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1. �¢¥¤¥­¨¥

� à¥è¥­¨î á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á¢®¤¨âáï ¯®¤ ¢«ïîé¥¥ ¡®«ìè¨­áâ¢®
§ ¤ ç ¢ëç¨á«¨â¥«ì­®© ¬ â¥¬ â¨ª¨. � ­ áâ®ïé¥¥ ¢à¥¬ï ¯à¥¤«®¦¥­® ¡®«ìè®¥ ª®«¨ç¥áâ¢®  «£®-
à¨â¬®¢ à¥è¥­¨ï § ¤ ç «¨­¥©­®©  «£¥¡àë [1], [2], ¡®«ìè¨­áâ¢® ¨§ ª®â®àëå íää¥ªâ¨¢­® à ¡®â îâ
á ¬ âà¨æ ¬¨ á¯¥æ¨ «ì­®£® ¢¨¤  (âà¥å¤¨ £®­ «ì­ë¥, á¨¬¬¥âà¨ç­ë¥, «¥­â®ç­ë¥, â¥¯«¨æ¨¥¢ë¥,
à §à¥¦¥­­ë¥ ¨ ¤à.).

� ¤ ç¨ ª®­¢¥ªæ¨¨-¤¨ääã§¨¨ ï¢«ïîâáï ¬®¤¥«ì­ë¬¨ ¤«ï è¨à®ª®£® ªàã£  ¯à¨ª« ¤­ëå § ¤ ç
â ª¨å ª ª, ­ ¯à¨¬¥à, £¨¤à®¤¨­ ¬¨ª , â¥¯«®- ¨ ¬ áá®®¡¬¥­, ¤¢¨¦¥­¨¥ «¥â â¥«ì­ëå  ¯¯ à â®¢.
�¯¯à®ªá¨¬ æ¨ï íâ¨å § ¤ ç ª®­¥ç­ë¬¨ à §­®áâï¬¨ ¨«¨ ª®­¥ç­ë¬¨ í«¥¬¥­â ¬¨ á¢®¤¨â ¨áå®¤-
­ãî ­¥¯à¥àë¢­ãî § ¤ çã ª ­¥®¡å®¤¨¬®áâ¨ à¥è âì á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥-
­¨©. �á¯®«ì§®¢ ­¨¥ ¤«ï ¥¥ à¥è¥­¨ï ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ®á«®¦­ï¥âáï â¥¬, çâ® á®®â¢¥âáâ¢ã-
îé¨¥ á¨áâ¥¬ë, ª ª ¯à ¢¨«®, ­¥á ¬®á®¯àï¦¥­ë ¨ ¨¬¥îâ ¡®«ìèãî à §¬¥à­®áâì. �¬¥áâ¥ á â¥¬,
à §à ¡®â ­­ë©  ¯¯ à â â¥®à¨¨ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ [2]{[4] ­¥ ¢á¥£¤  ã¤ ¥âáï íää¥ªâ¨¢­® ¨á-
¯®«ì§®¢ âì ¤«ï à¥è¥­¨ï § ¤ ç á ¤®áâ â®ç­® ¡®«ìè®© ­¥á ¬®á®¯àï¦¥­­®© ç áâìî. �¤­ ª® â ª¨¥
á¨áâ¥¬ë ¯®«ãç îâáï, ­ ¯à¨¬¥à, ¢ à¥§ã«ìâ â¥ ¨á¯®«ì§®¢ ­¨ï æ¥­âà «ì­®-à §­®áâ­ëå áå¥¬ ¤«ï
 ¯¯à®ªá¨¬ æ¨¨ ãà ¢­¥­¨ï ª®­¢¥ªæ¨¨-¤¨ääã§¨¨ á ¬ «ë¬ ¯ à ¬¥âà®¬ ¯à¨ áâ àè¥© ¯à®¨§¢®¤­®©
[5].

� áá¬®âà¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

Au = f; (1)

¨ ¯ãáâì ¬ âà¨æ  A á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¤¨áá¨¯ â¨¢­ .1 �â¬¥â¨¬, çâ®
¤«ï «î¡®© ¤¥©áâ¢¨â¥«ì­®© ¬ âà¨æë A á¯à ¢¥¤«¨¢® à §«®¦¥­¨¥ A = A0 +A1 ­  á¨¬¬¥âà¨ç­ãî
A0 = 1

2
(A+A�) = A�

0 ¨ ª®á®á¨¬¬¥âà¨ç­ãî A1 = 1
2
(A�A�) = �A�

1 á®áâ ¢«ïîé¨¥ ç áâ¨ ¨áå®¤­®©
¬ âà¨æë. �à¨ç¥¬, ¤«ï ª®á®á¨¬¬¥âà¨ç­®© á®áâ ¢«ïîé¥© ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥ A1 = KH +
KB, £¤¥ KH ¨ KB | áâà®£® ­¨¦­ïï ¨ ¢¥àå­ïï âà¥ã£®«ì­ë¥ ç áâ¨ ¬ âà¨æë A1. � ¬¥â¨¬, çâ®
¤«ï ­¨å á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  KH = �KB, KB = �K�

H .
�«ï à¥è¥­¨ï á¨áâ¥¬ë (1) à áá¬®âà¨¬ ®¤­®è £®¢ë© ¤¢ãåá«®©­ë© áâ æ¨®­ à­ë© ¨â¥à æ¨®­-

­ë© ¬¥â®¤, § ¯¨á ­­ë© ¢ ª ­®­¨ç¥áª®¬ ¢¨¤¥ [2]

B
yk+1 � yk

�
+Ayk = f (2)

á ­¥ª®â®àë¬ ­ ç «ì­ë¬ ¢¥ªâ®à®¬ y0 ¨ ¢¥é¥áâ¢¥­­ë¬ ¯ à ¬¥âà®¬ � > 0.

1� âà¨æ  A ­ §ë¢ ¥âáï ¤¨áá¨¯ â¨¢­®©, ¥á«¨ ¥¥ á¨¬¬¥âà¨ç¥áª ï á®áâ ¢«ïîé ï ¯®«®¦¨â¥«ì­® ®¯à¥-

¤¥«¥­ .

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â ò00-01-

00011.
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�ã¤¥¬ áç¨â âì, çâ® A ¨ B | ­¥¢ëà®¦¤¥­­ë¥ «¨­¥©­ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ ª®­¥ç­®-
¬¥à­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H. �«ï ¢¥ªâ®à®¢ ®è¨¡®ª zk = yk � y ¨â¥à æ¨®­­®£® ¬¥â®¤ 
(2) ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

zk+1 = Gzk; (3)

£¤¥

G = B�1(B � �A) (4)

| ®¯¥à â®à ¯¥à¥å®¤ .
�«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  (2) ¢ í­¥à£¥â¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ HD ¤®áâ â®ç­®

¯®âà¥¡®¢ âì [2] kzk+1kD < �kzkkD, 0 < � � 1. � á¨«ã á®®â­®è¥­¨ï (3) áå®¤¨¬®áâì ¨â¥à æ¨®­­®£®
¬¥â®¤  (2) æ¥«¨ª®¬ ®¯à¥¤¥«ï¥âáï ®¯¥à â®à®¬ ¯¥à¥å®¤  (4).

� àï¤¥ à ¡®â [6], [7] à §­®áâ­ë¥ áå¥¬ë á æ¥­âà «ì­®-à §­®áâ­ë¬¨  ¯¯à®ªá¨¬ æ¨ï¬¨ ¯à®¨§-
¢®¤­ëå ¤«ï áâ æ¨®­ à­®© § ¤ ç¨ ª®­¢¥ªæ¨¨-¤¨ääã§¨¨ ­¥ à¥ª®¬¥­¤®¢ «¨áì ¤«ï ¨á¯®«ì§®¢ ­¨ï
¢ á¨«ã ¨å ­¥ãáâ®©ç¨¢®áâ¨ ¯à¨ à¥è¥­¨¨ ¯®«ãç ¥¬®© á¨áâ¥¬ë.

�®«¥¥ âé â¥«ì­®¥ â¥®à¥â¨ç¥áª®¥ ¨ ç¨á«¥­­®¥ ¨áá«¥¤®¢ ­¨¥ íâ®© ­¥á ¬®á®¯àï¦¥­­®© § ¤ ç¨
­  ®á­®¢¥ ®¡é¥© â¥®à¨¨ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ [8]{[10] ¯®§¢®«ï¥â ¯®áâà®¨âì áå®¤ïé¨¥áï ¬¥â®¤ë
¤«ï à¥è¥­¨ï á¨áâ¥¬ á á¨«ì­® ­¥á¨¬¬¥âà¨ç¥áª¨¬¨1 ¤¨áá¨¯ â¨¢­ë¬¨ ¬ âà¨æ ¬¨. �á®¡¥­­®áâìî
â ª¨å ¬ âà¨æ ï¢«ï¥âáï ®âáãâáâ¢¨¥ ¢ ­¨å ¤¨ £®­ «ì­®£® ¯à¥®¡« ¤ ­¨ï, çâ® ¯à¨¢®¤¨â ª à áå®¤¨-
¬®áâ¨ ¨«¨ ®ç¥­ì ¬¥¤«¥­­®© áå®¤¨¬®áâ¨ â ª¨å íää¥ªâ¨¢­ëå ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ª ª ¬¥â®¤ë
¢ à¨ æ¨®­­®£® â¨¯  ¨«¨ ¬¥â®¤ ­¥¯®«­®© ä ªâ®à¨§ æ¨¨ [11].

