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� ­­ ï à ¡®â  ¯®á¢ïé¥­  à §¢¨â¨î  «£®à¨â¬¨ç¥áª®© ¯à®æ¥¤ãàë ª®­¥ç­ëå ¨­â¥£à «ì­ëå
¯à¥®¡à §®¢ ­¨© (���), ¯à¥¤ãá¬ âà¨¢ îé¥© ®¯à¥¤¥«¥­¨¥ ¢¥ªâ®à-äã­ªæ¨© ï¤à  ¯à¥®¡à §®¢ ­¨ï
¢ ¯à®æ¥áá¥ à¥è¥­¨ï ­ ç «ì­®-ªà ¥¢ëå § ¤ ç [1]{[3]. �®áª®«ìªã ï¤à  ¢ëç¨á«ïîâáï á â®ç­®áâìî
¤® ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®©, â® ¢ ä®à¬ã«¥ ®¡à é¥­¨ï ���, ª ª ¯à ¢¨«®, á®åà ­ï¥âáï ¢ëà ¦¥-
­¨¥ ª¢ ¤à â  ¨å ­®à¬ë. � ­¥áâ æ¨®­ à­ëå § ¤ ç å ¤¨­ ¬¨ç¥áª®© â¥®à¨¨ ã¯àã£®áâ¨, ®¯¨áë¢ -
¥¬ëå á¨áâ¥¬ ¬¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¢â®à®£® ¯®àï¤ª , ï¤à 
��� ®¡ëç­® ï¢«ïîâáï «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ á¯¥æ¨ «ì­ëå äã­ªæ¨© [2]{[6], ¯®íâ®¬ã â®ç-
­®¥ ¢ëç¨á«¥­¨¥ ¨å ­®à¬ë ¯à¥¤áâ ¢«ï¥â ¡®«ìè¨¥ § âàã¤­¥­¨ï. � ¯à¨ª« ¤­ëå § ¤ ç å ¤«ï íâ®©
æ¥«¨ ¨á¯®«ì§ãîâáï ¯à¨¡«¨¦¥­­ë¥ á¯®á®¡ë, ®á­®¢ ­­ë¥ ­  ª¢ ¤à âãà­ëå ä®à¬ã« å ¨ ¬¥â®¤ å
 ¯¯à®ªá¨¬ æ¨¨ [7]. �¤­ ª® â ª®© ¯®¤å®¤ ¯à¨¢®¤¨â ª ¯®â¥à¥ â®ç­®áâ¨ ¨ ã¢¥«¨ç¥­¨î § âà â ¬ -
è¨­­®£® ¢à¥¬¥­¨ ­  ¢ëç¨á«¥­¨¥ áâ àè¨å £ à¬®­¨ª ¯®«ãç îé¨åáï á¯¥ªâà «ì­ëå à §«®¦¥­¨©.
�à¥¤« £ ¥¬ë© ­®¢ë© ¯®¤å®¤ á¢®¡®¤¥­ ®â ãª § ­­ëå ­¥¤®áâ âª®¢, ¯®áª®«ìªã ¯®§¢®«ï¥â § ¬¥­¨âì
­¥¢ë¯®«­¨¬ãî ¢ ®¡é¥¬ ¢¨¤¥ ®¯¥à æ¨î ¨­â¥£à¨à®¢ ­¨ï ï¤¥à­ëå ¢¥ªâ®à-äã­ªæ¨© ®â­®á¨â¥«ì-
­® ­¥á«®¦­ë¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¨ ¯®«ãç âì  ­ «¨â¨ç¥áª¨¥ ¢ëà ¦¥­¨ï ¤«ï ª¢ ¤à â  ¨å
­®à¬ë.

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¨§ ¯®«ãç¥­­®£® ¢ ¤ ­­®© à ¡®â¥ ¯à¥¤áâ ¢«¥­¨ï á«¥¤ãîâ  ­ «®£¨ç-
­ë¥ à¥§ã«ìâ âë, á¯à ¢¥¤«¨¢ë¥ ¤«ï áª «ïà­®£® á«ãç ï [8], [9]. �§¢¥áâ­ë¥ ¯à¨¥¬ë ¢ëç¨á«¥­¨ï
®¯à¥¤¥«¥­­ëå ¨­â¥£à «®¢, ®á­®¢ ­­ë¥ ­  ª« áá¨ç¥áª¨å ãà ¢­¥­¨ïå �¥áá¥«ï ¨ � ãáá  [10], [11],
â ª¦¥ ¬®£ãâ à áá¬ âà¨¢ âìáï ª ª ç áâ­ë¥ à¥ «¨§ æ¨¨ ¯à¥¤« £ ¥¬®£® ®¡é¥£® ¯®¤å®¤ .

1. �ã¤¥¬ à áá¬ âà¨¢ âì ¢ ®¡« áâ¨ D = f[a; b] � [0; T ]g, T < 1, ­ ç «ì­®-ªà ¥¢ãî § ¤ çã ¢
áâ ­¤ àâ­®© ä®à¬¥ [12]

L[~u(x; t)]�H @2

@t2
~u(x; t) = ~f(x; t); L[~u(x; t)] �

2X
r=0

ar(x)
@2�r

@x2�r
~u(x; t);

Ba[~u(x; t)] �
�
ba

@

@x
~u(x; t) + ca~u(x; t)

�����
x=a

= 0; Bb[~u(x; t)] �
�
bb

@

@x
~u(x; t) + cb~u(x; t)

�����
x=b

= 0;
(1)

~u(x; t)jt=0 = ~u0(x);
@

@t
~u(x; t)jt=0 = _~u0(x); x 2 [a; b]; t 2 [0; T ]; ~u(x; t);~f (x; t) 2 Rm;

£¤¥ ~f(x; t) ï¢«ï¥âáï § ¤ ­­®©,   ~u(x; t) | ¨áª®¬®© ¢¥ªâ®à-äã­ªæ¨¥©. � ¢ëà ¦¥­¨ïå (1) H, ba,
bb, ca, cb, ar(x) | ¬ âà¨æë à §¬¥à­®áâìî m�m, ¯à¨ç¥¬ H, ca ¨ cb ­¥¢ëà®¦¤¥­­ë¥.

