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1. �¢¥¤¥¨¥

�áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬ ª« áá¨ç¥áª®© § ¤ ç¨ ®¡ ®¯â¨¬ «ì®¬  § ç¥¨¨ ï¢«ï¥âáï ¥¥
¬®£®¨¤¥ªá ï ¢¥àá¨ï:  ©â¨ ¬¨¨¬ã¬ «¨¥©®© äãªæ¨¨
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¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨©   ¯¥à¥¬¥ë¥
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¤«ï ¢áïª¨å 1 � ik � n, 1 � k � m. �¤¥áì ç¥à¥§ ci1i2:::im ®¡®§ ç¥ë í«¥¬¥âë ¯àï¬®ã£®«ì®©
mz }| {

n� � � � � n-¬ âà¨æë | § ¤ ë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« , 1 � ik � n, k = 1; : : : ;m.
�® ¢¨¤ã ®£à ¨ç¥¨© (3) â ªãî § ¤ çã  §ë¢ îâ  ªá¨ «ì®© [1]. �¥è¥¨¥ § ¤ ç¨ ¬®¦¥â

¡ëâì ¯à¥¤áâ ¢«¥® ¢ë¡®à®¬ ¢

mz }| {
n� � � � � n-¬ âà¨æ¥ (ci1i2:::im) à®¢® n í«¥¬¥â®¢ (ª ª ¨ ¢ ª« á-

á¨ç¥áª®© ¤¢ãå¨¤¥ªá®© § ¤ ç¥), áã¬¬  ¢¥á®¢ ª®â®àëå ¨ á®áâ ¢«ï¥â æ¥«¥¢ãî äãªæ¨î. �¬¥-
® â®«ìª® íâ¨¬ ¢ë¡à ë¬ í«¥¬¥â ¬ á®®â¢¥âáâ¢ãîâ ¥¤¨¨çë¥ § ç¥¨ï ¯¥à¥¬¥ëå § ¤ ç¨.
�®£®¨¤¥ªá®áâì ¯®§¢®«ï¥â ¡®«¥¥ ¯®«® ®âà §¨âì á¯¥æ¨ä¨ªã ¯à¨ª« ¤ëå § ¤ ç ¯® áà ¢¥¨î
á ¤¢ãå¨¤¥ªáë¬ á«ãç ¥¬.

� ª ¦¥, ª ª ¨ ¢ ª« áá¨ç¥áª®© (¤¢ãå¨¤¥ªá®©) § ¤ ç¥ ®  § ç¥¨¨, ¤«ï ¬®£®¨¤¥ªá®©
§ ¤ ç¨ (1){(3) ã¤®¡® ¨á¯®«ì§®¢ âì ¡®«¥¥ ª®¬¯ ªâãî ä®à¬ã ¥¥ § ¯¨á¨ á ¯®¬®éìî ¯®¤áâ ®¢®ª
¨§ á¨¬¬¥âà¨ç¥áª®© £àã¯¯ë Sn ¯®àï¤ª  n: ¬¨¨¬¨§¨à®¢ âì «¨¥©ãî ä®à¬ã

nX
i=1

ci;�1(i);�31(i);:::;�m1(i) (4)

  ¬®¦¥áâ¢¥ ¯®¤áâ ®¢®ª f�k j 1 � k < mg â ª¨å, çâ®

�kk0 2 Sn ¯à¨ 1 � k0 < k � m; (5)

£¤¥ ç¥à¥§ �kk0 ®¡®§ ç¥  ¯®¤áâ ®¢ª  �k�1�k�2 � � � �k0+1�k0 , 1 � k0 < k � m.
�ãé¥áâ¢¥ë¬ ®â«¨ç¨¥¬ à áá¬ âà¨¢ ¥¬®© ¢ ¤ ®© à ¡®â¥ ¬®£®¨¤¥ªá®©  ªá¨ «ì®© § -

¤ ç¨ ®  § ç¥¨ïå ®â § ¤ ç¨ (4), (5) ï¢«ï¥âáï § ¬¥  ãá«®¢¨ï (5)   ãá«®¢¨¥

�kk0 2 Pn ¯à¨ 1 � k0 < k � m; (6)

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (ª®¤ ¯à®¥ªâ 
99-01-00601) ¨ ä¥¤¥à «ì®© æ¥«¥¢®© ¯à®£à ¬¬ë \�â¥£à æ¨ï" (ª®¤ ¯à®¥ªâ  274).

