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1. �¢¥¤¥­¨¥

�ãáâì U | ­¥¯ãáâ®¥ § ¬ª­ãâ®¥ ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¢ ¯à®áâà ­áâ¢¥ Rn, � : Rn � Rn ! R
| à ¢­®¢¥á­ ï äã­ªæ¨ï, â. ¥. �(u; u) = 0 ¤«ï «î¡®£® u 2 U . � ¤ ç  à ¢­®¢¥á¨ï ®¯à¥¤¥«ï¥âáï
á«¥¤ãîé¨¬ ®¡à §®¬: ­ ©â¨ â®çªã u� 2 U â ªãî, çâ®

�(u�; v) � 0 8v 2 U:

� ¤ ç¨ à ¢­®¢¥á¨ï ¯®§¢®«ïîâ ¥¤¨­ë¬ ®¡à §®¬ ä®à¬ã«¨à®¢ âì ¨ ¨áá«¥¤®¢ âì à §­®®¡à §­ë¥
á«®¦­ë¥ ¯à®¡«¥¬ë, ¢®§­¨ª îé¨¥ ¢ íª®­®¬¨ª¥, ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥, ¨áá«¥¤®¢ ­¨¨ ®¯¥à -
æ¨© ¨ ¤àã£¨å ®¡« áâïå. �®«¥¥ â®£®, ®­¨ â¥á­® á¢ï§ ­ë á ¤àã£¨¬¨ ®¡é¨¬¨ § ¤ ç ¬¨ ­¥«¨­¥©­®£®
 ­ «¨§ , ª ª, ­ ¯à¨¬¥à, § ¤ ç¨ ®¯â¨¬¨§ æ¨¨, § ¤ ç¨ ® ¤®¯®«­¨â¥«ì­®áâ¨ ¨ ¢ à¨ æ¨®­­ë¥ ­¥-
à ¢¥­áâ¢ . �® íâ®© ¯à¨ç¨­¥ â¥®à¨ï ¨ ¬¥â®¤ë à¥è¥­¨ï § ¤ ç à ¢­®¢¥á¨ï ¤®¢®«ì­® ¨­â¥­á¨¢­®
¨áá«¥¤ãîâáï [1]{[4]. � ª ¨§¢¥áâ­®, ®¤¨­ ¨§ ­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ëå ¯®¤å®¤®¢ ª à¥è¥­¨î ¢ -
à¨ æ¨®­­ëå ­¥à ¢¥­áâ¢ á®áâ®¨â ¢ á¢¥¤¥­¨¨ ¨å ª á®®â¢¥âáâ¢ãîé¥© ®¯â¨¬¨§ æ¨®­­®© § ¤ ç¥ á
¯®¬®éìî â ª ­ §ë¢ ¥¬ëå ¨­â¥à¢ «ì­ëå (¨«¨ ®æ¥­®ç­ëå) äã­ªæ¨© [5]. �®âï íâ¨ äã­ªæ¨¨, ª ª
¯à ¢¨«®, ï¢«ïîâáï ­¥¢ë¯ãª«ë¬¨, ®­¨ ¯®§¢®«ïîâ ¯à¥®¤®«¥âì ¬­®£¨¥ âàã¤­®áâ¨ ª ª ¢ â¥®à¨¨,
â ª ¨ ¯à¨ ¯®áâà®¥­¨¨ ¬¥â®¤®¢ à¥è¥­¨ï ¢ à¨ æ¨®­­ëå ­¥à ¢¥­áâ¢.

�« ¢­ ï æ¥«ì ¤ ­­®© à ¡®âë á®áâ®¨â ¢ ¯à¨¬¥­¥­¨¨  ¯¯ à â  ¨­â¥à¢ «ì­ëå äã­ªæ¨© ª ¤®-
¢®«ì­® è¨à®ª®¬ã ª« ááã § ¤ ç à ¢­®¢¥á¨ï, ¢ª«îç îé¨å ­¥£« ¤ª¨¥ äã­ªæ¨¨. �  íâ®© ®á­®¢¥
¨áå®¤­ ï § ¤ ç  § ¬¥­ï¥âáï íª¢¨¢ «¥­â­®© § ¤ ç¥© ® ­¥®¡å®¤¨¬ëå ãá«®¢¨ïå ®¯â¨¬ «ì­®áâ¨ ¢
­¥£« ¤ª®© ®¯â¨¬¨§ æ¨¨. �à®¬¥ â®£®, ¯®ª § ­®, çâ® ¬®¦­® ¯®áâà®¨âì ¨â¥à æ¨®­­ë© ¬¥â®¤ á¯ãá-
ª  ¯® ¨­â¥à¢ «ì­®© äã­ªæ¨¨, áå®¤ïé¨©áï ª à¥è¥­¨î § ¤ ç¨ ¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå
¯à¥¤¯®«®¦¥­¨ïå.

