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1. �¢¥¤¥¨¥

�§¢¥áâ®, çâ® ¯à¨ à¥è¥¨¨ § ¤ ç ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï ¬¥â®¤®¬ ¨â¥à â¨¢®© ¯à®ª-
á¨¬ «ì®© à¥£ã«ïà¨§ æ¨¨ ¢ ®¡é¥¬ á«ãç ¥ ¥ ã¤ ¥âáï ¯®«ãç¨âì ®æ¥ªã áª®à®áâ¨ áå®¤¨¬®áâ¨.
�ç¥â á¯¥æ¨ä¨ª¨ ¬¨¨¬¨§¨àã¥¬®£® äãªæ¨® «  ¨ ¤®¯ãáâ¨¬®£® ¬®¦¥áâ¢  ¢ ¥ª®â®àëå ª« á-
á å § ¤ ç ¯®§¢®«¨« ®æ¥¨âì áª®à®áâì áå®¤¨¬®áâ¨ ãª § ®£® ¨â¥à â¨¢®£® ¬¥â®¤ . � à ¡®â¥ ([1],
á. 885), ¢ ¯à¥¤¯®«®¦¥¨¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï, ãáâ ®¢«¥  «¨¥© ï áª®à®áâì áå®¤¨¬®áâ¨
¬¥â®¤  ¨â¥à â¨¢®© ¯à®ªá¨¬ «ì®© à¥£ã«ïà¨§ æ¨¨. � [2] ®¡®á®¢ ¨¥ «¨¥©®© áª®à®áâ¨ áå®-
¤¨¬®áâ¨ ¯à®¢¥¤¥® ¡¥§ ¯à¥¤¯®«®¦¥¨ï ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï, ® ¢ ª®¥ç®¬¥à®¬ á«ãç ¥, á
¯à¨¢«¥ç¥¨¥¬ â ª  §ë¢ ¥¬ëå äãªæ¨© ª ç¥áâ¢  ([2], á. 238). � ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï
¥ª®â®à ï  ¡áâà ªâ ï áå¥¬ , ¯®§¢®«ïîé ï ®¡®á®¢ âì «¨¥©ãî áª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®-
¤  á ¯à®ªá¨¬ «ì®© à¥£ã«ïà¨§ æ¨¥© ¯à¨ à¥è¥¨¨ ¯®«ãª®íàæ¨â¨¢ëå ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢
¬¥å ¨ª¨, ¤®¯ãáª îé¨å ¥¥¤¨áâ¢¥®áâì à¥è¥¨ï. � ¡®â  ¡«¨§ª  ¯® á®¤¥à¦ ¨î ª áâ âì¥ [3],
®, ¢ ®â«¨ç¨¥ ®â [3], à¥£ã«ïà¨§ æ¨ï ¢ à ¡®â¥ ¯à®¢®¤¨âáï ¢ ®à¬¥ ¡®«¥¥ á« ¡®£® ¯à®áâà áâ¢ .
�à¨ íâ®¬ ¤¥â «ì® à áá¬®âà¥® ¯à¨«®¦¥¨¥ ª à¥è¥¨î ¯®«ãª®íàæ¨â¨¢®© ª®â ªâ®© § ¤ ç¨
â¥®à¨¨ ã¯àã£®áâ¨.

2. �¡áâà ªâ ï áå¥¬ 

�ãáâì V , H | £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ , ¯à¨ç¥¬ H � V , H1 | ª®¥ç®¬¥à®¥ ¯®¤¯à®-
áâà áâ¢® ¢ H, Q1 : H ! H1 | ®àâ®¯à®¥ªâ®à, Q2 = I � Q1, £¤¥ I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à,
H2 = Q2H.

�à¥¤¯®«®¦¨¬ ¤ «¥¥, çâ® § ¤  äãªæ¨® «  : H ! R, ®¡« ¤ îé¨© á¢®©áâ¢®¬ (v) =
1(Q1v)+2(Q2v), £¤¥ 1 : H1 ! R| ¢ë¯ãª«ë© äãªæ¨® «,   2 : H2 ! R| á¨«ì® ¢ë¯ãª«ë©
äãªæ¨® « (á ª®áâ â®© � > 0), â. ¥.

2(�v1 + (1� �)v2) � �2(v1) + (1� �)2(v2)� ��(1 � �)kv1 � v2k
2
H ; 0 � � � 1; 8v1; v2 2 H2:

�¡®§ ç¨¬ ç¥à¥§ (�; �) ¨ h�; �i áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï ¢ ¯à®áâà áâ¢ å H ¨ V á®®â¢¥âáâ¢¥®.
�¢¥¤¥¬ ¢ H ®¢®¥ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥

((u; v)) � hu; vi + �(Q2u;Q2v) (1)

¨ ¯à¥¤¯®«®¦¨¬, çâ® á®®â¢¥âáâ¢ãîé ï ®à¬  jjj � jjjH =
p
((�)) íª¢¨¢ «¥â  ®à¬¥ k � kH .

� áá¬ âà¨¢ ¥âáï íªáâà¥¬ «ì ï § ¤ ç 

(v) | min; v 2 G; (2)

£¤¥ G | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ H. � ¤ «ì¥©è¥¬ ãá«®¢¨¬áï, çâ® § ¯¨áì u =
argmin

v2G
F (v), £¤¥ u 2 G ¨ F | ¯à®¨§¢®«ìë© äãªæ¨® «   H, ®§ ç ¥â, çâ® F (u) = min

v2G
F (v).

�«ï à¥è¥¨ï § ¤ ç¨ (2) à áá¬®âà¨¬ ¬¥â®¤ ¨â¥à â¨¢®© ¯à®ªá¨¬ «ì®© à¥£ã«ïà¨§ æ¨¨:
i) § ¤ ¥¬áï ¯à®¨§¢®«ìë¬ í«¥¬¥â®¬ u0 2 H,
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ii) ®¡®§ ç ï uk+1 = argmin
u2G

f(u)+ku�ukk2V g, ®¯à¥¤¥«ï¥¬ u
k+1 ¯® ªà¨â¥à¨î kuk+1�uk+1kH �

"k+1, £¤¥ f"kg | § ¤  ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå ç¨á¥«.
� [4] ¨áá«¥¤ã¥¬ë© ¬¥â®¤ à áá¬ âà¨¢ «áï ¤«ï äãªæ¨® «®¢ ¡®«¥¥ ®¡é¥£® ¢¨¤ . � à ¨å

à ¡®â å [3], [5]  ¡áâà ªâ ï áå¥¬  áâà®¨« áì ¢ ®¤®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H, å®âï ¢
ª®ªà¥âëå ¯à¨«®¦¥¨ïå ¥áâ¥áâ¢¥®,  àï¤ã á ¯à®áâà áâ¢®¬ H, ¢¢¥¤¥¨¥ ¡®«¥¥ á« ¡®£® ¯à®-
áâà áâ¢  V .

