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�®£®á¥â®çë¥ ¬¥â®¤ë ï¢«ïîâáï ª« áá®¬ á¯¥æ¨ «ìëå ¨â¥à æ¨®ëå ¬¥â®¤®¢, ¯à¥¤ § -
ç¥ëå ¤«ï à¥è¥¨ï á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©, ¯®«ãç¥ëå ¯à¨ ¤¨áªà¥â¨§ æ¨¨   ¥-
ª®â®à®© á®¢®ªã¯®áâ¨ á¥â®ª ¤¨ää¥à¥æ¨ «ìëå ¨ ¨â¥£à «ìëå ãà ¢¥¨©. � â¥ç¥¨¥ âà¥å ¤¥-
áïâ¨«¥â¨©,  ç¨ ï á ¯¥à¢ëå à ¡®â [1], [2], â¥®à¨ï íâ¨å ¬¥â®¤®¢ à §¢¨¢ « áì, £« ¢ë¬ ®¡à §®¬,
¯à¨¬¥¨â¥«ì® ª ãà ¢¥¨ï¬ ¢ ç áâëå ¯à®¨§¢®¤ëå (á¬. ¡¨¡«¨®£à ä¨î ¢ [6]). �¥®à¥â¨ç¥áª¨¥
®æ¥ª¨ ¨ ¢ëç¨á«¨â¥«ìë© ®¯ëâ ¯®ª §ë¢ îâ, çâ® ¬®£®á¥â®çë¥ ¯à®æ¥¤ãàë áãé¥áâ¢¥® íä-
ä¥ªâ¨¢¥¥ (¯® ç¨á«ã ®¯¥à æ¨© ¤«ï ¤®áâ¨¦¥¨ï § ¤ ®© â®ç®áâ¨), ç¥¬ ®¡ëçë¥ ¨â¥à æ¨®ë¥
¬¥â®¤ë. �â® ª á ¥âáï à áá¬®âà¥¨ï ¬®£®á¥â®çëå  «£®à¨â¬®¢ ¤«ï ¨â¥£à «ìëå ãà ¢¥¨©,
â® §¤¥áì â¥®à¥â¨ç¥áª¨¥ ¨ ç¨á«¥ë¥ à¥§ã«ìâ âë § ç¨â¥«ì® ¡¥¤¥¥. �®-¢¨¤¨¬®¬ã, ®¤®© ¨§
¯¥à¢ëå à ¡®â ¢ íâ®¬  ¯à ¢«¥¨¨ ¡ë«  áâ âìï � ª¡ãè  [3], ª®â®àë© ¯à¥¤«®¦¨« ¨ ¨áá«¥¤®¢ «
àï¤ ¬®£®á¥â®çëå  «£®à¨â¬®¢ ¤«ï «¨¥©ëå ¨ ¥«¨¥©ëå ãà ¢¥¨© �à¥¤£®«ì¬  2-£® à®¤ .
�«ï «¨¥©ëå ¨â¥£à «ìëå ãà ¢¥¨© �à¥¤£®«ì¬  1-£® à®¤  (â.¥. ¥ª®àà¥ªâëå § ¤ ç) ¯¥à-
¢ë¥ à¥§ã«ìâ âë ¡ë«¨ ¯®«ãç¥ë ¢ [4], [5]. �á¯®«ì§ã¥¬ë© §¤¥áì ¯®¤å®¤ § ª«îç ¥âáï ¢ ¯à¥¤¢ à¨-
â¥«ì®© à¥£ã«ïà¨§ æ¨¨ ¨áå®¤®£® ãà ¢¥¨ï ¬¥â®¤®¬ �¨å®®¢  á ¯®á«¥¤ãîé¥© ¤¨áªà¥â¨§ æ¨¥©
¯à®¥ªæ¨®ë¬ ¬¥â®¤®¬ ¯®«ãç¥®£® ãà ¢¥¨ï �à¥¤£®«ì¬  2-£® à®¤  ¨ ¯à¨¬¥¥¨¥¬ ¥áª®«ìª®
¬®¤¨ä¨æ¨à®¢ ®© áâ ¤ àâ®© áå¥¬ë ¬®£®á¥â®ç®£® ¬¥â®¤ .