2. �­â¥à¢ «ì­ ï äã­ªæ¨ï ¤«ï § ¤ ç à ¢­®¢¥á¨ï

�ãáâì f : Rn ! R | ¢ë¯ãª« ï, ­® ­¥ ®¡ï§ â¥«ì­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, h :
Rn � Rn ! R | à ¢­®¢¥á­ ï äã­ªæ¨ï. �ã¤¥¬ â ª¦¥ ¯à¥¤¯®« £ âì, çâ® h | ¤¨ää¥à¥­æ¨àã-
¥¬ ï äã­ªæ¨ï ¨ h(u; �) | ¢ë¯ãª« ï äã­ªæ¨ï ¤«ï «î¡®£® u 2 Rn.

� áá¬®âà¨¬ § ¤ çã à ¢­®¢¥á¨ï ¢ á«¥¤ãîé¥© ä®à¬¥ [1].

� ¤ ç  2.1. � ©â¨ â®çªã u� 2 U â ªãî, çâ®

h(u�; v) + f(v)� f(u�) � 0 8v 2 U:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ë ¯à®¥ªâ®¢ òò01-01-00068, 03-01-96012), ä®­¤  ����� �ª ¤¥¬¨¨ ­ ãª �¥á¯ã¡«¨ª¨ � â àáâ ­ ¨
�ª ¤¥¬¨¨ ­ ãª �¨­«ï­¤¨¨ (¯à®¥ªâ ò 77796).
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�­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨ 2.1 ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ U�,   ç¥à¥§ruh(�; �) (rvh(�; �)) | ç áâ­ë©
£à ¤¨¥­â äã­ªæ¨¨ h ¯® ¯¥à¢®¬ã (¢â®à®¬ã) ¢¥ªâ®à­®¬ã  à£ã¬¥­âã.

�­ ç «¥ áä®à¬ã«¨àã¥¬ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç¨ 2.1 ¢ ä®à¬¥ á¬¥è ­­®£® ¢ à¨ -
æ¨®­­®£® ­¥à ¢¥­áâ¢ .

�à¥¤«®¦¥­¨¥ 2.1. �®çª  u� 2 U ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ 2:1 â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤ 

hrvh(u�; u�); v � u�i+ f(v)� f(u�) � 0 8v 2 U: (1)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. � ª ª ª u� 2 U�, â® u� ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨
¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï

min
v2U

! h(u�; v) + f(v):

� ¯¨á ¢ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ ¤«ï íâ®© § ¤ ç¨, ¯®«ãç¨¬

hrvh(u�; u�) + g; v � u�i � 0 8v 2 U;

£¤¥ g | áã¡£à ¤¨¥­â äã­ªæ¨¨ f ¢ â®çª¥ u�. �® ®¯à¥¤¥«¥­¨î áã¡£à ¤¨¥­â  f(v) � f(u�) �
hg; v � u�i. �®íâ®¬ã ¤«ï u� ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (1).

�®áâ â®ç­®áâì. �à¥¤¯®«®¦¨¬, çâ® ¤«ï u� ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (1). �à¨­¨¬ ï ¢® ¢­¨¬ -
­¨¥, çâ® h(u�; �) ¢ë¯ãª« , ¯®«ãç¨¬

hrvh(u�; u�); v � u�i � h(u�; v)� h(u�; u�) = h(u�; v) 8v 2 U:

�âáî¤  ¢ á¨«ã ãá«®¢¨ï (1) ¨¬¥¥¬ h(u�; v) + f(v)� f(u�) � 0 8v 2 U , â. ¥. u� 2 U�:

� áá¬®âà¨¬ ¬®¤¨ä¨æ¨à®¢ ­­ãî ¯® ®â­®è¥­¨î ª 2.1 § ¤ çã à ¢­®¢¥á¨ï.

� ¤ ç  2.2. � ©â¨ â®çªã u 2 U â ªãî, çâ®

h(u; v) + f(v)� f(u) + 0:5�kv � uk2 � 0 8v 2 U;

£¤¥ � > 0 | § ¤ ­­®¥ ç¨á«®.

�¡®§­ ç¨¬ ç¥à¥§ U� ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨ 2.2.

