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� áá¬ âà¨¢ ¥âáï á¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (á. ¨. ã.)

Au � a(x)u(x) +
Z
D

f(�)h(x; y)
r2

u(y)dy = g(x); x 2 D; � =
x� y

r
; (1)

£¤¥ D | ªàã£ ¥¤¨¨ç®£® à ¤¨ãá  á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â, x = (x1; x2), y = (y1; y2) | ¥£®
â®çª¨, r = jx � yj | ¥¢ª«¨¤®¢® à ááâ®ï¨¥ ¬¥¦¤ã íâ¨¬¨ â®çª ¬¨, a(x) 2 C(D), g(x) 2 L2(D)
| ¤ ë¥,   u(x) 2 L2(D) | ¨áª®¬ ï äãªæ¨¨; å à ªâ¥à¨áâ¨ª  f(�) 2 L1[0; 2�] ã¤®¢«¥â¢®àï¥â
¥®¡å®¤¨¬®¬ã ¨ ¤®áâ â®ç®¬ã ãá«®¢¨î áãé¥áâ¢®¢ ¨ï á¨£ã«ïà®£® ¨â¥£à «  ¨§ (1) ¢ á¬ëá«¥
£« ¢®£® § ç¥¨ï [1],   äãªæ¨ï h(x; y) 2 C(D2) â ª®¢ , çâ®

kAkL2(D)!L2(D) �M = const <1: (2)

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à®¡«¥¬  ª ª â®ç®£®, â ª ¨ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥¨ï (1)
ï¢«ï¥âáï ¢¥áì¬   ªâã «ì®© ¨ ¤«ï â¥®à¨¨, ¨ ¤«ï à¥è¥¨ï àï¤  ¯à¨ª« ¤ëå § ¤ ç,  ¯à¨¬¥à,
â ª¨å ª ª ª®â ªâë¥ § ¤ ç¨ â¥®à¨¨ ã¯àã£®áâ¨ ¨ § ¤ ç¨ ¬¥å ¨ª¨ à §àãè¥¨ï (á¬.,  ¯à.,
[1]{[5] ¨ ¡¨¡«¨®£à ä¨î ¢ ¨å).

1. �¥®à¥¬  áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï

�¥¨§¢¥áâãîäãªæ¨î u(x) ¡ã¤¥¬ ¨áª âì ¢ ¯à®áâà áâ¢¥ L2(D) = L2 ª¢ ¤à â¨ç®-áã¬¬¨àã¥¬ëå
¢ ªàã£¥ D ¢¥é¥áâ¢¥ëå äãªæ¨© á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ¨ ®à¬®© á®®â¢¥âáâ¢¥®

(u; v) =
Z
D

u(x)v(x)dx; u; v 2 L2; kuk =
�Z

D

ju(x)j2dx
�1=2

; u 2 L2: (3)

�®£¤  á. ¨. ã. (1) ¬®¦® à áá¬ âà¨¢ âì ª ª ®¯¥à â®à®¥ ãà ¢¥¨¥

Au � au+ Su = g; Su =
Z
D

f(�)h(x; y)
r2

u(y)dy; u; g 2 L2: (4)

�¡®§ ç¨¬ ç¥à¥§ C(D) ¯à®áâà áâ¢® ¢á¥å ¥¯à¥àë¢ëå ¢ ªàã£¥ D äãªæ¨© c ®à¬®©

kukC = kukC(D) = max
x2D

ju(x)j; u 2 C(D):

�«ï á. ¨. ã. (1) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãáâì

min
x2D

ja(x)j � m0 = const > 0 (5)

¨ ¢ë¯®«ï¥âáï ®¤® ¨§ ãá«®¢¨©:
�) äãªæ¨ï f(�) ï¢«ï¥âáï ¥ç¥â®© ¨

(S�u; u) � �1kuk
2; u 2 L2(D); S�u =

1
2

Z
D

f(�)[h(x; y)� h(y; x)]
r2

u(y)dy;
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�) f(�) ï¢«ï¥âáï ç¥â®© ¨

