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� à ¡®â¥ ¨áá«¥¤ã¥âáï ã¯à ¢«ï¥¬®¥ «¨¥©®¥ áâ®å áâ¨ç¥áª®¥ à¥ªãàà¥â®¥ ãà ¢¥¨¥ á ª®íä-
ä¨æ¨¥â ¬¨, § ¢¨áïé¨¬¨ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ á«ãç ©ëå í«¥¬¥â®¢ á ¨§¢¥áâë¬ á®¢¬¥áâë¬
à á¯à¥¤¥«¥¨¥¬. � áá¬ âà¨¢ ¥âáï § ¤ ç  ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ®â®á¨â¥«ì® ª¢ ¤à â¨ç®-
£® äãªæ¨® «  áâ®¨¬®áâ¨.

�®¤®¡ë¥ á¨áâ¥¬ë ¨§ãç «¨áì ¢ [1] ¨ [2]. � [1] ¨áá«¥¤ã¥âáï «¨¥©®¥ áâ®å áâ¨ç¥áª®¥ à¥ªãà-
à¥â®¥ ãà ¢¥¨¥ á ª®íää¨æ¨¥â ¬¨, § ¢¨áïé¨¬¨ ®â ¬ àª®¢áª®© æ¥¯¨.

�á¯®«ì§ã¥¬ë© ¢ ¤ ®© áâ âì¥ ¬¥â®¤ ¯®áâà®¥¨ï ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ®â«¨ç ¥âáï ®â
¬¥â®¤®¢ ãª § ëå à ¡®â. �à¨ íâ®¬ ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ á¨áâ¥¬®©, á®¤¥à¦ é¥© ¬ àª®¢áªãî
æ¥¯ì, ¯®«ãç¥® ª ª ç áâë© á«ãç © ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á¨áâ¥¬®©, § ¢¨áïé¥© ®â ¯à®¨§-
¢®«ì®© ¯®á«¥¤®¢ â¥«ì®áâ¨ á«ãç ©ëå í«¥¬¥â®¢. �à®¬¥ â®£®, ¢ ®â«¨ç¨¥ ®â [1], áâ®å áâ¨ç¥áª¨¥
ç«¥ë à áá¬ âà¨¢ ¥¬®£® ãà ¢¥¨ï ¬®£ãâ § ¢¨á¥âì ®â à¥è¥¨ï ¨ ã¯à ¢«¥¨ï.

�ãáâì (
; F; P ) | ¯®«®¥ ¢¥à®ïâ®áâ®¥ ¯à®áâà áâ¢®;
�
�k; k = 0; N � 1

	
| ¯®á«¥¤®¢ â¥«ì-

®áâì á«ãç ©ëå í«¥¬¥â®¢ á® § ç¥¨ï¬¨ ¢ ¨§¬¥à¨¬®¬ ¯à®áâà câ¢¥ (Z;	);
�
wik; k = 0; N � 1

	
| ¯®á«¥¤®¢ â¥«ì®áâì ¥§ ¢¨á¨¬ëå pi-¬¥àëå á«ãç ©ëå ¢¥ªâ®à®¢ áMwik = 0 ¨Mwikw

�

ik = Ipi ,
i = 1; 2; 3; á«ãç ©ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ w1 =

�
w1k; k = 0; N � 1

	
, w2 =

�
w2k; k = 0; N � 1

	
,

w3 =
�
w3k; k = 0; N � 1

	
¨ � =

�
�k; k = 0; N � 1

	
¢§ ¨¬® ¥§ ¢¨á¨¬ë. �¡®§ ç¨¬ �0;k =

�
�i; i =

0; k
	
, z0;k =

�
zi; i = 0; k

	
, £¤¥ zi 2 Z. �à¥¤¯®« £ ¥¬, çâ® ãá«®¢ë¥ à á¯à¥¤¥«¥¨ï

p0(A) = P (�0 2 A);

pk(A=z0;k�1) = P (�k 2 A=�0;k�1 = z0;k�1); k = 1; N � 1; A 2 	;

¨§¢¥áâë. �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨ï: �0;k =
�
�i; i = 0; k