�à¥¤«®¦¥­¨¥ 2.2. �­®¦¥áâ¢  à¥è¥­¨© § ¤ ç 2:1 ¨ 2:2 á®¢¯ ¤ îâ, â. ¥. U� = U�.

�®ª § â¥«ìáâ¢®. �¥§ã«ìâ â á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ¯à¥¤«®¦¥­¨ï 2.1, ¯®áª®«ìªã
rvh(u; u) = rvh(u; u), £¤¥ h(u; v) = h(u; v) + 0:5�kv � uk2.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

L(u; v) = �h(u; v)� f(v) + f(u)� 0:5�kv � uk2;

 (u) = sup
v2U

L(u; v) = L(u; v(u)): (2)

� ¬¥â¨¬, çâ® â®çª  v(u) ¢á¥£¤  áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (2),
¯®áª®«ìªã L(u; �) | á¨«ì­® ¢®£­ãâ ï ¨ ­¥¯à¥àë¢­ ï äã­ªæ¨ï. �á«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ¤«ï íâ®©
§ ¤ ç¨ ¬®¦­® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.

�à¥¤«®¦¥­¨¥ 2.3. �«ï ¢á¥å u0 2 U ¢¥à­® ­¥à ¢¥­áâ¢®

hrvh(u
0; v(u0)) + �(v(u0)� u0); v � v(u0)i+ f(v)� f(v(u0)) � 0 8v 2 U: (3)
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�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ «î¡ãî â®çªã v 2 U ¨ ¤«ï ªà âª®áâ¨ ®¡®§­ ç¨¬ v0 = v(u0). � -
¯¨á ¢ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç¨ (2), ¨¬¥¥¬

h�rvh(u0; v0)� �(v0 � u0)� g; v0 � vi � 0;

£¤¥ g| áã¡£à ¤¨¥­â äã­ªæ¨¨ f ¢ â®çª¥ v0. �âáî¤  á®£« á­® ®¯à¥¤¥«¥­¨î áã¡£à ¤¨¥­â  ¯®«ãç¨¬

hrvh(u
0; v0) + �(v0 � u0); v � v0i+ f(v)� f(v0) � 0;

â. ¥. (3) ¢ë¯®«­ï¥âáï.

�®ª ¦¥¬, çâ® ®¯à¥¤¥«¥­­ ï ¢ (2) äã­ªæ¨ï  ï¢«ï¥âáï ¨­â¥à¢ «ì­®© ¢ § ¤ ç¥ à ¢­®¢¥á¨ï
2.1, â. ¥. çâ® ¨¬¥¥â ¬¥áâ®

�à¥¤«®¦¥­¨¥ 2.4. �ã­ªæ¨ï  ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

(i)  (u) � 0 8u 2 U ;
(ii)  (u) = 0 ¨ u 2 U () u 2 U�.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ (i) á«¥¤ã¥â ¨§ â®£® ä ªâ , çâ® L(u; u) = 0. �®ª ¦¥¬ ãâ¢¥à-
¦¤¥­¨¥ (ii). �à¥¤¯®«®¦¨¬, çâ® u 2 U ¨  (u) = 0, â®£¤ 

�h(u; v) � f(v) + f(u)� 0:5�kv � uk2 � 0 8v 2 U;

â. ¥. u 2 U� ¨ u 2 U� ¢ á¨«ã ¯à¥¤«®¦¥­¨© 2.1 ¨ 2.2.
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® u 2 U�. �®£¤  ¯® ®¯à¥¤¥«¥­¨î

�h(u; v) � f(v) + f(u) � 0 8v 2 U:

�«¥¤®¢ â¥«ì­®,
�h(u; v) � f(v) + f(u)� 0:5�kv � uk2 � 0 8v 2 U:

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï (i)

 (u) � 0 8u 2 U:

�âáî¤  á«¥¤ã¥â  (u) = 0.

�à¨¢¥¤¥¬ ¥é¥ ®¤­ã ä®à¬ã«¨à®¢ªã ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç¨ 2.1 ¢ ä®à¬¥ ­¥¯®-
¤¢¨¦­®© â®çª¨ ®â®¡à ¦¥­¨ï u 7! v(u).