(S+u; u) � �2kuk
2; u 2 L2(D); S+u =

1
2

Z
D

f(�)[h(x; y) + h(y; x)]
r2

u(y)dy;

£¤¥ �i 2 R.
�ãáâì, ªà®¬¥ â®£®, m = m0 + �i > 0, i = 1 ¨«¨ 2. �®£¤  ®¯¥à â®à A : L2(D) ! L2(D)

¥¯à¥àë¢® ®¡à â¨¬ ¨

kA�1kL2!L2
� m�1 <1:

�®ª § â¥«ìáâ¢®. � ¤ «ì¥©è¥¬ ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® a(x) > 0
(á«ãç © a(x) < 0 ®¡®á®¢ë¢ ¥âáï   «®£¨ç®).

�®ª ¦¥¬ â¥®à¥¬ã ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï �). �ç¨âë¢ ï (3){(5), ¤«ï «î¡®£® u 2 L2 ¨¬¥¥¬

(Au; u) = (au; u) + (Su; u) � m0(u; u) + (Su; u): (6)

�«ï ®æ¥ª¨ ¢â®à®£® á« £ ¥¬®£® ¢ ¯à ¢®© ç áâ¨ (6) à¥£ã«ïà®¥ ï¤à® h(x; y) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

h(x; y) = h+(x; y) + h�(x; y); h�(x; y) =
h(x; y)� h(y; x)

2
: (7)

�®£¤  ¨â¥£à «ìë© ®¯¥à â®à ¨§ (4) ¯à¨¨¬ ¥â ¢¨¤

Su =
Z
D

f(�)h(x; y)
r2

u(y)dy =
Z
D

f(�)h+(x; y)
r2

u(y)dy +
Z
D

f(�)h�(x; y)
r2

u(y)dy � S+u+ S�u:

�®ª ¦¥¬, çâ® ¢ áª «ïà®¬ ¯à®¨§¢¥¤¥¨¨

(Su; u) = (S+u; u) + (S�u; u) (8)

¯¥à¢®¥ á« £ ¥¬®¥ ¢ (8) à ¢® ã«î. �ç¨âë¢ ï á¨¬¬¥âà¨ç®áâì äãªæ¨© h+(x; y) ¨ r2 = jx� yj2

¨ ¥ç¥â®áâì äãªæ¨¨ f(�) (� = (x� y)=r2), ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

(S+u; u) �
Z
D

u(x)dx
Z
D

f(�)h+(x; y)
r2

u(y)dy = �

Z
D

u(y)dy
Z
D

f(��)h+(y; x)
r2

u(x)dx =

= �(u; S+u) = �(S+u; u) = 0; u 2 L2:

�âáî¤  ¨ ¨§ ãá«®¢¨ï �) á«¥¤ã¥â ¯®«®¦¨â¥«ì ï ®¯à¥¤¥«¥®áâì ®¯¥à â®à  A:

(Au; u) = (au; u) + (S+u; u) + (S�u; u) � m0kuk
2
L2
+ �1kuk

2
L2

= mkuk2L2
; u 2 L2(D):

�«¥¤®¢ â¥«ì®, ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® kAukL2
� mkukL2

, u 2 L2(D). �®£¤  (á¬. [6], £«. 5, x 4)
®¯¥à â®à A : L2 ! L2 ¨¬¥¥â «¥¢ë© ¥¯à¥àë¢ë© ®¡à âë© ®¯¥à â®à A�1l ¨

kA�1l k �
1
m
<1: (9)

�®áª®«ìªã á®¯àï¦¥®¥ ¯à®áâà áâ¢® L�2(D) = L2(D), â® ¤«ï á®¯àï¦¥®£® ®¯¥à â®à 
A� : L2 ! L2 ¢ë¯®«ï¥âáï (A�u; u) = (u;A��u) = (u;Au) = (Au; u). �®£¤  ¤«ï ®¯¥à â®à  A�,
  «®£¨ç® A, ¯®«ãç ¥¬ ¥à ¢¥áâ¢® kA�ukL2