21



£¤¥ Pn | ¬®¦¥áâ¢® ¢á¥å ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢®ª ¨§ á¨¬¬¥âà¨ç¥áª®© £àã¯¯ë Sn ¯®àï¤-
ª  n.

�« áá¨ç¥áª ï ¬®£®¨¤¥ªá ï § ¤ ç  ®  § ç¥¨ïå (  ¯®¤áâ ®¢ª å ¨§ á¨¬¬¥âà¨ç¥áª®©
£àã¯¯ë Sn ¯®àï¤ª  n) NP -âàã¤ ,  ç¨ ï á ç¨á«  ¨¤¥ªá®¢, à ¢®£® âà¥¬ [2], [3]. � ¤¢ãå¨-
¤¥ªá®¬ ¢ à¨ â¥ íâ  § ¤ ç  ¯®«¨®¬¨ «ì® à §à¥è¨¬ , ç¥£® ¥«ì§ï áª § âì ® ¤¢ãå¨¤¥ªá®©
§ ¤ ç¥ ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å, ¯®áª®«ìªã, ®ç¥¢¨¤®, ¯®á«¥¤ïï á®-
¢¯ ¤ ¥â á ª« áá¨ç¥áª®© § ¤ ç¥© ª®¬¬¨¢®ï¦¥à . �âáî¤  á«¥¤ã¥â, çâ® à áá¬ âà¨¢ ¥¬ ï ¢ áâ âì¥
§ ¤ ç  MAX SNP-âàã¤  [4], [5].

�®«¥¥ â®£®, ¢ ®â«¨ç¨¥ ®â ¤¢ãå¨¤¥ªá®© § ¤ ç¨ (ª®¬¬¨¢®ï¦¥à ) ¨ ¬®£®¨¤¥ªá®© § ¤ ç¨ ®
 § ç¥¨ïå (  ¯®¤áâ ®¢ª å ¨§ Sn) ¬®£®¨¤¥ªá ï  ªá¨ «ì ï § ¤ ç  ®  § ç¥¨ïå   ®¤®-
æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å ¥ ¯à¨ ¢áïª¨å ¢å®¤ å ¬®¦¥â ¨¬¥âì à¥è¥¨¥. � [6] ¤«ï âà¥å¨¤¥ªá®©
§ ¤ ç¨ ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å ¡ë« ®¡®á®¢  ªà¨â¥à¨© à §à¥è¨¬®áâ¨
§ ¤ ç¨: § ¤ ç  à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n ¥ç¥â®. � ¬ ¦¥ ¯à¥¤«®¦¥ ¯à¨¡«¨¦¥-
ë©  «£®à¨â¬ à¥è¥¨ï âà¥å¨¤¥ªá®© § ¤ ç¨, ¨¬¥îé¨© «¨¥©ãî (®â®á¨â¥«ì® ¤«¨ë ¢å®¤ )
âàã¤®¥¬ª®áâì, ¨ ¯®«ãç¥ë ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© â®ç®áâ¨ íâ®£®  «£®à¨â¬  ¯à¨ á«ãç ©®
§ ¤ ¢ ¥¬ëå ¢å®¤ëå ¤ ëå.

� ¤ ®© à ¡®â¥ ¯à¥¤áâ ¢«¥ ªà¨â¥à¨© à §à¥è¨¬®áâ¨ m-¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ®
 § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å ¯à¨ 3 � m � 7:  ç¨ ï á ¥ª®â®à®£® ®¬¥à 
nm, § ¤ ç  à §à¥è¨¬  ¯à¨ n � nm â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n ¥ç¥â®. � ª ç¥áâ¢¥ ®¤®£® ¨§
¥à¥è¥ëå ¢®¯à®á®¢ áä®à¬ã«¨à®¢   £¨¯®â¥§  ® á¯à ¢¥¤«¨¢®áâ¨ ªà¨â¥à¨ï ¤«ï «î¡®£® m > 2.