2. �®á®á¨¬¬¥âà¨ç¥áª¨¥ ¨â¥à æ¨®­­ë¥ ¬¥â®¤ë (��)

� [12] ¡ë«® ¯à¥¤«®¦¥­® ¨á¯®«ì§®¢ âì ¯à¨ à¥è¥­¨¨ á¨«ì­® ­¥á¨¬¬¥âà¨ç­ëå § ¤ ç âà¥ã£®«ì-
­ë¥ ç áâ¨ KH ¨ KB ª®á®á¨¬¬¥âà¨ç¥áª®© á®áâ ¢«ïîé¥© ¬ âà¨æë á¨áâ¥¬ë (1) ¤«ï ¯®áâà®¥­¨ï
®¯¥à â®à  B ¨â¥à æ¨®­­®£® ¬¥â®¤  (2).

�à¥¤áâ ¢¨¬ ®¯¥à â®à B ¢ ¢¨¤¥ áã¬¬ë á¨¬¬¥âà¨ç­®© ¨ ª®á®á¨¬¬¥âà¨ç­®© á®áâ ¢«ïîé¨å
B = B0 +B1 ¨ ¯®âà¥¡ã¥¬ ¤«ï ¥£® ª®á®á¨¬¬¥âà¨ç¥áª®© á®áâ ¢«ïîé¥© ¢ë¯®«­¥­¨ï á®®â­®è¥­¨ï
[13]

B1 = �A1: (5)

�®®â­®è¥­¨¥ (5), á¢ï§ë¢ îé¥¥ ª®á®á¨¬¬¥âà¨ç¥áª¨¥ á®áâ ¢«ïîé¨¥ ¬ âà¨æë ¨áå®¤­®© á¨áâ¥¬ë
A ¨ ®¯¥à â®à  ¨â¥à æ¨®­­®£® ¬¥â®¤  B, ®¡¥á¯¥ç¨¢ ¥â á ¬®á®¯àï¦¥­­®áâì ®¯¥à â®à  B � �A,
¢å®¤ïé¥£® ¢ ®¯¥à â®à ¯¥à¥å®¤  G,

B � �A = B0 +B1 � �(A0 +A1) = B0 � �A0:

� ¢¥­áâ¢® (5) ¯®§¢®«ï¥â ®æ¥­¨âì ­®à¬ã ®¯¥à â®à  G ¨ ¤ ¥â ¢®§¬®¦­®áâì ¯à¨¬¥­¨âì ¯à¨­æ¨¯
à¥£ã«ïà¨§ æ¨¨ | ®¡é¨© ¯®¤å®¤ ª ¯®«ãç¥­¨î ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ § ¤ ­­®£® ª ç¥áâ¢  [14].
�«ãçè¥­¨¥ ª ç¥áâ¢  ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¯à¨ íâ®¬ ¤®áâ¨£ ¥âáï §  áç¥â à¥£ã«ïà¨§ â®à  |
­¥ª®â®à®£® ®¯¥à â®à , ¢å®¤ïé¥£® ¢ ®¯¥à â®à ¨â¥à æ¨®­­®£® ¬¥â®¤ . �à¨ ¢ë¯®«­¥­¨¨ (5) à¥£ã-
«ïà¨§ â®à®¬ ¨â¥à æ¨®­­®£® ¬¥â®¤  (2) ¡ã¤¥â á¨¬¬¥âà¨ç¥áª ï á®áâ ¢«ïîé ï B0 ®¯¥à â®à  B.

1� âà¨æ  A ­ §ë¢ ¥âáï á¨«ì­® ­¥á¨¬¬¥âà¨ç­®©, ¥á«¨ ¢ ª ª®©-«¨¡® ­®à¬¥ kA1k � kA0k.
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3. �å®¤¨¬®áâì ��

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (5) ®¯¥à â®à ¯¥à¥å®¤  ¬¥â®¤  ¨¬¥¥â ¢¨¤ G = (B0+�A1)�1(B0��A0).
�®âà¥¡ã¥¬, çâ®¡ë ®¯¥à â®à B ¬¥â®¤  (2) ¡ë« ¤¨áá¨¯ â¨¢¥­, â. ¥. B0 = B�

0 > 0. �®£¤ 

G = B
�1=2
0 (E + �B

�1=2
0 A1B

�1=2
0 )�1(E � �B

�1=2
0 A0B

�1=2
0 )B1=2

0 :

�¢¥¤¥¬ ®¯¥à â®àë P0 = B
�1=2
0 A0B

�1=2
0 = P �

0 > 0, P1 = B
�1=2
0 A1B

�1=2
0 = �P �

1 ¨ ¢¥ªâ®àë
vk = B

1=2
0 zk. �®®â­®è¥­¨¥ (3) ¯à¨¬¥â ¢¨¤ vk+1 = bGvk, £¤¥

bG = (E + �P1)�1(E � �P0): (6)

� ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® ¢¥ªâ®à  z (v = B
1=2
0 z) á¯à ¢¥¤«¨¢  ä®à¬ã«  kGzkB0

= k bGvk,
kGkB0

= k bGk, £¤¥ kxk = p(x; x), kAk = sup
x6=0

kAxk2

kxk2
. �®£¤ 

kvk+1k � k bGvkk � k bGk kvkk � k bGkk kv0k � k bGkkkv0k: (7)

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1 ([13]). �ãáâì ¤¨áá¨¯ â¨¢­ë© ®¯¥à â®à B ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (5). �®-
£¤  ¤«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¬¥â®¤  (2) ¢ í­¥à£¥â¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ HB0

¤®áâ â®ç-

­® ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ 

k(E + �P1)�1(E � �P0)k < 1

¨«¨

kE � �P0k < 1; (8)

£¤¥ ®¯¥à â®àë P0 = B
�1=2
0 A0B

�1=2
0 , P1 = B

�1=2
0 A1B

�1=2
0 .

�à ¢­¥­¨¥ ¤«ï ¯®£à¥è­®áâ¥© zk = yk � y ¬¥â®¤  (2) ¨¬¥¥â ¢¨¤

B
zk+1 � zk

�
+Azk = 0; (9)

¢ ª®â®à®¬ zk+1 ¨ zk ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨î (3).

�¥¬¬  1. �ãáâì A ¨ B | ¤¨áá¨¯ â¨¢­ë¥ ®¯¥à â®àë ¨ ®¯¥à â®à B ã¤®¢«¥â¢®àï¥â á®-

®â­®è¥­¨î (5). �¯¥à â®à­ë¥ ­¥à ¢¥­áâ¢  ¤«ï á¨¬¬¥âà¨ç­ëå á®áâ ¢«ïîé¨å ®¯¥à â®à®¢ A ¨

B

1� �

�
B0 < A0 <

1 + �

�
B0; (10)

£¤¥ 0 < � < 1 | ç¨á«®, ¤®áâ â®ç­ë ¤«ï â®£®, çâ®¡ë ¯à¨ «î¡ëå z0 2 H ¤«ï à¥è¥­¨ï § ¤ ç¨ (9)
¢ë¯®«­ï« áì ®æ¥­ª 

kzk+1kB0
< �kzkkB0

: (11)

�®ª § â¥«ìáâ¢®. �æ¥­ªã (11) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ kvk+1k < �kvkk, £¤¥ vk = B
1=2
0 zk.

�®£« á­® ¯à®¤¥« ­­ë¬ ¢ëè¥ ¢ëª« ¤ª ¬ äã­ªæ¨ï vk ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î vk+1 = bGvk, £¤¥
®¯¥à â®à bG ®¯à¥¤¥«¥­ á®®â­®è¥­¨¥¬ (6). �«ï à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï ¢ á¨«ã ­¥à ¢¥­áâ¢ (7) ¨
(8) ¨¬¥¥¬ kvk+1k < k bGvkk � kE � �P0k kvkk, £¤¥ ®¯¥à â®à P0 = B

�1=2
0 A0B

�1=2
0 .

� ª¨¬ ®¡à §®¬, ®æ¥­ª 

kE � �P0k < � (12)

ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¢ë¯®«­¥­¨ï ®æ¥­ª¨ kvk+1j < �kvkk.
� á¨«ã á¨¬¬¥âà¨¨ ®¯¥à â®à  P0 ¨ á¢®©áâ¢ ®¯¥à â®à­ëå ­¥à ¢¥­áâ¢ ([15], á. 99) ­¥à ¢¥­áâ¢®

(12) ¬®¦­® ¯à¥®¡à §®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: ��E � E � �P0 � �E. �®¤áâ ¢«ïï ¢ëà ¦¥­¨¥
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P0 = B
�1=2
0 A0B

�1=2
0 , ¯®«ãç¨¬ 1��

�
E � B

�1=2
0 A0B

�1=2
0 � 1+�

�
E. �¬­®¦ ï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢®

á«¥¢  ¨ á¯à ¢  ­  B1=2
0 , ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã (10).