	
, Ld | ¯à®áâà áâ¢® ª¢ ¤à âëå

¬ âà¨æ à §¬¥à  d� d; ¥á«¨ A 2 Ld, â® [A]ij | (i; j)-© í«¥¬¥â ¬ âà¨æë A.
� áá¬®âà¨¬ ã¯à ¢«ï¥¬®¥ à¥ªãàà¥â®¥ áâ®å áâ¨ç¥áª®¥ ãà ¢¥¨¥

�k+1 = ak(�)�k + bk(�)�k + g1k(�; �k)w1k + g2k(�; �k)w2k + g3k(�)w3k; k = 0; N � 1; (1)

£¤¥ �k 2 Rn; �k 2 Rm; �0 ¥ § ¢¨á¨â ®â (w1; w2; w3; �).
�à¥¤¯®« £ ¥¬, çâ®

g1k(�; x) =
nX

j=1

g1kj(�)xj; g2k(�; u) =
mX
j=1

g2kj(�)uj ;

£¤¥ xj ¨ uj | í«¥¬¥âë ¢¥ªâ®à®¢ x ¨ u. �®íää¨æ¨¥âë ak(�); bk(�); g1kj(�), j = 1; n; g2kj(�), j =
1;m; g3k(�), k = 0; N � 1, | 	N -¨§¬¥à¨¬ë¥ ¬ âà¨çë¥ äãªæ¨¨ á®®â¢¥âáâ¢ãîé¨å à §¬¥à®áâ¥©.
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ak(�) = ak(�0;k), bk(�) = bk(�0;k), g1kj(�) = g1kj(�0;k), g2kj(�) = g2kj(�0;k),
g3k(�) = g3k(�0;k), â.¥. ª®íääæ¨æ¥âë ãà ¢¥¨ï ï¢«ïîâáï ¥ã¯à¥¦¤ îé¨¬¨ äãªæ¨® « ¬¨
®â �.
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� áá¬®âà¨¬ ª¢ ¤à â¨ç¥áª¨© äãªæ¨® « áâ®¨¬®áâ¨

J(�) =M

�N�1X
k=0

(��kmk�k + ��knk�k) + ��NH�N

�
: (2)

�¤¥áì
�
mk; k = 0; N � 1

	
, H | á¨¬¬¥âà¨çë¥ ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ë¥ ¬ âà¨æë,

�
nk; k =

0; N � 1
	
| á¨¬¬¥âà¨çë¥ ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¥ ¬ âà¨æë á®®â¢¥âáâ¢ãîé¨å à §¬¥à®-

áâ¥©.
�ãáâì Fk = �

�
�0; : : : ; �k; �0; : : : ; �k

	
. �¯à¥¤¥«¨¬ ª« áá ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© U ª ª á®¢®-

ªã¯®áâì
�
Fk; k = 0; N � 1

	
-á®£« á®¢ ëå ¯à®æ¥áá®¢ �k á M j�kj

2
<1.

�¯à ¢«¥¨¥ �o 2 U ¡ã¤¥¬  §ë¢ âì ®¯â¨¬ «ìë¬, ¥á«¨ J(�o) = inf
�
J(�) j � 2 U

	
.

�¯à¥¤¥«¨¬äãªæ¨¨ Pk(�) : Zk+1 ! Ln, Rk(�) : Zk+1 ! Ln, �k(�) : Zk+1 ! Ln, �k(�) : Zk+1 ! Lm

á ¯®¬®éìî á«¥¤ãîé¨å à¥ªãàà¥âëå á®®â®è¥¨©:

PN(z0;N ) = H;

Rk(z0;k) =M
�
Pk+1(�0;k+1)=�0;k = z0;k

	
=
Z
Pk+1(z0;k+1)pk+1(dzk+1=z0;k);

�
�k(z0;k)

�
ij
= tr g�1ki(z0;k)Rk(z0;k)g1kj(z0;k);�

�k(z0;k)
�
ij
= tr g�2ki(z0;k)Rk(z0;k)g2kj(z0;k);

Pk(z0;k) = mk + a�k(z0;k)Rk(z0;k)ak(z0;k)� a�k(z0;k)Rk(z0;k)bk(z0;k)
�
b�k(z0;k)Rk(z0;k)bk(z0;k) +

+nk + �k(z0;k)
�
�1
b�k(z0;k)Rk(z0;k)ak(z0;k) + �k(z0;k); k = 0; N � 1: (3)

�â¬¥â¨¬, çâ® ¬ âà¨æë Pk(z0;k), Rk(z0;k), �k(z0;k) ¨ �k(z0;k) ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ë.