2. �à¥¤¢ à¨â¥«ìë¥ § ¬¥ç ¨ï ¨ ¥®¡å®¤¨¬ë© ¯à¨§ ª à §à¥è¨¬®áâ¨ § ¤ ç¨

�á«®¢¨ï (6) ¤«ï è¥áâ¨¨¤¥ªá®© § ¤ ç¨ ¯à®¨««îáâà¨à®¢ ë   à¨á. 1 ¢ á«¥¤ãîé¥©  £«ï¤-
®© ä®à¬¥:

� ç áâ®áâ¨, §¤¥áì �31 = �2�1, �52 = �4�3�2, �62 = �5�4�3�2, �61 = �5�4�3�2�1.
� «¥¥ ¡ã¤¥¬ ááë« âìáï   á«¥¤ãîé¨¥ ¤¢  ®ç¥¢¨¤ëå ãâ¢¥à¦¤¥¨ï, ª á îé¨åáï á¢®©áâ¢

¯®¤áâ ®¢®ª ¨§ Sn.

� ¬¥ç ¨¥ 1. �à¨ ã¬®¦¥¨¨ ¯à®¨§¢®«ì®© ¯®¤áâ ®¢ª¨ ¨§ Sn   âà á¯®§¨æ¨î (i; j) (ª ª
á¯à ¢ , â ª ¨ á«¥¢ ) ç¥â®áâì ç¨á«  æ¨ª«®¢ ¢ ¯®¤áâ ®¢ª¥ ¬¥ï¥âáï. �à¨ íâ®¬ ç¨á«® æ¨ª«®¢
ã¬¥ìè ¥âáï   ¥¤¨¨æã, ¥á«¨ ¨¤¥ªáë i ¨ j ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬, ¨ ã¢¥«¨ç¨¢ ¥âáï  
¥¤¨¨æã, ¥á«¨ i, j  å®¤ïâáï ¢ ®¤®¬ æ¨ª«¥.

� ¬¥ç ¨¥ 2. �«ï «î¡ëå ¤¢ãå ¯®¤áâ ®¢®ª � ¨ � ¨§ Sn ¨¬¥¥â ¬¥áâ® á¢®©áâ¢®: ¯®¤áâ ®¢ª¨
� ¨ ����1 ¨¬¥îâ ®¤¨ ª®¢®¥ ç¨á«® æ¨ª«®¢.

� ¤ çã ¡ã¤¥¬  §ë¢ âì à §à¥è¨¬®©, ¥á«¨ ¤«ï ¥¥ áãé¥áâ¢ã¥â â ª ï á¨áâ¥¬  ¯®¤áâ ®¢®ª
f�k j 1 � k < mg, ¤«ï ª®â®à®© ¢ë¯®«ïîâáï ãá«®¢¨ï (6). � ¯à®â¨¢®¬ á«ãç ¥ § ¤ çã  §ë¢ ¥¬
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¥à §à¥è¨¬®©. � [6] ®¡®á®¢  ¥®¡å®¤¨¬ë© ¯à¨§ ª | ¥ç¥â®áâì n | à §à¥è¨¬®áâ¨ âà¥å¨-
¤¥ªá®© § ¤ ç¨. �â®â ¯à¨§ ª «¥£ª® à á¯à®áâà ï¥âáï   á«ãç © ¯à®¨§¢®«ì®£® ç¨á«  ¨¤¥ªá®¢
m > 2.