�ãáâì ¬®¦¥áâ¢® à¥è¥¨© G� = fv 2 G : (v) = inf
w2G

(w)g ¥¯ãáâ®. �®£¤ , ª ª ¯®ª § ® ¢

[4], ¯®á«¥¤®¢ â¥«ì®áâì fukg áå®¤¨âáï ª ¥ª®â®à®¬ã í«¥¬¥âã u� 2 G�.
�¡®§ ç¨¬ @(v) | áã¡¤¨ää¥à¥æ¨ « ¢ë¯ãª«®£® äãªæ¨® «   ¢ â®çª¥ v, r(v) | ¯à®¨§-

¢®«ìë© í«¥¬¥â @(v). �  ®á®¢ ¨¨ â¥®à¥¬ë �¨áá  ® ¯à¥¤áâ ¢«¥¨¨ «¨¥©®£® ¥¯à¥àë¢®£®
äãªæ¨® «  ¢ £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ å ¬®¦® áç¨â âì, çâ® @(v) � H 8v 2 H. �®áª®«ìªã
Qi, i = 1; 2, | ®àâ®¯à®¥ªâ®àë, â® (Qiu; v) = (u;Qiv) ¤«ï «î¡ëå u; v 2 H. �à¨¬¥ïï â¥®à¥¬ã ®
áã¡¤¨ää¥à¥æ¨ «¥ áã¬¬ë ¢ë¯ãª«ëå äãªæ¨© ¨ â¥®à¥¬ã ® á«®¦®© äãªæ¨¨ [6], ¯®«ãç ¥¬

@(v) = Q1@1(Q1v) +Q2@2(Q2v): (3)

�«¥¤®¢ â¥«ì®, ¤«ï «î¡®£®r(vk) áãé¥áâ¢ãîâ í«¥¬¥âër1(Q1v
k) 2 @1(Q1v

k),r2(Q2v
k) 2

@2(Q2v
k) â ª¨¥, çâ® r(vk) = Q1r1(Q1v

k) +Q2r2(Q2v
k). � ª ª ª u� | à¥è¥¨¥ § ¤ ç¨ (2),

â® áãé¥áâ¢ã¥â b� 2 @(u�) â ª®©, çâ® (b�; v � u�) � 0 8v 2 G. �®¦® áç¨â âì, çâ® b� 6= 0.
�¡®§ ç¨¬ Hb� = fv 2 H : (b�; v) = 0g, B = fv 2 H : kvk � 1g.
�ãáâì b�1 2 @1(Q1u

�) ¨ b�2 2 @2(Q2u
�) â ª¨¥, çâ® b� = Q1b

�
1+Q2b

�
2. �à®¬¥ íâ®£®, ®â®á¨â¥«ì®

b�1 ¯à¨¬¥¬ á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥¨ï.

�à¥¤¯®«®¦¥¨¥ 1. �®¦¥áâ¢® à¥è¥¨© G� § ¤ ç¨ (2) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

G� = (u� + bR)\G;

£¤¥ bR = fv 2 H1 : (b�1; v) = 0g.

�¥âàã¤® ¯®ª § âì, çâ® bR � Hb� .
�«ï «î¡®£® s 2 B ¨ ¯à®¨§¢®«ì®£® ä¨ªá¨à®¢ ®£® { > 0 à áá¬®âà¨¬ ¬®¦¥áâ¢®

m(u�; s;{) = fv 2 H : v = u� + �(s+ {es) 8es 2 B; 8� > 0g:

�à¥¤¯®«®¦¥¨¥ 2. �á«¨ ¤«ï ¥ª®â®à®£® s 2 bRTB ¨ 8� > 0 ¢ë¯®«¥® ãá«®¢¨¥ u�+�s =2 G,
â® áãé¥áâ¢ã¥â { = {(s) > 0, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢® ®¤® ¨§ ãá«®¢¨©:

a) m(u�; s;{(s))
T
G = 0,

b) ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ Uu� à¥è¥¨ï u� ¤«ï «î¡®£® u 2 m(u�; s;{(s))
T
G á¯à ¢¥¤«¨-

¢® ¥à ¢¥áâ¢® �(u � u�;Hb�) � C�ku � u�k2H á ª®áâ â®© C� > 0 ¨ ®ªà¥áâ®áâìî Uu� , ¥
§ ¢¨áïé¥© ®â s, £¤¥ �(v;X) = inf

z2X
kv � zkH .

�¥®à¥¬ . �ãáâì ¯à¥¤¯®«®¦¥¨ï 1 ¨ 2 ¢ë¯®«¥ë ¨ ¯à¨ q 2 (0; 1), ¢ë¡à ®¬ á®®â¢¥âáâ¢ã-

îé¨¬ ®¡à §®¬, ¤«ï ¢á¥å k ¢ë¯®«¥® ¥à ¢¥áâ¢® "k � qk. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì fukg, ¢ë-
à ¡ âë¢ ¥¬ ï ¢ ¬¥â®¤¥ ¨â¥à æ¨®®© ¯à®ªá¨¬ «ì®© à¥£ã«ïà¨§ æ¨¨, áå®¤¨âáï ª ¥ª®â®à®¬ã

à¥è¥¨î u� 2 G� á «¨¥©®© áª®à®áâìî, â. ¥. 9bq 2 (0; 1) â ª®©, çâ® kuk � u�kH � C0bqk, C0 > 0
| const, k = 1; 2; : : :

�®ª § â¥«ìáâ¢®. �§¢¥áâ® [4], çâ® ¯®á«¥¤®¢ â¥«ì®áâì fukg áå®¤¨âáï ª ¥ª®â®à®¬ã í«¥-
¬¥âã u� 2 G�. �áâ ¥âáï ¯®«ãç¨âì ®æ¥ªã áª®à®áâ¨ áå®¤¨¬®áâ¨. � ª ª ª uk | â®çª  ¬¨¨¬ã¬ 
äãªæ¨® «   k   ¬®¦¥áâ¢¥G, â® ¨§ â¥®à¥¬ë ® áã¡¤¨ää¥à¥æ¨ «¥ áã¬¬ë ¢ë¯ãª«ëå äãªæ¨©
[6] ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ¨¥ â ª®£® í«¥¬¥â  b 2 @(uk), çâ®

0 � (b; w � uk) + 2huk � uk�1; w � uki 8w 2 G: (4)

45



�§ (3) á«¥¤ã¥â, çâ® ¤«ï ¢á¥å v; w 2 H

(r(v); w � v) = (Q1r1(Q1v) +Q2r2(v); w � v) =

= (r1(v); Q1(w � v)) + (r2(Q2v); Q2(w � v)):

�®íâ®¬ã á ãç¥â®¬ ¢ë¯ãª«®áâ¨ 1 ¢ H1 ¨ á¨«ì®© ¢ë¯ãª«®áâ¨ 2 ¢ H2 ¨¬¥¥¬

(w) � (v) � (r(v); w � v) + �kQ2(w � v)k2H : (5)

�ãáâì bu 2 G� | ¯à®¨§¢®«ì®¥ à¥è¥¨¥ § ¤ ç¨ (2). �®£¤  á ãç¥â®¬ (4) ¯®«ãç ¥¬ 2huk �
uk�1; bu�uki � (b; uk� bu). �§ ¢ë¯ãª«®áâ¨  á«¥¤ã¥â 2huk�uk�1; bu�uki � (uk)�(bu). �® â¥®à¥¬¥
ª®á¨ãá®¢ ¨¬¥¥¬

2huk � uk�1; bu� uki = kbu� uk�1k2V � kbu� ukk2V � kuk�1 � ukk2V :

