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1. �¢¥¤¥¨¥

� áâ âì¥ ¨§ãç îâáï ¢®¯à®áë à¥£ã«ïà¨§ æ¨¨ § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª  á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨.

� ª ¨§¢¥áâ®, § ¤ ç  �®è¨ ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ¥ª®àà¥ªâ , à¥è¥¨¥ § ¤ ç¨
¥¤¨áâ¢¥®, ® ¥ãáâ®©ç¨¢® (¯à¨¬¥à �¤ ¬ à ). �«ï â®£® çâ®¡ë ¯®áâ ®¢ª  § ¤ ç¨ ¡ë«  ª®à-
à¥ªâ®©, ¥®¡å®¤¨¬® áã§¨âì ª« áá ¨§ãç ¥¬ëå à¥è¥¨©.

�  ¯à®âï¦¥¨¨ ¯®á«¥¤¨å ¤¥áïâ¨«¥â¨© ¥ ®á« ¡¥¢ « ¨â¥à¥á ª ª« áá¨ç¥áª®© ¥ª®àà¥ªâ®©
§ ¤ ç¥ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �â®  ¯à ¢«¥¨¥ ¢ ¨áá«¥¤®¢ ¨¨ á¢®©áâ¢ à¥è¥¨© § ¤ ç¨ �®è¨
¤«ï ãà ¢¥¨ï � ¯« á   ç â® ¢ 50-å ££. ¢ à ¡®â å [1]{[4] ¨ à §¢¨¢ «®áì ¢¯®á«¥¤áâ¢¨¨ ¢ [5]{[12].

�ãáâì x = (x1; : : : ; xm), y = (y1; : : : ; ym) | â®çª¨ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Rm ¨ D | ®¡« áâì
¢ Rm á ªãá®ç®-£« ¤ª®© £à ¨æ¥© @D, S | ç áâì @D,

P
= @D n S. � áá¬®âà¨¬ ¢ ®¡« áâ¨ D

á¨áâ¥¬ã ãà ¢¥¨© � ¬¥ ¢ ¢¥ªâ®à®© ä®à¬¥

��U(y) + (�+ �) grad divU(y) = 0;

£¤¥ U = (U1; : : : ; Um) | ¢¥ªâ®à á¬¥é¥¨ï, � | ®¯¥à â®à � ¯« á , �, � | ¯®áâ®ïë¥ � -
¬¥. �«ï á®ªà é¥¨ï ¨§«®¦¥¨ï ã¤®¡® ¯®«ì§®¢ âìáï ¬ âà¨ç®© § ¯¨áìî. �¢¥¤¥¬ ¬ âà¨çë©
¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à

A(@x) = kAij(@x)km�m;
£¤¥ Aij(@x) = �ij��+ (�+ �) @2

@xi@xj
.

�®£¤  ¨§ãç ¥¬ ï í««¨¯â¨ç¥áª ï á¨áâ¥¬  ãà ¢¥¨© § ¯¨è¥âáï ¢ ¬ âà¨ç®© ä®à¬¥

A(@x)U(x) = 0: (1)

�®áâ ®¢ª  § ¤ ç¨. �§¢¥áâë ¤ ë¥ �®è¨ à¥è¥¨ï á¨áâ¥¬ë   ¯®¢¥àå®áâ¨ S

U(y) = f(y); y 2 S;
T (@y; n(y))U(y) =  (y); y 2 S; (2)

£¤¥ f = (f1; : : : ; fm),  = ( 1; : : : ;  m) | § ¤ ë¥ ¥¯à¥àë¢ë¥ ¢¥ªâ®à-äãªæ¨¨   S,

T (@y; n(y)) = kTij(@y; n(y))km�m =
�ni @@yj + �nj

@

@yi
+ ��ij

@

@n


m�m

| ®¯¥à â®à  ¯àï¦¥¨ï, �ij | á¨¬¢®« �à®¥ª¥à , n = (n1; : : : ; nm) | ¥¤¨¨çë© ¢¥ªâ®à ®à-
¬ «¨ ª ¯®¢¥àå®áâ¨ S.

�à¥¡ã¥âáï ®¯à¥¤¥«¨âì äãªæ¨î U(y) ¢ D, ¨áå®¤ï ¨§ § ¤ ëå f ¨  , â. ¥. à¥è¨âì § ¤ çã
  «¨â¨ç¥áª®£® ¯à®¤®«¦¥¨ï à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨© ¢ ¯à®áâà áâ¢¥®© ®¡« áâ¨ ¯® ¥¥
§ ç¥¨ï¬ f ¨ § ç¥¨ï¬ ¥¥  ¯àï¦¥¨©    £« ¤ª®¬ ªãáª¥ S £à ¨æë.
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�¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ (1), (2) á«¥¤ã¥â ¨§ ®¡é¥© â¥®à¥¬ë �®«¬£à¥  [13]. �®á«¥
ãáâ ®¢«¥¨ï ¥¤¨áâ¢¥®áâ¨ ¢ â¥®à¥â¨ç¥áª¨å ¨áá«¥¤®¢ ¨ïå ¥ª®àà¥ªâëå § ¤ ç ¢®§¨ª îâ
¢ ¦ë¥ ¢®¯à®áë ¯®«ãç¥¨ï ®æ¥ª¨ ãá«®¢®© ãáâ®©ç¨¢®áâ¨ ¨ ¯®áâà®¥¨ï à¥£ã«ïà¨§¨àãîé¨å
®¯¥à â®à®¢.