�¥®à¥¬  1. �à¨ n � m > 2 ¤«ï à §à¥è¨¬®áâ¨ m-¨¤¥ªá®© § ¤ ç¨ ®  § ç¥¨¨   ®¤®-

æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å ¨§ Sn ¥®¡å®¤¨¬®, çâ®¡ë n ¡ë«® ¥ç¥âë¬.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ ¯à®â¨¢®¥: ¤«ï ¥ª®â®à®£® ç¥â®£® n  è«¨áì ¯®¤áâ ®¢ª¨
f�k j 1 � k < mg, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (6). �®£¤  ¯¥à¢ë¥ ¤¢¥ ¯®¤áâ ®¢ª¨ �1, �2 ¨ ¨å
¯à®¨§¢¥¤¥¨¥ �2�1 ï¢«ïîâáï ®¤®æ¨ª«¨ç¥áª¨¬¨. �®¤áâ ®¢ª  �1 ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥-
¨ï (n�1) âà á¯®§¨æ¨©, ç¨á«® ª®â®àëå ¥ç¥â® ¢ á¨«ã ç¥â®áâ¨ n. �®£« á® § ¬¥ç ¨î 1 ¯®á«¥
ã¬®¦¥¨ï ®¤®æ¨ª«¨ç¥áª®© ¯®¤áâ ®¢ª¨ �2   ¥ç¥â®¥ ç¨á«® âà á¯®§¨æ¨© (á¯à ¢ ) ¯®«ãç¨¬
¯®¤áâ ®¢ªã �2�1 á ç¥âë¬ ç¨á«®¬ æ¨ª«®¢, â. ¥. �2�1 =2 Pn. �à¨è«¨ ª ¯à®â¨¢®à¥ç¨î.

3. �à¨â¥à¨© à §à¥è¨¬®áâ¨ 7-¨¤¥ªá®© § ¤ ç¨

� áá¬®âà¨¬ à §¡¨¥¨¥ ¬®¦¥áâ¢  ¥ç¥âëå  âãà «ìëå ç¨á¥«   ¯®¤¬®¦¥áâ¢ 

N1 = fn 2 N j n 6= 0 (mod 2); n 6= 0 (mod3); n 6= 0 (mod 5)g;

N2 = fn 2 N j n 6= 0 (mod 2); n 6= 0 (mod3); n = 0 (mod 5)g;

N3 = fn 2 N j n 6= 0 (mod 2); n = 0 (mod3); n 6= 0 (mod 5)g;

N4 = fn 2 N j n 6= 0 (mod 2); n = 0 (mod3); n = 0 (mod 5)g:

�¥£ª® ¢¨¤¥âì, çâ® 7-¨¤¥ªá ï § ¤ ç  ¥ ¨¬¥¥â á¬ëá«  ¯à¨ n < 7.
� «¥¥ ¤«ï ®¯à¥¤¥«¥®áâ¨ ¯®«®¦¨¬ � = (1; 2; : : : ; n).

�¥¬¬  1. �á«¨ n 2 N1 ¨ n � 7, â® 7-¨¤¥ªá ï § ¤ ç  ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å

¯®¤áâ ®¢ª å à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¥á«¨ n 2 N1 ¨ n � 7, â® ¯®¤áâ ®¢ª¨ �1 = �2 = �3 = �4 =
�5 = �6 = � ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬ à¥è¥¨¥¬ § ¤ ç¨. �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ ¯®¤áâ ®¢ª¨,
¢å®¤ïé¨¥ ¢ (6), ¨¬¥îâ ¢¨¤ �, �2, �3, �4, �5, �6 ¨ ï¢«ïîâáï ®¤®æ¨ª«¨ç¥áª¨¬¨.

�¥¬¬  2. 7-¨¤¥ªá ï § ¤ ç  ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å à §à¥è¨¬ ,

¥á«¨ n 2 N2, n � 25.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¥á«¨ n 2 N2, n � 25, â® ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ § ¤ ç¨ ¤ îâ
¯®¤áâ ®¢ª¨ �1 = �2 = �3 = �4 = �, �5 = ��; �6 = ����1, £¤¥ � = (8; 12)(8; 5)(8; 14)(1; 8).

� íâ®¬ á«ãç ¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ n à ¢® minfn 2 N2 j n � 14g = 25,   ¯®¤áâ ®¢ª¨,
¢å®¤ïé¨¥ ¢ (6), ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤ (ãá«®¢® à §®¡ì¥¬ ¨å   âà¨ ¯®¤¢¨¤ ):

I. �, �2, �3, �4;
II. ����1;
III. ��, ��2, ��3, ��4, ��5, ��6.

�®¤áâ ®¢ª¨ ¯¥à¢®£® ¯®¤¢¨¤  ï¢«ïîâáï ®¤®æ¨ª«¨ç¥áª¨¬¨. � ãç¥â®¬ § ¬¥ç ¨ï 2 ¯®¤áâ -
®¢ª  ¢â®à®£® ¯®¤¢¨¤  â ª¦¥ ï¢«ï¥âáï ®¤®æ¨ª«¨ç¥áª®©.

