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�à¨ ¨§ãç¥­¨¨ £¥®¬¥âà¨¨ ¢¥é¥áâ¢¥­­ëå ¯®¤¬­®£®®¡à §¨© ª®¬¯«¥ªá­ëå ¯à®áâà ­áâ¢ ¯à¥¤áâ -
¢«ï¥â ¨­â¥à¥á ¢®¯à®á ®¡ ®¤­®à®¤­®áâ¨ â ª¨å ¬­®¦¥áâ¢.

�¥é¥áâ¢¥­­®¥ ¯®¤¬­®£®®¡à §¨¥M ª®¬¯«¥ªá­®£® ¯à®áâà ­áâ¢  C 2 ­ §ë¢ ¥¬ ®¤­®à®¤­ë¬ (®â-
­®á¨â¥«ì­® £®«®¬®àä­ëå ¯à¥®¡à §®¢ ­¨© C n ), ¥á«¨ ¤«ï «î¡®© ¯ àë â®ç¥ª p1; p2 2M áãé¥áâ¢ã-
îâ ®ªà¥áâ­®áâ¨ u1(p1), u2(p2) ¨ ¡¨£®«®¬®àä­®¥ ®â®¡à ¦¥­¨¥ ' : u1(p1)! u2(p2), ¯¥à¥¢®¤ïé¥¥M
¢ á¥¡ï,   ¢ë¤¥«¥­­ë¥ â®çª¨ | ®¤­ã ¢ ¤àã£ãî.

� ¯à®áâà ­áâ¢¥ C
2 á ª®®à¤¨­ â ¬¨ z = x + iy, w = u + iv ¨¬¥¥âáï ¤®áâ â®ç­® ¡®«ìè®¥

á¥¬¥©áâ¢® ®¤­®à®¤­ëå ¢¥é¥áâ¢¥­­ëå £¨¯¥à¯®¢¥àå­®áâ¥©. � ¨¬¥­­®, ¢áïª ï âàã¡ç â ï £¨¯¥à¯®-
¢¥àå­®áâì (âàã¡ª )

M = 
 + iR2
(y;v)

­ ¤  ää¨­­®-®¤­®à®¤­®© ªà¨¢®© 
 � R2
(x;u) ï¢«ï¥âáï £®«®¬®àä­®-®¤­®à®¤­®©.

�¯¨á®ª £« ¤ª¨å  ää¨­­®-®¤­®à®¤­ëå ªà¨¢ëå ¨§¢¥áâ¥­ (á¬., ­ ¯à., [1]). �®ª «ì­® ª ¦¤ ï
¨§ ­¨å ¥áâì  ää¨­­ë© ®¡à § ®¤­®© ¨§ á«¥¤ãîé¨å ªà¨¢ëå:

1) u = xs (�1 � s < 1); 2) u = lnx;

3) u = x � lnx; 4) r = ea' (0 � a <1):
(1)

�áâ¥áâ¢¥­­® ¯®áâ ¢¨âì ¢®¯à®á: ­¥ ï¢«ïîâáï «¨ âàã¡ª¨ ­ ¤ à §«¨ç­ë¬¨ ªà¨¢ë¬¨ ¨§ á¯¨áª 
(1) £®«®¬®àä­® íª¢¨¢ «¥­â­ë¬¨? �«ï ®â¢¥â  ­  íâ®â ¢®¯à®á ¬®¦­® ¢®á¯®«ì§®¢ âìáï ­®à¬ «ì-
­®© ä®à¬®© �®§¥à  [2] ¤«ï ãà ¢­¥­¨ï £¨¯¥à¯®¢¥àå­®áâ¨ ª®¬¯«¥ªá­®£® ¯à®áâà ­áâ¢ .

�®ïá­¨¬ ¨¤¥î ¨á¯®«ì§®¢ ­¨ï íâ®£® ¯®­ïâ¨ï ¢ á«ãç ¥ âàã¡®ª. �ãáâì  ­ «¨â¨ç¥áª ï ªà¨¢ ï

 � R2

(x;u) § ¤ ­  ¢¡«¨§¨ ®¤­®© ¨§ á¢®¨å â®ç¥ª ãà ¢­¥­¨¥¬

u = �(x) =
1X
k=0

�(k)(x0)
k!