�¥¬ á ¬ë¬ kbu� uk�1k2V � kbu� ukk2V � kuk�1 � ukk2V � (uk)� (bu).
�§ (5) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ¨¥ bb 2 @(bu) â ª®£®, çâ®

(uk)� (bu) � (bb; uk � bu) + �kQ2(u
k � bu)k2H � �kQ2(u

k � bu)k2H :
�®íâ®¬ã

kbu� ukk2V + kuk�1 � ukk2V + �kQ2(u
k � bu)k2H � kbu� uk�1k2V : (6)

� ãç¥â®¬ (1) ¥à ¢¥áâ¢® (6) ¤ ¥â jjjbu� ukjjj2H � jjjbu � uk�1jjj2H .
�®áª®«ìªã

jjjbu � ukjjjH = jjjbu � uk + uk � ukjjjH � jjjbu � ukjjjH � jjjuk � ukjjjH � jjjbu � ukjjjH � C"k;

£¤¥ C > 0 | ¥ª®â®à ï ¯®áâ®ï ï, â®

jjjbu � ukjjjH � jjjbu� uk�1jjjH + C"k � jjjbu � uk�2jjjH + C("k + "k�1) �

� � � � � jjjbu � u0jjjH + C
1X
k=1

"k:

� ª ª ª àï¤
1P
k=1

"k áå®¤¨âáï, â® ¯®á«¥¤®¢ â¥«ì®áâì fukg ®£à ¨ç¥  ¢ H. �®£¤  ¢ H ®£à ¨ç¥ 

¨ ¯®á«¥¤®¢ â¥«ì®áâì fukg. �à®¬¥ â®£®,

jjjuk � bujjj2H = jjjuk � uk + uk � bujjj2H � (jjjuk � ukjjjH + jjjuk � bujjjH )2 �
� (C"k + jjjuk � bujjjH )2 = C2"2k + 2C"kjjjuk � bujjjH + jjjbu � uk�1jjj2H :

�âáî¤  á«¥¤ã¥â

jjjuk+m � bujjj2H � C2
1X
i=1

"2k+i + 2C
1X
i=1

"k+ijjju
k+i � bujjjH + jjjbu� uk�1jjj2H : (7)

�¢¨¤ã ®£à ¨ç¥®áâ¨ fukg ¯®«ãç ¥¬
1P
i=1

"k+ijjju
k+i � bujjjH <1.

�¥¯¥àì à áá¬®âà¨¬ ç¨á«®¢ãî äãªæ¨î

�(�) = �(u�) + (1� �)(uk�1) + � 2ku� � uk�1k2V 8� 2 [0; 1]:

�¡®§ ç¨¬ �k�1 = arg min
�2[0;1]

�(�). �¥£ª® ¯®ª § âì, çâ®

�k�1 = min
�
1;
(uk�1)� (u�)
2ku� � uk�1k2V

�
:
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�á«¨ �k�1 = 1, â® (uk�1)�(u�)
2ku��uk�1k2

V

� 1, ®âªã¤  ku� � uk�1k2V � (uk�1)�(u�)
2

. �®íâ®¬ã

�(�k�1) = (u�) + ku� � uk�1k2V � (u�) +
(uk�1)� (u�)

2
=
(u�) + (uk�1)

2
:

�á«¨ �k�1 = (uk�1)�(u�)
2ku��uk�1k2

V

, â® �(�k�1) = (uk�1) � ((uk�1)�(u�))2

4ku��uk�1k2
V

. �®áª®«ìªã fukg ¨ fukg |

®£à ¨ç¥ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨, â® [6] áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï C1, çâ® (uk) � (uk) �
C1ku

k � ukk, k = 1; 2; : : : � «¥¥

kuk � uk�1k2V � kuk � uk�1k2V = kuk � uk + uk � uk�1k2V � kuk � uk�1k2V =

= kuk � ukk2V + 2huk � uk; uk � uk�1i+ kuk � uk�1k2V � kuk � uk�1k2V �

� C2ku
k � ukk2H + C3ku

k � ukkH � C2"
2
k + C3"k � C4"k;

£¤¥ Ci > 0 | const, i = 2; 3; 4. �«¥¤®¢ â¥«ì®,

(uk) + kuk � uk�1k2V � (uk) + kuk � uk�1k2V + eC"k; £¤¥ eC = C1 + C4;

®âªã¤  (uk) + kuk � uk�1k2V � (v) + kv � uk�1k2V + eC"k 8v 2 G.
�®«®¦¨¬ v = uk�1 + �(u� � uk�1), � 2 [0; 1]. �®£¤ 

(uk) + kuk � uk�1k2V � �(u�) + (1� �)(uk�1) + � 2ku� � uk�1k2V + eC"k = �(�) + eC"k
¤«ï ¢á¥å � 2 [0; 1]. �®íâ®¬ã, ¥á«¨ �k�1 = 1, â® (uk) � �(�k�1) + eC"k � (uk�1)+(u�)

2
+ eC"k,

(uk)� (u�) �
1
2
((uk�1)� (u�)) + eC"k: (8)

�á«¨ �k�1 =
(uk�1)�(u�)

2ku��uk�1k2
V

, â®

(uk) � �(�k�1) + eC"k = (uk�1)�
((uk�1)� (u�))2

4ku� � uk�1k2V
+ eC"k;

(uk)� (u�) �
�
1�

(uk�1)� (u�)
4ku� � uk�1k2V

�
((uk�1)� (u�)) + eC"k: (9)

�®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ¡¥áª®¥ç® ã¡ë¢ îé ï £¥®¬¥âà¨ç¥áª ï ¯à®£à¥áá¨ï qn0 ,
n = 1; 2; : : : , q0 2 (0; 1), â ª ï, çâ® "k � qk0 , k = 1; 2; : : :

� ãç¥â®¬ (7) ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: Sn = C2
nP

k=1
"2k + 2C

nP
k=1

"k, S = lim
n!1

Sn. �®£¤ 

S � Sn = C2
1X

k=n+1

"2k + 2C
1X

k=n+1

"k � C2 q
2(n+1)
0

(1� q0)2
+ 2C

qn+10

1� q0
�
(C2 + 2C)q0

1� q0
qn0 :

� ¯®¬¨¬, çâ® bR = fv 2 H1 : (b�1; v) = 0g � H1. �¡®§ ç¨¬ bR? { ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ bR
¢ H1 ®â®á¨â¥«ì® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï (�; �), H?

1 | ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ H1 ®â®á¨-
â¥«ì® (�; �). �®£¤  H = bR� bR? �H?