�«¥¤áâ¢¨¥ ([13]). �ãáâì A ¨ B | ¤¨áá¨¯ â¨¢­ë¥ ®¯¥à â®àë ¨ ®¯¥à â®à B ã¤®¢«¥â¢®àï¥â á®-
®â­®è¥­¨î (5). �®£¤  ¤«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¬¥â®¤  (2) ¢ í­¥à£¥â¨ç¥áª®¬ ¯à®áâà ­áâ¢¥
HB0

¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ®¯¥à â®à­®£® ­¥à ¢¥­áâ¢ 

B0 >
�

2
A0: (13)

�®ª § â¥«ìáâ¢® íâ®£® ä ªâ  á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  (10) ¯à¨ � = 1.

4. �æ¥­ª  áª®à®áâ¨ áå®¤¨¬®áâ¨ ��

�«ï ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤  ­ ¤® ­ ©â¨ â ª®¥ §­ ç¥­¨¥ � , ¯à¨ ª®â®à®¬ §­ ç¥­¨¥
� ¢ (11) ¡ã¤¥â ¬¨­¨¬ «ì­ë¬.

�®áª®«ìªã E � �P0 | á¨¬¬¥âà¨ç­ë© ®¯¥à â®à, ¥£® ­®à¬  á®¢¯ ¤ ¥â á ¥£® á¯¥ªâà «ì­ë¬
à ¤¨ãá®¬. �®£¤  ¨§¢¥áâ­® ([2], á. 286; [4], á. 204), çâ®

� = maxfj1� �
1j; j1 � �
2jg; (14)

£¤¥ 
1 = �min(P0), 
2 = �max(P0).
�¯â¨¬ «ì­®¥ §­ ç¥­¨¥ äã­ªæ¨¨ � = �(�) ¢ëç¨á«ï¥âáï ¢ á«ãç ¥ ­¥§ ¢¨á¨¬®áâ¨ ¢¥«¨ç¨­ 
1 ¨


2 ®â ¯ à ¬¥âà  � ¯® ä®à¬ã«¥ ([2], á. 286) �opt = 2

1+
2

,   ¢ á«ãç ¥ § ¢¨á¨¬®áâ¨ íâ¨å ¢¥«¨ç¨­ ®â
¨â¥à æ¨®­­®£® ¯ à ¬¥âà  ¤«ï ¥£® ï¢­®£® ­ å®¦¤¥­¨ï ­¥®¡å®¤¨¬® à¥è¨âì ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥
�opt = 2


1(�opt)+
2(�opt)
. �®¤áâ ¢«ïï §­ ç¥­¨¥ �opt ¢ (14), ¯®«ãç¨¬

�opt = �(�opt) =

2 � 
1


2 + 
1
=
� � 1
� + 1

; (15)

£¤¥ ¢¥«¨ç¨­  � = 
2

1

¥áâì ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ®¯¥à â®à  P0. �â¬¥â¨¬, çâ® ®¯¥à â®àë P0 ¨
B�1
0 A0 ¯®¤®¡­ë.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (5), ®¯¥à â®à B ¤¨áá¨¯ â¨¢¥­ ¨ ¤«ï á¨¬¬¥-

âà¨ç­ëå á®áâ ¢«ïîé¨å A ¨ B á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 


1B0 � A0 � 
2B0; (16)

£¤¥ 0 < 
1 � 
2. �®£¤  ¯à¨

� =
2


1 + 
2
(17)

¨â¥à æ¨®­­ë© ¬¥â®¤ (2) áå®¤¨âáï, ¨ ¤«ï ¯®£à¥è­®áâ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª  kyk� ykB � �nky0�
ykB, £¤¥ kvkB =

p
(Bv; v) ¨ � = ��1

�+1
, � = 
2


1
.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¤®áâ â®ç­® § ¬¥â¨âì, çâ® ¬ âà¨ç­ë¥ ­¥à ¢¥­áâ¢  (16) ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥ (10), £¤¥ ¢¥«¨ç¨­  � ®¯à¥¤¥«¥­  á®®â­®è¥­¨ï¬¨ (15),   §­ ç¥­¨¥ � ¢ëç¨á«ï-
¥âáï ¯® ä®à¬ã«¥ (17). � ¨¡®«¥¥ â®ç­ë¬¨ ª®­áâ ­â ¬¨, á ª®â®àë¬¨ ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 
(16), ï¢«ïîâáï 
1 = �min(B

�1
0 A0) ¨ 
2 = �max(B

�1
0 A0).
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5. �®§¬®¦­ë¥ á¯®á®¡ë ¢ë¡®à  ®¯¥à â®à  ��

� áá¬®âà¨¬ ¢¨¤ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ��, ¢ ª®â®àëå ®¯¥à â®à ¬¥â®¤  ®¯à¥¤¥«ï¥âáï á®®â-
­®è¥­¨¥¬

B = BC + 2�KH (18)

¨«¨

B = BC + 2�KB; (19)

£¤¥ KH ¨ KB | âà¥ã£®«ì­ë¥ ç áâ¨ ª®á®á¨¬¬¥âà¨ç¥áª®© á®áâ ¢«ïîé¥© A1 ¨§ (2),   Bc | ­¥ª®-
â®àë© á¨¬¬¥âà¨ç­ë© ®¯¥à â®à.

�«ï ®¯¥à â®à®¢ (18) ¨ (19) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á¢®©áâ¢ :

1) ®¯¥à â®à B � �A á ¬®á®¯àï¦¥­;
2) ª®á®á¨¬¬¥âà¨ç¥áª ï á®áâ ¢«ïîé ï B1 ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (8);
3) á¨¬¬¥âà¨ç¥áª¨¥ á®áâ ¢«ïîé¨¥ ¨¬¥îâ ¢¨¤

B0 = BC + �K ¤«ï ®¯¥à â®à  (18),
B0 = BC � �K ¤«ï ®¯¥à â®à  (19),

£¤¥ K = KH +K�
H = �(KB +K�

B) = K�.

�¥¬¬  2 ([10]). �ãáâì ¬ âà¨æ  Z 6= 0 á í«¥¬¥­â ¬¨ fzijgk1 ¨¬¥¥â ¢¨¤ Z = R+R�, £¤¥ R |

áâà®£® ¢¥àå­ïï ¨«¨ ­¨¦­ïï âà¥ã£®«ì­ ï ¬ âà¨æ . �®£¤  á¯¥ªâà �(Z) ¬ âà¨æë Z ¢¥é¥áâ¢¥­,

á®áâ®¨â ¨§ ¯®«®¦¨â¥«ì­ëå, ®âà¨æ â¥«ì­ëå ¨ ­ã«¥¢ëå á®¡áâ¢¥­­ëå ç¨á¥« ¨ �kZk1 � �(Z) �
kZk1, £¤¥ kZk1 = max

i

nP
i=1

jzij j | ¬ ªá¨¬ «ì­ ï áâà®ç­ ï ­®à¬  (C-­®à¬ ).

�®«¥¥ â®£®, ¥á«¨ ¬ âà¨æ  Z ¤¢ãæ¨ª«¨ç¥áª ï ([1], á. 131), â® ¥¥ á®¡áâ¢¥­­ë¥ ç¨á«  à á¯®«®-
¦¥­ë á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ­ ç «  ª®®à¤¨­ â ¨ �kZk2 � �(Z) � kZk2, £¤¥ kZk = �(Z)
| á¯¥ªâà «ì­ ï ­®à¬ .

� âà¨æ  K = KH +K�
H = K� ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 2 ¨

�kKk1E � K � kKk1E: (20)

�£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬ ®¯¥à â®à  ¬¥â®¤  (18), â. ª. £à ­¨æë á¯¥ªâà  á¨¬¬¥âà¨ç¥áª¨å
á®áâ ¢«ïîé¨å ã ®¯¥à â®à®¢ (18) ¨ (19) á®¢¯ ¤ îâ. �áá«¥¤®¢ ­¨¥ áå®¤¨¬®áâ¨ �� á ®¯¥à â®à®¬
¬¥â®¤  (18) ®á­®¢ ­® ­  â¥®à¥¬¥ 2. � ®á­®¢¥ íâ®© â¥®à¥¬ë «¥¦¨â ¯à¥¤¯®«®¦¥­¨¥ ® â®¬, çâ®
¯®«®¦¨â¥«ì­ë¥ á¨¬¬¥âà¨ç¥áª¨¥ á®áâ ¢«ïîé¨¥ ­¥á ¬®á®¯àï¦¥­­ëå ®¯¥à â®à®¢ A ¨ B á¢ï§ -
­ë ­¥à ¢¥­áâ¢ ¬¨ (16). �®íâ®¬ã ¯à¥¦¤¥ ¢á¥£® ­ ¤® ­ ©â¨ ª®­áâ ­âë ¢ ­¥à ¢¥­áâ¢¥ (16) ¤«ï
®¯¥à â®à  (18).

�¥¬¬  3. �ãáâì áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ �1, �2 ¨ c1, c2 â ª¨¥, çâ® ¢ë-

¯®«­¥­ë ­¥à ¢¥­áâ¢ 

�1E � A0 � �2E; (21)

c1E � BC � c2E: (22)

�®£¤  ¤«ï ®¯¥à â®à®¢ A0 ¨ B0 = BC + �K á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (16) ¯à¨


1 =
�1

c2 + �
3
; 
2 =

�2

c1 � �
3
; (23)

£¤¥ 
3 = kA1k1.
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�®ª § â¥«ìáâ¢®. C-­®à¬ë ¬ âà¨æ K ¨ A1 á®¢¯ ¤ îâ, â. ª. ®­¨ ¨¬¥îâ ®¤¨­ ª®¢ë¥ ¯® ¬®¤ã-
«î í«¥¬¥­âë. �¥à ¢¥­áâ¢  (20) ¡ã¤ãâ ¨¬¥âì ¢¨¤ �kA1k1E � K � kA1k1E.