�®ª ¦¥¬ ®¤®æ¨ª«¨ç®áâì ¯®¤áâ ®¢®ª âà¥âì¥£® ¯®¤¢¨¤ . �®áª®«ìªã n 2 N2, â® �5 ¬®¦-
® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï ¯ïâ¨ ¥§ ¢¨á¨¬ëå æ¨ª«®¢ (1; 6; : : : ; n � 4)(2; 7; : : : ; n �
3)(3; 8; : : : ; n � 2)(4; 9; : : : ; n � 1)(5; 9; : : : ; n). �®£« á® § ¬¥ç ¨î 1 ¤«ï â®£® çâ®¡ë ¯®¤áâ ®¢-
ªã �5 ¯à¥®¡à §®¢ âì ¢ ®¤®æ¨ª«¨ç¥áªãî, ¯®âà¥¡ã¥âáï, ª ª ¬¨¨¬ã¬, ¤®¬®¦¥¨¥ ¥¥   ç¥âëà¥
âà á¯®§¨æ¨¨. �à¨ ã¬®¦¥¨¨ �5   âà á¯®§¨æ¨î (1; 8) á«¥¢  ¯®«ãç ¥¬ ¯®¤áâ ®¢ªã (1; 8)�5 ¢
¢¨¤¥ á«¥¤ãîé¥£® ¯à®¨§¢¥¤¥¨ï ç¥âëà¥å ¥§ ¢¨á¨¬ëå æ¨ª«®¢:

(1; 8; 13; : : : ; n� 2; 3; 6; 11; : : : ; n� 4)(2; 7; : : : ; n� 3)(4; 9; : : : ; n� 1)(5; 10; : : : ; n);

¯à¥¤áâ ¢«¥ëå   à¨á. 2.

23



�à¨ ã¬®¦¥¨¨ â¥ªãé¥© ¯®¤áâ ®¢ª¨   ®¢ãî âà á¯®§¨æ¨î ª ¦¤ë© à § ¢®§¨ª ¥â ®¤¨ -
ª®¢ ï á¨âã æ¨ï: í«¥¬¥âë âà á¯®§¨æ¨¨ ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬ ¯®¤áâ ®¢ª¨, ¨ ç¨á«®
æ¨ª«®¢ ã¬¥ìè ¥âáï   ¥¤¨¨æã. �®íâ®¬ã á ãç¥â®¬ § ¬¥ç ¨ï 1 ¯®¤áâ ®¢ª  ��5 ®¤®æ¨ª«¨ç¥-
áª ï.

�®¤áâ ®¢ª¨ �, �2, �3, �4, �6 ®¤®æ¨ª«¨ç¥áª¨¥. �«¥¤®¢ â¥«ì®, ¯®¤áâ ®¢ª¨ (1; 8)�, (1; 8)�2,
(1; 8)�3, (1; 8)�4, (1; 8)�6 á®áâ®ïâ ¨§ ¤¢ãå æ¨ª«®¢. �à¨ íâ®¬, ª ª ¥âàã¤® ¯à®¢¥à¨âì, í«¥¬¥âë
f8g, f14g ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬.

�®íâ®¬ã á ãç¥â®¬ § ¬¥ç ¨ï 1 ¯®¤áâ ®¢ª¨ (8; 14)(1; 8)�, (8; 14)(1; 8)�2 , (8; 14)(1; 8)�3 ,
(8; 14)(1; 8)�6 ï¢«ïîâáï ®¤®æ¨ª«¨ç¥áª¨¬¨.

� «®£¨ç® ¯®ª §ë¢ ¥âáï, çâ® ¯à¨ ã¬®¦¥¨¨ ª ¦¤®© ¨§ ¯®á«¥¤¨å ¯®¤áâ ®¢®ª   âà á-
¯®§¨æ¨î (5,8),   § â¥¬   (8,12) â ª¦¥ ¯®«ãç îâáï ®¤®æ¨ª«¨ç¥áª¨¥ ¯®¤áâ ®¢ª¨.

