, ¯à¨ l > l0
B(zl; c=3) \ B(K"(Nl); c=3) = ;. �âáî¤  ¨ ¨§ á¢®©áâ¢  1 á«¥¤ã¥â, çâ® ¯à¨ l > l0 ­ ©¤¥âáï â -
ª®¥ ul 2 Nl, çâ® B(zl; c=3) \ B[ul; R(Nl) + "] = ;. �® ãá«®¢¨î â¥®à¥¬ë �(Ml; Nl) ! 0 (l ! 1).
�«¥¤®¢ â¥«ì­®, ­ ©¤ãâáï í«¥¬¥­âë vl 2Ml â ª¨¥, çâ® �(ul; vl)! 0 (l!1). �à®¬¥ â®£®,

�(B[vl; R(Ml) + "]; B[ul; R(Nl) + "]) � sup
wl2B[vl;R(Ml)+"]

�(wl; B[ul; R(Nl) + "]) �

� �(zl; B[ul; R(Nl) + "]) � c=3 > 0 ¯à¨ l > l0: (3)

�® ¨§ «¥¬¬ë 1 ¨ ­¥à ¢¥­áâ¢  (2) á«¥¤ã¥â, çâ® ¯¥à¢®¥ ¢ëà ¦¥­¨¥ ¢ íâ¨å ­¥à ¢¥­áâ¢ å áâà¥¬¨âáï
ª ­ã«î ¯à¨ l > l0. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, ãâ¢¥à¦¤¥­¨¥ A ¤®ª § ­®.

�ãáâì ãâ¢¥à¦¤¥­¨¥ B â¥®à¥¬ë ­¥¢¥à­®. �®£¤  ­ ©¤ãâáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ fMmg, fNmg
¯®á«¥¤®¢ â¥«ì­®áâ¥© fMng, fNng, ­ âãà «ì­®¥ ç¨á«® m0 ¨ ª®­áâ ­â  c > 0, ¤«ï ª®â®àëå ¯à¨

36



m > m0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® �("(Mm); "(Nm)) > á. �âáî¤  á«¥¤ã¥â, çâ® ­ ©¤ãâáï ¯®¤¯®á«¥-
¤®¢ â¥«ì­®áâ¨ fMlg, fNlg ¯®á«¥¤®¢ â¥«ì­®áâ¥© fMmg, fNmg, ­ âãà «ì­®¥ ç¨á«® l0, ¤«ï ª®â®àëå
®¤­® ¨§ ¤¢ãå ¢ëà ¦¥­¨© ¯®¤ §­ ª®¬ max ¢ ¯á¥¢¤®¬¥âà¨ª¥ � ãá¤®àä  (¤«ï ®¯à¥¤¥«¥­­®áâ¨,
¯¥à¢®¥ ¢ëà ¦¥­¨¥) ã¤®¢«¥â¢®àï¥â ¯à¨ l > l0 ­¥à ¢¥­áâ¢ã supf�(xl; "(Nl)) : xl 2 "(Ml)g > c.
�®íâ®¬ã ¯à¨ l > l0 ­ ©¤¥âáï zl 2 "(Ml) â ª®¥, çâ® �(zl; "(Nl)) > c. �«¥¤®¢ â¥«ì­®, ¯à¨ l > l0
B(zl; c=3) \ B("(Nl); c=3) = ;. �âáî¤  ¨ ¨§ á¢®©áâ¢  1 á«¥¤ã¥â, çâ® ¯à¨ l > l0 ­ ©¤¥âáï â ª®¥
ul 2 K"(Nl), çâ® B(zl; c=3) \B[ul; R(Nl) + "] = ;. �§ ãâ¢¥à¦¤¥­¨ï A ¨ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â,
çâ® �(K"(Ml);K"(Nl)) ! 0(l ! 1). �«¥¤®¢ â¥«ì­®, ­ ©¤ãâáï í«¥¬¥­âë vl 2 K"(Ml) â ª¨¥, çâ®
�(ul; vl)! 0 (l!1). � íâ®¬ á«ãç ¥ â ª¦¥ ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  (3). �®¢â®àïï à ááã¦¤¥­¨¥
¨§ ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥­¨ï A, ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.

�ãáâì ãâ¢¥à¦¤¥­¨¥ C â¥®à¥¬ë ­¥¢¥à­®. �®£¤  ­ ©¤ãâáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ fMmg, fNmg
¯®á«¥¤®¢ â¥«ì­®áâ¥© fMng, fNng, ­ âãà «ì­®¥ ç¨á«® m0 ¨ ª®­áâ ­â  c > 0, ¤«ï ª®â®àëå ¯à¨
m > m0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® �(k"(Mm); k"(Nm)) > á. �âáî¤  á«¥¤ã¥â, çâ® ­ ©¤ãâáï ¯®¤¯®-
á«¥¤®¢ â¥«ì­®áâ¨ fMlg, fNlg ¯®á«¥¤®¢ â¥«ì­®áâ¥© fMmg, fNmg, ­ âãà «ì­®¥ ç¨á«® l0, ¤«ï ª®â®-
àëå ®¤­® ¨§ ¤¢ãå ¢ëà ¦¥­¨© ¯®¤ §­ ª®¬ max ¢ ¯á¥¢¤®¬¥âà¨ª¥ � ãá¤®àä  (¤«ï ®¯à¥¤¥«¥­­®áâ¨,
¯¥à¢®¥ ¢ëà ¦¥­¨¥) ã¤®¢«¥â¢®àï¥â ¯à¨ l > l0 ­¥à ¢¥­áâ¢ã supf�(xl; k"(Nl)) : xl 2 k"(Ml)g > c.
�®íâ®¬ã ¯à¨ l > l0 ­ ©¤¥âáï zl 2 k"(Ml) â ª®¥, çâ® �(zl; k"(Nl)) > c. �«¥¤®¢ â¥«ì­®, ¯à¨ l > l0
B(zl; c=3) \ B(k"(Nl); c=3) = ;. �âáî¤  ¨ ¨§ á¢®©áâ¢  1 á«¥¤ã¥â, çâ® ¯à¨ l > l0 ­ ©¤¥âáï â ª®¥
ul 2 "(Nl), çâ® B(zl; c=3) \ B[ul; r(ul; Nl) + "] = ;. �§ ãâ¢¥à¦¤¥­¨ï B ¨ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã-
¥â, çâ® �("(Ml); "(Nl)) ! 0 (l ! 1). �«¥¤®¢ â¥«ì­®, ­ ©¤ãâáï í«¥¬¥­âë vl 2 "(Ml) â ª¨¥, çâ®
�(ul; vl)! 0 (l !1). �à®¬¥ â®£®,

�(B[vl; r(vl;Ml) + "]; B[ul; r(ul; Nl) + "]) � sup
wl2B[vl;r(vl;Ml)+"]

�(wl; B[ul; r(ul; Nl) + "]) �

� �(zl; B[ul; r(ul; Nl) + "]) � c=3 > 0 ¯à¨ l > l0: (4)

�® ¨§ ­¥à ¢¥­áâ¢ 

jr(ul; Nl)� r(vl;Ml)j = j(�(ul; Nl) + sup
wl2Nl

�(ul; wl))=2� (�(vl;Ml) + sup
wl2Ml

�(vl; wl))=2j � �(ul; vl)

¨ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ¯¥à¢®¥ ¢ëà ¦¥­¨¥ ¢ ­¥à ¢¥­áâ¢ å (4) áâà¥¬¨âáï ª ­ã«î ¯à¨ l > l0.
�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. �

�¨â¥à âãà 
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