� áá¬®âà¨¬ á¨¬¬¥âà¨ç­ãî á®áâ ¢«ïîéãî ®¯¥à â®à  (18). � ª ª ª ¨§ (21) E � 1
�2
A0, â® ¢

(22) BC � c1E � c1
�2
A0 ¨

B0 = BC + �K � BC � �kA1k1E �
�
c1

�2

� �
kA1k1
�2

�
A0 =

c1 � �kA1k1
�2

A0:

� ª¨¬ ®¡à §®¬, ¥á«¨ c1��kA1k > 0, â® A0 � 
2B0, £¤¥ 
2 = �2
c1��kA1k1

. � ª ª ª ¨§ (21) E � 1
�1
A0,

â® ¢ (22) BC � c2E � c2
�1
A0 ¨

B0 = BC + �K � BC + �kA1k1E �
�
c2

�1

+ �
kA1k1
�1

�
A0 =

c2 + �kA1k1
�1

A0;

â. ¥. A0 � 
1B0, £¤¥ 
1 = �1
c2+�kA1k1

.

� ¬¥ç ­¨¥. � ª ç¥áâ¢¥ ª®­áâ ­â �1, �2 ¨ c1, c2 ¬®¦­® ¢§ïâì á®®â¢¥âáâ¢¥­­® ¬¨­¨¬ «ì­ë¥
¨ ¬ ªá¨¬ «ì­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à®¢ A0 ¨ BC .

�¥®à¥¬  3. �ãáâì A ¨ B | ¤¨áá¨¯ â¨¢­ë¥ ®¯¥à â®àë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ «¥¬-

¬ë 3. �à¨

� =
4c1c2

(�2c2 + �1c1) + 2(c2 � c1)
3 +
p
(�2c2 � �1c1 + 2(c2 + c1)
3)2 + 4�1�2c1c2

(24)

¨â¥à æ¨®­­ë© ¬¥â®¤ (4) á ®¯¥à â®à®¬ ¬¥â®¤  (18) áå®¤¨âáï, ¯à¨ç¥¬ ¤«ï ¯®£à¥è­®áâ¨ á¯à -

¢¥¤«¨¢  ®æ¥­ª 

kyk � ykB � �kky0 � ykB; (25)

£¤¥

� = 1� 4��

2�(� + 1) + 1 + �� +
p
(1� �� + 2�(� + 1))2 + 4��

; (26)

� = �1
�2
, � = c1

c2
, � = 
3

�2
.

�®ª § â¥«ìáâ¢®. � «¥¬¬¥ 3 ãáâ ­®¢«¥­®, çâ® ¯à¨ «î¡®¬ � > 0 á¨¬¬¥âà¨ç­ë¥ á®áâ ¢«ï-
îé¨¥ ®¯¥à â®à®¢ A ¨ B à áá¬ âà¨¢ ¥¬®£® ¨â¥à æ¨®­­®£® ¬¥â®¤  á¢ï§ ­ë ­¥à ¢¥­áâ¢ ¬¨ (16),
£¤¥ 
1 = 
1(�) ¨ 
2 = 
2(�) ®¯à¥¤¥«¥­ë á®£« á­® (23). �®íâ®¬ã ¢ë¯®«­¥­ë ¢á¥ ¯à¥¤¯®«®¦¥­¨ï
â¥®à¥¬ë 3. �®£« á­® íâ®© â¥®à¥¬¥ ¤«ï ¢ë¯®«­¥­¨ï ®æ¥­ª¨ (25) ¤®áâ â®ç­® ­ ©â¨ §­ ç¥­¨¥ �opt
ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï

�opt =
2


1(�opt) + 
2(�opt)
=

2
�1

c1+�opt
3
+ �2

c2��opt
3

:

� ª¨¬ ®¡à §®¬, §­ ç¥­¨¥¬ �opt ï¢«ï¥âáï ¯®«®¦¨â¥«ì­ë© ª®à¥­ì ª¢ ¤à â­®£® ãà ¢­¥­¨ï

� 2opt
3(�2 � �1 + 2
3) + �opt((�1c2 + �2c2) + 2
3(c2 � c1))� 2c2c1 = 0;

¨ ®­ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ (24).
� ©¤¥¬ ®æ¥­ªã  á¨¬¯â®â¨ç¥áª®© áª®à®áâ¨ áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¬¥â®¤  (2) á ®¯¥à â®-

à®¬ ¬¥â®¤  (18). �ëç¨á«¨¬ §­ ç¥­¨¥

� = �(�opt) = 1� �opt
1 = 1� �opt�1

c2 + �opt
3
= 1� �1

c2
�opt

+ 
3
;

� = 1� 4�1c1

(�2c2 + �1c1) + 2(c2 + c1)
3 +
p
(�2c2 � �1c1 + 2(c2 + c1)
3)2 + 4�1�2c1c2

:

�¢¥¤ï á®®â¢¥âáâ¢ãîé¨¥ ®¡®§­ ç¥­¨ï, ¯®«ãç¨¬ (26).
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�ª®à®áâì áå®¤¨¬®áâ¨ § ¢¨á¨â ®â ç¨á¥« ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æ A0, Bc ¨ ãá«®¢¨ï ¯®¤ç¨­¥­-
­®áâ¨ ­®à¬ (¬¥àë ­¥á¨¬¬¥âà¨¨) ª®á®á¨¬¬¥âà¨ç¥áª®© ¨ á¨¬¬¥âà¨ç­®© á®áâ ¢«ïîé¥© ¨áå®¤­®©
¬ âà¨æë á¨áâ¥¬ë kA1k = �kA0k.

� ¬¥ç ­¨¥. �á«¨ c1 = c2 = c, â® §­ ç¥­¨¥ �opt ã¢¥«¨ç¨¢ ¥âáï (ã¬¥­ìè ¥âáï) ¢ c à §,  
áª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®¤  ­¥ § ¢¨á¨â ®â §­ ç¥­¨ï c.

6. �à¥ã£®«ì­ë¥ ª®á®á¨¬¬¥âà¨ç¥áª¨¥ ¬¥â®¤ë (���)

� ®¡é¥© â¥®à¨¨ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ [2] ¯®ª § ­®, çâ® íää¥ªâ¨¢­®áâì ¬¥â®¤  áãé¥áâ¢¥­-
­ë¬ ®¡à §®¬ § ¢¨á¨â ®â ¢ë¡®à  ®¯¥à â®à  B. �®­áâàã¨à®¢ ­¨¥ «¥£ª® ®¡à â¨¬ëå ®¯¥à â®à®¢ B
ï¢«ï¥âáï  ªâã «ì­®© ¨ ¢ ¦­®© § ¤ ç¥©. � ¨¡®«¥¥ ¯¥àá¯¥ªâ¨¢­ë¬ ­ ¯à ¢«¥­¨¥¬ ï¢«ï¥âáï ¨á-
¯®«ì§®¢ ­¨¥ ®¯¥à â®à  B á âà¥ã£®«ì­®© áâàãªâãà®©. �à¨ íâ®¬ ®á®¡¥­­® ¢ ¦­® â®, çâ® ¡« £®¤ àï
âà¥ã£®«ì­®© áâàãªâãà¥ ®¯¥à â®à  B ¨â¥à æ¨®­­ë© ¬¥â®¤ ­  ª ¦¤®© ­®¢®© ¨â¥à æ¨¨ áâ ­®¢¨âáï
¯àï¬ë¬ ¬¥â®¤®¬.

�à¥ã£®«ì­ãî áâàãªâãàã �� ®¡¥á¯¥ç¨â ¤¨ £®­ «ì­ë© ®¯¥à â®à Bc. � [12], [13] ¡ë«¨ ¯à¨¢¥¤¥-
­ë â¥®à¥â¨ç¥áª¨¥ ¨ ç¨á«¥­­ë¥ à¥§ã«ìâ âë, á¢ï§ ­­ë¥ á ¢ë¡®à®¬ ®¯â¨¬ «ì­®£® ¨â¥à æ¨®­­®£®
¯ à ¬¥âà  ¨ ®æ¥­ª®© áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤  ���

B = cE + 2�KH :

� [5], [8] ¨áá«¥¤®¢ ­ ®¯¥à â®à
B = E + � 2KHK

�
H + 2�KH :

�­ ¡®«¥¥ íää¥ªâ¨¢¥­, ­® ¨¬¥¥â âà¥ã£®«ì­ãî áâàãªâãàã â®«ìª® ¢ ®¤­®¬¥à­®¬ á«ãç ¥.