� áá¬®âà¨¬ ¤ «¥¥ ¯®¤áâ ®¢ªã (1; 8)�4. �  á®áâ®¨â ¨§ ¤¢ãå æ¨ª«®¢ ¨ á®¤¥à¦¨â í«¥¬¥âë
f8g, f14g ¢ ®¤®¬ ¨§ íâ¨å æ¨ª«®¢. � ãç¥â®¬ § ¬¥ç ¨ï 1 ¯®¤áâ ®¢ª  (8; 14)(1; 8)�4 á®áâ®¨â ¨§
âà¥å æ¨ª«®¢. �à¨ íâ®¬ í«¥¬¥âë f5g, f8g ¨ f12g ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬ (á¬. à¨á. 3).

�âáî¤  á«¥¤ã¥â, çâ® ¯à®¨§¢¥¤¥¨¥ (8; 12)(5; 8)   (8; 14)(1; 8)�4 | ®¤®æ¨ª«¨ç¥áª ï ¯®¤áâ ®¢ª .
�â ª, ¢á¥ ¯®¤áâ ®¢ª¨, ä¨£ãà¨àãîé¨¥ ¢ ãá«®¢¨¨ (6), ï¢«ïîâáï ®¤®æ¨ª«¨ç¥áª¨¬¨ ¯à¨ n 2

N2, n � 25.

�¥¬¬  3. 7-¨¤¥ªá ï § ¤ ç  ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å à §à¥è¨¬ ,

¥á«¨ n 2 N3, n � 27.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¥á«¨ n 2 N3, n � 27, â® ¢ ª ç¥áâ¢¥ à¥è¥¨ï § ¤ ç¨ ¬®¦®
¢§ïâì ¯®¤áâ ®¢ª¨ �1 = �2 = �, �3 = ��, �4 = �5 = ����1, �6 = �����1, £¤¥ � = (6; 14)(1; 6),
� = (23; 3)(14; 3). �¨¨¬ «ì®¥ § ç¥¨¥ n ¢ íâ®¬ á«ãç ¥ à ¢® minfn 2 N3 j n � 23g = 27. �à¨
íâ®¬ ¯®¤áâ ®¢ª¨, ¢å®¤ïé¨¥ ¢ ãá«®¢¨¥ (6), ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤ (ãá«®¢® à §®¡ì¥¬ ¨å   ¯ïâì
¯®¤¢¨¤®¢):
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I. �, �2;
II. ����1, ��2��1;
III. ��, ��2, ��3, ��4, ��5;
IV. ���4, ���5, ���6;
V. �����1, ���2��1, ���3��1.

�®¤áâ ®¢ª¨ ¯¥à¢®£® ¯®¤¢¨¤ ,   á ãç¥â®¬ § ¬¥ç ¨ï 2, ¨ ¯®¤áâ ®¢ª¨ ¢â®à®£® ¯®¤¢¨¤  ï¢«ï-
îâáï ®¤®æ¨ª«¨ç¥áª¨¬¨.

�®ª ¦¥¬ ®¤®æ¨ª«¨ç®áâì ¯®¤áâ ®¢®ª âà¥âì¥£® ¯®¤¢¨¤ . � ª ª ª n 2 N3, â® �3 ¬®¦®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï âà¥å ¥§ ¢¨á¨¬ëå æ¨ª«®¢. �«¥¬¥âë f1g, f6g ¨ f14g «¥¦ â ¢
à §ëå æ¨ª« å. �®íâ®¬ã ¯à®¨§¢¥¤¥¨¥ (6; 14)(1; 6)   �3 | ®¤®æ¨ª«¨ç¥áª ï ¯®¤áâ ®¢ª .

�®¤áâ ®¢ª¨ �, �2, �4, �5 ®¤®æ¨ª«¨ç¥áª¨¥. �«¥¤®¢ â¥«ì®, ª ¦¤ ï ¨§ ¯®¤áâ ®¢®ª (1; 6)�,
(1; 6)�2, (1; 6)�4, (1; 6)�5 á®áâ®¨â ¨§ ¤¢ãå æ¨ª«®¢. �¥£ª® ¯à®¢¥à¨âì, çâ® ¢ ª ¦¤®© ¨§ íâ¨å ¯®¤áâ -
®¢®ª í«¥¬¥âë f6g ¨ f14g ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬. �®íâ®¬ã ¯®¤áâ ®¢ª¨ ��, ��2, ��4,
��5 ®¤®æ¨ª«¨ç¥áª¨¥ ¯® § ¬¥ç ¨î 1.