�ãáâì ¢¬¥áâ® f(y) ¨  (y) § ¤ ë ¨å ¯à¨¡«¨¦¥¨ï f�(y) ¨  �(y) á â®ç®áâìî � 2 (0; 1) (¢
¬¥âà¨ª¥ C), ª®â®àë¥ ¬®£ãâ ¥ ¯à¨ ¤«¥¦ âì ª« ááã áãé¥áâ¢®¢ ¨ï à¥è¥¨©. � ¤ ®© à ¡®â¥
áâà®¨âáï á¥¬¥©áâ¢® äãªæ¨© U(x; f�;  �) = U��(x), § ¢¨áïé¥¥ ®â ¯ à ¬¥âà  �, ¨ ¤®ª §ë¢ ¥âáï,
çâ® ¯à¨ ¥ª®â®àëå ãá«®¢¨ïå ¨ á¯¥æ¨ «ì®¬ ¢ë¡®à¥ ¯ à ¬¥âà  �(�) ¯à¨ � ! 0 á¥¬¥©áâ¢® U��(x)
áå®¤¨âáï ¢ ®¡ëç®¬ á¬ëá«¥ ª à¥è¥¨î U(x) § ¤ ç¨ (1), (2).

�«¥¤ãï �.�.�¨å®®¢ã, U��(x)  §®¢¥¬ à¥£ã«ïà¨§®¢ ë¬ à¥è¥¨¥¬ § ¤ ç¨, ª®â®à®¥ ®¯à¥¤¥-
«ï¥â ãáâ®©ç¨¢ë© ¬¥â®¤ ¥¥ ¯à¨¡«¨¦¥®£® à¥è¥¨ï [14].

�ãé¥áâ¢¥® ¨á¯®«ì§ãï à¥§ã«ìâ âë à ¡®â [1], [15] ¯® § ¤ ç¥ �®è¨ ¤«ï ãà ¢¥¨ï � ¯« á ,
¯®áâà®¨¬ ¬ âà¨æã � à«¥¬   ¢ ï¢®¬ ¢¨¤¥ ¨   ¥¥ ®á®¢¥ à¥£ã«ïà¨§®¢ ®¥ à¥è¥¨¥ § ¤ ç¨
�®è¨ ¤«ï á¨áâ¥¬ë ãà ¢¥¨© (1). �®áª®«ìªã §¤¥áì ¨¤¥â à¥çì ® ï¢ëå ä®à¬ã« å, â® ¯®áâà®¥¨¥
¬ âà¨æë � à«¥¬   ¢ í«¥¬¥â àëå ¨ á¯¥æ¨ «ìëå äãªæ¨ïå ¯à¥¤áâ ¢«ï¥â § ç¨â¥«ìë© ¨-
â¥à¥á. �à¨m = 2; 3 ¨§ãç ¥¬ ï § ¤ ç  á®¢¯ ¤ ¥â á § ¤ ç¥© �®è¨ ¤«ï á¨áâ¥¬ë ãà ¢¥¨© áâ â¨ª¨
¨§®âà®¯®© ã¯àã£®© áà¥¤ë. � íâ¨å á«ãç ïå § ¤ ç  (1), (2) ¤«ï á¯¥æ¨ «ìëå ª« áá®¢ ®¡« áâ¥©
¨áá«¥¤®¢   ¢ [6]{[9], [12]. � ¤ ç  �®è¨ ¤«ï á¨áâ¥¬ë ãà ¢¥¨© ãáâ ®¢¨¢è¨åáï ã¯àã£¨å ª®-
«¥¡ ¨©, ¤«ï á¨áâ¥¬ë ãà ¢¥¨© â¥à¬®ã¯àã£®áâ¨ ¨ ¤«ï á¨áâ¥¬ë ãà ¢¥¨© ¬®¬¥â®© â¥®à¨¨
ã¯àã£®áâ¨ ¢ ¯à®áâà áâ¢¥ ¨áá«¥¤®¢   ¢ [5], [10]{[12], [16]. � ¥¥ ¢ [17], [18] ¡ë«® ¤®ª § ®, çâ®
¬ âà¨æ  � à«¥¬   áãé¥áâ¢ã¥â ¢® ¢áïª®© § ¤ ç¥ �®è¨ ¤«ï à¥è¥¨© í««¨¯â¨ç¥áª¨å á¨áâ¥¬,
¥á«¨ â®«ìª® ¤ ë¥ �®è¨ § ¤ îâáï   £à ¨ç®¬ ¬®¦¥áâ¢¥ ¯®«®¦¨â¥«ì®© ¬¥àë.