�¡ê¥ªâ ¨áá«¥¤®¢ ¨ï ¤ ®© à ¡®âë | «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥ 1-£® à®¤    ¯ -
à¥ £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢. � ª ¨ ¢ [5], ¯à®¢®¤¨âáï ¤¨áªà¥â¨§ æ¨ï à¥£ã«ïà¨§®¢ ®£® ¯®
�¨å®®¢ã ¨áå®¤®£® ãà ¢¥¨ï 1-£® à®¤ , ® ¢ ®â«¨ç¨¥ ®â [5], £¤¥ ¤«ï íâ®© æ¥«¨ ¯à¨¬¥ï«áï
¯à®¥ªæ¨®ë© ¬¥â®¤ ¢ ¯à®áâà áâ¢¥ ¯à ¢ëå ç áâ¥©, ¢ ¤ ®© à ¡®â¥ ¨á¯®«ì§ã¥âáï ®¡é ï áå¥¬ 
¤¨áªà¥â®©  ¯¯à®ªá¨¬ æ¨¨ ª ª ¢ ¯à®áâà áâ¢¥ ¯à ¢ëå ç áâ¥©, â ª ¨ ¢ ¯à®áâà áâ¢¥ à¥è¥¨©.
�â® ¯®§¢®«ï¥â ¢ª«îç¨âì ¢ à áá¬®âà¥¨¥ ¥áâ¥áâ¢¥ë¥ ¨ ã¤®¡ë¥ ¤«ï ¯à¨«®¦¥¨© ª¢ ¤à âãàë¥
¬¥â®¤ë. �áâ  ¢«¨¢ ¥âáï áå®¤¨¬®áâì ¬®£®á¥â®ç®© ¨â¥à æ¨®®© áå¥¬ë ¨ ¯à¥¤« £ ¥âáï á¯®á®¡
ç¨á«¥®© à¥ «¨§ æ¨¨ íâ®© áå¥¬ë, ¯®§¢®«ïîé¨© ¨§¡¥¦ âì âàã¤®¥¬ª®© ®¯¥à æ¨¨ ¯¥à¥¬®¦¥¨ï
¬ âà¨æ, ¯®«ãç¥ëå  ¯¯à®ªá¨¬ æ¨¥© ¨áå®¤®£® ®¯¥à â®à    ¬¥«ª®© á¥âª¥. �¥§ã«ìâ âë ¨««î-
áâà¨àãîâáï   ¯à¨¬¥à¥ ª¢ ¤à âãàëå ¬¥â®¤®¢ ¤«ï ¨â¥£à «ìëå ãà ¢¥¨© �à¥¤£®«ì¬  1-£®
à®¤ .

1. �¯¨á ¨¥ ç¨á«¥®£® ¬¥â®¤ 

� áá¬®âp¨¬  ¡áâp ªâ®¥ ãp ¢¥¨¥ �p¥¤£®«ì¬  1-£® p®¤ 

Ku = f; (1)

£¤¥ K | «¨¥©ë© ¥¯p¥pë¢ë© ®¯¥p â®p, ¤¥©áâ¢ãîé¨©   ¯ p¥ £¨«ì¡¥pâ®¢ëå ¯p®áâp áâ¢ U ,
F . � pï¤¥ á«ãç ¥¢ ( ¯p., ¥á«¨ K | ª®¬¯ ªâë© ®¯¥p â®p) § ¤ ç  (1) ¯®áâ ¢«¥  ¥ª®pp¥ªâ®,
á«¥¤®¢ â¥«ì®, ¢ ®¡é¥¬ á«ãç ¥ ¥¢®§¬®¦® ¯®«ãç¨âì ãáâ®©ç¨¢ãî ¤¨áªp¥âãî  ¯¯p®ªá¨¬ æ¨î
(á¬. ¯p¨¬¥p ¢ [7], á. 67{69) ¥¯®áà¥¤áâ¢¥® ¨áå®¤®£® ãà ¢¥¨ï (1). �®íâ®¬ã   ¯¥p¢®¬ íâ ¯¥
p¥£ã«ïp¨§ã¥¬ ãp ¢¥¨¥ (1) ¬¥â®¤®¬ �¨å®®¢ 

minfkKu� fk2 + �ku� u0k2; u 2 Ug; (2)
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£¤¥ kf � fk < � , u0 | ¯p®¡®¥ p¥è¥¨¥.
� â¥¬, § ¤ ¢ ¥ª®â®pãî áå¥¬ã ¤¨áªp¥â®©  ¯¯p®ªá¨¬ æ¨¨, ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ (2) ¯®-