�®ª ¦¥¬ ®¤®æ¨ª«¨ç®áâì ¯®¤áâ ®¢®ª ç¥â¢¥àâ®£® ¯®¤¢¨¤ . � ª ª ª ��4 ¨ ��5 ®¤®æ¨ª«¨-
ç¥áª¨¥, â® ¯®¤áâ ®¢ª¨ (3; 14)��4 ¨ (3; 14)��5 á®áâ®ïâ ¨§ ¤¢ãå æ¨ª«®¢. �¥£ª® ¯à®¢¥à¨âì, çâ® ¢
ª ¦¤®© ¨§ íâ¨å ¯®¤áâ ®¢®ª í«¥¬¥âë f3g, f23g ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬. �®íâ®¬ã ¯®¤áâ -
®¢ª¨ ���4, ���5 ®¤®æ¨ª«¨ç¥áª¨¥ á®£« á® § ¬¥ç ¨î 1.

�®áª®«ìªã n 2 N3, â® ¯®¤áâ ®¢ª  �6 ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥ á«¥¤ãîé¥£® ¯à®¨§¢¥-
¤¥¨ï âà¥å ¥§ ¢¨á¨¬ëå æ¨ª«®¢:

(1; 7; : : : n� 2; 4; 10; : : : ; n� 6)(2; 8; : : : ; n� 1; 5; 11; : : : ; n� 5)(3; 9; : : : ; n; 6; 12; : : : ; n� 4);

¯à¨ç¥¬ í«¥¬¥âë f1g, f6g, f14g ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬. �®íâ®¬ã ã¬®¦¥¨¥ ¯®¤áâ ®¢ª¨
� = (6; 14)(1; 6)   �6 ¤ ¥â ®¤®æ¨ª«¨ç¥áªãî ¯®¤áâ ®¢ªã ��6. �à¨ ã¬®¦¥¨¨ ¯®¤áâ ®¢ª¨
� = (3; 23)(3; 14)   ®¤®æ¨ª«¨ç¥áªãî ¯®¤áâ ®¢ªã ��6 á ç «  ¯®«ãç ¥¬ ¯®¤áâ ®¢ªã (3; 14)��6,
á®áâ®ïéãî ¨§ ¤¢ãå æ¨ª«®¢. �«¥¬¥âë f3g; f23g ¯à¨ ¤«¥¦ â à §ë¬ æ¨ª« ¬. �«¥¤®¢ â¥«ì®,
¯®¤áâ ®¢ª  (3; 23)(3; 14)��6 = ���6 ®¤®æ¨ª«¨ç¥áª ï.

� «®£¨çë¬ ®¡à §®¬ ¯®ª §ë¢ ¥âáï ®¤®æ¨ª«¨ç®áâì âà¥å ¯®¤áâ ®¢®ª ¯ïâ®£® â¨¯ .

�¥¬¬  4. 7-¨¤¥ªá ï § ¤ ç  ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å à §à¥è¨¬ ,

¥á«¨ n 2 N4, n � 45.

�®ª § â¥«ìáâ¢®. �á«¨ N4 = fn 2 N j n 6= 0 (mod 2); n = 0(mod 3); n = 0 (mod5)g, â®
¤®¯ãáâ¨¬ë¬ à¥è¥¨¥¬ § ¤ ç¨ ï¢«ïîâáï ¯®¤áâ ®¢ª¨ �1 = �2 = �, �3 = ��, �4 = �5 = ����1,
�6 = �����1, £¤¥ � = (11; 14)(11; 5)(2; 18)(1; 2), � = (32; 15)(31; 32).

� íâ®¬ á«ãç ¥ ¯®¤áâ ®¢ª¨, ¢å®¤ïé¨¥ ¢ ãá«®¢¨¥ (6), ¨¬¥îâ ¢¨¤

I. �, �2;
II. ��, ��2, ��3, ��4, ��5;
III. ����1, ��2��1;
IV. ���4, ���5, ���6;
V. �����1, ���2��1, ���3��1.

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, à §¡¨«¨ ¨å   ¯ïâì ¯®¤¢¨¤®¢.
�à®¢¥¤ï   «®£¨çë¥ à ááã¦¤¥¨ï, ¬®¦® ¯®ª § âì, çâ® ¯à¨¢¥¤¥ë¥ ¢ëè¥ ¯®¤áâ ®¢ª¨

ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (6).