1 .
�®¦® áç¨â âì, çâ® uk 6= u�, k = 1; 2; : : : �à¥¤áâ ¢¨¬ à §®áâì uk � u� = (�k1s

k
1 + �k2s

k
2 +

�k3s
k
3)ku

k � u�kH , £¤¥ sk1 2 bR, sk2 2 bR?, sk3 2 H?
1 ; ks

k
i kH = 1, i = 1; 2; 3,

3P
i=1
(�ki )

2 = 1. � ãç¥â®¬

â®£®, çâ® bR? | ®¤®¬¥à®¥ ¬®¦¥áâ¢® (ª ª ª®ï¤à® «¨¥©®£® ®£à ¨ç¥®£® äãªæ¨® « 
l(v) = (b�1; v) 8v 2 H1), ¢¬¥áâ® sk2 ¡ã¤¥¬ ¯¨á âì s2. �«ï ®¯à¥¤¥«¥®áâ¨ ¯®«®¦¨¬

(b�1; s2) > 0: (10)

�®áª®«ìªã ®à¬  k � kH íª¢¨¢ «¥â  jjj � jjjH , â® áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ìë¥ ª®áâ âë bC, bbC
â ª¨¥, çâ® bCjjjvjjj2H � kvk2H �

bbCjjjvjjj2H 8v 2 H.
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�¥®à¥¬  ¡ã¤¥â ¤®ª §  , ¥á«¨

jjjun � u�jjj2H � �qn0 ; n = 1; 2; : : : ; � =
�

2(C2 + 2C)q0bCjjj bs1jjj2H(1� q0)

�
:

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �ãáâì áãé¥áâ¢ãîâ â ª¨¥ ®¬¥à  nj , ¤«ï ª®â®àëå jjjunj � u�jjj2H >
�q

nj
0 , j = 1; 2; : : : �á«¨ ª®«¨ç¥áâ¢® â ª¨å nj ª®¥ç®, â® áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®

C��, çâ® jjjun � u�jjj2H � C��qn0 , n = 1; 2; : : :
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ®¬¥à®¢ fnjg, ¤«ï ª®â®àëå jjjunj�u�jjj2H > �q

nj
0 ,

j = 1; 2; : : : , ¡¥áª®¥ç . �âáî¤  á«¥¤ã¥â

bCjjj bs1jjj2H
2

jjjunj � u�jjj2H > C2
1X

k=nj+1

"2k + 2C
1X

k=nj+1

"k: (11)

�ãáâì y1; y2; : : : ; ym; : : : | ¯à¥¤¥«ìë¥ â®çª¨ ª®¬¯ ªâ®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�k1s
k
1g, ¯à¨ç¥¬

â ª¨¥, çâ® u� + �yi =2 G 8� > 0. �¡®§ ç¨¬ xi = yi=kyikH , i = 1; 2; : : : �ç¥¢¨¤®, xi 2 bR,
i = 1; 2; : : :

�à¥¤¨ í«¥¬¥â®¢ ãª § ®© ¢ëè¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ funjg ¢ë¡¥à¥¬ â®çª¨, ¥ ¯à¨ ¤«¥¦ -
é¨¥ ¬®¦¥áâ¢ ¬ m(u�; xi;{(xi)), i = 1; 2; : : : , â. ¥. ¯®áâà®¨¬ â ªãî ¯®á«¥¤®¢ â¥«ì®áâì funjk g,
çâ® unjk =2

S
i
m(u�; xi;{(xi)).

�¥¬¬  1. �ãé¥áâ¢ã¥â ª®áâ â  �� > 0, ¤«ï ª®â®à®©

(�
njk
2 )2 + (�

njk
3 )2 � ��; k = 1; 2; : : :

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �á«¨ ¤«ï ¥ª®â®à®£® ®¬¥à  dnjk á¯à ¢¥¤«¨¢®

à ¢¥áâ¢® (�
cnjk
2 )2 + (�

cnjk
3 )2 = 0, â® (ucnjk ) = (u�), u� = ucnjk , ¨ ¯®íâ®¬ã â¥®à¥¬  ¡ã¤¥â ¤®ª §  .

�áª«îç ï íâ®â á«ãç ©, ¯®«®¦¨¬ (�
njk
2 )2 + (�

njk
3 )2 6= 0, k = 1; 2; : : : , ¨ á®£« á® ¯à¥¤¯®«®-

¦¥¨î ¢ë¡¥à¥¬ áå®¤ïéãîáï ª ã«î ¯®¤¯®á«¥¤®¢ â¥«ì®áâì. �¥  àãè ï ®¡é®áâ¨, áç¨â ¥¬
lim
k!1

[(�
njk
2 )2 + (�

njk
3 )2] = 0, â. ¥. lim

k!1
(�

njk
1 )2 = 1. �«ï ã¯à®é¥¨ï ®¡®§ ç¥¨© ¯ãáâì ¯®á«¥¤®¢ -

â¥«ì®áâì f�
njk
1 s

njk
1 g ¨¬¥¥â â®«ìª® ®¤ã ¯à¥¤¥«ìãî â®çªã bs1, â. ¥. bs1 = lim

k!1
�
njk
1 s

njk
1 . �¥¬ á ¬ë¬bs1 2 bR.

�«ï bs1 ¢®§¬®¦ë á«¥¤ãîé¨¥ ¤¢  á«ãç ï:
1) ¤«ï «î¡®£® � > 0 á¯à ¢¥¤«¨¢® ãá«®¢¨¥ u� + � bs1 =2 G,
2) áãé¥áâ¢ã¥â ¥ª®â®à®¥ �0 > 0, ¤«ï ª®â®à®£® u� + �0 bs1 2 G.
�«ï á«ãç ï 1) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¥¤¯®«®¦¥¨¥ 2. �¬¥¥¬

unjk = u� + kunjk � u�kH
� bs1 + (�

njk
1 s

njk
1 � bs1) + �

njk
2 s

njk
2 + �

njk
3 s

njk
3

�
:

� ª ª ª �
njk
2 ! 0, �

njk
3 ! 0 ¯à¨ k !1, â®

lim
k!1

�
(�

njk
1 s

njk
1 � bs1) + �

njk
2 s2 + �

njk
3 s

njk
3

�
= 0: (12)

�®«®¦¨¬ � = kunjk � u�kH . �§ (12) á«¥¤ã¥â, çâ® í«¥¬¥âë unjk ¤®«¦ë ¯à¨ ¤«¥¦ âì ¬®¦¥-
áâ¢ ¬m(u�; bs1;{) ¯à¨ ¤®áâ â®ç® ¬ «®¬ { ¨ ¤®áâ â®ç® ¡®«ìè¨å ®¬¥à å k. �® íâ® ¥¢®§¬®¦®,
¯®áª®«ìªã unjk =2

S
i
m(u�; xi;{(xi)). �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¨áª«îç ¥â á«ãç © 1).

� áá¬®âà¨¬ â¥¯¥àì á«ãç © 2). � ä¨ªá¨àã¥¬ ®¬¥à njk , ¤«ï ª®â®à®£® kunjk�1 � u�kH � �0 ¨
®¡®§ ç¨¬ bunjk�1 = u�+kunjk�1�u�kH bs1 2 G�, bpnjk�1 = (�

njk�1

1 s
njk�1

1 � bs1)+�njk�12 s2+�
njk�1

3 s
njk�1

3 .
�¬¥¥¬

unjk�1 � buk = u� + kunjk�1 � u�kH(�
njk�1

1 s
njk�1

1 + �
njk�1

2 s2 + �
njk�1

3 s
njk�1

3 )�

� u� � kunjk�1 � u�kH bs1 = kunjk � u�kH bpnjk�1: (13)
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�§ (12) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª®© ®¬¥à N1, çâ® ¯à¨ njk � N1 á¯à ¢¥¤«¨¢® ãá«®¢¨¥

jjjbpnjk�1jjj2H <
bCjjjs1jjj2H
4bbC : (14)

� ª ª ª bunjk�1� u� = kunjk�1� u�kH bs1, â® lim
k!1

bunjk�1 = u�. �à®¬¥ â®£®, áãé¥áâ¢ã¥â â ª®© ®¬¥à

N2, çâ® ¯à¨ njk � N2 ¨ m � N2 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

jjjum � bunjk�1jjjH < 1: (15)

�ãáâì N = maxfN1; N2g ¨ ¯à¥¤¯®«®¦¨¬, çâ® § ä¨ªá¨à®¢ ë© ãª § ë¬ ¢ëè¥ á¯®á®¡®¬
®¬¥à njk ¡®«ìè¥, ç¥¬ N . �®£¤  ¥à ¢¥áâ¢  (14) ¨ (15) ¢ë¯®«¥ë.