á«¥¤®¢ â¥«ì®áâì ª®¥ç®¬¥pëå § ¤ ç

minfkKiui � fik
2 + �kui � u0i k

2; ui 2 Uig; (3)

£¤¥ Ki : Ui ! Fi; ¡ã¤¥¬ ¤ «¥¥ áç¨â âì, çâ®

Ui � Ui+1 � � � � � U; [Ui = U ; Fi � Fi+1 � F ; [Fi = F:

�á¯®«ì§ãï ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¬¨¨¬ã¬  ¤«ï ª¢ ¤p â¨ç®£® äãªæ¨® « , ¯®«ãç ¥¬ á¨-
áâ¥¬ã «¨¥©ëå  «£¥¡p ¨ç¥áª¨å ãp ¢¥¨©

Aiui = gi; (4)

£¤¥

Ai = (K�
iKi + �I); gi = K�

i fi + �u0i ; Ai : Ui ! Ui; gi 2 Ui;

¯p¨ç¥¬ un | ¨áª®¬®¥ à¥è¥¨¥.
�ä®p¬ã«¨pã¥¬ ¨§¢¥áâë© p¥§ã«ìâ â ® áå®¤¨¬®áâ¨ ¤¨áªp¥âëå  ¯¯p®ªá¨¬ æ¨© ([7], á. 69{70).

�¡®§ ç¨¬

i = kKjUi
�Kik; �i = kf � fik:

�¥®à¥¬  1. �ãáâì U , F | £¨«ì¡¥pâ®¢ë ¯p®áâp áâ¢ ; K, Ki | «¨¥©ë¥ ®£p ¨ç¥ë¥

®¯¥p â®pë ¨§ U ¢ F . �®£¤  ¤«ï «î¡ëå [Ki; fi], u0 2 U , � > 0 áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ p¥è¥¨¥

(4) ¨

lim
4i!0

ku�i � uk ! 0; 4i = (i; �i);

¥á«¨ (i + �i)2=�(�i)! 0, �(�i)! 0 ¯p¨ �i ! 0; £¤¥

u = argmin fku � u0k; u 2 Tg;

T | ¬®¦¥áâ¢® p¥è¥¨© (1).

� ¤ çã (4) ¢ ¯p®áâp áâ¢¥ Ui ¯p¨ i = n ¡ã¤¥¬ p¥è âì â¥¯¥pì á«¥¤ãîé¨¬ ¨â¥p æ¨®ë¬
¬®£®á¥â®çë¬ ¬¥â®¤®¬. �á«¨ uk | ¯p¨¡«¨¦¥®¥ p¥è¥¨¥ (4), ¯®«ãç¥®¥   k-© ¨â¥p æ¨¨,
â® ¤«ï ¯¥p¥å®¤  ª

uk+1i = uki +Bi(gi �Aiu
k
i ) =Miu

k
i +Bigi (5)

¯®á«¥¤®¢ â¥«ì® ¢ëç¨á«ïîâáï ¢á¯®¬®£ â¥«ìë¥ äãªæ¨¨

uk;1i = uki +Bi�1Qi�1(gi �Aiu
k
i ); (6)

uk;2i = uk;1i + �i(I �Qi�1)(gi �Aiu
k
i ): (7)

� ª®¥æ, ¢ëç¨á«ï¥âáï

uk+1i = uk;2i +Bi�1Qi�1(gi �Aiu
k;2
i ); (8)

£¤¥ B0 = A�10 . (� ¬¥â¨¬, çâ® ¢ á®®â¢¥âáâ¢¨¥ á ®¡é¥¯p¨ïâ®© â¥p¬¨®«®£¨¥© è £¨ (6) ¨ (8)
 §ë¢ îâáï á£« ¦¨¢ îé¥© ç áâìî ¬®£®á¥â®ç®© ¯p®æ¥¤ãpë,   (7) | ª®pp¥ªæ¨¥©   £pã¡®©
á¥âª¥.)
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2. �á®¢ë¥ ®¯p¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ï