7. �®¯¥à¥¬¥­­®-âà¥ã£®«ì­ë¥ ª®á®á¨¬¬¥âà¨ç¥áª¨¥ ¬¥â®¤ë (����)

�á«¨ ®¯¥à â®à B ¨â¥à æ¨®­­®£® ¬¥â®¤  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¨§¢¥¤¥­¨¥ ª®­¥ç­®£® ç¨á« 
íª®­®¬¨ç­ëå ®¯¥à â®à®¢, â® ®­ â ª¦¥ íª®­®¬¨ç¥­. � ª íª®­®¬¨ç­ë¬ ï¢«ï¥âáï ¯®¯¥à¥¬¥­­®-
âà¥ã£®«ì­ë© ®¯¥à â®à [9]

B = (E + �KH)(E + �KB); (27)

  á®®â¢¥âáâ¢ãîé¨© ¨â¥à æ¨®­­ë© ¬¥â®¤ á íâ¨¬ ®¯¥à â®à®¬ ­ §®¢¥¬ ����.
�¯¥à â®à (27) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (5),   ¥£® á¨¬¬¥âà¨ç¥áª ï á®áâ ¢«ïîé ï ¨¬¥¥â ¢¨¤

B0 = E + � 2KHKB = E � � 2KHK
�
H .

�áá«¥¤®¢ ­¨¥ áå®¤¨¬®áâ¨ ���� ®á­®¢ ­® ­  â¥®à¥¬¥ 2. � ¤® ­ ©â¨ ª®­áâ ­âë ­¥à ¢¥­áâ¢ 
(16) ¤«ï ®¯¥à â®à  (27).

�¥¬¬  4. �ãáâì áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ �1, �2 â ª¨¥, çâ® ¢ë¯®«­¥­ë

­¥à ¢¥­áâ¢  (21) ¨ KHK
�
H � 
3

4
(KH + K�

H), £¤¥ 
3 = kA1k1. �®£¤  ¤«ï ®¯¥à â®à®¢ A0 ¨ B0 =
E � � 2KHK

�
H á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (16) á 
1 = �1, 
2 = 4�2

4��2
2
3

.

�®ª § â¥«ìáâ¢®. �­ ç «  ¤®ª ¦¥¬, çâ® ¥á«¨ 4KHK
�
H � �(KH+K�

H), â® � = 
3 � �max(KH+
K�
H). �¥©áâ¢¨â¥«ì­®, á ®¤­®© áâ®à®­ë, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

2(KHK
�
H +K�

HKH) � �(KH +K�
H);

â. ª. ï¢«ï¥âáï áã¬¬®© ­¥à ¢¥­áâ¢ 4KHK
�
H � �(KH + K�

H) ¨ 4K�
HKH � �(KH + K�

H). � ¤àã£®©
áâ®à®­ë, â. ª. (KH �K�

H)
2 � 0, â® (KH +K�

H)
2 � 2(KHK

�
H +K�

HKH). � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬
­¥à ¢¥­áâ¢® (KH +K�

H)
2 � �(KH +K�

H), ª®â®à®¥ íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã KH +K�
H � �E. �

á¨«ã «¥¬¬ë 1 �max(KH +K�
H) � 
3, £¤¥ 
3 = kKH +K�

Hk.
�¥¯¥àì à áá¬®âà¨¬ ®¯¥à â®à B0 = E � � 2KHK

�
H . �¯¥à â®à KHK

�
H ­¥®âà¨æ â¥«¥­, â. ª. KH

| áâà®£® ­¨¦­ïï âà¥ã£®«ì­ ï ¬ âà¨æ . � á¨«ã (21) E � 1
�1
A0, §­ ç¨â, B0 � E � 1

�1
A0. � ª¨¬

®¡à §®¬, A0 � �1B0 ¨ 
1 = �1. � ª ª ª KHK
�
H � 
3

4
(KH +K�

H) � 
23
4
E,   ¨§ (21) E � 1

�2
A0, â®

B0 � E � � 2

23
4
E � 4��2
23

4�2
A0 ¨ ¯à¨ 4� � 2
23 > 0 ¨¬¥¥â ¬¥áâ® 
2 = 4�2

4��2
2
3

.
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�¥®à¥¬  4. �ãáâì A ¨ B | ¤¨áá¨¯ â¨¢­ë¥ ®¯¥à â®àë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ «¥¬-

¬ë 4. �á«¨ ¯ à ¬¥âà � = �opt 2
�
0;
p
�2
2
+4
2

3
��2


2
3

�
ï¢«ï¥âáï ª®à­¥¬ ãà ¢­¥­¨ï

�1

2
3�

3 � 2
23�
2 � 4(�1 + �2)� + 8 = 0; (28)

â® ¨â¥à æ¨®­­ë© ¬¥â®¤ (2) á ®¯¥à â®à®¬ ¬¥â®¤  (27) áå®¤¨âáï, ¯à¨ç¥¬ ¤«ï ¯®£à¥è­®áâ¨

á¯à ¢¥¤«¨¢  ®æ¥­ª 

kyk � ykB � �kky0 � ykB;
£¤¥ � = �(�opt) = 1� �opt�1.

�®ª § â¥«ìáâ¢®. �®£« á­® â¥®à¥¬¥ 2 ¨ «¥¬¬e 4 ­ ©¤¥¬ §­ ç¥­¨¥ �opt ª ª à¥è¥­¨¥ ãà ¢­¥-
­¨ï

�opt =
2


1(�opt) + 
2(�opt)
=

2
�1 + 4�2

4��2
2
3

:

�®á«¥ ¤®áâ â®ç­® ¯à®áâëå ¢ëª« ¤®ª ¯®«ãç ¥¬ ªã¡¨ç¥áª®¥ ãà ¢­¥­¨¥ (28). �£à ­¨ç¥­¨ï, ­ ª« -
¤ë¢ ¥¬ë¥ ­  ¯ à ¬¥âà � > 0 ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ áå®¤¨¬®áâ¨ B0 > 0:5A0, ï¢«ïîâáï ¯®«®¦¨-

â¥«ì­ë¬¨ à¥è¥­¨ï¬¨ ­¥à ¢¥­áâ¢  1 � � 2

23
4
> 0:5��2,   ¨¬¥­­® � 2 (0; �áå) =

�
0;
p
�2
2
+4
2

3
��2


2
3

�
.

�­®£®ç«¥­ f(�) ¨¬¥¥â ­  ¨­â¥à¢ «¥ (0; �áå) ¥¤¨­áâ¢¥­­ë© ª®à¥­ì, â. ª. f(0) > 0, f(�áå) < 0,  
¯à®¨§¢®¤­ ï f 0(�) = 3�1


2
3�

2� 4
23� � 4(�1+�2) ­  íâ®¬ ¨­â¥à¢ «¥ á®åà ­ï¥â §­ ª f 0(�) < 0.

8. �¢ãæ¨ª«¨ç¥áª¨¥ âà¥ã£®«ì­ë¥ ª®á®á¨¬¬¥âà¨ç¥áª¨¥ ¬¥â®¤ë (����)

� áá¬®âà¨¬ ¨â¥à æ¨®­­ë© ¬¥â®¤, ¢ ª®â®à®¬ ¯¥à¥å®¤ ®â k-© ¨â¥à æ¨¨ ª (k+1)-© ®áãé¥áâ¢«ï-
¥âáï ¢ ¤¢  íâ ¯ . �  ¯¥à¢®¬ íâ ¯¥ ­ å®¤¨âáï §­ ç¥­¨¥ yk+1=2 ª ª à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨©

(BC + 2�HKH)
yk+1=2 � yk

�H
+Ayk = f: (29)

�  ¢â®à®¬ íâ ¯¥ à¥è ¥âáï á¨áâ¥¬  ãà ¢­¥­¨©

(BC + 2�BKB)
yk+1 � yk+1=2

�B
+Ayk+1=2 = f; (30)

¨§ ª®â®à®© ­ å®¤¨âáï §­ ç¥­¨¥ yk+1. �¤¥áì �H > 0 ¨ �B > 0 | ¨â¥à æ¨®­­ë¥ ¯ à ¬¥âàë, ®¯¥à -
â®à BH = BC +2�HKH ¨¬¥¥â ­¨¦­îî âà¥ã£®«ì­ãî áâàãªâãàã,   ®¯¥à â®à BB = BC +2�BKB |
¢¥àå­îî âà¥ã£®«ì­ãî áâàãªâãàã. � ®¡é¥¬ á«ãç ¥ ¬ âà¨æë BC ¬®£ãâ ¨¬¥âì ¢ (29) ¨ (30) à §-
«¨ç­ãî áâàãªâãàã. �¨ª« ¢ëç¨á«¥­¨© á®áâ®¨â ¢ ¯®®ç¥à¥¤­®¬ ¯à¨¬¥­¥­¨¨ ä®à¬ã« (29) ¨ (30).

� ª ª ª ª ¦¤ë© ¨§ ¬¥â®¤®¢ (29) ¨ (30) ¯à¥¤áâ ¢«ï¥â ���, ®¯ãáª ï ¢ëª« ¤ª¨,  ­ «®£¨ç­ë¥
á¤¥« ­­ë¬ à ­¥¥, ®¯¥à â®à ¯¥à¥å®¤  G ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ¤¢ãå ®¯¥à â®à®¢

G = GB �GH ;

£¤¥

GB = B
�1=2
B0 (E + �BPB1)�1(E � �BPB0)B

1=2
B0 ;

GH = B
�1=2
H0 (E + �HPH1)

�1(E � �HPH0)B
1=2
H0 :

�¥®à¥¬  5 ([16]). �«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¬¥â®¤  (29), (30) á ¤¨áá¨¯ â¨¢­ë¬¨

®¯¥à â®à ¬¨ BB ¨ BH ¤®áâ â®ç­®, çâ®¡ë kGk � kE � �BPB0k kE � �HPH0k < 1.