�§ (13) ¨ (14) á«¥¤ã¥â

jjjunjk�1 � bunjk�1jjj2H = kunjk�1 � u�k2H jjjbpnjk�1jjj2H <

<
bbCkunjk�1 � u�k2H

bCjjjs1jjj2H
4bbC =

bCjjjs1jjj2H
4

kunjk�1 � u�k2H : (16)

� ¤àã£®© áâ®à®ë,

unjk+l = u� + (unjk+l � u�) = bunjk�1 + (u� � bunjk�1) + (unjk+l � u�) =

= bunjk�1 � bs1kunjk�1 � u�kH + (unjk+l � u�);

jjjunjk+l � bunjk�1jjj2H = kunjk�1 � u�k2H jjj bs1jjj2H � 2kunjk�1 � u�kH(( bs1; unjk+l � u�)) +

+jjjunjk+l � u�jjj2H � bCjjj bs1jjj2H jjjunjk�1 � u�jjj2H � 2kunjk�1 � u�kH(( bs1; unjk+l � u�)) +

+jjjunjk+l � u�jjj2H :

�®íâ®¬ã ¯à¨ ¤®áâ â®ç® ¡®«ìè®¬ l

jjjunjk+l � unjk�1jjj2H >
3 bCjjj bs1jjj2H

4
jjjunjk�1 � u�jjj2H :

�§ (11), (15), (16) ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â

jjjunjk+l � bunjk�1jjjH > C2
1X
i=1

"2njk+i
+ 2C

1X
i=1

"njk+i jjju
k+i � unjk�1jjjH + jjjbunjk�1 � unjk�1jjj2H ;

çâ® ¥ á®£« áã¥âáï á (7). �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

�¥¬¬  2. �ãé¥áâ¢ã¥â ¥ª®â®à ï ª®áâ â  � > 0, ¤«ï ª®â®à®©

(unj )� (u�) � �kunj � u�k2H ; j = 1; 2; : : :

�®ª § â¥«ìáâ¢®. �«ï «î¡®© â®çª¨ unj , ¥ ¯à¨ ¤«¥¦ é¥© ¢ë¤¥«¥®© à ¥¥ ¯®á«¥¤®-
¢ â¥«ì®áâ¨ funjk g, áãé¥áâ¢ã¥â ¯® ªà ©¥© ¬¥à¥ ®¤® ¬®¦¥áâ¢® m(u�; xi;{(xi)) â ª®¥, çâ®
unj 2 m(u�; xi;{(xi)), ¨   ®á®¢ ¨¨ ¯à¥¤¯®«®¦¥¨ï 2 ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å ®¬¥à å j
¨¬¥¥¬

(unj )� (u�) � (b�; unj � u�) = kb�kH�(u
nj � u�;Hb�) � kb�kHC

�kunj � u�k2H :

�®íâ®¬ã ¤«ï â ª¨å â®ç¥ª ¬®¦¥¬ ¯®«®¦¨âì � = C�kb�kH . �®£¤  ®áâ ¥âáï ãç¥áâì â®«ìª® â®çª¨
¯®á«¥¤®¢ â¥«ì®áâ¨ funjk g. �§ (5) ¢ëâ¥ª ¥â

(unjk )� (u�) � (b�; unjk � u�) + �kQ2(unjk �u�)k2H = (Q1b
�
1+Q2b

�
2; u

njk � u�) + �kQ2(unjk �u�)k2H :

� ª ¨ ¢ëè¥, à §«®¦¨¬ (unjk � u�) ¯® ®àâ®£® «ìë¬ á®áâ ¢«ïîé¨¬

unjk � u� = kunjk � u�kH(�
njk
1 s

njk
1 + �

njk
2 s2 + �

njk
3 s

njk
3 ):
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�¥âàã¤® ¯®ª § âì, çâ®

(unjk )� (u�) � [�
njk
2 (b�1; s2) + �

njk
3 (b�2; s

njk
3 )]kunjk � u�kH + �(�

njk
3 )2kunjk � u�k2H : (17)

� ª ª ª [�
njk
2 (b�1; s2) + �

njk
3 (b�2; s

njk
3 )]kunjk � u�kH = (b�; unjk � u�) � 0, â®

�
njk
2 (b�1; s2) + �

njk
3 (b�2; s

njk
3 ) � 0 (18)

¨ ¯à¨ íâ®¬ (b�1; s2) > 0 á®£« á® (10).
�¡®§ ç¨¬ �

njk
23 = (�

njk
2 )2 + (�

njk
3 )2. �® «¥¬¬¥ 1 áãé¥áâ¢ã¥â �� > 0, ¤«ï ª®â®à®£® ¯à¨ «î¡®¬

k ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® �
njk
23 > �� > 0.

�á«¨ �
njk
2 < 0, â® ¨§ (18) á«¥¤ã¥â

�(�
njk
23 � (�

njk
3 )2)1=2(b�1; s2) + �

njk
3 (b�2; s

njk
3 ) � 0;

(�
njk
3 )2 �

�
njk
23 (b�1; s2)

2

(b�2; s
njk
3 )2 + (b�1; s2)2

�
��(b�1; s2)

2

kb�2k
2
H + (b�1; s2)2

:

� á¨«ã (17) ¤«ï á«ãç ï �
njk
2 < 0 ¬®¦® ¢§ïâì

� =
���

kb�2k
2
H + (b�1; s2)2

:

�«ï ¤àã£®£® ¢®§¬®¦®£® á«ãç ï ¨¬¥¥¬ �
njk
2 � 0 ¨

�
njk
2 (b�1; s2) + �

njk
3 (b�2; s

njk
3 ) � �

njk
2 (b�1; s2)� j�

njk
3 jkb�2kH = (�

njk
23 � (�

njk
3 )2)1=2(b�1; s2)� j�

njk
3 jkb�2kH :

�§ (7) ¢ëâ¥ª ¥â

jjjuk+m � u�jjj2H � jjjuk�1 � u�jjj2H + C2
1X
i=1

"2k+i + 2C
1X
i=1

"k+ijjju
k+i � u�jjjH 8k;m:

�à¨ k = 1 ¯®«ãç¨¬

jjjum+1 � u�jjj2H � jjju0 � u�jjj2H + L � L1jjju
0 � u�jjj2H 8m; (19)