�ãáâì Qi : U ! Ui | ®pâ®¯p®¥ªâ®p. �¡®§ ç¨¬

i�1 = kKi(I �Qi�1)k = k(I �Qi�1)K
�
i k:

�ãáâì �i | ¬¨¨¬ «ì®¥ á®¡áâ¢¥®¥ ç¨á«® ®¯¥p â®p  K�
iKi; ¨§¢¥áâ® [5], çâ®

�i < 2i�1: (9)

�«ï x; y 2 Ui ¢¢¥¤¥¬ ä®p¬ã
ai(x; y) = (Aix; y):

� ¯p®áâp áâ¢¥ Ui�1 ¢¢¥¤¥¬ ª®¥ç®¬¥pë© ®¯¥p â®p Ai�1, ¯®p®¦¤¥ë© ä®p¬®©

ai(x; y) = (Ai�1x; y); x; y 2 Ui�1:

�ã¤¥¬ â ª¦¥ ®¡®§ ç âì
kxki = ai(x; x)

1=2:

�ãáâì Pi�1 : Ui ! Ui�1 | ®pâ®¯p®¥ªâ®p ®â®á¨â¥«ì® áª «ïp®£® ¯p®¨§¢¥¤¥¨ï

ai(Pi�1x; y) = ai(x; y); x 2 Ui; y 2 Ui�1:

�§¢¥áâ® ( ¯p., [9], á. 28), çâ®

Ai�1Pi�1 = Qi�1Ai: (10)

3. �á¯®¬®£ â¥«ìë¥ ãâ¢¥p¦¤¥¨ï

�¥¬¬  1 ([9]). �ãáâì kKik � 1. �®£¤  á¯p ¢¥¤«¨¢  ®æ¥ª 

kAi�1 �Ai�1k � 2(i + i�1):

�¥¬¬  2 ([9]). �á«¨ K : U ! F | ª®¬¯ ªâë© ®¯¥p â®p, â®

a) kK(I �Qi)k ! 0; b) i ! 0) i ! 0:

�¥¬¬  3 ([5]). �ãáâì
0 < �i < 1=(2i�1 + �); kKik � 1:

�®£¤  ®¯¥p â®p Ti = I � �i(I �Qi�1)(K�
i Ki + �I) á¨¬¬¥âp¨ç¥ ¨ ¯®«®¦¨â¥«¥ ®â®á¨â¥«ì®

ä®p¬ë ai(�; �) ¨ ¥£® á¯¥ªâp �(Ti) � (0; 1]. �®«¥¥ â®£®, ¥á«¨ u 2 (I � Pi�1)Ui, â® ai(Tiu; u) <
�iai(u; u); £¤¥ �i = 1� (�i + �)�i < 1

�¥¬¬  4. �«ï ' 2 Ui�1

(1� 2(i + i�1)=�)ai�1(';') � ai(';') � (1 + 2(i + i�1)=�)ai�1(';'):

�®ª § â¥«ìáâ¢®. �à ¢®¥ ¥à ¢¥áâ¢® á«¥¤ã¥â ¨§ á®®â®è¥¨©

ai(';') = (Ai';') = (Ai�1';') + ((Ai�1 �Ai�1)';') �

� ai�1(';') + 2(i + i�1)(';') � (1 + 2(i + i�1)=�)ai(';'):

�¥¢®¥ ¥p ¢¥áâ¢® ¤®ª §ë¢ ¥âáï   «®£¨ç®.

�¥¬¬  5. �á«¨ B : Ui�1 ! Ui�1, â®

kBki = sup
'2Ui�1

ai(B';')
ai(';')

�

�
1 + �i
1� �i

�1=2

kBki�1;

£¤¥ �i = 2(i + i�1)=�.
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�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ æ¥¯®çª¨ ¥p ¢¥áâ¢

kBk2i = sup
'2Ui�1

ai(B';B')
ai(';')

� sup
�
ai�1(B';B')

ai(';')
+
((Ai�1 �Ai�1)B';B')

ai(';')

�
�

� sup
1

1� �i

ai�1(B';B')
ai�1(';')

+ sup kAi�1 �Ai�1k
(B';B')
ai(';')

�

� (1� �i)�1kBki�1 + 2(i + i�1)��1 sup
ai�1(B';B')

ai(';')
=

= (1� �i)
�1(kBk2i�1 + 2(i + i�1)=�kBk

2

i�1): � (11)