�¥®à¥¬  6 ([16]). �«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¬¥â®¤  (29), (30) á ¤¨áá¨¯ â¨¢­ë¬¨

®¯¥à â®à ¬¨ BB ¨ BH ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ®¯¥à â®à­ëå ­¥à ¢¥­áâ¢

BB0 >
�B

1 +m
A0 >

1�m

1 +m
BB0; BH0 >

�H

1 + 1
m

A0 >
m� 1
1 +m

BH0: (31)
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�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«­ï¥âáï á¨áâ¥¬  ­¥à ¢¥­áâ¢

kE � �BPB0k < m; kE � �HPH0k < 1
m
;

£¤¥ m | «î¡®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �ç¥¢¨¤­®, çâ® ¢ íâ¨å ¯à¥¤¯®«®¦¥­¨ïå ¢ë¯®«­ï¥âáï ¨
­¥à ¢¥­áâ¢® ¢ â¥®à¥¬¥ 5. � ¬®á®¯àï¦¥­­®áâì ®¯¥à â®à®¢ PB0 ¨ PH0 ¯®§¢®«ï¥â § ¯¨á âì á¨áâ¥¬ã
¢ ¢¨¤¥ ®¯¥à â®à­ëå ­¥à ¢¥­áâ¢

�mE < E � �BPB0 < mE; � 1
m
E < E � �HPH0 <

1
m
E;

®âªã¤ 

(1�m)E < �BPB0 < (1 +m)E;
�
1� 1

m

�
E < �HPH0 <

�
1 +

1
m

�
E:

�¬­®¦ ï ®¡¥ ç áâ¨ ¯¥à¢®£® ­¥à ¢¥­áâ¢  íâ®© á¨áâ¥¬ë á«¥¢  ¨ á¯à ¢  ­  B1=2
B0 ,   ¢â®à®£® ­¥à -

¢¥­áâ¢  | ­  B1=2
H0 , ¯®«ãç¨¬ ­¥à ¢¥­áâ¢  (31).

� ¬¥ç ­¨¥. �à¨ m = 1 ª ¦¤®¥ ¨§ ®¯¥à â®à­ëå ­¥à ¢¥­áâ¢ á¨áâ¥¬ë (31) ¨¬¥îâ â®â ¦¥ ¢¨¤,
çâ® ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ (13) áå®¤¨¬®áâ¨ ¤«ï ��.

�¥®à¥¬  7. �ãáâì A ¨ B | ¤¨áá¨¯ â¨¢­ë¥ ®¯¥à â®àë, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

(21) ¨ (22). �®£¤  ¤«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¬¥â®¤  (29), (30) ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï

á¨áâ¥¬ë ­¥à ¢¥­áâ¢

c1


3 + �n
< �B <

c1�H

�H(�n + 2
3)� c1
;

c1


3 + �n
< �H <

c1


3
(32)

¨«¨

c1


3 + �n
< �H <

c1�B

�B(�n + 2
3)� 1
;

c1


3 + �n
< �B <

c1


3
: (33)

�®ª § â¥«ìáâ¢®. �® á¢®©áâ¢ ¬ ®¯¥à â®à­ëå ­¥à ¢¥­áâ¢ ([15], áá. 88, 89) ¨§ «¥¢®© ç áâ¨
á¨áâ¥¬ë ­¥à ¢¥­áâ¢ (31) á ãç¥â®¬ à ­¥¥ ¯®«ãç¥­­ëå ®æ¥­®ª ¤«ï ��� á«¥¤ãîâ ­¥à ¢¥­áâ¢ 

c1 � �B
3 � �B

1 +m
�n > 0; c1 � �H
3 � �H

1 + 1
m

�n > 0:

�á«®¢¨ï ¤¨áá¨¯ â¨¢­®áâ¨ ®¯¥à â®à®¢ ¬¥â®¤  (29), (30) ¯®§¢®«ïîâ § ¯¨á âì íâã á¨áâ¥¬ã ¢ ¢¨¤¥

m >
�B(�n + 
3)� 1

1� �B
3
;

1
m

>
�H(�n + 
3)� 1

1� �H
3
:

�á«®¢¨ï ¯®«®¦¨â¥«ì­®áâ¨ ¯à ¢ëå ç áâ¥© ­¥à ¢¥­áâ¢ ¯®á«¥¤­¥© á¨áâ¥¬ë ¤ îâ ¤¢  ¢ à¨ ­â 
®£à ­¨ç¥­¨© ­  ¨â¥à æ¨®­­ë¥ ¯ à ¬¥âàë ¨, â¥¬ á ¬ë¬, ¤¢  ¢ à¨ ­â  ¨áª«îç¥­¨ï ¨§ á¨áâ¥¬ë
¯à®¬¥¦ãâ®ç­®£® ¯ à ¬¥âà . �®á«¥ ­¥á«®¦­ëå ¢ëª« ¤®ª ¯®«ãç ¥¬ á¨áâ¥¬ë (32) ¨ (33).

� ¬¥ç ­¨¥ 1. �à¨ m = 1 ¤®áâ â®ç­ë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨ (32) ¨ (33) ¯à¨­¨¬ îâ ¢¨¤

0 < �H <
c1


3 + 0:5�n
<

c1


3
; 0 < �B <

c1


3 + 0:5�n
<

c1


3

¨ á®¢¯ ¤ îâ á �áå ¤«ï ��� [13].

� ¬¥ç ­¨¥ 2. �¨áâ¥¬ë ­¥à ¢¥­áâ¢ (32) ¨ (33) ¤ îâ ®æ¥­ª¨ ¨­â¥à¢ «®¢ áå®¤¨¬®áâ¨ ¬¥â®¤®¢,
£¤¥ ­ ¤® ¨áª âì ®¯â¨¬ «ì­ë¥ ¯ à ¬¥âàë. � «¨ç¨¥ â ª¨å ®æ¥­®ª á¨«ì­® ®¡«¥£ç ¥â à¥è¥­¨¥ íâ®©
­¥«¥£ª®© § ¤ ç¨.
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9. �¨á«¥­­®¥ ¨áá«¥¤®¢ ­¨¥

�¨á«¥­­®¥ ¨áá«¥¤®¢ ­¨¥ ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¯à®¢®¤¨«®áì ­  á«¥¤ãîé¥© ¬®¤¥«ì­®© § ¤ -
ç¥. � § ¬ª­ãâ®© ®¡« áâ¨ 
 = [0; 1] � [0; 1] à áá¬ âà¨¢ «®áì áâ æ¨®­ à­®¥ ãà ¢­¥­¨¥ ª®­¢¥ªæ¨¨-
¤¨ääã§¨¨

� 1
Pe

�s+
1
2

�
u
@s

@x
+
@(us)
@x

+ v
@s

@y
+
@(vs)
@y

�
= f(x; y);

ª®­¢¥ªâ¨¢­ë¥ ç«¥­ë ª®â®à®£® § ¯¨á ­ë ¢ ¢¨¤¥ ¯®«ãáã¬¬ë ¤¨¢¥à£¥­â­®© ¨ ­¥¤¨¢¥à£¥­â­®©
ä®à¬. �  £à ­¨æ¥ áâ ¢¨«¨áì ãá«®¢¨ï 1-£® à®¤ . � à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ áâà®¨« áì à ¢-
­®¬¥à­ ï á¥âª  á à ¢­ë¬¨ è £ ¬¨ ¯® ®¡®¨¬ ­ ¯à ¢«¥­¨ï¬

!h = f(ih; jh); i; j = 0; 1; : : : ; N; h = 1
N
g:

�®á«¥  ¯¯à®ªá¨¬ æ¨¨ íâ®£® ãà ¢­¥­¨ï ­  áâ ­¤ àâ­®¬ ¯ïâ¨â®ç¥ç­®¬ è ¡«®­¥, £¤¥ ª®­¢¥ª-
â¨¢­ ï ç áâì  ¯¯à®ªá¨¬¨àã¥âáï æ¥­âà «ì­ë¬¨ à §­®áâï¬¨, ¯®«ãç ¥âáï á¨áâ¥¬  «¨­¥©­ëå  «-
£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ¤¨áá¨¯ â¨¢­®© ¯ïâ¨¤¨ £®­ «ì­®© ¬ âà¨æ¥© A. � áç¥âë ¯à®¢®¤¨«¨áì
¯à¨ à §­ëå ç¨á« å Pe.

�â¥à æ¨®­­ë© ¯à®æ¥áá ¯à¥ªà é «áï, ¥á«¨

kr(k)k2
kr(0)2 k2

< "; " = 10�6;

£¤¥ r(k) ¨ r(0) | ­¥¢ï§ª¨ á®®â¢¥âáâ¢¥­­® ­  k-© ¨ 0-© ¨â¥à æ¨ïå.
� ª ç¥áâ¢¥ â®ç­®£® £« ¤ª®£® à¥è¥­¨ï ¡à « áì äã­ªæ¨ï es(x; y) = exy sin�x sin�y, ®¡à é î-

é ïáï ¢ ­ã«ì ­  £à ­¨æ¥. �®ç­®áâì ®¯à¥¤¥«ï« áì ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâìî

� =
ks� esk
kesk � 100%;

£¤¥ s | ¯®«ãç¥­­®¥ à¥è¥­¨¥, es | â®ç­®¥ à¥è¥­¨¥.
�à¨ ¯à®¢¥¤¥­¨¨ ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï ¡ë«® à áá¬®âà¥­® ç¥âëà¥ ¢ à¨ ­â  § ¤ ­¨ï ª®-

íää¨æ¨¥­â®¢ ¯à¨ ª®­¢¥ªâ¨¢­ëå ç«¥­ å.