£¤¥ L, L1 | ¥ª®â®àë¥ ¯®«®¦¨â¥«ìë¥ ª®áâ âë.
�¡®§ ç¨¬ � = kb�2kH , � = L1=2

1 jjju0 � u�jjjH , � = (b�1; s2). � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ " > 0 ¨
à¥è¨¬ ¯à¨¢¥¤¥®¥ ¨¦¥ ¥à ¢¥áâ¢® ®â®á¨â¥«ì® ¯¥à¥¬¥®© �

njk
3 :

(�
njk
23 � (�

njk
3 )2)1=2� � j�

njk
3 j� � "�;

0 � j�
njk
3 j �

��"� + �(�
njk
23 (� 2 + �2)� "2�2)1=2

� 2 + �2
� b{:

�¯à¥¤¥«¨¬ â¥ " > 0, ¯à¨ ª®â®àëå b{ > 0:

0 < ��"� + �(�
njk
23 (� 2 + �2)� "2�2)1=2;

" <
(�

njk
23 )1=2�
�

:

�á«¨ j�
njk
23 j � b{, â® ¨§ (17) ¨ (19) á«¥¤ã¥â

(unjk )� (u�) � "�kunjk � u�kH = "L
1=2
1 jjju0 � u�jjjHku

njk � u�kH �

� "L
1=2
1 jjju0 � u�jjjH bC1=2jjjunjk � u�jjjH �

" bC1=2bbC kunjk � u�k2H :
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�á«¨ j�
njk
23 j > b{, â® ¨§ (17) ¨¬¥¥¬ (unjk ) � (u�) > �b{2kunjk � u�k2H . �®íâ®¬ã ¯à¨ �

njk
2 � 0,

¢ë¡¨à ï �
njk
23 â ª, çâ®¡ë �

njk
23 � ��, ¯®«ãç ¥¬

� = sup
0<"<

(��)1=2�
�

min
�
" bC1=2bbC ; �

�
��"� + �(��(� 2 + �2)� "2�2)1=2

� 2 + �2

�2�
� T:

�¡ê¥¤¨ïï íâ®â à¥§ã«ìâ â á® á«ãç ¥¬ �
njk
2 < 0, ®ª®ç â¥«ì® ¯®«ãç ¥¬

� = min
�

��� 2

� 2 + �2
�; T

�
: �

�à®¤®«¦¨¬ â¥¯¥àì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. � «ì¥©è¨¥ à ááã¦¤¥¨ï ®á®¢ ë   ¥à -
¢¥áâ¢ å (8) ¨ (9). � ¯®¬¨ ¥¬, çâ® "k � q0 ¤«ï «î¡®£® k.

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìë© ®¬¥à m. �á«¨ (m� 1) ¯à¨ ¤«¥¦¨â ¯®á«¥¤®¢ â¥«ì®áâ¨ fnjg,
â® ¨§ «¥¬¬ë 2 á«¥¤ã¥â (um�1) � (u�) � �kum�1 � u�k2H . �®íâ®¬ã, ¥á«¨   m-¬ è £¥ ¨¬¥¥¬
ä®à¬ã«ã (9), â®

(um)� (u�) �
�
1�

(um�1)� (u�)
4ku� � um�1k2V

�
((um�1)� (u�)) + eC"m �

�

�
1�

(um�1)� (u�)
4jjju� � um�1jjj2H

�
((um�1)� (u�)) + eC"m �

�

�
1�

bC((um�1)� (u�))
4 jj u� � um�1 jj2H

�
((um�1)� (u�)) + eC"m �

�

�
1�

bC�
4

�
((um�1)� (u�)) + eC"m:

�¡®§ ç¨¬ � = maxf1=2; 1� bC�=4g. �®£¤  ¥à ¢¥áâ¢®
(um)� (u�) � �((um�1)� (u�)) + eC"m (20)

á¯à ¢¥¤«¨¢® ¢ á«¥¤ãîé¨å ¤¢ãå á«ãç ïå:
1) ä®à¬ã«  (8) ¨¬¥¥â ¬¥áâ®   m-¬ è £¥,
2) ä®à¬ã«  (9) ¨¬¥¥â ¬¥áâ®   m-¬ è £¥ ¨, ªà®¬¥ â®£®, (m�1) ¯à¨ ¤«¥¦¨â ¯®á«¥¤®¢ â¥«ì-

®áâ¨ fnjg.
1. �ãáâì ¤«ï ª ¦¤®£® è £  l = 1; 2; : : : ; k ¨¬¥¥¬ á«ãç © 1) ¨«¨ á«ãç © 2). �â® ®§ ç ¥â, çâ®

¥à ¢¥áâ¢® (20) á¯à ¢¥¤«¨¢® ¯à¨ l = 1; 2; : : : ; k. �ë¡¥à¥¬ "l ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬

"l �
1eC
�
1 + �

2

�l�1 1� �

2

�
(u0)� (u�)

�
; l = 1; 2; : : : ; k:

�®£¤  ¨§ (20) á«¥¤ã¥â

(u1)� (u�) � �
�
(u0)� (u�)

�
+
1� �

2

�
(u0)� (u�)

�
�
1 + �

2

�
(u0)� (u�)

�
;

(u2)� (u�) � �
�
(u1)� (u�)

�
+
1 + �

2
1� �

2

�
(u0)� (u�)

�
�

� �
1 + �

2

�
(u0)� (u�)

�
+
1 + �

2
1� �

2

�
(u0)� (u�)

�
=

=
1 + �

2
1 + �

2

�
(u0)� (u�)

�
=
�
1 + �

2

�2�
(u0)� (u�)

�
;

¨ ¯® ¨¤ãªæ¨¨ ¯®«ãç ¥¬

(ul)� (u�) �
�
1 + �

2

�l�
(u0)� (u�)

�
; l = 1; 2; : : : ; k:
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2. �ãáâì   ¥ª®â®à®¬ N -¬ è £¥ ¥ à¥ «¨§ã¥âáï ¨ á«ãç © 1), ¨ á«ãç © 2). �®£¤  ®¬¥à
(N � 1) ¥ ¯à¨ ¤«¥¦¨â ¯®á«¥¤®¢ â¥«ì®áâ¨ fnjg. � íâ®¬ á«ãç ¥ �k�1 = arg min

�2[0;1]
�(�) < 1 ¨

(uN�1)� (u�)
2ku� � uN�1k2V

< 1:

�âáî¤  (uN�1) � (u�) � 2ku� � uN�1k2V � 2jjju� � uN�1jjj2H � 2bCku� � uN�1k2H . � ¯®¬¨¬, çâ®

ãá«®¢¨¥ (N � 1) =2 fnjg ®§ ç ¥â á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  jjju� � uN�1jjj2H � �qN�10 . �®£¤ 
(uN�1)� (u�) � 2�qN�10 . � ãç¥â®¬ (9) ¨ "N � qN0 ¨¬¥¥¬

(uN)� (u�) �
�
1�

(uN�1)� (u�)
4ku� � uN�1k2V

��
(uN�1)� (u�)

�
+ eC"N �

� (uN�1)� (u�) + eC"N � 2�qN�10 + eCqN0 =
�
2�
q0

+ eC�qN0 :
3. �¥¯¥àì ¯ãáâì   á«¥¤ãîé¨å è £ å N + 1; N + 2; : : : ; N + p ¢®¢ì ¨¬¥¥¬ á«ãç © 1) ¨«¨ 2).