2. �®áâà®¥¨¥ ¬ âà¨æë äã¤ ¬¥â «ìëå à¥è¥¨© á¯¥æ¨ «ì®£® ¢¨¤ 

�¯à¥¤¥«¥¨¥ 1. � âà¨æ  �(y; x) = k�ij(y; x)km�m,

�ij(y; x) =
1

2�(�+ 2�)

�
�ij(�+ 3�)q(y; x)� (�+ �)(yj � xj)

@

@yi
q(y; x)

�
; i; j = 1; 2; : : : ;m;

£¤¥

q(y; x) =

(
1

(2�m)!m

1
jy�xjm�2

; m > 2;
1
2�
ln jy � xj; m = 2;

jy � xj =
q
(y1 � x1)2 + � � � + (ym � xm)2;

!m | ¯«®é ¤ì ¥¤¨¨ç®© áä¥àë ¢ Rm,  §ë¢ ¥âáï ¬ âà¨æ¥© äã¤ ¬¥â «ìëå à¥è¥¨© á¨áâ¥-
¬ë (1).

� âà¨æ  �(y; x) á¨¬¬¥âà¨ç  ¨ ª ¦¤ë© ¥¥ áâ®«¡¥æ,   â ª¦¥ áâà®ª  ã¤®¢«¥â¢®àïîâ ãà ¢¥-
¨î (1) ¢ ¯à®¨§¢®«ì®© â®çª¥ x 2 Rm, ªà®¬¥ y = x. � ª¨¬ ®¡à §®¬, A(@x)�(y; x) = 0, y 6= x.

� §¢¨¢ ï ¨¤¥î �.�.� ¢à¥âì¥¢ , ª®â®àë© ¢¢¥« ¯®ïâ¨¥ äãªæ¨¨ � à«¥¬   § ¤ ç¨ �®è¨
¤«ï ãà ¢¥¨ï � ¯« á  [1], ¤ ¤¨¬

�¯à¥¤¥«¥¨¥ 2. � âà¨æ¥© � à«¥¬   § ¤ ç¨ (1), (2)  §ë¢ ¥âáïm�m-¬ âà¨æ  �(y; x; �),
ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¨¬ ¤¢ã¬ ãá«®¢¨ï¬:

1) �(y; x; �) = �(y; x) +G(y; x; �),
£¤¥ � | ¯®«®¦¨â¥«ìë© ç¨á«®¢®© ¯ à ¬¥âà, ¬ âà¨æ  G(y; x; �) ¯® ¯¥à¥¬¥®© y ã¤®¢«¥â¢®àï¥â
á¨áâ¥¬¥ (1) ¢áî¤ã ¢ ®¡« áâ¨ D;

2)
R
�

(j�(y; x; �)j + jT (@y; n)�(y; x; �)j)dsy � "(�),

£¤¥ "(�) ! 0 ¯à¨ � ! 1 à ¢®¬¥à® ¯® x   ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ å D; §¤¥áì ¨ ¤ -

«¥¥ j�j ®§ ç ¥â ¥¢ª«¨¤®¢ã ®à¬ã ¬ âà¨æë � = k�kjk, â. ¥. j�j =
� mP
k;j=1

�2
kj

�1=2
, ¢ ç áâ®áâ¨,

jU j =
� mP
k=1

U 2
k

�1=2
¤«ï ¢¥ªâ®à  U .

42



�¯à¥¤¥«¥¨¥ 3. �¥ªâ®à-äãªæ¨ï U(y) = (U1(y); : : : ; Um(y))  §ë¢ ¥âáï à¥£ã«ïà®© ¢ D,
¥á«¨ ®  ¥¯à¥àë¢  ¢¬¥áâ¥ á® á¢®¨¬¨ ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¢â®à®£® ¯®àï¤ª  ¢ D ¨ ¯¥à¢®£®
¯®àï¤ª    D = D [ @D.

� â¥®à¨¨ ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¢ ¦ãî à®«ì ¨£à îâ ¯à¥¤áâ ¢«¥¨ï à¥è¥¨©
íâ¨å ãà ¢¥¨© ¢ ¢¨¤¥ äãªæ¨¨ â¨¯  ¯®â¥æ¨ « . �¤® ¨§ íâ¨å ¯à¥¤áâ ¢«¥¨© ¤ ¥â

�¥®à¥¬  1 ([19]). �áïª®¥ à¥£ã«ïà®¥ à¥è¥¨¥ U(x) ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D ®¯à¥¤¥«ï¥âáï

ä®à¬ã«®© �®¬¨«¨  

U(x) =
Z
@D
[�(y; x)fT (@y; n)U(y)g � fT (@y; n)�(y; x)g0U(y)]dsy; x 2 D:

�®áª®«ìªã ¬ âà¨æ  � à«¥¬   ®â«¨ç ¥âáï ®â ¬ âà¨æë äã¤ ¬¥â «ìëå à¥è¥¨©   à¥-
è¥¨¥ âà á¯®¨à®¢ ®© á¨áâ¥¬ë, â® ä®à¬ã«  �®¬¨«¨   ®áâ ¥âáï á¯à ¢¥¤«¨¢®©, ¥á«¨ ¢ ¥©
§ ¬¥¨âì äã¤ ¬¥â «ì®¥ à¥è¥¨¥   ¬ âà¨æã � à«¥¬  . � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �áïª®¥ à¥£ã«ïà®¥ à¥è¥¨¥ U(x) ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D ®¯à¥¤¥«ï¥âáï ä®à-

¬ã«®©

U(x) =
Z
@D
[�(y; x; �)fT (@y ; n)U(y)g � fT (@y; n)�(y; x; �)g0U(y)]dsy; x 2 D;

£¤¥ �(y; x; �) | ¬ âà¨æ  � à«¥¬  .