�¥è¥­¨¥ ~u(x; t) § ¤ ç¨ (1) áâà®¨âáï ¢ ª« áá¥ ¢¥ªâ®à-äã­ªæ¨©, ¨­â¥£à¨àã¥¬ëå á ª¢ ¤à â®¬
¯® ¯¥à¥¬¥­­®© x ¨ ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ëå ¯® ¯¥à¥¬¥­­®© t. �¢¥¤¥¬ ­  á¥£¬¥­â¥ [a; b] £¨«ì-
¡¥àâ®¢® ¯à®áâà ­áâ¢® ~L2

� á ¬¥âà¨ª®©, ®¯à¥¤¥«ï¥¬®© áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(~v; ~w) =
Z b

a

~v>�H~w dx; (2)
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£¤¥ �|¬ âà¨æ  ¢¥á®¢ëå äã­ªæ¨© (�H| á¨¬¬¥âà¨ç­ ï ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ 
([13], á. 12)); > | §­ ª âà ­á¯®­¨à®¢ ­¨ï.

� ®¡« áâ¨ DA = f~v j ~v 2 ~L2
�; Ba[~v] = 0; Bb[~v] = 0g � ~L2

� ®¯à¥¤¥«¨¬ ®¯¥à â®à A, ¯®à®¦¤ ¥¬ë©
¤¨ää¥à¥­æ¨ «ì­®© ®¯¥à æ¨¥© L,

8 ~v 2 DA A[~v] � H�1L[~v]: (3)

�§¢¥áâ­® [2], çâ® ¥á«¨ A| á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à á ¯à®áâë¬ ¤¨áªà¥â­ë¬ á¯¥ªâà®¬, â® ¥£®
á®¡áâ¢¥­­ë¥ ¢¥ªâ®à-äã­ªæ¨¨ f~Ki(x)g, ¯®à®¦¤ îé¨¥ ï¤à® ¯à¥®¡à §®¢ ­¨ï, ®¡à §ãîâ áç¥â­®¥
¬­®¦¥áâ¢®,   á®®â¢¥âáâ¢ãîé¥¥ ��� ¯à¥¤áâ ¢«ï¥âáï ¤¢ã¬ï ä®à¬ã« ¬¨ ®¡à é¥­¨ï

'i =
Z b

a

~K>(x)�(x)~f (x)dx; ~f(x) =
1X
i=1

~Ki(x)'ik~Ki(x)k�2: (4)

�¤¥áì k~Ki(x)k = (~Ki(x); ~Ki(x)) | ­®à¬  ï¤¥à­ëå äã­ªæ¨© ¢ ¬¥âà¨ª¥ (2).
� á®®â¢¥âáâ¢¨¨ á ([1], á. 56) á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¯¥à â®à  A ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢

¢¨¤¥

~Ki(x) = ~K(x; �)j�=�i
= Y(x; �)~C(�)j�=�i

; (5)

£¤¥ Y(x; �) = k~y1(x; �) : : : ~y2m(x; �)k | ¬ âà¨æ  äã­¤ ¬¥­â «ì­ëå à¥è¥­¨©

L[~yj(x; �)] = ��H~yj(x; �); j = 1; 2; : : : ; 2m; (6)

�i | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï, ª®â®àë¥ ¢ëç¨á«ïîâáï ª ª ª®à­¨ âà ­áæ¥­¤¥­â­®£® ãà ¢­¥­¨ï

detB(�i) = 0; B(�) =














�
ba

@

@x
Y(x; �) + caY(x; �)

�����
x=a� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

bb
@

@x
Y(x; �) + cbY(x; �)

�����
x=b













;

  ~C(�) | ¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï, ®¯à¥¤¥«ï¥¬ë¥ ¨§ ªà ¥¢ëå ãá«®¢¨© § ¤ ç¨ (1). �à¨ íâ®¬
¡¥§ ¯®â¥à¨ ®¡é­®áâ¨ à ááã¦¤¥­¨© ¬®¦­® áç¨â âì, çâ® ¯®á«¥¤­¨© í«¥¬¥­â ¢¥ªâ®à  ~C(�) ­¥ § ¢¨-
á¨â ®â � ¨ à ¢¥­ 1. �®£¤  ¥£® ®áâ «ì­ë¥ í«¥¬¥­âë ï¢«ïîâáï à¥è¥­¨ï¬¨ ­¥®¤­®à®¤­®© á¨áâ¥¬ë
 «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

2n�1X
j=1

bij(�)cj(�) = �b2ni(�); i = 1; 2; : : : ; 2n� 1:

�¤¥áì bij(�) | ª®¬¯®­¥­âë ¬ âà¨æë B(�),   cj(�) | ¢¥ªâ®à  ~C(�). �à¨ ãá«®¢¨¨ ¯à®áâ®âë á¯¥ª-
âà  ®¯¥à â®à  A ãª § ­­ ï á¨áâ¥¬  ãà ¢­¥­¨© ­¥¢ëà®¦¤¥­  [13].

�®à¬ã«  ®¡à é¥­¨ï ��� (4) ¯à¥¤áâ ¢«ï¥â à §«®¦¥­¨ï, ¥¤¨­áâ¢¥­­®áâì ¨ áå®¤¨¬®áâì ª®â®-
àëå ®¡®á­®¢ ­  ¢ [14],   à¥è¥­¨¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (1) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥
([1], á. 23)

'i =
Z b

a

~Ki(x)
>

�
H[~u0(x) cos(�

1=2
i t) + �

�1=2
i

_~u0(x) sin(�
1=2
i t)]� �

�1=2
i

Z t

0

sin(�1=2i (t� �)~f(x; �)d�
�
dx;

~u(x; t) =
1X
i=1

~Ki(x)'ik~Ki(x)k�2: (7)