�§ (20) á«¥¤ã¥â (uN+1)� (u�) � �
�
2�
q0
+ eC�qN0 + eC"N+1. �ë¡¥à¥¬ "N+1 �

1��

2eC � 2�q0 + eC�qN0 .
�®£¤ 

(uN+1)� (u�) � �

�
2�
q0

+ eC�qN0 +
1� �

2

�
2�
q0

+ eC�qN0 =

=
�
2�
q0

+ eC�1 + �

2
qN0 �

�
2�
q0

+ eC�qN+1
1 ;

£¤¥ q1 = max
�
1+�
2
; q0
	
. �®¢â®àïï íâ®â ¯à®æ¥áá ¤«ï ®¬¥à®¢ (N + i), i = 2; : : : ; p, ¨¬¥¥¬

(uN+i)� (u�) � �
�
(uN+i�1)� (u�)

�
+ eC"N+i � (¯® ¨¤ãªæ¨¨) �

� �

�
2�
q0

+ eC�qN+i�1
1 + eC"N+i:

�à¥¤¯®« £ ï "N+i �
1��

2eC � 2�q0 + eC�qN+i�1
1 , ¯®«ãç ¥¬

(uN+i)� (u�) � �

�
2�
q0

+ eC�qN+i�1
1 +

1� �

2

�
2�
q0

+ eC�qN+i�1
0 �

� �

�
2�
q0

+ eC�qN+i�1
1 +

1� �

2

�
2�
q0

+ eC�qN+i�1
1 =

=
�
2�
q0

+ eC�qN+i�1
1

1 + �

2
�

�
2�
q0

+ eC�qN+i
1 ; i = 2; : : : ; p:

�§ ¯¯. 1{3 á«¥¤ã¥â, çâ® ¯à¨

"l � min

(
ql0;

�
1 + �

2

�l�1 1� �

2 eC �
(u0)� (u�)

�
;
1� �

2 eC
�
2�
q0

+ eC�) (21)

á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (ul)�(u�) � C00q
l
1, l = 1; 2; : : : , £¤¥ C00 = max

�
(u0)�(u�);

�
2�
q0
+ eC�	.

�®£¤  ¥á«¨ k =2 fnjg, â® 1bbCkuk � u�k2H � jjjuk � u�jjj2H � �qk0 , ku
k � u�k2H � �bbC qk0 .

�á«¨ ¦¥ k 2 fnjg, â® ¯® «¥¬¬¥ 2 �kuk � u�k2H � (uk) � (u�) � C00q
k
1 , ku

k � u�k2H � C00

�
qk1 .

� «¥¥, ¥á«¨ "k, k = 1; 2; : : : , ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (21), â®

kuk � u�kH � C0bqk; £¤¥ C0 = max
��

�bbC
�1=2

;

�
C00

�

�1=2

; C��1=2
�
; bq = q1=21 :

� ¯®¬¨¬, çâ® C�� á®®â¢¥âáâ¢ã¥â á«ãç î, ª®£¤  ¬®¦¥áâ¢® fnjg ª®¥ç®.

52



3. �à¨«®¦¥¨¥ ª ¯®«ãª®íàæ¨â¨¢®© ª®â ªâ®© § ¤ ç¥ â¥®à¨¨ ã¯àã£®áâ¨

�ãáâì 
 = 
0
S

00 � R2, £¤¥ 
0, 
00 | ®¡« áâ¨ á ¥¯à¥àë¢ë¬¨ ¯® �¨¯è¨æã £à ¨æ ¬¨ @
0,

@
00, ¯à¨ç¥¬ 
0
T

00 = ;, �C = @
0

T
@
00, mes �C > 0. �à¨ ä¨ªá¨à®¢ ëå à §¡¨¥¨ïå @
0 =

�u
S
�0�
S
�C , @
00 = �00�

S
�C (mes �u > 0) ¨ ä¨ªá¨à®¢ ëå äãªæ¨ïå CM

ijpl 2 L1(

M ), i; j; p; l =

1; 2; FM = [L2(
M )]2; TM 2 [L2(�M� )]
2, M = f0;00 g âà¥¡ã¥âáï  ©â¨ ¬¨¨¬ã¬ äãªæ¨® « 

(u) =
Z



Cijpl"ij(u)"pl(u)d
� 2
Z



Fiui d
� 2
Z
��

Tiui d� (�� = �0�
[
�00� )

  ¬®¦¥áâ¢¥ G = fu = (u0; u00) 2 H : u00n � u0n � 0   �Cg, £¤¥ H = fu = (u0; u00) 2 [W 1
2 (


0)]2 �
[W 1

2 (

00)]2 : u0 = 0   �ug, n | ¥¤¨¨çë© ¢¥ªâ®à ®à¬ «¨ ª @
00, ¢¥è¥© ®â®á¨â¥«ì® 
00 (¯®

¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬ ¯®¤à §ã¬¥¢ ¥âáï áã¬¬¨à®¢ ¨¥).
� ª ç¥áâ¢¥ ¯à®áâà áâ¢  H1  ¡áâà ªâ®© áå¥¬ë ¢®§ì¬¥¬ ï¤à® RH ¡¨«¨¥©®© ä®à¬ë

a(u; v) =
R



Cijpl"ij(u)"pl(u)d
, â. ¥. H1 = RH = fs = (s0; s00) : s0 � 0, s001(x) = a001 � b00x2,

s002(x) = a002 + b00x01g. �®£¤  H2 = R?H ®â®á¨â¥«ì® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï [7], [8]

(u; v) =
�Z




uid

��Z




vid

�
+
Z



@ui
@xj

@vi
@xj

d
: (22)

�®« £ ï 1(Q1v) = �L(Q1v), 2(Q2v) = 1
2
a(Q2v;Q2v)�L(Q2v), £¤¥ Qi, i = 1; 2, | ®àâ®¯à®¥ªâ®àë

  RH ¨ R?H á®®â¢¥âáâ¢¥®, ¨¬¥¥¬ (v) = 1(Q1v) + 2(Q2v), £¤¥ 1 ¨ 2 ã¤®¢«¥â¢®àïîâ ¢á¥¬
âà¥¡®¢ ¨ï¬  ¡áâà ªâ®© áå¥¬ë ¯. 2.

� ª ç¥áâ¢¥ ¯à®áâà áâ¢  V ¢®§ì¬¥¬ [L2(
0)]2� [L2(
00)]2. �§ ¥à ¢¥áâ¢  �®à  [8] ¢ëâ¥ª ¥â,
çâ® ®à¬ë, ¯®à®¦¤¥ë¥ áª «ïàë¬¨ ¯à®¨§¢¥¤¥¨ï¬¨ (1) ¨ (22), íª¢¨¢ «¥âë. �®íâ®¬ã ¬¥-
â®¤ ¨â¥à â¨¢®© ¯à®ªá¨¬ «ì®© à¥£ã«ïà¨§ æ¨¨ (i), (ii) ¢ëà ¡ âë¢ ¥â ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª
fukg, áå®¤ïéãîáï ª ¥ª®â®à®¬ã í«¥¬¥âã u� = G� = fv 2 G : (v) = inf

w2G
(w)g.