�¥¬¬  6 ([9]). �ãáâì 0 < � � �i < (2i + �)�1, kKik � 1, i ! 0. �®£¤  ¤«ï ¤¢ãåá¥â®ç®£®

¬¥â®¤ , ¯®áâp®¥®£®   ¯®¤¯p®áâp áâ¢ å Ui ¨ Ui�1 (â.¥. ¯p¨ Bi�1 = A�1i�1, n = 1) á¯p ¢¥¤«¨¢®
¥à ¢¥áâ¢®

ai(Mi';') � (�i + 4(1 + �)1=2��3=2(i + i�1) + 4(1 + �)��3(i + i�1)
2)ai(';'):

4. �á®¢ë¥ p¥§ã«ìâ âë

�¥®à¥¬  2. �ãáâì á¯p ¢¥¤«¨¢ë ãá«®¢¨ï «¥¬¬ë 6. �®£¤  ¤«ï ¬ âp¨æë Mi ¬®£®á¥â®ç®£®

¬¥â®¤  á¯p ¢¥¤«¨¢®

ai(Mi';') � "iai(';');

£¤¥

"i = �i + 3
1 + �i
1� �i

�
"i�1 +

1� "i�1
�i

�i

�2
:

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï (10), ¢ë¯®«¨¬ ¯à¥®¡à §®¢ ¨¥

ai(M';') = ai((I �Bi�1Qi�1Ai)Ti(I �Bi�1Qi�1Ai)';') =

= ai((I �Bi�1Ai�1Pi�1)Ti(I �Bi�1Ai�1Pi�1)';') = ai((I � Pi�1)Ti(I � Pi�1)';') +

+ ai((A
�1

i�1 �Bi�1)Ai�1Pi�1Ti(I �Bi�1Ai�1Pi�1)';') +

+ ai((I �Bi�1Ai�1Pi�1)Ti(Ai�1�1�Bi�1)Ai�1Pi�1';') +

+ ai((A
�1

i�1 �Bi�1)Ai�1Pi�1Ti(Ai�1�1�Bi�1)Ai�1Pi�1';'): (12)

�¬¥¥¬

k(A �1
i�1 �Bi�1)Ai�1ki = kMi�1 +Bi�1(Ai�1 �Ai�1)k �

� kMi�1ki + kBi�1kik(Ai�1 �Ai�1)ki �
�
1 + �i
1� �i

�1=2
("i�1 + (1� "i�1)=�k(Ai�1 �Ai�1)ki) �

�

�
1 + �i
1� �i

�1=2
("i�1 + (1� "i�1)=��i): (13)

�æ¥¨¬ ¢â®p®¥ á« £ ¥¬®¥ áã¬¬ë (12), ¨á¯®«ì§ãï ¢ëª« ¤ªã (13),

ai((A �1
i�1 �Bi�1)Ai�1Pi�1Ti(I �Bi�1Ai�1)';') = ai((A �1

i�1 �Bi�1)Ai�1Pi�1Ti(I �

� Pi�1)(Pi�1 �Bi�1Ai�1Pi�1 +Bi�1(Ai�1 �Ai�1)Pi�1)';') �

� kTiki k(Mi�1 +Bi�1(Ai�1 �Ai�1))Pi�1k
2

iai(';') =
1 + �i
1� �i

�
"i�1 +

1� "i�1
�

�i

�2
ai(';'):
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�p¥âì¥ á« £ ¥¬®¥ ®æ¥¨¢ ¥âáï   «®£¨ç®. �æ¥¨¬ ç¥â¢¥pâ®¥ á« £ ¥¬®¥ áã¬¬ë (12):

ai((Ai�1 �Bi�1)Pi�1Ti(Ai�1 �Bi�1)Pi�1';') �

� kMi�1 +Bi�1(Ai�1 �Ai�1)k
2

i ai(';') =
1 + �i
1� �i

�
"i�1 +

1� "i�1
�

�i

�2
ai(';'): �

�«¥¤áâ¢¨¥ 1. �«ï "i ¨§ â¥®p¥¬ë 2 á¯p ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

"i = �i +O(�i=�; "i�1): (14)

�«¥¤áâ¢¨¥ 2. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 6 ¨

�i = (1=(2i�1 + �)� bi);