�à¥¤«®¦¥­¨¥ 2.5. u� = v(u�)() u� 2 U�.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® u� 2 U�, â®£¤  ¢á«¥¤áâ¢¨¥ ¯à¥¤«®¦¥­¨ï 2.2 ¨¬¥¥¬
u� 2 U� ¨ ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2.1 ¢ë¯®«­ï¥âáï

hrvh(u�; u�); v(u�)� u�i+ f(v(u�))� f(u�) � 0:

� â® ¦¥ ¢à¥¬ï ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2.3

hrvh(u�; v(u�)); u� � v(u�)i+ f(u�)� f(v(u�))� �ku� � v(u�)k2 � 0:

�«®¦¨¢ ®¡  ­¥à ¢¥­áâ¢ , ¯®«ãç¨¬

��ku� � v(u�)k2 � hrvh(u
�; v(u�))�rvh(u

�; u�); v(u�)� u�i � 0;

¯®áª®«ìªã rvh(u�; �) ï¢«ï¥âáï ¬®­®â®­­ë¬ ®â®¡à ¦¥­¨¥¬. �âáî¤  á«¥¤ã¥â u� = v(u�). �¥¯¥àì
¤®ª ¦¥¬ ®¡à â­®¥. �à¥¤¯®«®¦¨¬, çâ® u� = v(u�), â®£¤  ¯® ®¯à¥¤¥«¥­¨î u� 2 U ¨

 (u�) = L(u�; u�) = �h(u�; u�)� f(u�) + f(u�)� 0:5�ku� � u�k = 0;

®âáî¤  ¢ á¨«ã (ii) ¯à¥¤«®¦¥­¨ï 2.4 u� 2 U�.
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�¢®©áâ¢  äã­ªæ¨¨  , ¤®ª § ­­ë¥ ¢ ¯à¥¤«®¦¥­¨¨ 2.4, â. ¥. ­¥®âà¨æ â¥«ì­®áâì ­  ¤®¯ãáâ¨-
¬®¬ ¬­®¦¥áâ¢¥ ¨ à ¢¥­áâ¢® ­ã«î ­  ¬­®¦¥áâ¢¥ à¥è¥­¨©, ¯®ª §ë¢ îâ, çâ®  ¬®¦¥â á«ã¦¨âì
¨­â¥à¢ «ì­®© äã­ªæ¨¥© ¤«ï § ¤ ç¨ 2.1. �âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ¨áå®¤­ ï § ¤ ç  2.1
íª¢¨¢ «¥­â­  § ¤ ç¥ ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨

min
u2U

�!  (u): (4)

�¤­ ª® ¢ë¯ãª«®áâì äã­ªæ¨¨  ­¥ £ à ­â¨àã¥âáï ¨ ¤ ­­ ï § ¤ ç  ¬®¦¥â ¨¬¥âì ¢ ¯à¨­æ¨¯¥ «®-
ª «ì­ë¥ ¬¨­¨¬ã¬ë, ®â«¨ç­ë¥ ®â £«®¡ «ì­ëå. �®íâ®¬ã ¡ë«® ¡ë ã¤®¡­¥¥ § ¬¥­¨âì íâã § ¤ çã ­ 
¥¥ ãá«®¢¨ï áâ æ¨®­ à­®áâ¨. �â® ¯®âà¥¡ã¥â ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨©, ª®â®àë¥ ¨§ãç îâáï
¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

3. �¥¯à¥àë¢­®áâì ¨ áâ æ¨®­ à­®áâì

� ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥­¨ï.

(A1) �«ï ®â®¡à ¦¥­¨ï rvh(�; v) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ �¨¯è¨æ  á ª®­áâ ­â®© Lh ¤«ï «î¡®£®
v 2 Rn.

(A2) �«ï «î¡ëå u; v 2 Rn ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

hruh(u; v) +rvh(u; v); v � ui � {ku� vk2;

£¤¥ { > 0.

�â¬¥â¨¬, çâ® ¢ á«ãç ¥ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ , â. ¥. ª®£¤  äã­ªæ¨ï h ¯à¥¤áâ ¢«¥­  ¢
¢¨¤¥ h(u; v) = hG(u); v � ui, á¢®©áâ¢® (�2) ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

hrG(u)T (v � u); v � ui � {ku� vk2;

çâ® á®®â¢¥âáâ¢ã¥â âà¥¡®¢ ­¨î á¨«ì­®© ¬®­®â®­­®áâ¨ ®â®¡à ¦¥­¨ï G.

�¥¬¬  3.1. �á«¨ ãá«®¢¨¥ (A1) ¢ë¯®«­ï¥âáï, â® ®â®¡à ¦¥­¨¥ u 7! v(u) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î �¨¯è¨æ .