�á¯®«ì§ãï ¬ âà¨æã � à«¥¬  , «¥£ª® ¢ë¢¥áâ¨ ®æ¥ªã ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï § ¤ ç¨ �®è¨
(1), (2) (¬®£®¬¥àë©   «®£ â¥®à¥¬ë ® ¤¢ãå ª®áâ â å),   â ª¦¥ ãª § âì ¬¥â®¤ íää¥ªâ¨¢®£®
à¥è¥¨ï íâ®© § ¤ ç¨ [2].

�ãáâì K(w), w = u+iv, | æ¥« ï äãªæ¨ï, ¯à¨¨¬ îé ï   ¢¥é¥áâ¢¥®© ®á¨ ¢¥é¥áâ¢¥ë¥
§ ç¥¨ï ¨ ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

K(u) 6= 0; sup
v�1

jvpKp(w)j =M(p; u) <1; p = 0;m; �1 < u <1:

�®«®¦¨¬ s = �2 = (y1 � x1)2 + � � � + (ym�1 � xm�1)2. �ãªæ¨î �(y; x) ¯à¨ � > 0 ®¯à¥¤¥«¨¬
á«¥¤ãîé¨¬¨ à ¢¥áâ¢ ¬¨:
¥á«¨ m = 2, â®

�2�K(x2)�(y; x) =
Z 1

0
Im

�
K(i

p
u2 + �2 + y2)

i
p
u2 + �2 + y2 � x2

�
u dup
u2 + �2

; (3)

¥á«¨ m = 2n+ 1, n � 1, â®

cmK(xm)�(y; x) =
@n�1

@sn�1

Z 1

0

Im
�
K(i

p
u2 + �2 + ym)

i
p
u2 + �2 + ym � xm

�
dup

u2 + �2
; (4)

£¤¥ cm = (�1)n�12�n(m� 2)�!m(2n� 1)!;
¥á«¨ m = 2n, n � 2, â®

cmK(xm)�(y; x) =
@n�2

@sn�2
Im

�
K(�i+ ym)

�(�i+ ym � xm)

�
; (5)

£¤¥ cm = (�1)n�1(n� 1)!(m� 2)!m.
� [15] ¤®ª §  

�¥¬¬  1. �ãªæ¨ï �(y; x), ®¯à¥¤¥«¥ ï ä®à¬ã« ¬¨ (3){ (5), ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

�(y; x) =
1
2�

ln
1
r
+ g2(y; x); m = 2;

�(y; x) =
r2�m

!m(m� 2)
+ gm(y; x); m � 3;
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£¤¥ gm(y; x), m � 2, | äãªæ¨ï, ®¯à¥¤¥«¥ ï ¤«ï ¢á¥å § ç¥¨© y, x ¨ £ à¬®¨ç¥áª ï ¯® ¯¥à¥-

¬¥®© y ¢® ¢á¥¬ Rm.

� ¯®¬®éìî äãªæ¨¨ �(y; x) ¯®áâà®¨¬ ¬ âà¨æã

�(y; x) = k�ij(y; x)km�m =

=
 1
2�(�+ 2�)

�
�ij(�+ 3�)�(y; x)� (�+ �)(yj � xj)

@

@yi
�(y; x)

�
m�m

; i; j = 1; 2; : : : ;m: (6)

�  ®á®¢¥ «¥¬¬ë 1 ¥âàã¤® ¤®ª § âì, çâ® ¬ âà¨æ  �(y; x), ®¯à¥¤¥«¥ ï ¯® ä®à¬ã«¥ (6), ¯à¥¤-
áâ ¢¨¬  ¢ ¢¨¤¥

�(y; x) = �(y; x) +G(y; x);

£¤¥ G(y; x) = kGij(y; x)km�m | ¬ âà¨æ , ®¯à¥¤¥«¥ ï ¤«ï ¢á¥å § ç¥¨© y, x, ¨ ¯® ¯¥à¥¬¥®© y
ã¤®¢«¥â¢®àïîé ï á¨áâ¥¬¥ (1), â. ¥. A(@y)G(y; x) = 0.

�¥¯¥àì ¯à¨¢¥¤¥¬ ®á®¢ë¥ à¥§ã«ìâ âë ¤«ï ¤ ®© § ¤ ç¨ ¢ ª®ªà¥âëå ®¡« áâïå.

3. �¥è¥¨¥ § ¤ ç¨ (1), (2) ¤«ï á¯¥æ¨ «ìëå ª« áá®¢ ®¡« áâ¥©

I. �ãáâì D� � Rm | ®£à ¨ç¥ ï ®¤®á¢ï§ ï ®¡« áâì, £à ¨æ  ª®â®à®© á®áâ®¨â ¨§ ¯®¢¥àå-
®áâ¨ ª®ãá  X

: �1 = �ym; �21 = y21 + � � � + y2m�1; � = tg
�

2�
; ym > 0; � > 1;

¨ £« ¤ª®£® ªãáª  ¯®¢¥àå®áâ¨ S, «¥¦ é¥£® ¢ãâà¨ ª®ãá , ¨ ¯ãáâì x0 = (0; 0; : : : ; xm) 2 D�.
�¢¥¤¥¬ ®¡®§ ç¥¨ï � = �ym � �0,  = �xm � �0, �20 = x21 + � � �+ x2m�1, �

2 = (y1 � x1)2 + � � �+
(ym�1 � xm�1)2, w = i

p
u2 + �2 � + �, w0 = i��+ �, s = �2.