� mkukL2
, u 2 L2(D), ®âªã¤  â ª¦¥ á«¥¤ã¥â áã-

é¥áâ¢®¢ ¨¥ «¥¢®£® ¥¯à¥àë¢®£® ®¡à â®£® (A�)�1l = A��1l ¨ á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë

kA��1l k �
1
m
<1: (10)

�§ á®®â®è¥¨© (10) ¨ (9) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¤¢ãáâ®à®¨© ®¡à âë© ®¯¥à â®à A�1 : L2 !
L2 ¨

kA�1k �
1
m
<1:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï �) ¯à®¢®¤¨âáï   «®£¨ç®. � ¬¥â¨¬ «¨èì,
çâ® ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (8) ®æ¥¨¢ ¥âáï á ¯®¬®éìî ãá«®¢¨ï �),   ¢â®à®¥ á« £ ¥¬®¥ (S�u; u) à ¢®
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ã«î ¢ á¨«ã ª®á®á¨¬¬¥âà¨ç®áâ¨ äãªæ¨¨ h�(x; y), á¨¬¬¥âà¨ç®áâ¨ r2 ¨ ç¥â®áâ¨ äãªæ¨¨
f(�).

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë ¨â¥£à «ì®¥ ãà ¢¥¨¥ (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥
u� = A�1g 2 L2(D) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ g(x) 2 L2(D) ¨ ¤«ï ¥£® á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
ku�kL2(D) �

1
m
kfkL2(D). �à®¬¥ â®£®, à¥è¥¨¥ u�(x) ï¢«ï¥âáï L2-ãáâ®©ç¨¢ë¬ ®â®á¨â¥«ì® ¬ «ëå

¢®§¬ãé¥¨© äãªæ¨© a(x) ¢ C(D), h(x; y) ¢ C(D2) ¨ g(x) ¢ L2(D).

2. �¥â®¤ë ®âëáª ¨ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï á. ¨. ã. (1)

2.1. �â¥à æ¨®ë¥ ¬¥â®¤ë. �«ï á. ¨. ã. (1) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u�(x) 2 L2(D) ãà ¢¥¨ï (1) ¯à¨
«î¡®© g(x) 2 L2(D) ï¢«ï¥âáï ¯à¥¤¥«®¬ ¢ L2(D) ¨â¥à æ¨®®© ¯®á«¥¤®¢ â¥«ì®áâ¨

uk = uk�1 +
m

M 2
(g �Auk�1); k = 1; 2; : : : ; (11)

¯à¨ «î¡®¬  ç «ì®¬ ¯à¨¡«¨¦¥¨¨ u0 2 L2(D). �à¨ íâ®¬ ¯®£à¥è®áâì k-£® ¯à¨¡«¨¦¥¨ï
¬®¦¥â ¡ëâì ®æ¥¥  ¥à ¢¥áâ¢ ¬¨

ku� � ukk � �kku� � u0k �
�k

1� �
ku1 � u0k; k = 0; 1; : : : ;

£¤¥ � =
q
1� m2

M2
< 1; ¥á«¨ ¦¥ §   ç «ì®¥ ¯à¨¡«¨¦¥¨¥ ¯à¨ïâì u0 = (m=M 2) g, â®

ku� � ukk �
�k+1

1� �

m

M 2
kgk; k = 0; 1; : : : ;

£¤¥ ª®áâ â  M ®¯à¥¤¥«¥  ¢ (2),   m | ¢ â¥®à¥¬¥ 1.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ãà ¢¥¨¥ (4) ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥

u = Tu+
m

M 2
g (u; g 2 L2); (12)

£¤¥ T = (E � m
M2
A) { â ª  §ë¢ ¥¬ë© ®¯¥à â®à ¯¥à¥å®¤ . � ãç¥â®¬ á¢®©áâ¢  ç¨á«  ®¡ãá«®-

¢«¥®áâ¨ ®¯¥à â®à  A : L2 ! L2 ¥âàã¤® ¯®ª § âì, çâ® ¤«ï ®¯¥à â®à  ¯¥à¥å®¤  ¨¬¥¥â ¬¥áâ®
¥à ¢¥áâ¢®

kTk �

s
1�

m2

M 2
� q < 1: (13)