(x� x0)k =
1X
k=0

�k(x� x0)k: (2)

�á«¨ �00(x0) 6= 0, â® ¯à¥®¡à §®¢ ­¨¥¬

x = x0 + x� � �3

4�2

u�; u = u0 + �1x
� +

�
�2

2
� �1�3

4�2

�
u� (3)

¯«®áª®áâ¨ R2
(x;u) íâ® ãà ¢­¥­¨¥ ¬®¦­® ¯à¨¢¥áâ¨ ª ­®à¬ «¨§®¢ ­­®¬ã ¢¨¤ã

u = 2x2 + �4x
4 + �5x

5 + �6x
6 + � � � (4)

�à¨ íâ®¬, ­ ¯à¨¬¥à,

�4 =
2�4

�2

� 5
8

�
2�3

�2

�
; (5)

¨  ­ «®£¨ç­ë¥, ­® ¡®«¥¥ á«®¦­ë¥, ä®à¬ã«ë á¯à ¢¥¤«¨¢ë ¤«ï áâ àè¨å ª®íää¨æ¨¥­â®¢ �k. �áë-
« ïáì ­  ¢®§¬®¦­®áâì ¯à¨¢¥¤¥­¨ï ãà ¢­¥­¨ï (4) ª ­®à¬ «ì­®© ä®à¬¥ �®§¥à , ®â¬¥â¨¬ ®á®¡ãî
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à®«ì ¢ëà ¦¥­¨ï Q = �6 � 4
5
�24. � [3] ¤®ª § ­®, çâ® ®­® ®¡à é ¥âáï ¢ ­ã«ì â®«ìª® ¤«ï ®¤­®à®¤-

­ëå âàã¡®ª, £®«®¬®àä­® íª¢¨¢ «¥­â­ëå áä¥à¥. �á«¨ ¦¥ Q 6= 0, â® £®«®¬®àä­ë¬¨ ¨­¢ à¨ ­â ¬¨
âàã¡ª¨ ï¢«ïîâáï ¢ëà ¦¥­¨ï

{0 = �4jQj�1=2; {1 =
�
�7 � 15

7
�4�5

�2
jQj�5=2 sgnQ: (6)

�á­®¢­ ï æ¥«ì íâ®© áâ âì¨ | ¢ëç¨á«¥­¨¥ {0 ¨ {1 ¤«ï «®£ à¨ä¬¨ç¥áª¨å á¯¨à «¥©. �â¬¥â¨¬,
çâ® ¤«ï âà¥å ¯¥à¢ëå ªà¨¢ëå ¨§ á¯¨áª  (1) ®¯à¥¤¥«¥­¨¥ ¨­¢ à¨ ­â®¢ (6) ­¥ ¯à¥¤áâ ¢«ï¥â ®á®¡ëå
âàã¤­®áâ¥©. �«ï «®£ à¨ä¬¨ç¥áª®© ¦¥ á¯¨à «¨, § ¤ ­­®© ¯®«ïà­ë¬ ãà ¢­¥­¨¥¬ r = ea' (a > 0)
á¨âã æ¨ï ­¥ â ª ¯à®áâ . �¥¯®áà¥¤áâ¢¥­­ ï à¥ «¨§ æ¨ï ®¯¨á ­­®£® ¢ëè¥ á¯®á®¡  ­ å®¦¤¥­¨ï
{0 ¨ {1 âà¥¡ã¥â ¡®«ìè¨å ¢ëç¨á«¥­¨©.

�¨¦¥ ¬ë ®¡®©¤¥¬ íâ¨ âàã¤­®áâ¨. �á­®¢®© ¯à¥¤« £ ¥¬®£® ¯®¤å®¤  ï¢«ï¥âáï á«¥¤ãîé¥¥ ¨§-
¢¥áâ­®¥ á¢®©áâ¢® «®£ à¨ä¬¨ç¥áª¨å á¯¨à «¥©: ã£®« ¬¥¦¤ã à ¤¨ãá-¢¥ªâ®à®¬ â®çª¨ â ª®© ªà¨¢®©
¨ ª á â¥«ì­®© ¢ íâ®© â®çª¥ á®åà ­ï¥â ¯®áâ®ï­­®¥ §­ ç¥­¨¥. �â® ®§­ ç ¥â, çâ® ¢ ¤¥ª àâ®¢ëå
ª®®à¤¨­ â å «®£ à¨ä¬¨ç¥áª ï á¯¨à «ì r = ea' ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î
1-£® ¯®àï¤ª 

u0 =
x+ au

ax� u
: (7)

�®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¯®§¢®«ï¥â ¤®¢®«ì­® «¥£ª® ¢ëç¨á«¨âì ¬« ¤è¨¥ ª®íää¨æ¨¥­âë à §«®-
¦¥­¨ï (2) ¤«ï á¯¨à «¥©. � ¯à¨¬¥à, ¢ â®çª¥ (1; 0) ¯«®áª®áâ¨ R2