� áá¬®âà¨¬ ¢ ®¡« áâ¨ D� § ¤ çã (1), (2). �«ï  å®¦¤¥¨ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨
(1), (2) ¯®áâà®¨¬ ¬ âà¨æã � à«¥¬   ¢ ï¢®¬ ¢¨¤¥.

�à¨ � > 0 ¢ ä®à¬ã« å (3){(5) ¯®«®¦¨¬ �(y; x) = ��(y; x),

K(w) = E�(�
1=�!); K(xm) = E�(�

1=�);

£¤¥ E�(w) | äãªæ¨ï �¨ââ £-�¥ää«¥à  [20].
�®£¤  ¢áïª®¥ à¥£ã«ïà®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¨¬¥¥â ¢¨¤

U(x) =
Z
@D�

[��(y; x)fT (@y; n)U(y)g � U(y)fT (@y; n)��(y; x)g]dsy ; x 2 D�: (7)

�¤¥áì ��(y; x) áâà®¨âáï ¯® ä®à¬ã«¥ (6) ¯à¨

�(y; x) = ��(y; x) =
'�(y; x)

cmE�(�1=�)
; y 6= x;

£¤¥ '�(y; x) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬¨ à ¢¥áâ¢ ¬¨: ¥á«¨ m = 2, â®

'�(y; x) =
Z 1

0

Im
E�(�1=�w)
!1 � x2

u dup
u2 + �2

;

¥á«¨ m = 2n+ 1, n � 1, â®

'�(y; x) =
@n�1

@sn�1

Z 1

0
Im

E�(�1=�w)

i
p
u2 + �2 + ym � xm

dup
u2 + �2

; y 6= x;

¥á«¨ m = 2n, n � 2, â®

'�(y; x) =
@n�2

@sn�2
Im

E�(�1=�w)
�(i� + ym � xm)

; y 6= x:
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� ¬¥â¨¬, çâ® ¢ â®çª¥ (0; 0; : : : ; 0) 2 @D� ®à¬ «ì ï ¯à®¨§¢®¤ ï ¥ áãé¥áâ¢ã¥â, ® U(y) ¨
��(y; x) (x 2 D�) ¨¬¥îâ ¥¯à¥àë¢ë¥ ç áâë¥ ¯à®¨§¢®¤ë¥ ¢¯«®âì ¤® @D�, ¯®íâ®¬ã ¯®« £ ¥¬

@U

@n
(0) =

@U

@ym
(0);

@��(0; x)
@n

=
@��(0; x)
@ym

; x 2 D�:

� ¤ «ì¥©è¥¬ ¤«ï ¤®ª § â¥«ìáâ¢  ®á®¢ëå â¥®à¥¬ ¯® ¤®¡ïâáï á«¥¤ãîé¨¥ ®æ¥ª¨ äãª-
æ¨¨ ��(y; x) ([21]).

�¥¬¬  2. I. �ãáâì m = 2n+ 1, n � 1, x 2 D�, y 6= x, � � �0 > 0, â®£¤ 
1) ¯à¨ � � � á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

j��(y; x)j � C1(�)
�m�2

rm�2
exp(���);����@��

@n
(y; x)

���� � C2(�)
�m

rm�1
exp(���); y 2 @D�; (8)���� @@xi @��

@n
(y; x)

���� � C3(�)
�m+2

rm
exp(���); i = 1;m;

2) ¯à¨ � > � á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

j��(y; x)j � C4(�)
�m�2

rm�2
exp(��� + �Re!�0);����@��

@n
(y; x)

���� � C5(�)
�m

rm�1
exp(��� + �Re!�0); y 2 @D�; (9)���� @@xi @��

@n
(y; x)

���� � C6(�)
�m+2

rm
exp(��� + �Re!�0); i = 1;m:

II. �ãáâì m = 2n, n � 2, x 2 D�, x 6= y, � � �0 > 0, â®£¤ 
1) ¯à¨ � � � ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

j��(y; x)j � eC1(�)
�m�3

rm�2
exp(���);����@��

@n
(y; x)

���� � eC2(�)
�m

rm�1
exp(���); y 2 @D�; (10)���� @@xi @��

@n
(y; x)

���� � eC3(�)
�m+2

rm
exp(���); y 2 @D�; i = 1;m;

2) ¯à¨ � > � ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

j��(y; x)j � eC4(�)
�m�3

rm�2
exp(��� + �Re!�0);����@��

@n
(y; x)

���� � eC5(�)
�m

rm�1
exp(��� + �Re!�0); y 2 @D�; (11)���� @@xi @��

@n
(y; x)

���� � eC6(�)
�m+2

rm
exp(��� + �Re!�0); y 2 @D�; i = 1;m:

III. �ãáâì m = 2, x 2 D�, x 6= y, � � �0 > 0, â®£¤ 
1) ¥á«¨ � � �, â®

j��(y; x)j � C7(�)E�1
� (�1=�) ln

1 + r2

r2
;����@��

@yi
(y; x)

���� � C8(�)
E�1
� (�1=�)

r
;

(12)
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2) ¥á«¨ � > �, â®

j��(y; x)j � eC7(�)E
�1
� (�1=�)

�
ln
1 + r2

r2

�
exp(�Re!�0);����@��(y; x)

@yi

���� � eC8(�)E
�1
� (�1=�)

1
2
exp(�Re!�0):

(13)

� íâ¨å ®æ¥ª å Ci(�) ¨ eCi(�), i = 1; : : : ; 8, ®§ ç îâ ª®áâ âë, § ¢¨áïé¨¥ â®«ìª® ®â �.

� ¯à¥¤¥«ì®¬ á«ãç ¥, ª®£¤  � = � (Re!�0 = 0), ¥à ¢¥áâ¢  (8) ¨ (9), (10) ¨ (11),   â ª¦¥
(12) ¨ (13) á®¢¯ ¤ îâ (á â®ç®áâìî ¤® ¯®áâ®ï®£® ¬®¦¨â¥«ï).

�à¨ ä¨ªá¨à®¢ ®¬ x 2 D� ®¡®§ ç¨¬ ç¥à¥§ S� âã ç áâì S,   ª®â®à®© � � �. �á«¨ x = x0 2
D�, â® S = S� (¢ íâ®¬ á«ãç ¥ � = �ym, � = �1 ¨ ¥à ¢¥áâ¢® � � � ®§ ç ¥â, çâ® y «¥¦¨â ¢ãâà¨
¨«¨   ¯®¢¥àå®áâ¨ ª®ãá  �1 = �).

�ãáâì U(y) | à¥£ã«ïà®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ D�. �®«®¦¨¬

U�(x) =
Z
S�
[��(y; �)fT (@y ; n)U(y)g � U(y)fT (@y; n)��(y; x)g]dsy ; x 2 D�: (14)

�à¨ íâ¨å ãá«®¢¨ïå á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �ãáâì U(x) | à¥£ã«ïà®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D� ¨ ã¤®¢«¥â¢®-

àï¥â  
P

= @D� n S £à ¨ç®¬ã ãá«®¢¨î

jU(y)j+ jT (@y; n)U(y)j �M; y 2
X

: (15)

�®£¤  1) ¥á«¨ m = 2n+ 1, n � 1, â® ¯à¨ x 2 D�, � � �0 > 0

jU(x)� U�(x)j �MC1(x)�m+1 exp(���);
2) ¥á«¨ m = 2n, n � 1, â® ¯à¨ x 2 D�, � � �0 > 0

jU(x) � U�(x)j �MC2(x)�
m exp(���);

£¤¥ Ck(x) = Ck(�) =
R

@D�

dsy
rm
, k = 1; 2, Ck(�) | ¯®áâ®ïë¥, § ¢¨áïé¨¥ â®«ìª® ®â � ¨ à §¬¥à®-

áâ¨ ¯à®áâà áâ¢ .

�®ª § â¥«ìáâ¢®. �§ ä®à¬ã«ë (7) ¤«ï à¥£ã«ïà®£® à¥è¥¨ï ãà ¢¥¨ï (1) ¨¬¥¥¬

U(x) =
Z
S�
[��(y; x)fT (@y ; n)U(y)g � U(y)fT (@y; n)��(y; x)g]dsy +

+
Z
@D�nS�

[��(y; x)fT (@y ; n)U(y)g � U(y)fT (@y ; n)��(y; x)g]dsy; x 2 D�;

¨§ ª®â®à®£® á®£« á® (14) ¯®«ãç¨¬

jU(x)� U�(x)j �
���� Z

@D�nS�
[��(y; x)fT (@y ; n)U(y)g � U(y)fT (@y ; n)��(y; x)g]dsy

���� �
�
Z
@D�nS�

[j��(y; x)j+ jT (@y; n)��(y; x)j][jT (@y ; n)U(y)j+ jU(y)j]dsy:

�¥¯¥àì ¯à¨ x 2 D� ¨ y 2 @D� n S�, â. ¥. ¯à¨ � � � á®£« á® ä®à¬ã«¥ (6), «¥¬¬¥ 2 ¨ ãá«®¢¨î
â¥®à¥¬ë (15) ¯à¨ m = 2n+ 1, n � 1 ¯®«ãç¨¬

jU(x)� U�(x)j �MC1(�)�m+1 exp(���)
Z
@D�

dsy

rm
;
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  ¯à¨ m = 2n, n � 1

jU(x)� U�(x)j �MC2(�)�
m exp(���)

Z
@D�

dsy

rm
: �

�à¨¢¥¤¥¬ à¥§ã«ìâ â ¤«ï ¯à¨¡«¨¦¥®£® ¢ëç¨á«¥¨ï U(x), ª®£¤    S ¢¬¥áâ® U(y) ¨
T (@y; n)U(y) § ¤ ë ¨å â ª¨¥ ¥¯à¥àë¢ë¥ ¯à¨¡«¨¦¥¨ï f�(y) ¨ g�(y), çâ®

max
S

jU(y)� f�(y)j+max
S

jT (@y; n)U(y)� g�(y)j � �; 0 < � < 1: (16)

�¯à¥¤¥«¨¬ äãªæ¨î

U��(x) =
Z
S�
[��(y; x)g�(y)� f�(y)fT (@y; n)��(y; x)g]dsy ; x 2 D�;

£¤¥ � = 1
R�

ln M
�
, R� = max

y2S
Re!0.

