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� áá¬®âà¨¬ ¢ ¥¤¨­¨ç­®¬ ªàã£¥ K = f(x; y) 2 R2; r2 = x2 + y2 < 1g á £à ­¨æ¥© � § ¤ çã
�¨à¨å«¥:

�u+ armu2k = 0; (x; y) 2 K; (1)

uj� = 0: (2)

�¤¥áì m � 0, k � 1 | æ¥«ë¥ ç¨á« , a � const > 0:
�®«ì§ãïáì ¬¥â®¤®¬ áä¥à¨ç¥áª®£® à áá«®¥­¨ï �.�.�®å®¦ ¥¢  (á¬. [1], [2] ¨ ¤à.), ¬®¦­® ¤®-

ª § âì áãé¥áâ¢®¢ ­¨¥ ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ (1){(2) u 2
�

W 1
2(K). �§ ®¡é¥© â¥®à¨¨

ª¢ §¨«¨­¥©­ëå í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© á«¥¤ã¥â  ­ «¨â¨ç­®áâì íâ®£® à¥è¥­¨ï ¯à¨ r < 1. �à¨
m = 0, ª ª ¨§¢¥áâ­® (á¬. [4]), «î¡®¥ ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(2) ï¢«ï¥âáï à ¤¨ «ì­®-
á¨¬¬¥âà¨ç­ë¬. � à ¡®â¥ [3] ¤®ª § ­  ¥¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ (1){(2)
¯à¨ m = 0, k = 1.

� ¤ ­­®© à ¡®â¥ ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨
(1){(2) ¢ ª« áá¥ C2(K) ¨ ¯à¥¤«®¦¥­ ç¨á«¥­­ë© ¬¥â®¤ ­ å®¦¤¥­¨ï íâ®£® à¥è¥­¨ï.

� ¬¥â¨¬, çâ® ¥¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ �¨à¨å«¥ ¤«ï ¡®«¥¥ ®¡é¨å,
ç¥¬ (1), ãà ¢­¥­¨© ¨§ãç « áì ¨ ¤àã£¨¬¨  ¢â®à ¬¨, ­® ¢ ¤àã£®© ¯®áâ ­®¢ª¥ ¨ ¤àã£¨¬¨ ¬¥â®¤ ¬¨.
� ¯à¨¬¥à, ¢ [5] á ¯®¬®éìî  ¯à¨®à­ëå ®æ¥­®ª ¡ë«  ¤®ª § ­  ¥¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£®
à¥è¥­¨ï § ¤ ç¨ �¨à¨å«¥ á £à ­¨ç­ë¬ ãá«®¢¨¥¬ uj@
 = +1 ¤«ï ãà ¢­¥­¨ï�u = p(x)uk, ¢ [6] ¤«ï
 ­ «®£¨ç­ëå ãà ¢­¥­¨© ¤®ª § ­  ãá«®¢­ ï â¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨ ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï
§ ¤ ç¨ �¨à¨å«¥ ¢ ª®«ìæ¥.

1. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à ¤¨ «ì­®-á¨¬¬¥âà¨ç¥áª®£®
¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï

�®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â à ¤¨ «ì­®-á¨¬¬¥âà¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(2), â.¥. äã­ªæ¨ï
u = u(r) ¨§ ª« áá  C2[0; 1], ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¥© ¤¢ãåâ®ç¥ç­®© ªà ¥¢®© § ¤ ç¥:

u00 +
u0

r
+ armu2k = 0; 0 < r < 1; (1.1)

u0(0) = 0; u(1) = 0: (1.2)

�«ï íâ®© æ¥«¨ ¢®á¯®«ì§ã¥¬áï £àã¯¯®© «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨©, ¯à¨¬¥­¥­­®© �.�  ¢ [7]

r = A�1r;

u = A�2u;
(1.3)
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£¤¥ �1, �2 | ­¥ª®â®àë¥ ª®­áâ ­âë, A | ¯ à ¬¥âà ¯à¥®¡à §®¢ ­¨ï. �à¥®¡à §®¢ ­­®¥ ãà ¢­¥­¨¥
(1.1) ¡ã¤¥â ¨¬¥âì ¢¨¤

A�2�2�1u00 +A�2�2�1
u0

r
+ aA�1m+2k�2rmu2k = 0: (1.4)

�ë¡¥à¥¬ �1, �2 â ª, çâ®¡ë ãà ¢­¥­¨¥ (1.4) ­¥ § ¢¨á¥«® ®â ¯ à ¬¥âà  ¯à¥®¡à §®¢ ­¨ï A, â.¥.

�2 � 2�1 = �1m+ 2k�2: (1.5)

�®«®¦¨¬ ¯ à ¬¥âà ¯à¥®¡à §®¢ ­¨ï à ¢­ë¬ §­ ç¥­¨î à¥è¥­¨ï § ¤ ç¨ (1.1){(1.2) ¢ ­ ç «ì­®©
â®çª¥ 0 ®âà¥§ª  [0; 1]:

u(0) = A:

� ª®®à¤¨­ â å (r; u) íâ® ãá«®¢¨¥ ¯à¨¬¥â ¢¨¤

A�2u(0) = A

¨ ­¥ ¡ã¤¥â § ¢¨á¥âì ®â ¯ à ¬¥âà , ¥á«¨ ¢§ïâì

�2 = 1: (1.6)

�®£¤  u(0) = 1. �§ á¨áâ¥¬ë (1.5), (1.6) á«¥¤ã¥â, çâ® ¯à¨

�1 = �
2k � 1
m+ 2

; �2 = 1 (1.7)

u(r) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨

u00 +
u0

r
+ armu2k = 0; (1.8)

u(0) = 1; u0(0) = 0: (1.9)

�¥¬¬  1. �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ §­ ç¥­¨¥ r0 2 R+ = (0;+1) â ª®¥, çâ® áãé¥áâ¢ã¥â

¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u(r) 2 C2[0; r0] § ¤ ç¨ �®è¨ (1.8){(1.9) ¨ u(r0) = 0.