�¥¬¬ . �¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

M
�
w�

1kg
�

1k(�; �k)Pk+1(�0;k+1)g1k(�; �k)w1k=�0;k; �0;k
	
= ��k�k(�0;k)�k; (4)

M
�
w�

2kg
�

2k(�; �k)Pk+1(�0;k+1)g2k(�; �k)w2k=�0;k; �0;k
	
= ��k�k(�0;k)�k; (5)

M
�
w�

3kg
�

3k(�)Pk+1(�0;k+1)g3k(�)w3k=�0;k; �0;k
	
= tr g�3k(�)Rk(�0;k)g3k(�): (6)

�®ª § â¥«ìáâ¢®. �¬¥¥¬

M
�
w�

1kg
�

1k(�; �k)Pk+1(�0;k+1)g1k(�; �k)w1k=�0;k; �0;k
	
=

=M
�
trw1kw

�

1kg
�

1k(�; �k)Pk+1(�0;k+1)g1k(�; �k)=�0;k; �0;k
	
=

=M

�
tr
X
i;j

w1kw
�

1kg
�

1ki(�)Pk+1(�0;k+1)g1kj(�)(�k)i(�k)j=�0;k; �0;k

�
=

= tr
X
i;j

M
�
w1kw

�

1kg
�

1ki(�)Pk+1(�0;k+1)g1kj(�)=�0;k
	
(�k)i(�k)j :

� ª ª ª w1k ¨ �0;k ¢§ ¨¬® ¥§ ¢¨á¨¬ë, â®

M
�
w1kw

�

1kg
�

1ki(�)Pk+1(�0;k+1)g1kj(�)=�0;k
	
=M

�
w1kw

�

1k

	
M
�
g�1ki(�)Pk+1(�0;k+1)g1kj(�)=�0;k

	
=

= g�
1ki(�0;k)M

�
Pk+1(�0;k+1)=�0;k

	
g1kj(�0;k) = g�

1ki(�0;k)Rk(�0;k)g1kj(�0;k):

� ª¨¬ ®¡à §®¬,

M
�
w�

1kg
�

1k(�; �k)Pk+1(�0;k+1)g1k(�; �k)w1k=�0;k; �0;k
	
=

= tr
X
i;j

g�
1ki(�0;k)Rk(�0;k)g1kj(�0;k)(�k)i(�k)j =

=
X
i;j

tr g�1ki(�0;k)Rk(�0;k)g1kj(�0;k)(�k)i(�k)j =
X
i;j

�
�k(�0;k)

�
ij
(�k)i(�k)j = ��k�k(�0;k)�k:
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�®®â®è¥¨¥ (4) ¤®ª § ®. � «®£¨ç® ¤®ª §ë¢ îâáï à ¢¥áâ¢  (5) ¨ (6).

�¥®à¥¬ . �¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ à¥è¥¨¥¬ ãà ¢¥¨ï (1) ®â®á¨â¥«ì® äãªæ¨® « 

áâ®¨¬®áâ¨ (2) ¢ ª« áá¥ U ¨¬¥¥â ¢¨¤

�ok(�) = �
�
b�k(�)Rk(�0;k)bk(�) + nk + �k(�0;k)

��1
b�k(�)Rk(�0;k)ak(�)�k: (7)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢ëà ¦¥¨¥

M
�
��k+1Pk+1(�0;k+1)�k+1 � ��kPk(�0;k)�k

	
=

=M
�
M
�
��k+1Pk+1(�0;k+1)�k+1 � ��kPk(�0;k)�k=�0;k; �0;k

		
:

�á¯®«ì§ãï ¯à¥¤áâ ¢«¥¨¥ (1) ¤«ï �k+1, ä®à¬ã«ã (3) ¨ «¥¬¬ã, ¯®«ãç¨¬

M
�
��k+1Pk+1(�0;k+1)�k+1 � ��kPk(�0;k)�k=�0;k; �0;k

	
=

= ��ka
�

k(�)Rk(�0;k)bk(�)�k + ��kb
�

k(�)Rk(�0;k)ak(�)�k +

+��kb
�

k(�)Rk(�0;k)bk(�)�k + ��k�k(�0;k)�k + tr g�3k(�)Rk(�0;k)g3k(�)�

���kmk�k + ��ka
�

k(�)Rk(�0;k)bk(�)
�
b�k(�)Rk(�0;k)bk(�) + nk + �k(�0;k)