�¥£ª® ¢¨¤¥âì, çâ® bR =
n
v 2 RH :

R



Fividz +
R
��

Tivid� = 0
o
, ¨ ¯®íâ®¬ã ¯à¥¤¯®«®¦¥¨¥ 1

 ¡áâà ªâ®© áå¥¬ë ¢ë¯®«¥®.
�à¥¤¯®«®¦¨¬, çâ® ®¡« áâì ª®â ªâ  �C = @


T
@
 | ¯àï¬®«¨¥©ë© ®âà¥§®ª. � íâ®¬ á«ã-

ç ¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ ª®â ªâ®© § ¤ ç¨ ä®à¬ã«¨àã¥âáï â ª [7], [8]:

L(z) =
Z



Fizid
+
Z
��

Tizid� � 0 ¤«ï «î¡®£® z 2 G \RH , ¯à¨ç¥¬ L(z) < 0 ¯à¨ z00n < 0: (23)

�ãáâì ®¡« áâì ª®â ªâ  �C «¥¦¨â   ®á¨ Ox1. �¡®§ ç¨¬ E = fx 2 �C : (u�)00n�(u
�)0n = 0g, £¤¥

(u�)Mn = (u�)Mn , M = f0;00 g. � ª ¨ ¢ [9], ®¯à¥¤¥«¨¬ â®çªã ¯¥à¥á¥ç¥¨ï æ¥âà «ì®© ®á¨ á¨áâ¥¬ë
á¨« ¢â®à®£® â¥«  á ®¡« áâìî ª®â ªâ  �C

x�1 =

R

00
(F 001 x2 � F 002 x1)d
+

R
�00�

(T 001 x2 � T 002 x1)d�R

00
F 002 d
+

R
�00�

T 002 d�
:

�¨á. 1. �¡« áâì ª®â ªâ  �C

�§ ãá«®¢¨ï à §à¥è¨¬®áâ¨ (23) § ¤ ç¨ ¢ëâ¥ª ¥â, çâ® x�1 ¤®«¦  ¡ëâì ¢ãâà¥¥© â®çª®© �C
([8], á. 140). �à¥¤¯®« £ ¥¬, çâ® ®¡« áâì á«¨¯ ¨ï E ¥áâì ¬®¦¥áâ¢® ¥ã«¥¢®© ¬¥àë ¨ á®áà¥¤®-
â®ç¥  ¯® ®¡¥ áâ®à®ë ®â â®çª¨ x�1, â. ¥. mes(E \ [AB]) > 0 ¨ mes(E \ [BC]) > 0.

� â®çª¨ §à¥¨ï ¬¥å ¨ª¨ ª®â ªâ®© § ¤ ç¨ íâ® ¯à¥¤¯®«®¦¥¨¥ ¯à¥¤áâ ¢«ï¥âáï ¥áâ¥áâ¢¥-
ë¬. �®ª ¦¥¬, çâ® ¨§ ¥£® ¢ëâ¥ª ¥â ãá«®¢¨¥  ) ¯à¥¤¯®«®¦¥¨ï 2, â. ¥. ¥á«¨ ¤«ï ¥ª®â®à®£® s 2 bR
¯à¨ «î¡®¬ � > 0 ¨¬¥¥â ¬¥áâ® u� + �s =2 G, â® áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï { > 0, § ¢¨áïé ï
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®â u� ¨ s, çâ® u�+�(s+{es) =2 G 8es 2 B = fv 2 H : kvkH = 1g. �¥©áâ¢¨â¥«ì®, ¥á«¨ u�+�s =2 G
¤«ï «î¡®£® � > 0, â® s 2 bR n R�, £¤¥ R� = fz 2 RH : z00n = 0   �Cg. � ª ª ª s00n(x

�
1) = 0 [9],

â® ¨§ ¯à¥¤¯®«®¦¥¨ï ®â®á¨â¥«ì® ¬®¦¥áâ¢  E á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¯®¤¬®¦¥áâ¢  E0 � E
(mesE0 > 0),   ª®â®à®¬ s00n > 0. �®íâ®¬ã ¬®¦® ¯®¤®¡à âì â ª®¥ ç¨á«® e� > 0 ¨ ¬®¦¥áâ¢®
` � E0 (mes ` > 0), çâ® s00n � e�   `. �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ es 2 B. �§ ¥à ¢¥áâ¢  �¥¡ëè¥¢  ¤«ï
«î¡®£® C > 0 ¢ëâ¥ª ¥â

mesfx : x 2 `; jes00n(x)� es0n(x)j � Cg �
1
C

Z
`
jes00n � es0njd�:

�¬¥¥¬Z
`

jes0n � es00njd� � (mes `)1=2kes00n � es0nkL2(`) � (mes `)1=2(kes00nkL2(`) + kes0nkL2(`)) �

� (mes `)1=2(kes00nkL2(@
00) + kes0nkL2(@
0)) � C1kesk[L2(@
0)]2�[L2(@
00)]2 � C2;

£¤¥ C1, C2 | ¥ª®â®àë¥ ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥ ®â es 2 B. �®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢ëâ¥ª ¥â ¨§
¢«®¦¥¨ï ¯à®áâà áâ¢  [W 1

2 (

0)]2 � [W 1

2 (

00)]2 ¢ [L2(@
0)]2 � [L2(@
00)]2. �¥¬ á ¬ë¬ ¤«ï «î¡®£®es 2 B ¨¬¥¥¬ mesfx 2 ` : jes00n(x)� es0n(x)j � Cg � C2

C
.

�®§ì¬¥¬ C = 2C2

mes `
. �®£¤  mes

�
x : x 2 ` : jes00n(x) � es0n(x)j � 2C2

mes `

	
� mes `

2
. �¡®§ ç ï `0 =

�
x :

x 2 ` : jes00n(x)� es0n(x)j � 2C2

mes `

	
, ¨¬¥¥¬ jes00n(x)� es0n(x)j < 2C2

mes `
  ` n `0, ¯à¨ç¥¬ mes(` n `0) > mes `

2
> 0.

�®§ì¬¥¬ { â ª¨¬, çâ®¡ë {
2C2

mes `
= e�

2
. �®£¤  {jes00n(x)� es0n(x)j < e�

2
  ` n `0. �®íâ®¬ã ¤«ï «î¡®£®

� > 0 í«¥¬¥â u� = u� + �(s+ {es) =2 G. �¥©áâ¢¨â¥«ì®
(u�)00n � (u�)0n = �[(s00 + {es00)n � {es0n] = �[s00n + {(s00n � es0n)] � �

�e� � e�
2

�
=
��

2
> 0:

�¥¬ á ¬ë¬ ãá«®¢¨¥  ) ¯à¥¤¯®«®¦¥¨ï 2 ¢ë¯®«¥®. �â® ®§ ç ¥â, çâ® ¤«ï ¬¥â®¤  ¨â¥à â¨¢®©
¯à®ªá¨¬ «ì®© à¥£ã«ïà¨§ æ¨¨, ¯à¨¬¥¥®£® ª à áá¬®âà¥®© ¢ëè¥ ¯®áâ ®¢ª¥ ª®â ªâ®© § -
¤ ç¨ â¥®à¨¨ ã¯àã£®áâ¨, ¢ë¯®«¥ë § ª«îç¥¨ï ¯. 2 â¥®à¥¬ë.
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