�®ª § â¥«ìáâ¢®. �§ ãà ¢­¥­¨ï (1.8) á«¥¤ã¥â

(r u0)0 = �arm+1u2k:

�­â¥£à¨àãï íâ® à ¢¥­áâ¢® ®â 0 ¤® r, ¯®«ãç¨¬

u0(r) = �
a

r

Z r

0
tm+1u2k(t)dt < 0: (1.10)

�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï u(r) ã¡ë¢ îé ï.
� ¬¥­®©

r = e�t (1.11)

§ ¤ ç  (1.8){(1.9) á¢®¤¨âáï ª § ¤ ç¥

v00 = �ae(m+1)tv2k; (1.12)

lim
t!+1

v(t) = 1; lim
t!+1

v0(t) = 0; (1.13)

£¤¥ v(t) = u(e�t).
�§ ãà ¢­¥­¨ï (1.12) á«¥¤ã¥â, çâ® v(t) | ¢ë¯ãª« ï ¢¢¥àå äã­ªæ¨ï. � ª ª ª ¢ á¨«ã (1.10)

v0(t) = u0(r)e�t(�1) > 0, â® v(t) | ¢®§à áâ îé ï äã­ªæ¨ï ¨ v(t) � 1. �®£¤  áãé¥áâ¢ã¥â §­ -
ç¥­¨¥ t = t0 2 R â ª®¥, çâ® v(t0) = 0. �®áª®«ìªã ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1.12) ¡¥áª®­¥ç­®
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¤¨ää¥à¥­æ¨àã¥¬ë, 0 � v(t) � 1 ¯à¨ t � t0, â® ¯à¨ t � t0 à¥è¥­¨¥ § ¤ ç¨ �®è¨ (1.12){(1.13)
áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®. �®íâ®¬ã §­ ç¥­¨¥ t0 2 R, £¤¥ v(t) ®¡à é ¥âáï ¢ ­ã«ì, ¥¤¨­áâ¢¥­­®.
�§ (1.11) á«¥¤ã¥â, çâ® r = e�t0 ¯à¨ t = t0. � ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ §­ ç¥­¨¥
r0 = e�t0 â ª®¥, çâ® à¥è¥­¨¥ § ¤ ç¨ �®è¨ (1.8){(1.9) ¯à¨ r = r0 ®¡à é ¥âáï ¢ ­ã«ì. �§ áãé¥áâ¢®-
¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ �®è¨ (1.12){(1.13) ¢ C2[t0;+1) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥
¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ �®è¨ (1.8){(1.9) ¢ C2[0; r0]. �¥¬¬  ¤®ª § ­ .

� á¨«ã íâ®© «¥¬¬ë ¨§ ä®à¬ã« (1.3) á«¥¤ã¥â, çâ® à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (1.1)
á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

u(0) = A; u0(0) = 0

¥¤¨­áâ¢¥­­® ¢ C2[0; r0] ¨ ®¡à é ¥âáï ¢ ­ã«ì ¢ ¥¤¨­áâ¢¥­­®© â®çª¥ r = r0 � A�1r0, £¤¥

�1 = �
2k � 1
m+ 2

:

� â ª ª ª ¨§ ãà ¢­¥­¨ï

A�1r0 = 1 (1.14)

A ®¯à¥¤¥«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬, â® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à ¤¨ «ì­®-á¨¬¬¥âà¨ç­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(2) ¨§
ª« áá  C2(K).

2. �¨á«¥­­ë© ¬¥â®¤ ­ å®¦¤¥­¨ï à ¤¨ «ì­®-á¨¬¬¥âà¨ç­®£®
¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï

�¨á«¥­­ë© ¬¥â®¤ ­ å®¦¤¥­¨ï à ¤¨ «ì­®-á¨¬¬¥âà¨ç­®£® ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨
(1){(2) ®á­®¢ë¢ ¥âáï ­  ¬¥â®¤¥, ¯à¥¤«®¦¥­­®¬ �.�  ¢ [7] ¨ ¯à¨¬¥­¥­­®¬ ­ ¬¨ ¯à¨ ¤®ª § â¥«ì-
áâ¢¥ ¥¤¨­áâ¢¥­­®áâ¨. �­ á®áâ®¨â ¨§ á«¥¤ãîé¨å è £®¢.

1. �¥è ¥¬ § ¤ çã �®è¨ (1.8){(1.9) ª ª¨¬-«¨¡® ç¨á«¥­­ë¬ ¬¥â®¤®¬ ¯à¨ rj � 0, ­ ç¨­ ï á
r = 0 ¤® â¥å ¯®à, ¯®ª  ­¥ ¡ã¤¥â ­ ©¤¥­  â®çª  r0, ¢ ª®â®à®© u(r0) = 0. �ãé¥áâ¢®¢ ­¨¥
¥¤¨­áâ¢¥­­®© â ª®© â®çª¨ á«¥¤ã¥â ¨§ «¥¬¬ë.

2. � å®¤¨¬ A ¨§ ãà ¢­¥­¨ï (1.14):
A = (r0)

2k�1

m+2 :

3. �® ä®à¬ã« ¬ (1.3) ¢ëç¨á«ï¥¬ (r; u) | à ¤¨ «ì­®-á¨¬¬¥âà¨ç­®¥ à¥è¥­¨¥ ¨áå®¤­®© § -
¤ ç¨ (1){(2).
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