��1
b�k(�)Rk(�0;k)ak(�)�k:

�§ ¯à¥¤ë¤ãé¥£® à ¢¥áâ¢  á«¥¤ã¥â

M
�
��k+1Pk+1(�0;k+1)�k+1 � ��kPk(�0;k)�k

	
=

=M
�
��ka

�

k(�)Rk(�0;k)bk(�)�k + ��kb
�

k(�)Rk(�0;k)ak(�)�k +

+��kb
�

k(�)Rk(�0;k)bk(�)�k + ��k�k(�0;k)�k + tr g�3k(�)Rk(�0;k)g3k(�)�

���kmk�k + ��ka
�

k(�)Rk(�0;k)bk(�)
�
b�k(�)Rk(�0;k)bk(�) + nk +�k(�0;k)

��1
b�k(�)Rk(�0;k)ak(�)�k

	
:

�à¨¡ ¢¨¬ ª ®¡¥¨¬ ç áâï¬ ¯®«ãç¨¢è¥£®áï á®®â®è¥¨ï ��knk�k, ¯¥à¥¥á¥¬ ¢«¥¢® ���kmk�k ¨ ¯à®-
áã¬¬¨àã¥¬ ¯® k ®â 0 ¤® N � 1. �®á«¥ ¥á«®¦ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬

J(�) =M��0P0(�0)�0 +M

� N�1X
k=0

tr g�3k(�)Rk(�0;k)g3k(�)
�
+

+M
� N�1X

k=0

�
�k +

�
b�k(�)Rk(�0;k)bk(�) + nk + �k(�0;k)

�
�1
b�k(�)Rk(�0;k)ak(�)�k

�
�
�
b�k(�)Rk(�0;k)bk(�) +

+nk + �k(�0;k)
��
�k +

�
b�k(�)Rk(�0;k)bk(�) + nk + �k(�0;k)

��1
b�k(�)Rk(�0;k)ak(�)�k

��
:

� á¨«ã â®£®, çâ® ¬ âà¨æ 
b�k(�)Rk(�0;k)bk(�) + nk + �k(�0;k)

¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ , áâ®¨¬®áâì ã¯à ¢«¥¨ï J(�) ¡ã¤¥â ¬¨¨¬ «ì®© ¯à¨ (7), â.¥.

J(�o) =M��0P0(�0)�0 +M

�N�1X
k=0

tr g�3k(�)Rk(�0;k)g3k(�)
�
: �

� áá¬®âà¨¬ ¥ª®â®àë¥ ç áâë¥ á«ãç ¨ áâ®å áâ¨ç¥áª¨å á¨áâ¥¬ á ª®íää¨æ¨¥â ¬¨, § ¢¨áï-
é¨¬¨ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ á«ãç ©ëå í«¥¬¥â®¢.

�ãáâì ã¯à ¢«ï¥¬ ï á¨áâ¥¬  ®¯¨áë¢ ¥âáï «¨¥©ë¬ à¥ªãàà¥âë¬ áâ®å áâ¨ç¥áª¨¬ ãà ¢¥-
¨¥¬

�k+1 = ak(�k)�k + bk(�k)�k + g1k(�k; �k)w1k + g2k(�k; �k)w2k + g3k(�k)w3k; k = 0; N � 1; (8)

£¤¥

g1k(�k; x) =
nX

j=1

g1kj(�k)xj ; g2k(�k; u) =
mX
j=1

g2kj(�k)uj :
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�®íää¨æ¨¥âë ak(�k), bk(�k), g1kj(�k), j = 1; n; g2kj(�k), j = 1;m; g3k(�k), k = 0; N � 1, |
	-¨§¬¥à¨¬ë¥ ¬ âà¨çë¥ äãªæ¨¨ á®®â¢¥âáâ¢ãîé¨å à §¬¥à®áâ¥©.