�¥¯¥àì áä®à¬ã«¨àã¥¬ ªà¨â¥à¨© à §à¥è¨¬®áâ¨ 7-¨¤¥ªá®© § ¤ ç¨.

�¥®à¥¬  2. � ©¤¥âáï â ª®© ®¬¥à n7, çâ® 7-¨¤¥ªá ï § ¤ ç  ®  § ç¥¨ïå   ®¤®æ¨-

ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å ¨§ Sn à §à¥è¨¬  ¯à¨ n � n7 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n ¥ç¥â®.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 1. �®áâ â®ç®áâì ¯®«ãç¨¬ ¨§ «¥¬¬
1{4, á®£« á® ª®â®àë¬ § ç¥¨¥ n7 = 45 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë.
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4. � ª«îç¨â¥«ìë¥ § ¬¥ç ¨ï ® à §à¥è¨¬®áâ¨ ¬®£®¨¤¥ªá®© § ¤ ç¨

�¥¯®áà¥¤áâ¢¥® ¨§ ªà¨â¥à¨ï à §à¥è¨¬®áâ¨ 7-¨¤¥ªá®© § ¤ ç¨ ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì
ªà¨â¥à¨ï ¤«ï § ¤ ç á ç¨á«®¬ ¨¤¥ªá®¢ m ®â 3 ¤® 6.

�¥®à¥¬  3. �«ï ¢áïª®£® 2 < m � 7  ©¤¥âáï â ª®© ®¬¥à nm, çâ® m-¨¤¥ªá ï  ªá¨ «ì ï

§ ¤ ç  ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å ¨§ Sn à §à¥è¨¬  ¯à¨ n � nm â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  n ¥ç¥â®.

�â¬¥â¨¬ ¥ª®â®àë¥ ¥à¥è¥ë¥ ¢®¯à®áë, ¯à¥¤áâ ¢«ïîé¨¥ ¨â¥à¥á ¤«ï ¤ «ì¥©è¨å ¨áá«¥-
¤®¢ ¨©.

1. �¯à®¢¥à£ãâì ¨«¨ ¤®ª § âì, çâ® ¢¥à  á«¥¤ãîé ï

�¨¯®â¥§ . �«ï «î¡®£® m > 2  ©¤¥âáï â ª®© ®¬¥à nm, çâ® m-¨¤¥ªá ï  ªá¨ «ì ï § ¤ ç 
®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å ¨§ Sn à §à¥è¨¬  ¯à¨ n � nm â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  n ¥ç¥â®.

2. �«ï § ¤ ®£® ç¨á«  ¨¤¥ªá®¢ m > 2 ¡ë«® ¡ë «î¡®¯ëâë¬ ãª § âì ¬¨¨¬ «ìë© ®¬¥à
nm,  ç¨ ï á ª®â®à®£® ¥ç¥â®áâì n ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ à §à¥è¨-
¬®áâ¨ m-¨¤¥ªá®© § ¤ ç¨ ®  § ç¥¨ïå   ®¤®æ¨ª«¨ç¥áª¨å ¯®¤áâ ®¢ª å.

3. � ª ¡ë«® áª § ® ¢  ç «¥ áâ âì¨, íää¥ªâ¨¢ë© ¯à¨¡«¨¦¥ë©  «£®à¨â¬ à¥è¥¨ï ã¤ -
«®áì ¯®áâà®¨âì â®«ìª® ¤«ï 3-¨¤¥ªá®© § ¤ ç¨. �à¥¤áâ ¢«ï¥âáï ¨â¥à¥áë¬ à¥ «¨§ æ¨ï ®¯â¨-
¬¨§ æ¨®®£®  á¯¥ªâ  § ¤ ç¨ ¯à¨ ¡®«ìè¥¬ ç¨á«¥ ¨¤¥ªá®¢.
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