�®£¤  ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �ãáâì U(x)| à¥£ã«ïà®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D�,   ¢á¥© £à ¨æ¥

@D� ã¤®¢«¥â¢®àïîé¥¥ £à ¨ç®¬ã ãá«®¢¨î (15). �®£¤ 
1) ¥á«¨ m = 2n+ 1, n � 1, â®

jU(x)� U��(x)j �MC1(x)�
( 
R
)� lnm+1 M

� ;

2) ¥á«¨ m = 2n, n � 1, â®
jU(x)� U��(x)j � C2(x)�(


R
)� lnm M

� ;

£¤¥ Ck(x) = Ck(�)
R

@D�

dsy
rm
, k = 1; 2.

�®ª § â¥«ìáâ¢®. �®£« á® ä®à¬ã«¥ (7) ¨ ®¯à¥¤¥«¥¨î äãªæ¨¨ U��(x) ¨¬¥¥¬

U(x)� U��(x) =
Z
@D�nS�

[��(y; x)fT (@y ; n)U(y)g � U(y)fT (@y ; n)��(y; x)g]dsy +

+
Z
S�
[��(y; x)fT (@y ; n)U(y)� g�(y)g + (U(y) � f�(y))fT (@y ; n)��(y; x)g]dsy = I1 + I2:

�®£¤  ¯® â¥®à¥¬¥ 3 ¯à¨ m = 2n+ 1, n � 1

jI1j �MC1(�)�
m+1 exp(���)

Z
@D�

dsy

rm

¨ ¯à¨ m = 2n, n � 1

jI1j �MC2(�)�
m exp(���)

Z
@D�

dsy

rm
:

�æ¥¨¬

jI2j �
Z
S�
(j��(y; x)j+ jT (@y; n)��(y; x)j)(jT (@y ; n)U(y)� g�(y)j+ jU(y)� f�(y)j)dsy:

�® «¥¬¬¥ 2 ¨ ãá«®¢¨î (16) ¯à¨ m = 2n+ 1, n � 1 ¯®«ãç¨¬

jI2j � eC1(�)�
m+1� exp(���)

Z
@D�

dsy

rm

¨ ¤«ï m = 2n, n � 1

jI2j � eC2(�)�
m� exp(���)

Z
@D�

dsy

rm
:

�®£¤ , ®¡ê¥¤¨ïï ®æ¥ª¨ ¤«ï I1 ¨ I2 ¨ ¯®¤¡¨à ï

� =
1
R�

ln
M

�
; £¤¥ R� = max

y2S
Re!0;
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¤«ï ª ¦¤®£® á«ãç ï m ¯®«ãç¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.

�§ ¤®ª § ëå â¥®à¥¬ ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �à¥¤¥«ìë¥ à ¢¥áâ¢ 

lim
�!1

U�(x) = U(x); lim
�!0

U��(x) = U(x)

¢ë¯®«ïîâáï à ¢®¬¥à®   ª ¦¤®¬ ª®¬¯ ªâ¥ ¨§ D�.

II. �¥¯¥àì ¯à¨¢¥¤¥¬   «®£¨çë¥ à¥§ã«ìâ âë ¤«ï ¥®£à ¨ç¥ëå ®¡« áâ¥© â¨¯  á«®ï.
�ãáâì D | ¡¥áª®¥ç ï ®¡« áâì ¨§ Rm, m � 3, «¥¦ é ï ¢ãâà¨ á«®ï  ¨¬¥ìè¥© è¨à¨ë,

®¯à¥¤¥«ï¥¬®£® ¥à ¢¥áâ¢®¬

0 < ym < h; h =
�

�
; � > 0;

¯à¨ç¥¬ @D ¯à®áâ¨à ¥âáï ¤® ¡¥áª®¥ç®áâ¨. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï ¥ª®â®à®£® b0 > 0
¯«®é ¤ì ã¤®¢«¥â¢®àï¥â ãá«®¢¨î à®áâ Z

@D
expf�b0 ch �0jy0jgdsy <1; 0 < �0 < �; y0 = (y1; : : : ; ym�1): (17)

�ãáâì U(y) | à¥£ã«ïà®¥ à¥è¥¨¥ á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î à®áâ 

jU(y)j + jT (@y; n)U(y)j � C exp[exp �2jy0j]; �2 < �1; y 2 D; jy0j2 = y21 + � � �+ y2m�1: (18)

�à¨ � � 0 ¢ (5){(7) ¯®«®¦¨¬

K(!) = (! � xm + 3h)�k exp
�
�! � b ch i�1(! � h

2
)� b1 ch i�0(! � h

2
)
�
;

K(xm) = (3h)�k exp
�
�xm + b cos �1(xm � h

2
) + b1 cos �0(xm � h

2
)
�
;

! = ym + iv; 0 < �0; �1 < �; 0 < xm < h; b > 0; b1 > b0
�
cos �0 h2

��1
:

�®§ì¬¥¬ �(y; x) = ��(y; x) ¨ ¯® ä®à¬ã«¥ (6) ¯®áâà®¨¬ ��(y; x).