�«¥¤áâ¢¨¥ 1. �¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ à¥è¥¨¥¬ ãà ¢¥¨ï (8) ®â®á¨â¥«ì® äãªæ¨® -
«  áâ®¨¬®áâ¨ (2) ¢ ª« áá¥ U ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨®© �ok(�k),   �ok(�) § ¯¨á ® ¢ (7), ¯à¨ç¥¬
¬ âà¨æë Rk(z0;k) ¨ �k(z0;k)  å®¤ïâáï ¨§ à¥ªãàà¥âëå á®®â®è¥¨©:

PN(z0;N ) = H;

Rk(z0;k) =M
�
Pk+1(�0;k+1)=�0;k = z0;k

	
=
Z
Pk+1(z0;k+1)pk+1(dzk+1=z0;k);�

�k(z0;k)
�
ij
= tr g�1ki(zk)Rk(z0;k)g1kj(zk);�

�k(z0;k)
�
ij
= tr g�

2ki(zk)Rk(z0;k)g2kj(zk);

Pk(z0;k) = mk + a�k(zk)Rk(z0;k)ak(zk)� a�k(zk)Rk(z0;k)bk(zk)
�
b�k(zk)Rk(z0;k)bk(zk) +

+nk + �k(z0;k)
�
�1

b�k(zk)Rk(z0;k)ak(zk) + �k(z0;k); k = 0; N � 1:

�«¥¤áâ¢¨¥ 2. �ãáâì �0; : : : ; �N�1 ®¡à §ãîâ ¬ àª®¢áªãî æ¥¯ì á ®¡« áâìî § ç¥¨© D =�
1; 2; : : : ; L

	
¨ ¯¥à¥å®¤ë¬¨ ¢¥à®ïâ®áâï¬¨

pij = P (�k+1 = j=�k = i) = P (�k+1 = j=�0 : : : �k�1; �k = i);

£¤¥ i; j 2 D. �®£¤  ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ à¥è¥¨¥¬ ãà ¢¥¨ï (8) ®â®á¨â¥«ì® äãªæ¨® « 
áâ®¨¬®áâ¨ (2) ¢ ª« áá¥ U ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨®©

�ok = �
�
b�k(�k)Rk(�k)bk(�k) + nk + �k(�k)

�
�1

b�k(�k)Rk(�k)ak(�k)�k;

£¤¥ ¬ âà¨æë Rk(l) ¨ �k(l), l = 1; L;  å®¤ïâáï ¨§ à¥ªãàà¥âëå á®®â®è¥¨©:

PN(l) = H;

Rk(l) =M
�
Pk+1(�k+1)=�k = l

	
=

LX
j=1

Pk+1(j)plj ;

�
�k(l)

�
ij
= tr g�1ki(l)Rk(l)g1kj(l);�

�k(l)
�
ij
= tr g�2ki(l)Rk(l)g2kj(l);

Pk(l) = mk + a�k(l)Rk(l)ak(l)�

�a�k(l)Rk(l)bk(l)
�
b�k(l)Rk(l)bk(l) + nk + �k(l)

��1
b�k(l)Rk(l)ak(l) + �k(l); k = 0; N � 1:

�«¥¤áâ¢¨¥ 3. �á«¨ �0; : : : ; �N�1 | ¯®á«¥¤®¢ â¥«ì®áâì ¥§ ¢¨á¨¬ëå á«ãç ©ëå ¢¥«¨ç¨, â®
®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ à¥è¥¨¥¬ ãà ¢¥¨ï (8) ®â®á¨â¥«ì® äãªæ¨® «  áâ®¨¬®áâ¨ (2) ¢
ª« áá¥ U ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨®©

�ok = �
�
b�k(�k)Rkbk(�k) + nk + �k(�k)

��1
b�k(�k)Rkak(�k)�k;

£¤¥ ¬ âà¨æë Rk ¨ �k(z)  å®¤ïâáï ¨§ à¥ªãàà¥âëå á®®â®è¥¨©:

PN(z) = H;

Rk =M
�
Pk+1(�k+1)

	
=
Z
Pk+1(z)pk+1(dz);�

�k(z)
�
ij
= tr g�1ki(z)Rkg1kj(z);�

�k(z)
�
ij
= tr g�

2ki(z)Rkg2kj(z);

Pk(z) = mk + a�k(z)Rkak(z)�

�a�k(z)Rkbk(z)
�
b�k(z)Rkbk(z) + nk + �k(z)

�
�1

b�k(z)Rkak(z) + �k(z); k = 0; N � 1:
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