� ¤ ç  1 � ¤ ç  2 � ¤ ç  3 � ¤ ç  4
u = 1 u = 1� 2x u = x+ y u = sin 2�x
v = �1 v = 2y � 1 v = x� y v = �2�y cos 2�x

�à®¢¥¤¥­­ë¥ à áç¥âë ¯®ª § «¨, çâ® ¢ á«ãç ¥ ¡ëáâà® ¬¥­ïîé¨åáï ª®íää¨æ¨¥­â®¢ (§ ¤ ç  4)
áª®à®áâì áå®¤¨¬®áâ¨ ¢á¥å ¢ëè¥¯à¨¢¥¤¥­­ëå ¬¥â®¤®¢ ¡ë«  ­¨¦¥ ¯® áà ¢­¥­¨î á ¤àã£¨¬¨ ¢ à¨-
 ­â ¬¨ ¢ë¡®à  ª®íää¨æ¨¥­â®¢. �®íâ®¬ã ¡ë« ¯à¥¤«®¦¥­ á¯¥æ¨ «ì­ë© á¯®á®¡ ¯®áâà®¥­¨ï à¥£ã-
«ïà¨§ â®à , ¯®§¢®«ïîé¨© ã¢¥«¨ç¨âì áª®à®áâì áå®¤¨¬®áâ¨ ¢ íâ®¬ á«ãç ¥.

�ãáâì ®¯¥à â®à B ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã: B = R + 2�KH , R = E + !D, £¤¥ D |
¤¨ £®­ «ì­ ï ¬ âà¨æ , ! | ç¨á«®¢®© ¯ à ¬¥âà ¤«ï ��� ¨ B = (R + �KH)R�1(R + �KB) ¤«ï
����. �à ¢¨«ì­ë© ¢ë¡®à ¬ âà¨æë R ¯®§¢®«ï¥â ã¬¥­ìè¨âì ç¨á«® ¨â¥à æ¨©.

�¬ëá« ¢¢¥¤¥­¨ï ¢ ®¯¥à â®à R ¤¨ £®­ «ì­®© ¬ âà¨æëD ¨ ¯ à ¬¥âà  ! á®áâ®¨â ¢ â®¬, çâ® ¯à¨
¢ë¡®à¥ á®®â¢¥âáâ¢ãîé¥© áâàãªâãàë ¬ âà¨æë D ¨ §­ ç¥­¨ï ¯ à ¬¥âà  ! áª®à®áâì áå®¤¨¬®áâ¨
¬¥â®¤®¢ ã¢¥«¨ç¨¢ ¥âáï.

� áá¬®âà¨¬ à §«®¦¥­¨¥ áâà®£® ­¨¦­¥© KH ¨ áâà®£® ¢¥àå­¥© KB âà¥ã£®«ì­ëå ç áâ¥© ª®-
á®á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æë A1 = KH + KB ­  áã¬¬ã ¬ âà¨æ ¡®«¥¥ ¯à®áâ®© áâàãªâãàë KH =
nP
i=2

KHi1, £¤¥ KHi1 | ®¤­®¤¨ £®­ «ì­ ï áâà®£® ­¨¦­ïï âà¥ã£®«ì­ ï ¬ âà¨æ , ­¥­ã«¥¢ ï ¤¨ £®-

­ «ì ª®â®à®© ­ ç¨­ ¥âáï á í«¥¬¥­â , áâ®ïé¥£® ¢ i-© áâà®ª¥ ¨ 1-¬ áâ®«¡æ¥, KB =
nP
i=2

KB1i, £¤¥

KB1i | ®¤­®¤¨ £®­ «ì­ ï áâà®£® ¢¥àå­ïï âà¥ã£®«ì­ ï ¬ âà¨æ , ­¥­ã«¥¢ ï ¤¨ £®­ «ì ª®â®à®©
­ ç¨­ ¥âáï á í«¥¬¥­â , áâ®ïé¥£® ¢ 1-© áâà®ª¥ ¨ i-¬ áâ®«¡æ¥. � âà¨æë KHi1 ¨ KB1i å à ªâ¥à­ë
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â¥¬, çâ® ¨å ­¥­ã«¥¢ë¥ ¤¨ £®­ «¨ à ¢­®ã¤ «¥­ë ®â £« ¢­®© ¤¨ £®­ «¨ ¬ âà¨æë A1. �ç¥¢¨¤­®,
KHi1 = �K�

B1i.
� âà¨æë ¯à®¨§¢¥¤¥­¨© KHi1KB1i = �KHi1K

�
Hi1 = �K�

B1iKB1i ¨ KB1iKHi1 = �K�
Hi1KHi1 =

�KB1iK
�
B1i ï¢«ïîâáï ¤¨ £®­ «ì­ë¬¨ ¨ ®âà¨æ â¥«ì­® ¯®«ã®¯à¥¤¥«¥­­ë¬¨.

�á¯®«ì§ãï íâ¨ à §«®¦¥­¨ï, ¬®¦­® ¯à¥¤«®¦¨âì áâàãªâãàã ¤¨ £®­ «ì­ëå ­¥®âà¨æ â¥«ì­ëå
¬ âà¨æ

D1 = �Diag(KHKB) =
nX
i=2

KHi1K
�
Hi1;

D2 = �Diag(KBKH) =
nX
i=2

KB1iK
�
B1i:

� âà¨æë KHi1K
�
Hi1 6= K�

Hi1KHi1, ¨ ¤«ï ­¨å å à ªâ¥à­® á«¥¤ãîé¥¥ à á¯®«®¦¥­¨¥ ­ã«¥¢ëå
í«¥¬¥­â®¢ ­  £« ¢­®© ¤¨ £®­ «¨: ¢ KHi1K

�
Hi1 ­ã«¥¢ë¥ í«¥¬¥­âë ­ ç¨­ îâáï á í«¥¬¥­â , áâ®-

ïé¥£® ¢ 1-© áâà®ª¥ ¨ ¢ 1-¬ áâ®«¡æ¥ ¬ âà¨æë, ¨ § ª ­ç¨¢ îâáï ­  í«¥¬¥­â¥ ¢ i-© áâà®ª¥ ¨ i-¬
áâ®«¡æ¥; ¢ K�

Hi1KHi1 ­ã«¥¢ë¥ í«¥¬¥­âë ­ ç¨­ îâáï á í«¥¬¥­â , áâ®ïé¥£® ¢ (n�i)-© áâà®ª¥ ¨
¢ (n�1)-¬ áâ®«¡æ¥ ¬ âà¨æë, ¨ § ª ­ç¨¢ îâáï ­  í«¥¬¥­â¥ ¢ n-© áâà®ª¥ ¨ n-¬ áâ®«¡æ¥. �â®â
¤®¢®«ì­® ®ç¥¢¨¤­ë© ä ªâ ¨¬¥¥â §­ ç¥­¨¥ ¯à¨ ª®­áâàã¨à®¢ ­¨¨ ¤¨ £®­ «ì­ëå ¯®«®¦¨â¥«ì­®
®¯à¥¤¥«¥­­ëå ¬ âà¨æ

D0 =
1
2
(D1 +D2) =

1
2

nX
i=2

(KHi1K
�
Hi1 +K�

Hi1KHi1);

D3 =
n�1X
i=1

(KH2i;1K
�
H2i;1 +K�

H2i+1;1KH2i+1;1);

D4 =
n�1X
i=1

(KB1;2iK
�
B1;2i +K�

B1;2i+1KB1;2i+1):

�à¨ íâ®¬ D0 ¬®¦­® ¯à¥¤áâ ¢¨âì â ª¦¥ ¢ ¢¨¤¥ D0 = 1
2
(D3 +D4).

�â¥à æ¨®­­ë¥ ¬¥â®¤ë, ¢ ª®â®àëå ¡ë«¨ ¨á¯®«ì§®¢ ­ë ¯à®æ¥¤ãàë ãáª®à¥­¨ï, ¡ã¤ãâ ®¡®§­ -
ç âìáï ¢ â ¡«¨æ å ���(�), ����(�) ¨ ����(�).