�¥®à¥¬  5. �ãáâì U(x) | à¥£ã«ïà®¥ à¥è¥¨¥ á¨áâ¥¬ë (1) ¢ ®¡« áâ¨ D. �®£¤  ¯à¨ ãá«®-

¢¨ïå (17) ¨ (18)

U(x) =
Z
@D
[��(y; x)fT (@y ; n)U(y)g � U(y)fT (@y ; n)��(y; x)g]dsy; x 2 D:

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬

DR = fy : y 2 Dg \ fx : jxj < Rg; D1
R = D nDR; R > 0:

�®£¤  @D = @DR [ @D1
R ¨Z

@D

[��fT (@y; n)U(y)g � U(y)fT (@y; n)��g]dsy =

=
Z
@DR

[��fT (@y; n)U(y)g � U(y)fT (@y; n)��g]dsy +

+
Z
@D1

R

[��fT (@y; n)U(y)g � U(y)fT (@y ; n)��g]dsy =

= U(x) +
Z
@D1

R

[��fT (@y; n)U(y)g � U(y)fT (@y; n)��g]dsy; x 2 DR:

�®ª ¦¥¬, çâ®

lim
R!1

Z
@D1

R

[��fT (@y; n)U(y)g � U(y)fT (@y ; n)��g]dsy = 0:

48



�¥©áâ¢¨â¥«ì®,���� Z
@D1

R

[��fT (@y; n)U(y)g � U(y)fT (@y; n)��g]dsy
���� � Z

@D1
R

[j��j+ jT��j][jU(y)j + jTU(y)j]dsy �

� C

Z
@D1

R

exp(exp �2jy0j)[j�� j+ jT��j]dsy ! 0; R!1;

â. ª.

j��j+ jT��j � C exp[�" ch �1jy0j � � ch �0jy0j];
£¤¥ " = b cos �1

�
y2 � h

2

�
, � = b1 cos �0

�
y2 � h

2

�
, �� = ��(y; x).

�ãáâì â¥¯¥àì £à ¨æ  ®¡« áâ¨ @D á®áâ®¨â ¨§ £¨¯¥à¯«®áª®áâ¨ ym = 0 ¨ £« ¤ª®© ¯®¢¥àå®áâ¨
�ï¯ã®¢  S, ¯à®áâ¨à îé¥©áï ¤® ¡¥áª®¥ç®áâ¨ ¨ «¥¦ é¥© ¢ á«®¥

0 < ym � h; h =
�

�
; � > 0:

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® S § ¤   ãà ¢¥¨¥¬

ym = f(y0); y0 2 Rm�1;

£¤¥ f(y0) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î���� @f@yj
���� �M1 <1; j = 1;m� 1:

�«ï íâ®© ®¡« áâ¨ ¢®§ì¬¥¬

K(!) = (! � xm + 3h)�n�1 exp�!; m = 2n+ 1; n � 1;

K(!) = (! � xm + 3h)�n exp�!; m = 2n; n � 1; ! = iv + ym:

�® ä®à¬ã« ¬ (4){(6) ¯®áâà®¨¬ ¬ âà¨æã � à«¥¬   ��(y; x) ¨ ¯®«®¦¨¬

U�(x) =
Z
@D

[��(y; x)fT (@y; n)U(y)g � U(y)fT (@y; n)��(y; x)g]dsy ; x 2 D:

�¥®à¥¬  6. �ãáâì U(x) | à¥£ã«ïà®¥ à¥è¥¨¥ á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

jU(x)j + jT (@y; n)U(x)j � exp
�
O(exp �jx0j)�; x!1; x 2 D;

£¤¥ '(x) = O
�
�(x)

�
, x!1, ®§ ç ¥â

'(x)

�(x)
! 0, x!1,

jU(y)j+ jT (@y; n)U(y)j �M; y 2 @D:
�®£¤  á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

jU(x)� U�(x)j �MC�(x)C(�) exp(��xm); � � �0 > 0; x 2 D;
£¤¥

C�(x) = C(�)
Z
ym=0

dsy

rm
; C(�) =

(
�n; m = 2n; n � 2;

�n+1; m = 2n+ 1; n � 1;

C(�) | ¯®áâ®ï ï, § ¢¨áïé ï ®â � ¨ à §¬¥à®áâ¨ ¯à®áâà áâ¢ .

�®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ ¬ ¯à¥¤ë¤ãé¨å â¥®à¥¬.
� § ª«îç¥¨¥  ¢â®àë ¢ëà ¦ îâ ¯à¨§ â¥«ì®áâì ¯à®ä¥áá®àã �.�.�à¬ãå ¬¥¤®¢ã §  ¯®áâ -

®¢ªã § ¤ ç¨ ¨ ¯®áâ®ïë¥ ®¡áã¦¤¥¨ï ¢ ¯à®æ¥áá¥ ¥¥ à¥è¥¨ï.
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