£¤¥ bi ! 0, bi > 0. �®£¤  ¯p¨ ä¨ªá¨p®¢ ®¬ � 2 (0; 1) ¤«ï «î¡®£® " 2 (0; 1)  ©¤¥âáï â ª®©
®¬¥p J("), çâ® ¬®£®á¥â®çë© ¬¥â®¤, ¯®áâp®¥ë©   ¯®¤¯p®áâp áâ¢ å UJ ; UJ+1; : : : ; UJ+n (¨§
æ¥¯®çª¨ (3)), ¡ã¤¥â áå®¤¨âìáï ¯® ®p¬¥ k � ki ¨ kMik < ":

�®ª § â¥«ìáâ¢®. �§ (9) ¨ «¥¬¬ë 3 á«¥¤ã¥â

0 < �i < 1� (�i + �)=(2i�1 + �) + (�i + �)�i ! 0 (i!1):

�®íâ®¬ã ¨ "i ¨§ (14) ¡ã¤¥â áâp¥¬¨âìáï ª ã«î (â.ª. �i=� â ª¦¥ áâp¥¬ïâáï ª ã«î ¯p¨ ä¨ªá¨p®-
¢ ®¬ �).

5. �¨á«¥ ï p¥ «¨§ æ¨ï

� áá¬®âp¨¬ ¤¢  ¢ p¨ â  ¨á¯®«ì§®¢ ¨ï ¢ëè¥®¯¨á ®£® ¬¥â®¤ .

� p¨ â 1. �¬¥îé¨¥áï ®¡ê¥¬ë ¯ ¬ïâ¨ ¯®§¢®«ïîâ åp ¨âì ¢á¥ ¥®¡å®¤¨¬ë¥ ¬ âp¨æë (¯p¥-
¦¤¥ ¢á¥£®, ¬ âp¨æã Ki   á ¬®© ¬¥«ª®© á¥âª¥ n). � íâ®¬ á«ãç ¥ ¬¥â®¤ ï¢«ï¥âáï ¢¯®«¥ ª®-
ªãp¥â®á¯®á®¡ë¬ ª ª á ¯pï¬ë¬¨, â ª ¨ á ¨â¥p æ¨®ë¬¨ ¬¥â®¤ ¬¨ §  áç¥â, ¢®-¯¥p¢ëå,
¡ëáâp®© áå®¤¨¬®áâ¨, ¨ ¢®-¢â®pëå, â.ª. ¥ ã¦® ¢ë¯®«ïâì ¤®p®£®áâ®ïé¥© ®¯¥p æ¨¨ ¯¥p¥¬®-
¦¥¨ï ¬ âp¨æ K�

i ¨ Ki   á ¬®© ¬¥«ª®© á¥âª¥:  ¯p¨¬¥p, ¢¥ªâ®p Aiui = (K�
iKi + �I)ui ¬®¦®

¯®«ãç¨âì ª ª
K�

i (Kiui) + �ui:

� p¨ â 2. � ¬ïâ¨ ¥¤®áâ â®ç®. �®£¤  ¢ ¥© åp ¨âáï â®«ìª® ¬ âp¨æ  B0 = A�10 ; ®áâ «ìë¥
¦¥ ¬ âp¨æë ¢®á¯p®¨§¢®¤ïâáï (¨«¨ ¯®í«¥¬¥â® áç¨âë¢ îâáï á ¦¥áâª®£® ¤¨áª ) ª ¦¤ë© p §,
ª®£¤  ¢ ¨å ¢®§¨ª ¥â  ¤®¡®áâì. �p¨ â ª®¬ ¯®¤å®¤¥ ¢®§p áâ ¥â áâ®¨¬®áâì ¬¥â®¤  (§  ®¤¨ è £
â®«ìª® ¬ âp¨æãKi   á ¬®© ¬¥«ª®© á¥âª¥ ã¦® ¢®á¯p®¨§¢¥áâ¨ 6 p §), ® ® ¯®§¢®«ï¥â p ¡®â âì
á ®ç¥ì ¡®«ìè¨¬¨ ¬ âp¨æ ¬¨ ¨ ¯®«ãç âì p¥è¥¨ï   ®ç¥ì ¬¥«ª¨å á¥âª å. �áâ¥áâ¢¥®, ¬¥â®¤
¢ â ª®© p¥¤ ªæ¨¨ ¡®«¥¥ ¢ë£®¤¥ ¤«ï § ¤ ç, ¢ ª®â®pëå ¬®¦® ¤¥è¥¢® ¯®áç¨â âì ¬ âp¨æã Ki