2. �à¨ ãá«®¢¨¨ ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨© (6) ¢å®¤ïé¨© ¢ à¥è¥­¨¥ (7) ª¢ ¤à â
­®à¬ë k~Ki(x)k2, ª ª ¯à ¢¨«®, ­¥ ¬®£ ¡ëâì ®¯à¥¤¥«¥­ â®ç­®. �«¥¤ãîé ï â¥®à¥¬  ãáâ ­ ¢«¨¢ ¥â
¢®§¬®¦­®áâì áâà®£®£® ¢ëç¨á«¥­¨ï ª¢ ¤à âãàë k~Ki(x)k2.
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�¥®à¥¬  1. �á«¨ �i | ¯à®áâ ï â®çª  á¯¥ªâà  ®¯¥à â®à  A, â® ª¢ ¤à â ­®à¬ë ¥£® á®¡-
áâ¢¥­­®© ¢¥ªâ®à-äã­ªæ¨¨ ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬

k~Ki(x)k2 =
�
@ ~K(�; x)>

@�
Q
@ ~K(�; x)

@x
� @2 ~K(�; x)>

@�@x
P~K(�; x)

����
�=�i

�����
x=b

x=a

; (8)

¢ ª®â®à®¬

Pjx=a;b = �a0jx=a;b; Qjx=a;b = f�a0 � ( @
@x
(�a0)� �a1)Rgjx=a;b; Rjx=a = �c�1a ba; Rjx=b = �c�1b bb:

(9)

�®ª § â¥«ìáâ¢®. � àï¤ã á ®¯¥à â®à®¬ A à áá¬®âà¨¬ ¢®§¬ãé¥­­ë© ®¯¥à â®à A(")

8 ~v 2 DA(") A(")[~v] � H�1L[~v]; DA(") = f~v j ~v 2 ~L2
�; Ba[~v] = 0; Bb[~v] = "M~vg;

£¤¥M = diag (0; : : : ; 0; 1) | ¤¨ £®­ «ì­ ï ¬ âà¨æ , "| ¬ «ë© ¯ à ¬¥âà. � ª¨¬ ®¡à §®¬, ¢®§¬ã-
é¥­­ë¬ ®ª §ë¢ ¥âáï ®¤­® ¨§ £à ­¨ç­ëå ãá«®¢¨©, á®®â¢¥âáâ¢ãîé¥¥ ¯®á«¥¤­¥© áâà®ª¥ ¬ âà¨æë
B(�). �¡®§­ ç¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  A(") ¨ ¥£® á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ á®®â¢¥â-
áâ¢¥­­® ç¥à¥§ �i(") ¨ ~Ki(x; "). � ¬¥â¨¬ â ª¦¥, çâ®, ¡« £®¤ àï á¯¥æ¨ «ì­®¬ã ¢¨¤ã ¢®§¬ãé¥­¨ï,
¢ ¢ëà ¦¥­¨¥ (5), á®®â¢¥âáâ¢ãîé¥¥ ~Ki(x; "), ¯ à ¬¥âà ¢®§¬ãé¥­¨ï " ­¥ ¢å®¤¨â ¢ ï¢­®¬ ¢¨¤¥. �
á®®â¢¥âáâ¢¨¨ á (6) ¤«ï ~Ki(x) ¨ ~Ki(x; ") á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

��i(~Ki(x); ~Ki(x; ")) = (A[~Ki(x)]; ~Ki(x; "));

��i(")(~Ki(x); ~Ki(x; ")) = (~Ki(x); A(")[~Ki(x; ")]);

¨§ ª®â®àëå á«¥¤ã¥â

(~Ki(x); ~Ki(x; "))(�i(")� �i) = (A[~Ki(x)]; ~Ki(x; ")) � (~Ki(x); A(")[~Ki(x; ")]): (10)

�®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¯à ¢®© ç áâ¨ (10) ¢ á¨«ã á¨¬¬¥âà¨ç­®áâ¨ L ¯®«ãç ¥¬ ¢ëà -
¦¥­¨¥, á®¤¥à¦ é¥¥ â®«ìª® ¢­¥¨­â¥£à «ì­ë¥ ç«¥­ë,

(~Ki(x); ~Ki(x; "))(�i(")� �i) = [~Ki(x); ~Ki(x; ")]jba: (11)

�¤¥áì

[~Ki(x); ~Ki(x; ")] = ~Ki(x; ")>�a0
@

@x
~Ki(x)� @

@x
(~Ki(x; ")>�a0)~Ki(x) + ~Ki(x; ")>�a1 ~Ki(x): (12)

�à¥¤áâ ¢¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ¢®§¬ãé¥­­®£® ®¯¥à â®à  A(") ¢
ä®à¬¥ à §«®¦¥­¨ï ¯® áâ¥¯¥­ï¬ " ([15], á. 530), â. ¥.

�i(") = �i + "
@

@"
�i(")j"=0 +O("2); ~Ki(x; ") = ~Ki(x) + "

@

@"
~Ki(x; ")j"=0 +O("2): (13)

�®áª®«ìªã �i | ¯à®áâ ï â®çª  á¯¥ªâà , â® ª®íää¨æ¨¥­âë ¯à¨ " ¢ à ¢¥­áâ¢ å (13) ®â«¨ç­ë ®â
­ã«ï. �®á«¥ ¯®¤áâ ­®¢ª¨ à §«®¦¥­¨© (13) ¢ ¢ëà ¦¥­¨¥ (11) ®­® ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

(~Ki(x); ~Ki(x; "))" @
@"
�i(")j"=0 = [~Ki(x); ~Ki(x)]jba + "[~Ki(x); @

@"
~Ki(x; ")j"=0]jba +O("2);

¯à¨ç¥¬ ¢ á¨«ã á ¬®á®¯àï¦¥­­®áâ¨ ®¯¥à â®à  A ([13], á. 479) [~Ki(x); ~Ki(x)]jba = 0. �®áª®«ìªã ¢
¢ëà ¦¥­¨¥ ~Ki(x; ") = ~K(x; �i(")) " ­¥ ¢å®¤¨â ¢ ï¢­®¬ ¢¨¤¥, â®�

~Ki(x);
@

@"
~Ki(x; ")j"=0

�
=
�
~Ki(x);

@

@�i(")
~K(x; �i("))j�i(")=�i

�
@

@"
�i(")j"=0

¨, á«¥¤®¢ â¥«ì­®,

(~Ki(x); ~Ki(x; ")) =
�
~Ki(x);

@

@�i(")
~K(x; �i("))j�i(")=�i

�����
b

a

+O("):
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�áâà¥¬«ïï " ª ­ã«î ¨ ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (5), ¯®«ãç¨¬ á®®â­®è¥­¨¥, ®¯à¥¤¥«ïîé¥¥ ª¢ ¤à â
­®à¬ë,

k~Ki(x)k2 = lim
"!0

(~Ki(x); ~Ki(x; ")) =
�
~K(x; �i)

@

@�
~Ki(x; �)j�=�i

�����
b

a

: (14)

� ãç¥â®¬ ¢ëà ¦¥­¨ï (12), á®®â¢¥âáâ¢ãîé¨å (1) ªà ¥¢ëå ãá«®¢¨© ¤«ï ~Ki(x) ¨ ®¡®§­ ç¥­¨© (9)
¨§ à ¢¥­áâ¢  (14) á«¥¤ã¥â ¢ëà ¦¥­¨¥ (8).