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­ë¥ â®çª¨ u0; u00 2 U ¨ ®¡®§­ ç¨¬ v0 = v(u0), v00 = v(u00).
�®£¤  ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2.3 ¨¬¥¥¬

hrvh(u0; v0) + �(v0 � u0); v00 � v0i+ f(v00)� f(v0) � 0;

hrvh(u00; v00) + �(v00 � u00); v0 � v00i+ f(v0)� f(v00) � 0:

�«®¦¨¢ íâ¨ ­¥à ¢¥­áâ¢ , ¯®«ãç¨¬

hrvh(u0; v0)�rvh(u00; v00); v00 � v0i+ �h(v0 � v00) + (u00 � u0); v00 � v0i � 0:

�âáî¤  á«¥¤ã¥â

hrvh(u0; v0)�rvh(u00; v0); v00 � v0i+ �hu00 � u0; v00 � v0i �

� hrvh(u00; v0)�rvh(u00; v00); v0 � v00i+ �kv00 � v0k2 � �kv00 � v0k2;

¯®áª®«ìªã rhv(u00; �) ¬®­®â®­­®. � «¥¥, ¨á¯®«ì§ãï (A1), ¯®«ãç¨¬

(Lh + �)ku0 � u00k kv0 � v00k � �kv0 � v00k2;

®âáî¤ 
kv0 � v00k � (1 + Lh=�)ku

0 � u00k: �

�§ «¥¬¬ë 3.1 ¨ ä®à¬ã«ë (2), ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® äã­ªæ¨ï  ­¥¯à¥àë¢­  ­  U .

�¥¬¬  3.2. �ãáâì ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (A1). �®£¤  äã­ªæ¨ï  ¨¬¥¥â ¯à®¨§¢®¤­ãî ¢ «î-

¡®© â®çª¥ u 2 U ¯® «î¡®¬ã ­ ¯à ¢«¥­¨î d 2 Rn, ¯à¨ç¥¬

 0(u; d) = f 0(u; d)� hruh(u; v(u)) + �(u� v(u)); di:
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�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­® ¢¥ªâ®à d 2 Rn. �ç¨âë¢ ï á¢®©áâ¢® ­¥¯à¥àë¢­®áâ¨
®â®¡à ¦¥­¨ï u 7! v(u) ¨ ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨  , ¯®«ãç ¥¬, çâ® ¢ ¤ ­­ëå ãá«®¢¨ïå ¬®¦­®
¯à¨¬¥­¨âì â¥®à¥¬ã 3.4 ¨§ [6] ® ¤¨ää¥à¥­æ¨à®¢ ­¨¨ äã­ªæ¨¨ ¬ ªá¨¬ã¬ , ®âªã¤  á«¥¤ã¥â, çâ®
äã­ªæ¨ï  ¤¨ää¥à¥­æ¨àã¥¬  ¯® ­ ¯à ¢«¥­¨ï¬ ¢ «î¡®© â®çª¥ u 2 U ¨

 0(u; d) = f 0(u; d)� hruh(u; v(u)) + �(u� v(u)); di: �

�ä®à¬ã«¨àã¥¬ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç¨ (4).

�¥®à¥¬  3.1 (ãá«®¢¨¥ áâ æ¨®­ à­®áâ¨). �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (A1) ¨ (A2). �®£¤ 

 0(u0;u� u0) � 0 8u 2 U () u0 2 U�:

�®ª § â¥«ìáâ¢®. �®, çâ® à¥è¥­¨¥ § ¤ ç¨ 2.1 ¤®«¦­® ã¤®¢«¥â¢®àïâì ãá«®¢¨î ­¥®âà¨æ -
â¥«ì­®áâ¨ ¯à®¨§¢®¤­®© ¯® «î¡®¬ã ­ ¯à ¢«¥­¨î ¢ íâ®© â®çª¥, ï¢«ï¥âáï ®ç¥¢¨¤­ë¬. �à¥¤¯®«®-
¦¨¬ â¥¯¥àì, çâ®

 0(u0;u� u0) � 0 8u 2 U:

�§ ®¯à¥¤¥«¥­¨ï ¯à®¨§¢®¤­®© ¯® ­ ¯à ¢«¥­¨î á«¥¤ã¥â

f 0(u0;u� u0)� hruh(u
0; v(u0)) + �(u0 � v(u0)); u� u0i � 0 8u 2 U:

�®« £ ï §¤¥áì u = v(u0), ¯®«ãç¨¬

f 0(u0; v(u0)� u0)� hruh(u0; v(u0)) + �(u0 � v(u0)); v(u0)� u0i � 0:

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2.3, ¯®« £ ï ¢ (3) v = u0, ¨¬¥¥¬

hrvh(u0; v(u0)) + �(v(u0)� u0); u0 � v(u0)i+ f(u0)� f(v(u0)) � 0:

�ª« ¤ë¢ ï ¤¢  ¯®á«¥¤­¨å ­¥à ¢¥­áâ¢ , ¯®«ãç¨¬

f 0(u0; v(u0)� u0) + f(u0)� f(v(u0))� hruh(u0; v(u0)) +rvh(u0; v(u0)); v(u0)� u0i � 0: (5)

�ã¬¬  ¯¥à¢ëå âà¥å á« £ ¥¬ëå ­¥¯®«®¦¨â¥«ì­  ¢á«¥¤áâ¢¨¥ ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ f , ¯®íâ®¬ã
¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï (A2) ¨§ (5) á«¥¤ã¥â �{ku0 � v(u0)k � 0; çâ® ¢ë¯®«­ï¥âáï â®«ìª® ¥á«¨
u0 = v(u0). �®£¤  á®£« á­® ¯à¥¤«®¦¥­¨î 2.5 á«¥¤ã¥â u0 2 U�:

�â ª, «î¡ ï áâ æ¨®­ à­ ï â®çª  § ¤ ç¨ (4) ¤ ¥â à¥è¥­¨¥ ¨áå®¤­®© § ¤ ç¨ à ¢­®¢¥á¨ï 2.1,
¯®íâ®¬ã ¤«ï ®âëáª ­¨ï à¥è¥­¨ï ¬®¦­® ¨á¯®«ì§®¢ âì á®®â¢¥âáâ¢ãîé¨¥ ¨â¥à â¨¢­ë¥ ¬¥â®¤ë
¬¨­¨¬¨§ æ¨¨ á ãç¥â®¬ ­¥£« ¤ª®áâ¨ äã­ªæ¨¨  . �â¬¥â¨¬, çâ® ¨§ â¥®à¥¬ë 3.1 ¨ ¯à¥¤«®¦¥­¨ï 2.4
á«¥¤ã¥â, çâ® ãá«®¢¨¥ (A2) ä ªâ¨ç¥áª¨ £ à ­â¨àã¥â ®âáãâáâ¢¨¥ «®ª «ì­ëå ¬¨­¨¬ã¬®¢ äã­ªæ¨¨
 , ®â«¨ç­ëå ®â £«®¡ «ì­®£®.

� á«¥¤ãîé¥¬ à §¤¥«¥ ¯®ª ¦¥¬, çâ® ¥á«¨ â®çª  u ­¥ ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ 2.1, â® ¢¥ªâ®à
d = v(u)� u ¯à¥¤áâ ¢«ï¥â á®¡®© ­ ¯à ¢«¥­¨¥ ã¡ë¢ ­¨ï ¤«ï äã­ªæ¨¨  ¢ â®çª¥ u. �á­®¢ë¢ ïáì
­  íâ®¬ ãâ¢¥à¦¤¥­¨¨, ¯®áâà®¨¬ ¬¥â®¤ á¯ãáª  ¤«ï à¥è¥­¨ï § ¤ ç¨ 2.1.

4. �¥â®¤ á¯ãáª 

�¥¬¬  4.1. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (A1) ¨ (A2). �®£¤  ¤«ï «î¡®£® u 2 U n U�

 0(u; v(u) � u) < 0:

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ «î¡ãî â®çªã u 2 U . �®£« á­® «¥¬¬¥ 3.2

 0(u; v(u) � u) = f 0(u; v(u) � u)� hruh(u; v(u)) + �(u� v(u)); v(u) � ui:

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2.3, ¯®« £ ï ¢ (3) u = u0, v = u, ¨¬¥¥¬

0 � hrvh(u; v(u)) + �(v(u) � u); u� v(u)i + f(u)� f(v(u)):
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�ª« ¤ë¢ ï íâ¨ á®®â­®è¥­¨ï, ¯®«ãç¨¬

 0(u; v(u) � u) � f 0(u; v(u) � u) + f(u)� f(v(u))� hruh(u; v(u)) +rvh(u; v(u)); v(u) � ui:

�«ï «î¡®© â®çª¨ u ¨§ ¬­®¦¥áâ¢  U nU� áã¬¬  ¯¥à¢ëå âà¥å á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­-
áâ¢  ­¥¯®«®¦¨â¥«ì­  ¢á«¥¤áâ¢¨¥ ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ f , ç¥â¢¥àâ®¥ á« £ ¥¬®¥ ®âà¨æ â¥«ì­® ¢
á¨«ã ¯à¥¤¯®«®¦¥­¨ï (A2), ¯®áª®«ìªã u 6= v(u). � ª¨¬ ®¡à §®¬,  0(u; v(u) � u) < 0.