( ¯p., ¤«ï ¨â¥£p «ìëå ãp ¢¥¨© á ®â®á¨â¥«ì® ¯p®áâë¬ ï¤p®¬).
�ã¤¥¬ p¥è âì ®¯¨á ë¬ ¬¥â®¤®¬ á«¥¤ãîé¥¥ ¤¢ã¬¥p®¥ «¨¥©®¥ ¨â¥£p «ì®¥ ãp ¢¥¨¥

1-£® p®¤ :

Ku =
Z 1

�1

Z 1

�1

H2

(� � x)2 + (� � y)2 +H2
dx dy = f(x; y)

(ª®â®p®¥ ï¢«ï¥âáï «¨¥©ë¬ ¯p¨¡«¨¦¥¨¥¬ ãp ¢¥¨ï £p ¢¨¬¥âp¨¨), £¤¥ U;F = L2[�1; 1] �
[�1; 1], H = 2, f(x; y) â ª®¥, çâ® u(�; �) = (cos(��=2) cos(��=2))2 ï¢«ï¥âáï p¥è¥¨¥¬ íâ®£® ãp ¢-
¥¨ï.

�ë¡¥p¥¬ á«¥¤ãîéãî ¤¨áªp¥â¨§ æ¨î ãp ¢¥¨ï (9). �ãáâì Nn | æ¥«®¥ ç¨á«®. �®«®¦¨¬
hn = 1=Nn, tj = �1 + hn=2 + jhn; sk = �1 + hn=2 + khn. �®£¤  Un ¥áâì ¬®¦¥áâ¢® ªãá®ç®-
¯®áâ®ïëå   á¥£¬¥â å [ti � h=2; ti + h=2] � [sj � h=2; sj + h=2] äãªæ¨© un. �®¦¥áâ¢® Un�1

áâp®¨âáï   «®£¨ç® ¯p¨ hn�1 = hn=2, Nn�1 = 2Nn ¨ â.¤.
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�¯p¥¤¥«¨¬ ®¯¥p â®pë Ki : Ui ! Fi: ¤«ï ui 2 Ui

(Kiui)(x; y) =
X
j

X
k

h2iK(tj ; sk; x; y)

| ªãá®ç®-¯®áâ®ï ï äãªæ¨ï, £¤¥ x 2 [tl � hi=2; tl + hi=2], y 2 [sm � hi=2; sm + hi=2],
j; k; l;m 2 1; Ni.

�¯p¥¤¥«¨¬ ®¯¥p â®p ¯¥p¥å®¤  c ¬¥«ª®© á¥âª¨   £pã¡ãî

Qi�1 : Ui ! Ui�1;

Qi�1 : (: : : ; u2j�1;2k�1; u2j�1;2k; : : : u2j;2k�1; u2j;2k; : : : )!

(u2j�1;2k�1 + u2j�1;2k + u2j;2k�1 + u2j;2k)=4hj;k;

£¤¥ j; k 2 1; Ni�1.
�¥áïâì ¨â¥p æ¨© âp¥åá¥â®ç®£® ¬¥â®¤  ¯p¨ n = 40 ¨ u0 = 0 (� = 10�6, �i = 1 ¤«ï ¢á¥å i)

¯®§¢®«¨«¨ ã¬¥ìè¨âì ¥¢ï§ªã kKnun� gnk ¢ 3:5 � 104 p § . �  íâ® ¯®âà¥¡®¢ «®áì ¯®àï¤ª  4 � 108

®¯¥p æ¨© (¤«ï áp ¢¥¨ï p¥è¥¨¥ íâ®© § ¤ ç¨ ¯pï¬ë¬ ¬¥â®¤®¬,  ¯p., ¬¥â®¤®¬ ª¢ ¤p â®£®
ª®pï âp¥¡ã¥â ¯®pï¤ª  8 � 109 ®¯¥p æ¨©, áç¨â ï ¨ ¯¥p¥¬®¦¥¨¥ ¬ âp¨æ K�

i ¨ Ki).
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