� ¡«¨æ  1. �à ¢­¥­¨¥ ç¨á«  ¨â¥à æ¨© ¤«ï ª®á®á¨¬¬¥âà¨ç­ëå ¬¥â®¤®¢ ­  § ¤ ç å 1{4

Pe ��� ���� ����
n(���)
n(����)

n(���)
n(����)

n(����)
n(����)

� ¤ ç  1

Pe = 103 216 107 103 2.019 2.097 1.039
Pe = 104 1517 723 753 2.098 2.015 0.960
Pe = 105 12097 5560 5725 2.176 2.113 0.971

� ¤ ç  2

Pe = 103 397 129 149 3.076 2.664 0.866
Pe = 104 1368 424 611 3.226 2.239 0.694
Pe = 105 9604 3162 4733 3.037 2.029 0.668

� ¤ ç  3

Pe = 103 304 189 118 1.608 2.576 1.602
Pe = 104 1400 566 629 2.473 2.256 0.900
Pe = 105 10985 4571 4457 2.403 2.465 1.026

� ¤ ç  4

Pe = 103 532 128 225 4.156 2.364 0.570
Pe = 104 3936 900 1601 4.373 2.458 0.562
Pe = 105 33344 7098 13714 4.698 2.431 0.518
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� ¬¥ç ­¨¥. � â ¡«¨æ¥ 1 áà ¢­¨¢ ¥âáï ç¨á«® ¨â¥à æ¨© ���, ���� ¨ ����. � ª ª ª
ª ¦¤ ï ­®¢ ï ¨â¥à æ¨ï yk+1 ¢ ���� ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï (2) ¢ ¤¢  íâ ¯ , â. ¥. ­  ¯¥à¢®¬
íâ ¯¥ ­ å®¤¨âáï ¯à®¬¥¦ãâ®ç­®¥ §­ ç¥­¨¥ yk+1=2 ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï (E + �KH)yk+1=2 = 'k,
£¤¥ 'k = (E + �KH)(E + �KB)yk � �Ayk + �f ,   ­  ¢â®à®¬ íâ ¯¥ á ¨á¯®«ì§®¢ ­¨¥¬ ­ ©¤¥­­®£®
§­ ç¥­¨ï yk+1=2 à¥è ¥âáï ®â­®á¨â¥«ì­® yk+1 ãà ¢­¥­¨¥

(E + �KB)yk+1 = yk+1=2;

â® ¯à¨ à¥è¥­¨¨ ¢®¯à®á  ®¡ íää¥ªâ¨¢­®áâ¨ ª ¦¤®£® ¬¥â®¤  ­¥®¡å®¤¨¬® ãç¨âë¢ âì, çâ® ª ¦¤ ï
¨â¥à æ¨ï ���� ( ­ «®£¨ç­® ¨ ¤«ï ����) âà¥¡ã¥â  à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨© ­¥ ¡®«¥¥, ç¥¬
ã¤¢®¥­­®¥ ª®«¨ç¥áâ¢® ¤¥©áâ¢¨© ¢ ���. � ª¨¬ ®¡à §®¬, â®«ìª® ¯à¨ §­ ç¥­¨ïå

n(���)
n(����)

> 2 ¨
n(���)
n(����)

> 2

¬®¦­® £®¢®à¨âì ® â®¬, çâ® íâ¨ ¬¥â®¤ë ¡®«¥¥ íää¥ªâ¨¢­ë. � ®â­®è¥­¨¨ ���� ¨ ���� íä-
ä¥ªâ¨¢­®áâì ¬¥â®¤  ®¯à¥¤¥«ï¥âáï ç¨á«®¬ ¨â¥à æ¨©, â. ª. ª®«¨ç¥áâ¢®  à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨©
ã ­¨å ®¤¨­ ª®¢®.

�á«¨ ãç¥áâì íâ® § ¬¥ç ­¨¥, â® ¯® à¥§ã«ìâ â ¬ ç¨á«¥­­®£® íªá¯¥à¨¬¥­â  ¬®¦­® ¢¨¤¥âì, çâ®
¬¥â®¤ ���� ­ ¨¡®«¥¥ íää¥ªâ¨¢¥­ ¯à¨ ¢á¥å §­ ç¥­¨ïå Pe ¤«ï § ¤ ç 1, 2 ¨ 4. �  § ¤ ç¥ 3 ®­
à ¡®â ¥â çãâì åã¦¥, ç¥¬ ����.

�á¥ ¢ à¨ ­âë ª®á®á¨¬¬¥âà¨ç­ëå ¬¥â®¤®¢ áà ¢­¨¢ «¨áì (â ¡«¨æë 2{4) á® áâ ­¤ àâ­ë¬¨ ¢ -
à¨ ­â ¬¨ â ª¨å ¨§¢¥áâ­ëå ¨ ¡«¨§ª¨å ¯® áâàãªâãà¥ ®¡à é ¥¬®£® ®¯¥à â®à  ¬¥â®¤ ¬, ª ª SOR
¤«ï ��� ¨ SSOR ¤«ï ���� ¨ ����.

�  ¢á¥å § ¤ ç å ¬¥â®¤ SOR à ¡®â ¥â íää¥ªâ¨¢­¥©, ç¥¬ ���,   ���� à ¡®â ¥â â ª ¦¥ ¨«¨
çãâì «ãçè¥,   ���� åã¦¥, ç¥¬ SSOR.

�¬¥áâ¥ á â¥¬, ª ª ¢¨¤­® ¨§ ¯à¨¢¥¤¥­­ëå â ¡«¨æ 2{4, ãáª®à¥­­ë¥ ¢ à¨ ­âë ¢á¥å à áá¬®âà¥­-
­ëå ¬¥â®¤®¢ à ¡®â îâ íää¥ªâ¨¢­¥© ¬¥â®¤®¢ SOR ¨ SSOR ­  ¢á¥å § ¤ ç å, £¤¥ ª®íää¨æ¨¥­âë
¬ âà¨æë á¨«ì­® ¬¥­ïîâáï,   ç¨á«® �¥ª«¥ ¤®áâ â®ç­® ¢¥«¨ª®. �á®¡¥­­® ¯à¥¨¬ãé¥áâ¢® ãáª®à¥­-
­®© ¯à®æ¥¤ãàë § ¬¥â­® ­  á ¬®© âàã¤­®© ¨§ à áá¬®âà¥­­ëå § ¤ ç| § ¤ ç¥ 4, £¤¥ ¯à¥¢®áå®¤áâ¢®
¯®çâ¨ ¤¢®©­®¥.

� ¡«¨æ  2. �¨á«® ¨â¥à æ¨© ¤«ï âà¥ã£®«ì­ëå ¬¥â®¤®¢ ­  § ¤ ç å 1{4

Pe ��� ���(�) SOR
n(���)

n(���(�))
n(���)
n(SOR)

n(���(�))
n(SOR)

� ¤ ç  1

Pe = 103 216 214 107 1.009 2.019 2.000
Pe = 104 1517 1486 1095 1.021 1.386 1.358
Pe = 105 12097 11450 10899 1.057 1.110 1.051

� ¤ ç  2

Pe = 103 397 287 181 1.383 1.095 1.586
Pe = 104 1368 1172 799 1.167 1.712 1.467
Pe = 105 9604 8880 7936 1.369 1.209 1.21

� ¤ ç  3

Pe = 103 304 264 153 1.152 1.987 1.725
Pe = 104 1400 1192 1009 1.174 1.387 1.181
Pe = 105 10985 8970 10357 1.224 1.061 0.866

� ¤ ç  4

Pe = 103 532 342 341 1.556 1.560 1.003
Pe = 104 3936 2166 3002 1.817 1.311 0.722
Pe = 105 33344 17863 29782 1.867 1.120 0.600
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� ¡«¨æ  3. �¨á«® ¨â¥à æ¨© ¤«ï ¯®¯¥à¥¬¥­­®-âà¥ã£®«ì­ëå ¬¥â®¤®¢ ­  § ¤ ç å 1{4

Pe ���� ����(�) SSOR
n(����)

n(����(�))
n(����)
n(SSOR)

n(����(�))
n(SSOR)

� ¤ ç  1

Pe = 103 107 104 99 1.023 1.081 1.050
Pe = 104 723 723 747 1.000 0.968 0.968
Pe = 105 5560 5560 5816 1.000 0.971 0.956

� ¤ ç  2

Pe = 103 129 60 102 2.150 1.265 0.588
Pe = 104 424 291 375 1.457 1.131 0.776
Pe = 105 3162 2249 2940 1.406 1.076 0.765

� ¤ ç  3

Pe = 103 189 52 101 3.635 1.871 0.515
Pe = 104 566 406 604 1.394 0.937 0.672
Pe = 105 4571 4407 4655 1.037 0.982 0.947

� ¤ ç  4

Pe = 103 128 109 147 1.174 0.870 0.741
Pe = 104 900 670 1067 1.343 0.843 0.628
Pe = 105 7098 4407 7999 1.611 0.887 0.551

� ¡«¨æ  4. �¨á«® ¨â¥à æ¨© ¤«ï ¤¢ãæ¨ª«¨ç¥áª¨å âà¥ã£®«ì­ëå ¬¥â®¤®¢ ­  § ¤ ç å 1{4

Pe ���� ����(�) SSOR
n(����)

n(����(�))
n(����)
n(SSOR)

n(����(�))
n(SSOR)

� ¤ ç  1

Pe = 103 103 103 99 1.000 1.040 1.040
Pe = 104 753 750 747 1.004 1.008 1.004
Pe = 105 5725 5725 5816 1.000 0.984 0.984

� ¤ ç  2

Pe = 103 149 127 102 1.173 1.461 1.245
Pe = 104 611 442 375 1.382 1.711 1.929
Pe = 105 4733 3355 2940 1.411 1.610 1.411

� ¤ ç  3

Pe = 103 118 74 101 1.595 1.168 0.733
Pe = 104 629 423 604 1.487 1.041 0.700
Pe = 105 4457 3211 4655 1.388 0.957 0.690

� ¤ ç  4

Pe = 103 225 83 147 2.711 1.531 0.565
Pe = 104 1601 467 1067 3.482 1.500 0.438
Pe = 105 13714 3534 7999 3.881 1.714 0.442

�¨â¥à âãà 
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