�¥®à¥¬  1 ¯®§¢®«ï¥â ®â­®á¨â¥«ì­® ¯à®áâ® ¢ëç¨á«ïâì ª¢ ¤à âë ­®à¬ë á¯¥ªâà «ì­ëå à §-
«®¦¥­¨© (7) ¤«ï «î¡ëå á¨áâ¥¬ á®¡áâ¢¥­­ëå ¢¥ªâ®à-äã­ªæ¨© ªà ¥¢ëå § ¤ ç (1). �­  ï¢«ï¥âáï
¥áâ¥áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬  ­ «®£¨ç­®£® ãâ¢¥à¦¤¥­¨ï ¤«ï áª «ïà­®£® á«ãç ï, ¯à¨¢¥¤¥­­®£® ¢
¬®­®£à ä¨¨ ([8], á. 325). �«¥¤ã¥â ®â¬¥â¨âì â ª¦¥ ¡«¨§ª¨¥ à¥§ã«ìâ âë ¤«ï á¨áâ¥¬ ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , ¯à¨¢¥¤¥­­ë¥ ¢ ¬®­®£à ä¨¨ ([16], á. 378), ­¥ á¢ï§ ­­ë¥,
®¤­ ª®, á ¢ëç¨á«¥­¨¥¬ ­®à¬ë.

3. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ¢ ä®à¬¥ à §«®¦¥­¨ï (7) ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¢ëà ¦¥­¨¥ ª¢ -
¤à â  ­®à¬ë (8) ¯®«ãç¥­ë ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ®¯¥à â®à A, ¯®à®¦¤¥­­ë© ­ ç «ì­®-ªà ¥¢®©
§ ¤ ç¥© (1), á ¬®á®¯àï¦¥­ ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  ~L2

�. �â® ãá«®¢¨¥, ¢®-¯¥à¢ëå, ®¯à¥¤¥«ï¥â
ª®­ªà¥â­ë© ¢¨¤ ¬ âà¨æë ¢¥á®¢ëå äã­ªæ¨© � = �(x), ¢®-¢â®àëå, ãáâ ­ ¢«¨¢ ¥â ®£à ­¨ç¥­¨ï ­ 
ª®íää¨æ¨¥­âë ar = ar(x), ba;b, ca;b ¨áå®¤­®© § ¤ ç¨ (1). �®­áâàãªâ¨¢­® íâ¨ á¢ï§¨ ¬®£ãâ ¡ëâì
ãáâ ­®¢«¥­ë ­  ®á­®¢ ­¨¨ á«¥¤ãîé¥© â¥®à¥¬ë (¢ ¤ «ì­¥©è¥¬ èâà¨å®¬ ®¡®§­ ç ¥âáï ¯à®¨§¢®¤-
­ ï ¯® ¯¥à¥¬¥­­®© x,   â®çª®© | ¯® ¯¥à¥¬¥­­®© t).

�¥®à¥¬  2. �á«¨ ¬ âà¨æ  ¢¥á®¢ëå äã­ªæ¨© � ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ á¨áâ¥¬ë ãà ¢-
­¥­¨©

a>1 �+ �a1 = 2(�a0)0; (15)

¨ ¯à¨ íâ®¬ ¬ âà¨æë ª®íää¨æ¨¥­â®¢ ar ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

�a0 = a>0 �; 2(a>2 �� �a2) = (a>1 �� �a1)0; (16)

  ª®íää¨æ¨¥­âë ba;b ¨ ca;b | à ¢¥­áâ¢ ¬

fR>�a0 � �a0R�R>((�a0)0 � �a1)Rgjx=a;b = 0; (17)

â® A| á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à ¢ ~L2
�, ¨ à¥è¥­¨¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (1) ¬®¦¥â ¡ëâì

¯®áâà®¥­® ¬¥â®¤®¬ ��� ¢ ä®à¬¥ à §«®¦¥­¨ï (7) á ª¢ ¤à â®¬ ­®à¬ë ï¤¥à­®© äã­ªæ¨¨ ¢ ¢¨¤¥
(8).

�®ª § â¥«ìáâ¢®. �§¢¥áâ­®, çâ® ®¡« áâì ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  A DA ¯«®â­  ¢ ~L2
� ([13],

á. 477). � áá¬®âà¨¬ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï ¯à®¨§¢®«ì­ëå ¢¥ªâ®à-äã­ªæ¨© ~v; ~w 2 DA ¢ ¬¥âà¨-
ª¥ (2)

(A[~v]; ~w) =
Z b

a

(a0~v00 + a1~v
0 + a2~v)>�~w dx =

Z b

a

~w>�(a0~v00 + a1~v0 + a2~v)dx; (18)

(~v; A[~w]) =
Z b

a

~v>�(a0~w00 + a1~w
0 + a2~w)dx =

Z b

a

((~w00)>a>0 + (~w0)>a>1 + ~w>a>2 )�~v dx: (19)

�­â¥£à¨àãï (18) ¯® ç áâï¬, ¨¬¥¥¬

(A[~v]; ~w) = f~w>�a0~v
0 � (~w>�a0)

0~v + ~w>�a1~vgjba +

+
Z b

a

f(~w00)>�a0 + (~w0)>(2(�a0)0 � �a1) + ~w>((�a0)00 � (�a1)0 + �a2)g~v dx: (20)