�â ª, à¥è¥­¨¥ § ¤ ç¨ (2) ¯®§¢®«ï¥â ¯®«ãç¨âì ­ ¯à ¢«¥­¨¥ ã¡ë¢ ­¨ï äã­ªæ¨¨  ¢ «î¡®©
â®çª¥ u 2 U .

�®áâà®¨¬ â¥¯¥àì ¤«ï à¥è¥­¨ï § ¤ ç¨ 2.1

�¥â®¤ á¯ãáª 

� £ 0. �ë¡¥à¥¬ ¯à®¨§¢®«ì­® â®çªã u0 2 U ¨ ¯ à ¬¥âà � > 0. �®«®¦¨¬ k = 0.
� £ 1. �ëç¨á«¨¬  (uk) ¨ v(uk) ¯® ä®à¬ã«¥

 (uk) = sup
v2U

L(uk; v) = L(uk; v(uk)):

�á«¨  (uk) = 0, â® uk ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ 2.1, ¯à®æ¥áá à¥è¥­¨ï ®áâ ­ ¢«¨¢ ¥âáï.
� £ 2. �ëç¨á«¨¬ w(uk) = uk + lkd

k, £¤¥ dk = v(uk) � uk;   lk ¯à¥¤áâ ¢«ï¥â á®¡®© à¥è¥­¨¥
§ ¤ ç¨ ®¤­®¬¥à­®© ¬¨­¨¬¨§ æ¨¨

min
0�l�1

�!  (uk + ldk);

¯®«®¦¨¬ uk+1 = w(uk), § ¬¥­¨¬ k ­  k + 1 ¨ ¯¥à¥©¤¥¬ ª è £ã 1.

�¢¥¤¥¬ ¤®¯®«­¨â¥«ì­®¥ ¯à¥¤¯®«®¦¥­¨¥.

(A3) �«ï «î¡®£® v 2 Rn ®â®¡à ¦¥­¨¥ rvh(�; v) ï¢«ï¥âáï á¨«ì­® ¬®­®â®­­ë¬ ­  ¬­®¦¥áâ¢¥ U
á ª®­áâ ­â®© �:

�¥®à¥¬  4.1. �ãáâì ¢ë¯®«­ï¥âáï ¯à¥¤¯®«®¦¥­¨¥ (A3). �®£¤  ­ ©¤¥âáï ç¨á«® � > 0 â ª®¥,
çâ®

�ku� u�k2 �  (u) 8u 2 U;

£¤¥ u� 2 U�.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­® ç¨á«® � 2 (0; 1] ¨ â®çªã u� 2 U� ¨ ®¯à¥¤¥«¨¬
v� = �u� + (1� �)u. �ç¨âë¢ ï ¢ë¯ãª«®áâì äã­ªæ¨© h(u; �) ¨ f , ¨¬¥¥¬

 (u) � �h(u; v�) + f(u)� f(v�)� 0:5�ku � v�k
2 � ��h(u; u�)� (1� �)h(u; u) +

+ f(u)� �f(u�)� (1� �)f(u)� 0:5��2ku� u�k2 =

= ��h(u; u�) + �[f(u)� f(u�)]� 0:5��2ku� u�k2:

� «¥¥, ¨§ ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ h(u; �), á¢®©áâ¢  h(u; u) = 0 ¨ á®®â­®è¥­¨ï (1) á«¥¤ã¥â

�h(u; u�) + f(u)� f(u�) � hrvh(u; u
�)�rvh(u

�; u�); u� u�i:

�®íâ®¬ã á ãç¥â®¬ á¢®©áâ¢  (A3) ¯®«ãç¨¬

 (u) � �hrvh(u; u�)�rvh(u�; u�); u� u�i � 0:5��2ku� u�k2 �

� (�� � 0:5��2)ku� u�k2 � �ku� u�k2;

£¤¥

� =

(
� � 0:5� ¯à¨ � � �;

0:5� 2=� ¯à¨ � < �: �

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥
S(u) = fv 2 Un j  (v) �  (u)g 8u 2 Un:
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�«¥¤áâ¢¨¥ 4.1. �ãáâì ¢ë¯®«­ï¥âáï ¯à¥¤¯®«®¦¥­¨¥ (A3). �®£¤  «¥¡¥£®¢® ¬­®¦¥áâ¢® S(u)
¤«ï «î¡®£® u 2 Un ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬.