(x;u) ¯®«ãç ¥¬ ¯à¨ a > 0

�0 = 0; �1 =
1
a
; �2 =

1
2a

�
1
a2

+ 1
�
; �3 =

1
3!
� 1
a
�
�
1
a1

+ 1
��

3
a2
� 1
�
;

�4 =
1
4!
� 1
a
�
�
1
a2

+ 1
��

15
a4
� 7
a2

+ 2
�
:

(8)

�â àè¨¥ ª®íää¨æ¨¥­âë à §«®¦¥­¨ï (2) ®¯à¥¤¥«ïîâáï ­  â ª®¬ ¯ãâ¨ á £®à §¤® ¡®«ìè¨¬¨

âàã¤­®áâï¬¨. �§¡¥£ ï ¯àï¬ëå ¢ëç¨á«¥­¨©, § ¬¥â¨¬, çâ® ª®íää¨æ¨¥­â �2 = 1
2a

�
1
a2
+1
�
®â«¨ç¥­

®â ­ã«ï. �â® ¤ ¥â ¢®§¬®¦­®áâì ¯¥à¥©â¨ ®â ¨áå®¤­®£® à §«®¦¥­¨ï u =
1P
k=0

�k(x�1)k á ¬« ¤è¨¬¨
ª®íää¨æ¨¥­â ¬¨ ¢¨¤  (8) ª ãà ¢­¥­¨î á¯¨à «¨ ¢¨¤  (4).

� ­®¢ëå ª®®à¤¨­ â å (3) «¥¢ ï ç áâì ãà ¢­¥­¨ï (7), ®¯¨áë¢ îé¥£® á¯¨à «ì, â.¥. u0(x), ¯à¥-
¢à â¨âáï ¢ ¤à®¡ì ¢¨¤  a2+b2(u

�)0

a1+b1(u�)0
. �à ¢ ï ¦¥ ç áâì (7) á®åà ­¨â ¤à®¡­®-«¨­¥©­ãî áâàãªâãàã.

�â® ®§­ ç ¥â, çâ® ¢ ­®à¬ «¨§®¢ ­­ëå ª®®à¤¨­ â å á¯¨à «ì ¬®¦­® § ¤ âì ¤¨ää¥à¥­æ¨ «ì­ë¬
ãà ¢­¥­¨¥¬

u0 =
A1 +B1x+ C1u

1 +B2x+ C2u
; (9)

 ­ «®£¨ç­ë¬ ãà ¢­¥­¨î (7).
�â¬¥â¨¬, çâ® ¨§ (8) ¨ (5) ¬®¦­® ¢ëç¨á«¨âì ª®íää¨æ¨¥­â �4 ­®à¬ «¨§®¢ ­­®£® ãà ¢­¥­¨ï

á¯¨à «¨. �­ ®ª §ë¢ ¥âáï à ¢­ë¬ 1
18

�
9
a2
+1
�
. �®íää¨æ¨¥­â �5 ¯®á«¥ ¯à¥®¡à §®¢ ­¨ï (3) ¯à¨­¨-

¬ ¥â §­ ç¥­¨¥ � 2
15�9

�
9
a2
+ 1
�
.

�®£¤  ¥é¥ ®¤­®© «¨­¥©­®© § ¬¥­®©

x = "x�; u = "2u�

¤®¡ì¥¬áï à ¢¥­áâ¢  �4 = 1 ¢ ãà ¢­¥­¨¨ á¯¨à «¨. �®¢ë© ª®íää¨æ¨¥­â �5 ¯à¨ íâ®¬ ¬®¦­® á¤¥-
« âì ¯®«®¦¨â¥«ì­ë¬ ¨ à ¢­ë¬ j�5j

j�4j3=2 =
4
p
2

5
� ap

a2+9
.

� ¬¥ç ­¨¥. �«ï ®ªàã¦­®áâ¨ (a = 0) ¯®á«¥¤­ïï ä®à¬ã«  â ª¦¥ á¯à ¢¥¤«¨¢ .
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�¥¬¬ . �«ï ¢áïª®£® à¥è¥­¨ï

u = 2x2 + x4 + �5x
5 + �6x

6 + �7x
7 + � � � (10)

ãà ¢­¥­¨ï (9) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

�6 = 1 +
5
4
�25; �7 =

�
17
7
+
25
14
�25

�
�5:

�à ¢­¥­¨¥ (9) ¯à¨ íâ®¬ ¨¬¥¥â ¢¨¤

u0 = (4x� 5�5u)
.�

1� 5
2
�5x� 1

2
u

�
:

�«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë § ¯¨è¥¬ (9) ¢ ¢¨¤¥

u0(1 +B2x+ C2u) = A1 +B1x+ C1u:

�®¤áâ ¢«ïï áî¤  à §«®¦¥­¨¥ (10) ¨ ®â¤¥«ïï ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¬« ¤è¨¥ áâ¥¯¥­¨ x, ¯®«ãç¨¬
á¨áâ¥¬ã ãà ¢­¥­¨©

x0 : 0 = A1; x1 : 4 = B1; x2 : 4B2 = 2C1;

x3 : 8C2 + 4 = 0; x4 : 4B2 + 5�5 = C1:

�§ íâ®© á¨áâ¥¬ë ¯®«ãç ¥âáï âà¥¡ã¥¬ë© ¢¨¤ ¤«ï ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (9). �« £ ¥¬ë¥ áâ¥¯¥-
­¥© 5 ¨ 6 ¯® ¯¥à¥¬¥­­®© x ¤ ¤ãâ â®£¤  ­ã¦­ë¥ ä®à¬ã«ë ¤«ï �6 ¨ �7.

�¥®à¥¬ . �®«®¬®àä­ë¥ ¨­¢ à¨ ­âë ªà¨¢ëå r = ea' (0 � a <1) ¨¬¥îâ ¢¨¤

{0 =

p
5
3
�
s
a2 + 9
a2 + 1

; {1 =
32 � 40
3 � 49 � a2p

(a2 + 9)(a2 + 1)
:

�«ï ¢ëç¨á«¥­¨ï íâ¨å ¨­¢ à¨ ­â®¢ ­ã¦­® ¯®¤áâ ¢¨âì ¢ ä®à¬ã«ë (6) �4 = 1, �5 = �5,   â ª¦¥
â®«ìª® çâ® ­ ©¤¥­­ë¥ ¢ëà ¦¥­¨ï ¤«ï �6 ¨ �7 ¢¬¥áâ® �6 ¨ �7 á®®â¢¥âáâ¢¥­­®. �®£¤ , ­ ¯à¨¬¥à,

Q = �6 � 4
5
�24 = 1 +

5
4
�25 �

4
5
=

1
20
(4 + 25�25) > 0:

� â® ¦¥ ¢à¥¬ï

�7 =
15
7
�4�5 =

�
17
7
+
25
4
�25

�
�5 � 15

7
�5 =

1
7
�5(4 + 25�25):

� ãç¥â®¬ �5 = 4
p
2

5
� ap

a2+9
®âáî¤  ¯®«ãç îâáï ®ª®­ç â¥«ì­ë¥ ä®à¬ã«ë ¤«ï {0 ¨ {1.

� á¨«ã ¬®­®â®­­®© § ¢¨á¨¬®áâ¨ {0 ®â a âàã¡ª¨ ­ ¤ à §­ë¬¨ «®£ à¨ä¬¨ç¥áª¨¬¨ á¯¨à «ï¬¨
£®«®¬®àä­® ­¥íª¢¨¢ «¥­â­ë ¤àã£ ¤àã£ã. �â¬¥â¨¬, çâ® ¤«ï ®áâ «ì­ëå ®¤­®à®¤­ëå ªà¨¢ëå (â.¥.
u = xs (�1 � s < 1),   â ª¦¥ ¯à¨¬ëª îé¨å ª ­¨¬ u = lnx, u = x lnx) ª®íää¨æ¨¥­âë �4 ¨ �6
¢ëç¨á«ïîâáï ¢ ­¥áä¥à¨ç¥áª®¬ á«ãç ¥ ¯® á«¥¤ãîé¨¬ ä®à¬ã« ¬:

�4 = � 1
18x20

(s� 2)(2s � 1); �6 = � 1
180x40

s(s� 2)(2s � 1):

�â® ®§­ ç ¥â, çâ® {0 ­¥ ¯à¥¢®áå®¤¨â §¤¥áì §­ ç¥­¨ï
p
5=3, ï¢«ïîé¥£®áï ­¨¦­¥© £à ­¨æ¥© íâ®£®

¦¥ ¨­¢ à¨ ­â  ¤«ï á¯¨à «¥©. �«¥¤®¢ â¥«ì­®, âàã¡ç âë¥ ¯®¢¥àå­®áâ¨ ­ ¤ á¯¨à «ï¬¨ ®â«¨ç -
îâáï ¨ ®â ®áâ «ì­ëå âàã¡®ª ­ ¤ ®¤­®à®¤­ë¬¨ ªà¨¢ë¬¨ (1).
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