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Abstract—We prove that a real function is operator monotone (operator convex) if the corre-
sponding monotonicity (convexity) inequalities are valid for some normal state on the algebra of
all bounded operators in an infinite-dimensional Hilbert space. We describe the class of convex
operator functions with respect to a given von Neumann algebra in dependence of types of direct
summands in this algebra. We prove that if a function from R into R* is monotone with respect to
a von Neumann algebra, then it is also operator monotone in the sense of the natural order on the
set of positive self-adjoint operators affiliated with this algebra.
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Let A be a C*-algebra, denote by A" its Hermitian part. The cone of positive elements defines an
ordering relationship on A". The functional calculus for elements of A" allows us to associate a real

continuous function with a mapping from some subset of A" in A". The goal of this paper is to formulate
some assertions connected with the monotony and convexity of such mappings.

In what follows the symbol Q stands for an arbitrary interval in R, i.e., a convex subset of R. We
denote the spectrum of an operator A or an element of a C*-algebra by o(A); we do the C*-algebra of
all bounded operators in a Hilbert space H by B(H).

Definition. Let A be a unital C*-algebra. A continuous function f : Q — R is called .A-monotone
[1], if any A, B € A" such that o(A),0(B) C Q and A < B, satisly the inequality f(A) < f(B).
A continuous function f : Q — Ris called A-convex, if any A, B € A" such that o(A),o(B) C Q, and
any A € [0, 1] satisfy the inequality f(AA + (1 — A)B) < Af(A) + (1 — \) f(B).

We denote the class of all A-monotone functions by B 4, we do the class of all A-convex functions by
Q. ldentifying, as usual, the algebra B(H,,) of all operators in an n-dimensional Hilbert space H,,
with a distinguished orthonormal basis with the algebra of matrices M,,(C), we obtain for Bp,)
and Qp(3,,) thoroughly studied classes of matrix monotone and matrix convex functions of order n;
in what follows we denote them by B,, and £9,. Note that 3 D Po D P3 O --- and, analogously,
Q1 D Qy D N3 D ---,whereallinclusions are strict (see, e.g., [2] for relevant examples). For all infinite-
dimensional Hilbert spaces H, independently of cardinalities of their bases, the corresponding classes
P and Qp () appear to be the same. We denote them by PBoo and Q. It is well-known [3] that

('Boo:ﬂ('pm Qoo:ﬂﬂn- (1)
n=1 n=1
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