�à¨ ¢ë¯®«­¥­¨¨ á®®â­®è¥­¨© (15), (16) ¨­â¥£à «ë ¢ ¯à ¢ëå ç áâïå (19) ¨ (20) â®¦¤¥áâ¢¥­­ë.
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�§ ªà ¥¢ëå ãá«®¢¨© § ¤ ç¨ (1) ¢ëà §¨¬

~vja;b = R~v0ja;b; ~wja;b = R~w0ja;b: (21)

� ãç¥â®¬ (21) ¢­¥¨­â¥£à «ì­ë¥ ç«¥­ë ¢ (20) § ¯¨èãâáï ¢ ¢¨¤¥

f(~w0)>R>�a0~v
0 � (~w0)>�a0R~v

0 + (~w0)>R>((�a0)
0 � �a1)R~v

0gjba = f(~w0)>T~v0gjba; (22)

£¤¥ ¢¢¥¤¥­® ®¡®§­ ç¥­¨¥

Tjx=a;b = fR>�a0 � �a0R�R>((�a0)
0 � �a1)Rgjx=a;b:

�®áª®«ìªã ¯à¨ ãá«®¢¨¨ (17) ¬ âà¨æë Tjx=a;b = 0, â® ¢ëà ¦¥­¨¥ (22),   á«¥¤®¢ â¥«ì­®, ¨ ¢­¥¨­-
â¥£à «ì­ë¥ ç«¥­ë (20) ®¡à é îâáï ¢ ­ã«ì 8 ~v; ~w 2 DA. � ª¨¬ ®¡à §®¬, ¨§ á®®â­®è¥­¨© (19),
(20) á«¥¤ã¥â (A[~v]; ~w) = (~v; A[~w]), â. ¥. A| á¨¬¬¥âà¨ç¥áª¨© ®¯¥à â®à, ¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ ¢ë-
à ¦¥­¨ï A ¨ á®¯àï¦¥­­®£® á ­¨¬ ®¯¥à â®à  A� á®¢¯ ¤ îâ. � â® ¦¥ ¢à¥¬ï ¢ëà ¦¥­¨¥ (22) à ¢­®
­ã«î â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ®¡¥ äã­ªæ¨¨ ~v, ~w ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (17), â. ¥. ®¡« áâ¨
®¯à¥¤¥«¥­¨ïA ¨ A� á®¢¯ ¤ îâ, ¨, á«¥¤®¢ â¥«ì­®, A ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬ ®¯¥à â®à®¬.

� ¬¥ç ­¨¥. � á«ãç ¥ á¨­£ã«ïà­ëå ªà ¥¢ëå ãá«®¢¨© ¢ § ¤ ç¥ (1) à ¢¥­áâ¢  (17) § ¬¥­ïîâáï
á®®â¢¥âáâ¢ãîé¨¬¨ ¯à¥¤¥«ì­ë¬¨ á®®â­®è¥­¨ï¬¨ ([17], á. 291).

4. �¨¦¥ ¯à¨¢¥¤¥­ë ¯à¨¬¥àë ¢ëç¨á«¥­¨© k~K(x; �i)k2 ¯® ¯à¥¤« £ ¥¬®© ¬¥â®¤¨ª¥.

�à¨¬¥à 1. � ¤ ç  ¤«ï ãà ¢­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯ 

u00 � �u = f ;

ujx=0 = 0; ujx=� = 0; ut=0 = 0; _ujt=0 = 0; (23)

x 2 [0; �]; t 2 [0; T ]; u; f 2 R1;

­  ®á­®¢ ­¨¨ â¥®à¥¬ë 2 à¥è¥­  ¬¥â®¤®¬ ��� ¢ L2 á ¬¥âà¨ª®© � � 1. � á®®â¢¥âáâ¢¨¨ á (1), (3),
(23) ®¯¥à â®à A ¨¬¥¥â ¢¨¤

A[u] � u00; DA = fu j u 2 L2; ujx=0 = 0; ujx=� = 0g:

�£® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i ¨ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ Ki(x) ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

f�ig = i2; fKi(x)g = fsin(
p
�ix)g; i = 1; 2; : : : (24)

�«ï ¢ëç¨á«¥­¨ï ª¢ ¤à â  ­®à¬ë kKi(x)k2 ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®© (8) (â¥®à¥¬  1). �®-
áª®«ìªã ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ Ki(0) = Ki(�) = 0 ¨, á«¥¤®¢ â¥«ì­®, ca = cb = 1, ba = bb = 0,
  ¨§ (9) P = Q = 1, â®

kKi(x)k2 = @K(x; �)
@�

@K(x; �)
@x

����
x=�

x=0; �=i2
=
�
x

2
p
�
cos(

p
�x)

p
� cos(

p
�x)

�����
x=�

x=0; �=i2
=
�

2
:

�áâ¥áâ¢¥­­®, çâ® ¢ íâ®¬ á«ãç ¥ â ª®© ¦¥ à¥§ã«ìâ â ¬®¦¥â ¡ëâì ¯®«ãç¥­ ­¥¯®áà¥¤áâ¢¥­­ë¬
¨­â¥£à¨à®¢ ­¨¥¬ ¢ëà ¦¥­¨ï (24), â. ¥.

kKi(x)k2 =
Z �

0

sin2(ix)dx =
�

2
:
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�à¨¬¥à 2. �«ï ®á¥á¨¬¬¥âà¨ç­ëå ¢ë­ã¦¤¥­­ëå ª®«¥¡ ­¨© ¦¥áâª® § é¥¬«¥­­®© ­  ª®­-
âãà¥ ªàã£«®© ¯« áâ¨­ë ¢ ¯®áâ ­®¢ª¥ ãâ®ç­¥­­®© â¥®à¨¨ á®®â¢¥âáâ¢ãîé ï ­ ç «ì­®-ªà ¥¢ ï
§ ¤ ç  ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬ ([1], á. 75):



1 0

0 1





 ~u00 +




x

�1 b
�1 x�1





 ~u0 +




�x

�2 � b 0
�x�1 0





 ~u�




c 0
0 d





 �~u = ~f ;

~ujx=0 <1; ~ujx=1 = 0; ~ujt=0 = 0; _~ujt=0 = 0; (25)

x 2 [0; 1]; t 2 [0; T ]; ~u = ~u(x; t); ~f = ~f(x; t); ~u;~f 2 R2:

�¤¥áì ~u = ( ;w)> | ¢¥ªâ®à ¯¥à¥¬¥é¥­¨©, ~f | ¢¥ªâ®à ¤¨­ ¬¨ç¥áª®© ­ £àã§ª¨, b, c, d | ¯®-
áâ®ï­­ë¥ ª®íää¨æ¨¥­âë, § ¢¨áïé¨¥ ®â ä¨§¨ª®-¬¥å ­¨ç¥áª¨å ¨ £¥®¬¥âà¨ç¥áª¨å å à ªâ¥à¨áâ¨ª
¯« áâ¨­ë [1]. �®£« á­® â¥®à¥¬¥ 2 à¥è¥­¨¥ § ¤ ç¨ (25) ¬®¦¥â ¡ëâì ¯®áâà®¥­® ¬¥â®¤®¬ ��� ¢
~L2
� á ¬¥âà¨ª®© (2), ®¯à¥¤¥«ï¥¬®© ¢¥á®¢ë¬¨ äã­ªæ¨ï¬¨

�(x) =




xb

�1 0
0 x





 :
� á®®â¢¥âáâ¢¨¨ á (3), (25) § ¯¨è¥¬ ¢ëà ¦¥­¨¥ ¤«ï ®¯¥à â®à 

A �




c
�1 0
0 d�1





 d2

dx2
+




(cx)

�1 bc�1

�d�1 (dx)�1





 @

@x
+




�(x

�2 + b)c�1 0
�(dx)�1 0





 ;
DA = f~u j ~u 2 ~L2

�; ~ujx=0 <1; ~ujx=1 = 0g:
�£® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i ï¢«ïîâáï ­ã«ï¬¨ âà ­áæ¥­¤¥­â­®£® ãà ¢­¥­¨ï

(�1i � �ic+ b)��1=21i J0(
p
�1i)J1(

p
�2i)� (�2i � �ic+ b)��1=22i J0(

p
�2i)J1(

p
�1i) = 0;

�1; 2i = 1=2[�
q
�2i (d� c)2 + 4�idb+ �i(d+ c)];

  á®¡áâ¢¥­­ë¥ äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î ®£à ­¨ç¥­­®áâ¨ ¢ ¯®«îá¥ x = 0, ®¯à¥¤¥«ï-
îâáï ¢ëà ¦¥­¨¥¬ [1]

~K(x; �i) =







b[J1(

p
�1ix)J1(

p
�2i)� J1(

p
�2ix)J1(

p
�1i)]

(�2i � �ic+ b)��1=22i J0(
p
�2ix)J1(

p
�1i)� (�1i � �ic+ b)��1=21i J0(�1ix)J1(

p
�2i)






 ; (26)
£¤¥ Jn(z) | äã­ªæ¨¨ �¥áá¥«ï ¯¥à¢®£® à®¤  ¯®àï¤ª  n.

�¢ ¤à â ­®à¬ë k~Ki(x)k2 ¢ëç¨á«¨¬ ¯® ã¯à®é¥­­®© ä®à¬ã«¥ (8). �¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã
�(0) = 0, â® ¢ á®®â¢¥âáâ¢¨¨ á (9) Pjx=0 = Qjx=0 = 0. �à®¬¥ â®£®, ¨§ ªà ¥¢ëå ãá«®¢¨© § ¤ ç¨
(25) ¯à¨ x = 1 á«¥¤ã¥â, çâ® ~Ki(x)jx=1 = 0. �¬¥¥¬

k~K(x; �i)k2 = @ ~K(x; �)
@�





x=b 0
0 x





 @
~K(x; �)
@x

����
x=1; �=�i

= a1J1(
p
�1i)J1(

p
�2i)[a2J0(

p
�1i)J1(

p
�2i) +

+ a3J1(
p
�1i)J1(

p
�2i) + a4J1(

p
�1i)J0(

p
�2i) + a5J0(

p
�1i)J0(

p
�2i)]; (27)

£¤¥

a1 =
q
�2i (d� c)2 + 4�idb; a2 = [(�1i � �ic+ b)(�1i=�1i + �2i=�2i)=2 � �1i + c]=

p
�1i;

a3 = [�1i � �2i + (b� �ic)(�1i=�1i � �2i=�2i)]=2;

a4 = �[(�2i � �ic+ b)(�1i=�1i + �2i=�2i)=2� �2i + c]=
p
�2i;

a5 = [(�2i � �ic+ b)�1i � (�1i � �ic+ b)�2i]=[2
p
�1i�2i]; �ki =

�ki(d+ c) + d(b� 2�i)
2�ki � �i(d+ c)

(k = 1; 2):

� ¬¥â¨¬, çâ® ¢ëà ¦¥­¨¥ (27) ¬®¦¥â ¡ëâì ¯®«ãç¥­® ¯ãâ¥¬ ­¥¯®áà¥¤áâ¢¥­­®£® ¨­â¥£à¨à®¢ ­¨ï
ª¢ ¤à â  ¢ëà ¦¥­¨ï (26), ¥á«¨ ¢®á¯®«ì§®¢ âìáï ¨§¢¥áâ­ë¬¨ ª¢ ¤à âãà ¬¨ ¤«ï ¯à®¨§¢¥¤¥­¨©

65



äã­ªæ¨© �¥áá¥«ï [9], [10]. �¤­ ª® â ª®© ¯à¨¥¬ ¤ ¦¥ ¢ á«ãç ¥ ¨§¢¥áâ­ëå ª¢ ¤à âãà ï¢«ï¥âáï
¡®«¥¥ £à®¬®§¤ª¨¬.