�«¥¤áâ¢¨¥ 4.2. �ãáâì ¢ë¯®«­ï¥âáï ¯à¥¤¯®«®¦¥­¨¥ (A3). �®£¤  § ¤ ç  2.1 ¨¬¥¥â ¥¤¨­áâ¢¥­-
­®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã äã­ªæ¨ï ­¥¯à¥àë¢­ , â® ®­  ¤®áâ¨£ ¥â c¢®¥£® ¬¨­¨¬ «ì­®£®
§­ ç¥­¨ï ­  ­¥¯ãáâ®¬ ª®¬¯ ªâ­®¬ ¬­®¦¥áâ¢¥ S(u0), £¤¥ u0 | ¯à®¨§¢®«ì­ ï â®çª  ¨§ U , â. ¥.
áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ (4), ª®â®à®¥, ®ç¥¢¨¤­®, ï¢«ï¥âáï áâ æ¨®­ à­®© â®çª®©. �§ â¥®à¥¬ë
3.1 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ 2.1. � á¨«ã â¥®à¥¬ë 4.1 ¨ ¯à¥¤«®¦¥­¨ï 2.4 íâ®
à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.

�¥®à¥¬  4.2 (£«®¡ «ì­ ï áå®¤¨¬®áâì). �ãáâì ¢ë¯®«­ïîâáï ¯à¥¤¯®«®¦¥­¨ï (A1), (A2) ¨

(A3). �®£¤  ¨â¥à æ¨®­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì fukg, ¯®áâà®¥­­ ï ¬¥â®¤®¬ á¯ãáª , áå®¤¨âáï

ª ¥¤¨­áâ¢¥­­®¬ã à¥è¥­¨î § ¤ ç¨ 2:1.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  áå®¤¨¬®áâ¨ ¬¥â®¤  ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© áå®¤¨-
¬®áâ¨ A ¨§ ([7], £«. 4, à §¤¥« 4.5). �à¥¦¤¥ ¢á¥£® ¯®ª ¦¥¬, çâ® ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï íâ®©
â¥®à¥¬ë.

1) �á¥ â®çª¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg ¯à¨­ ¤«¥¦ â ª®¬¯ ªâ­®¬ã ¯®¤¬­®¦¥áâ¢ã U . �á«®¢¨¥
á«¥¤ã¥â ¨§ á«¥¤áâ¢¨ï 4.1.

2)  (uk+1) <  (uk) ¤«ï uk =2 U� ¨ uk 2 U� ¢ á«ãç ¥  (uk+1) �  (uk). �á«®¢¨¥ á«¥¤ã¥â
­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 3.1, «¥¬¬ë 4.1 ¨ ¯à ¢¨«  ¢ë¡®à  è £  ¢ ¬¥â®¤¥.

3) �«£®à¨â¬¨ç¥áª®¥ ®â®¡à ¦¥­¨¥ u 7! w(u) § ¬ª­ãâ® ¢ «î¡®© â®çª¥ u =2 U�. �á«®¢¨¥ á«¥¤ã¥â
¨§ ­¥¯à¥àë¢­®áâ¨ ®â®¡à ¦¥­¨ï u 7! v(u), ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨  ­  U ¨ ª®¬¯ ªâ­®áâ¨
¬­®¦¥áâ¢  U \ S(u0).

� ª¨¬ ®¡à §®¬, ¢á¥ ãá«®¢¨ï â¥®à¥¬ë áå®¤¨¬®áâ¨ � ([7], £«. 4, à §¤¥« 4.5) ¢ë¯®«­ïîâáï, ¯®-
íâ®¬ã «î¡ ï ¯à¥¤¥«ì­ ï â®çª  ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg ï¢«ï¥âáï áâ æ¨®­ à­®© (¯® á¢®©áâ¢ã 1)
å®âï ¡ë ®¤­  â ª ï â®çª  áãé¥áâ¢ã¥â). �«¥¤®¢ â¥«ì­®, ¢ á¨«ã â¥®à¥¬ë 4.1 ¨ á«¥¤áâ¢¨ï 4.2 ¯®-
á«¥¤®¢ â¥«ì­®áâì fukg áå®¤¨âáï ª ¥¤¨­áâ¢¥­­®¬ã à¥è¥­¨î § ¤ ç¨ 2.1.
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