�à¨¬¥à 3. �á¥á¨¬¬¥âà¨ç­ ï ¤¨­ ¬¨ç¥áª ï § ¤ ç  ¤«ï ã¯àã£® § ªà¥¯«¥­­®© âà¥åá«®©­®©
­¥¯®«®£®© áä¥à¨ç¥áª®© ®¡®«®çª¨ á¨¬¬¥âà¨ç­®© áâàãªâãàë ¯à¥¤áâ ¢«ï¥âáï ¢ á«¥¤ãîé¥© ¬ -
âà¨ç­®© ä®à¬¥ [2]:








a 0 0
0 k2 0
0 0 �2d








@2~u

@�2
+

















a ctg �
... b+ k2

... 0
: : : : : : : : : : : : : : : : : : : : : : : : : : : :

�b� k2
... k2 ctg �2

... k2

: : : : : : : : : : : : : : : : : : : : : : : : : : : :

0
... �k2 ... �2d ctg �

















@~u

@�
+

+

















c� a= sin2 � � k2
... 0

... k2

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

�(b+ k2) ctg �
... �2b ... k2 ctg �

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

k2
... 0

... �2f � k2 � �2d= sin2 �

















~u�







I1 0 I2
0 I1 0
I2 0 �2I3








@2~u

@t2
= ~f ; (28)

2
4







0 0 0
0 0 0
0 0 �








@

@�
~u+








1 0 0
0 1 0
0 0 1







 ~u
3
5
������
�=�1

= 0; ~uj�=0 <1; ~ujt=0 = 0;
@

@t
~u
���
t=0

= 0;

� 2 [0; �1]; t 2 [0; T ]; ~u = ~u(�; t); ~f = ~f(�; t); ~u;~f 2 R3:

�¤¥áì �, �, a, b, c, d, f , k, I1, I2, I3 | ¯®áâ®ï­­ë¥, ®¯à¥¤¥«ï¥¬ë¥ ä¨§¨ç¥áª¨¬¨ ¨ £¥®¬¥âà¨ç¥áª¨¬¨
¯ à ¬¥âà ¬¨ ®¡®«®çª¨.

� ¬ª­ãâ®¥ à¥è¥­¨¥ § ¤ ç¨ (28) ¯®áâà®¥­® ¬¥â®¤®¬ ��� ®¤­¨¬ ¨§  ¢â®à®¢ [2]. �¬¥áâ¥ á â¥¬
¢®¯à®á ® ¢ëç¨á«¥­¨¨ ­®à¬ë ï¤à  ���, ¯à¥¤áâ ¢«ïîé¥£® á®¡®© «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ¯à¨á®¥¤¨-
­¥­­ëå äã­ªæ¨© �¥¦ ­¤à  ¯à®¨§¢®«ì­®© ª®¬¯«¥ªá­®© áâ¥¯¥­¨, ®áâ ¢ «áï ®âªàëâë¬, ¯®áª®«ì-
ªã ¢ ¨§¢¥áâ­ëå àãª®¢®¤áâ¢ å ¯® á¯¥æ¨ «ì­ë¬ äã­ªæ¨ï¬ [9], [18] ®âáãâáâ¢ãîâ á®®â¢¥âáâ¢ãîé¨¥
ª¢ ¤à âãàë ¨ ¯à¨¥¬ë ¨å â®ç­®£® ¢ëç¨á«¥­¨ï.

�§ á®®â­®è¥­¨© (15){(17) â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ¤«ï à¥è¥­¨ï § ¤ ç¨ (28) ¬®¦¥â ¡ëâì ¯à¨-
¬¥­¥­® ��� ¢ ~L2

� á ¬¥âà¨ª®© (2), ®¯à¥¤¥«ï¥¬®© ¬ âà¨æ¥© ¢¥á®¢ëå äã­ªæ¨© �(�) = E sin � á
¥¤¨­¨ç­®© ¬ âà¨æ¥© E.

� ª ¨§¢¥áâ­® [2], á®¡áâ¢¥­­ë¥ ¢¥ªâ®à-äã­ªæ¨¨ ®¯¥à â®à  A ®¯à¥¤¥«ïîâáï ¢ëà ¦¥­¨ï¬¨

~Ki(�) = Y(�; �)~C(�)j�=�i
:

�«¥¬¥­â ¬¨ ¬ âà¨æë Y(�; �) ï¢«ïîâáï ®£à ­¨ç¥­­ë¥ ¯à¨ � = 0 à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¥© (28)
®¤­®à®¤­®© á¨áâ¥¬ë ãà ¢­¥­¨© (6), â. ¥.

Y(�; �)=k~y1(�; �) : : : ~y3(�; �)k; ~yj(�; �)=kP 1
�j
(cos �) �j(�)P�j (cos �) �j(�)P

1
�j
(cos �)k>; j=1; 2; 3:

�¤¥áì Pm
�j
(cos �) | ¯à¨á®¥¤¨­¥­­ë¥ äã­ªæ¨¨ �¥¦ ­¤à  ª®¬¯«¥ªá­®© áâ¥¯¥­¨ �j ¯®àï¤ª  m;

�j(�) = dj�j(�a6 + a�j + a7); �j(�) = dj(�
2a1 + �(a2 + a3�j) + a4 + a5�j � a�2j );

dj = [�2a8 + �(a9 � I2�j) + a10 + b�j ]
�1;
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£¤¥

a1 =
�I21
k2

; a2 = I1

�
2b� c

k2
+ 1

�
; a3 = I1

�
a

k2
+ 1

�
; a4 = 2b

�
c

k2
� 1

�
; a5 =

b2

k2
� 2b

�
a

k2
� 1

�
+ c;

a6 = �I1 � I2

�
b

k2
+ 1

�
; a7 = �c� b; a8 =

I1I2
k2

; a9 = I1 � 2
bI2
k2
; a10 = �2b;

  �j = �j(�j + 1), j = 1; 2; 3, | ª®à­¨ ®¯à¥¤¥«ïîé¥£® ªã¡¨ç¥áª®£® ãà ¢­¥­¨ï [2]

�3 + ('1�+ '0)�2 + ( 2�
2 +  1�+  0)� + #3�

3 + #2�
2 + #1�+ #0 = 0;

¯à¨ç¥¬

#0 = �2bw�12 (�2fw3 + ck2); #1 = w�12 f2�2b(I1f � I3w3) + I1(�2fw3 � k2w4)� 4bk2I2g;
#2 = w�12 f�2I1(I3(w4 + k2)� I1f)� 2bI22 + k2I1w6g; #3 = I1w

�1
2 (I22 � �2I1I3);

 0 = w�12 f2abw5 � �2b(2cd � bf � 2k2(d+ f)) + �2cfk2 � b2k2g;
 1 = w�12 f2bI2k2 � a(I1w5 + 2�2bI3)� �2(b(2w7 � bI3 � 2k2I3)� c(k2I3 + w7) + k2(w7 � fI1))g;

 2 = w�12 f�2I1(I3(a+ k2) +w7)� k2I22g;
'0 = w�11 (a(2bd � fk2)� d(b(b+ 2k2) + ck2)); '1 = �w�11 (a(w7 + k2I3) + w7k

2);

w1 = adk2; w2 = �2w1; w3 = k2 � c; w4 = 2b� c; w5 = k2 � �2f; w6 = I1 + 2I2; w7 = dI1:

� á®®â¢¥âáâ¢¨¨ á ¯. 1 á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i ï¢«ïîâáï ª®à­ï¬¨ âà ­áæ¥­¤¥­â­®£® ãà ¢­¥­¨ï

detB(�) = 0; B(�) =
�
bb

@

@�
Y(�; �) + cbY(�; �)

�����
�=�1

;

  ª®¬¯®­¥­âë ¢¥ªâ®à®¢ ~C(�) = (C1(�); C2(�); 1)> ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬

C1(�) = [b12(�)b23(�)� b13(�)b22(�)]=D(�); C2(�) = [b13(�)b21(�)� b11(�)b23(�)]=D(�);

D(�) = b11(�)b22(�)� b12(�)b21(�);
(29)

£¤¥ bjs(�), j = 1; 2, s = 1; 2; 3, | í«¥¬¥­âë ¬ âà¨æë B(�i).
�«ï ¢ëç¨á«¥­¨ï ª¢ ¤à â  ­®à¬ë k~Ki(�)k2 ¢®á¯®«ì§ã¥¬áï á®®â­®è¥­¨ï¬¨ (8), (9) â¥®à¥¬ë 1.

� ª ª ª �(0) = 0, â® ¨ Pj�=0 = Qj�=0 = 0. � ª¨¬ ®¡à §®¬,

k~Ki(�)k2 =
�
@ ~K(�; �)>

@�
Q
@ ~K(�; �)

@�
� @2 ~K(�; �)>

@�@�
P~K(�; �)

����
�=�i

�����
�=�1

: (30)

�¤¥áì

P = diag (a; k2; �2d) sin �; Q =








a 0 0
0 k2 k2��1

0 0 �2d







 sin �:

�®áª®«ìªã ¨§ ªà ¥¢ëå ãá«®¢¨© § ¤ ç¨ (28) ¯à¨ � = �1 á«¥¤ã¥â à ¢¥­áâ¢® ­ã«î ¯¥à¢ëå ¤¢ãå
ª®¬¯®­¥­â®¢ ï¤à  ��� (5) ¤«ï «î¡ëå §­ ç¥­¨© �, â. ¥.

~K(�1; �) = (0; 0;K3(�1; �))
>;

â® ¢ëà ¦¥­¨¥ (30) áãé¥áâ¢¥­­® ã¯à®é ¥âáï ¨ ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

k~Ki(�)k2 = �2d sin �1

��
@

@�
K3(�; �)

��
@

@�
K3(�; �)

�
�
�
@2

@�@�
K3(�; �)

�
K3(�; �)

����
�=�i

�����
�=�1

; (31)
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£¤¥

K3(�; �) =
3X

j=1

Dj(�)P
1
�j
(cos �);

@

@�
K3(�; �) =

3X
j=1

Dj(�)[P
2
�j
(cos �) + ctg �P 1

�j
(cos �)];

@

@�
K3(�; �) =

3X
j=1

�j(�)[Gj(�)P 1
�j
(cos �) +Dj(�)V 1

�j
(cos �)]; (32)

@2

@�@�
K3(�; �) =

3X
j=1

�j(�)[Gj(�)[P 2
�j
(cos �) + ctg �P 1

�j
(cos �)] +Dj(�)[V 2

�j
(cos �) + ctg �V 1

�j
(cos �)]];

Dj(�) = Cj(�)�j(�); Gj(�) = Cj(�)�j(�) +
�
@

@�
Cj(�)

�
�j(�); V 1;2

�j
(cos �) =

1
2 + �j

@

@�j
P 1;2
�j
(cos �):

�¤¥áì Cj(�) ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (29),   �j(�), �j(�) ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬

�j(�) = dj [��1j (a2 + 2a1�+ a3�j � (a9 + 2a8�� I2�j)�j) + a5 + a3�� 2a�j � (b� I2�)�j ];

�j(�) = ��
2
j'1 + �j(2� 2 +  1) + 3�2#3 + 2�#2 + #1

3�2j + 2�j(�'1 + '0) + �2 2 + � 1 +  0

:
(33)

� ª¨¬ ®¡à §®¬, ª¢ ¤à â ­®à¬ë ¢ à áá¬ âà¨¢ ¥¬®© § ¤ ç¥ ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬ (31) á
ãç¥â®¬ (32), (33).

� § ª«îç¥­¨¥ á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨¢¥¤¥­­ ï ä®à¬  à¥è¥­¨ï (7) ï¢«ï¥âáï ã­¨¢¥àá «ì-
­®© ¤«ï à §«¨ç­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨, ®¯¨áë¢ ¥¬ëå £¨¯¥à¡®«¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨
«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå (1) á ¯¥à¥¬¥­­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨ ¨ ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ â¥®à¥¬ë 2. �ëç¨á«¥­¨¥ á«®¦­ëå ª¢ ¤à âãà k~Ki(x)k2
à §«®¦¥­¨© (7) ¤«ï ¯à®áâ®£® á¯¥ªâà  ®¯¥à â®à  A ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1 ¯à®¨§¢®¤¨âáï ¯®
ä®à¬ã« ¬ (8), (9) ¯ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¥£® á®¡áâ¢¥­­ëå äã­ªæ¨© ~K(x; �i). �à¥¤«®¦¥­-
­ë© ­®¢ë© ¯®¤å®¤ ¢ëç¨á«¥­¨ï ­®à¬ë ®âªàë¢ ¥â ¢®§¬®¦­®áâì à¥ «¨§ æ¨¨ ¡®«¥¥ íää¥ªâ¨¢­ëå
¢ëç¨á«¨â¥«ì­ëå  «£®à¨â¬®¢ ¯® áà ¢­¥­¨î á áãé¥áâ¢ãîé¨¬¨.
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