�®íâ®¬ã ãà ¢¥¨¥ (12),   á«¥¤®¢ â¥«ì®, ¨ ¨áå®¤®¥ ãà ¢¥¨¥ (1), ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥
u� 2 L2 ¯à¨ «î¡®¬ g 2 L2. �ç¥¢¨¤®, ã¨¢¥àá «ìë© ¨â¥à æ¨®ë© ¬¥â®¤ (11) ¤«ï ¨áå®¤®£®
ãà ¢¥¨ï (1) á®¢¯ ¤ ¥â á ¬¥â®¤®¬ ¯à®áâ®© ¨â¥à æ¨¨ ¤«ï ¢á¯®¬®£ â¥«ì®£® ãà ¢¥¨ï (12),
íª¢¨¢ «¥â®£® ¨áå®¤®¬ã ãà ¢¥¨î (1). �®£¤  ¢ á¨«ã (13) ®áâ «ì®¥ ¢ë¢®¤¨âáï ¨§ ¨§¢¥áâëå
à¥§ã«ìâ â®¢ ¯® ¬¥â®¤ã ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© ( ¯à., [6], c. 213{214).

� á«ãç ¥, ª®£¤  S=a | ®¯¥à â®à á¦ â¨ï, ¬®¦® ¢¬¥áâ® ã¨¢¥àá «ì®£® ¨â¥à æ¨®®£® ¬¥-
â®¤  ¨á¯®«ì§®¢ âì ¬¥â®¤ ¯à®áâ®© ¨â¥à æ¨¨. �®£¤  à¥§ã«ìâ âë § ç¨â¥«ì® ã¯à®é îâáï ¨ ãá¨-
«¨¢ îâáï.

� á¨«ã á¢®©áâ¢ äãªæ¨¨ a(x), ®¯¥à â®à®¥ ãà ¢¥¨¥ (4) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ íª¢¨¢ «¥â®¬
¢¨¤¥

u =
g

a
�
1
a
Su: (40)

�¥è¥¨¥ íâ®£® ãà ¢¥¨ï ¡ã¤¥¬ ¨áª âì ª ª ¯à¥¤¥« ¨â¥à æ¨®®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fukg10 , £¤¥

uk+1 =
1
a
(g � Suk); k = 0; 1; : : : ; (14)
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¯à¨ «î¡®¬  ç «ì®¬ ¯à¨¡«¨¦¥¨¨ u0 2 L2(D).
�®áª®«ìªã

1a

L2!L2

=

vuutZ
D

���� 1
a(x)

����2dx � max
x2D

���� 1
a(x)

����
sZ

D

dx =
�

min
x2D

ja(x)j
;

â® 1aS

L2!L2

�
�

min
x2D

ja(x)j
kSkL2!L2

� q:

�á«¨

kSkL2!L2
<
min
x2D

ja(x)j

�
;

â® ¨¬¥¥¬ q < 1. �«¥¤®¢ â¥«ì®, ¢ á¨«ã ¨§¢¥áâëå à¥§ã«ìâ â®¢ ([6], £«. 5, x 5) ¬®¦® ãâ¢¥à¦¤ âì,
çâ® (14) ¥áâì ¬¥â®¤ ¯à®áâ®© ¨â¥à æ¨¨ ¤«ï ãà ¢¥¨ï (40), â. ¥. ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï
(40) (  á«¥¤®¢ â¥«ì®, ¨ ãà ¢¥¨ï (4)) ¬®¦®  ©â¨ ª ª ¯à¥¤¥« u�(x) = lim

k!1
uk(x) ¢ L2(D). �à¨

íâ®¬ ¤«ï ¯®£à¥è®áâ¨ k-£® ¯à¨¡«¨¦¥¨ï á¯à ¢¥¤«¨¢ë ®æ¥ª¨

ku� � ukk2 � qkku� � u0k2 �
qk

1� q
ku1 � u0k2; k = 1; 2; : : : (15)

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  3. �ãáâì ¢ë¯®«¥® ¥à ¢¥áâ¢®

kSkL2!L2
<
min
x2D

ja(x)j

�
:

�®£¤  ãà ¢¥¨¥ (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u� 2 L2 ¯à¨ «î¡®© g 2 L2, ª®â®à®¥ ¬®¦®
 ©â¨ ª ª ¯à¥¤¥« ¢ L2 ¯®á«¥¤®¢ â¥«ì®áâ¨ (14) ¯à¨ «î¡®¬  ç «ì®¬ ¯à¨¡«¨¦¥¨¨ u0 2 L2.
�à¨ íâ®¬ ¤«ï ¯®£à¥è®áâ¨ k-£® ¯à¨¡«¨¦¥¨ï á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (15), £¤¥

q =
�kSkL2!L2

min ja(x)j
:

2.2. �¡é¨© ¯à®¥ªæ¨®ë© ¬¥â®¤. � á¨«ã á¥¯ à ¡¥«ì®áâ¨ ¯à®áâà áâ¢  L2 ¢ ¥¬ ¢á¥£¤ 
áãé¥áâ¢ã¥â «¨¥©® ¥§ ¢¨á¨¬ ï ¯®« ï ®àâ®®à¬ «ì ï á¨áâ¥¬  äãªæ¨©

f k(x)g11 ;  k 2 L2(D); D � R
2 : (16)

�¡®§ ç¨¬ ç¥à¥§ Xn «¨¥©ãî ®¡®«®çªã,  âïãâãî   ¯¥à¢ë¥ n 2 N í«¥¬¥â®¢ á¨áâ¥¬ë (16).
�à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

un(x) =
nX
k=1

k k(x); un 2 Xn; x 2 D; n 2 N; (17)

  ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë k 2 R ®¯à¥¤¥«ïâì ¨§ á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥-
¨© (����)

nX
k=1

kcl(A k) = cl(g); l = 1; n; (18)

£¤¥ cp(y) = (y;  p) | ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨¨ y 2 L2 ¯® á¨áâ¥¬¥ ª®®à¤¨ âëå äãª-
æ¨© (16).

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (1), (17), (18) á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  4. � ãá«®¢¨ïå â¥®à¥¬ë 1 ���� (18) ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå n 2 N,
¨ ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (17) áå®¤ïâáï ¢ L2 ª â®ç®¬ã à¥è¥¨î ãà ¢¥¨ï (1). �à¨ íâ®¬
¯®£à¥è®áâì ¯à¨¡«¨¦¥®© ä®à¬ã«ë u�(x) � un(x) ¯à¨ «î¡ëå n 2 N ¬®¦¥â ¡ëâì ®æ¥¥  á
¯®¬®éìî ¥à ¢¥áâ¢

En(u
�) � ku� � unk �

M

m
En(u

�); n 2 N;

£¤¥ En(u�) |  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ ¢ L2 äãªæ¨¨ u
� 2 L2 ¢á¥¢®§¬®¦ë¬¨ í«¥¬¥â ¬¨ ¨§

Xn.

�®ª § â¥«ìáâ¢®. ���� (18) íª¢¨¢ «¥â  ®¯¥à â®à®¬ã ãà ¢¥¨î

Anun � PnAun = Png (un; Png 2 Xn); (19)

£¤¥ Pn : L2 ! Xn � L2 | «¨¥©ë© ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï, ®¯à¥¤¥«ï¥¬ë©
¯® ä®à¬ã«¥

Pn(f ;x) =
nX
k=1

ck(f) k(x); f 2 L2(D); ck(f) = (f;  k):

�®£¤ 

P 2
n = Pn; P �n = Pn; kPnkL2

= 1; n 2 N; (20)

£¤¥ P �n | ®¯¥à â®à, á®¯àï¦¥ë© á Pn.
� á¨«ã (20) ¨ â¥®à¥¬ë 1 ¤«ï «î¡®£® un 2 Xn ¨¬¥¥¬ (Anun; un) = (PnAun; un) = (Aun; P �nun) =

(Aun; Pnun) = (Aun; un) � mkunk
2. �®íâ®¬ã kAnunk � mkunk, un 2 Xn, n 2 N. �â® ãá«®¢¨¥, ª ª

¨§¢¥áâ® ( ¯à., [7], á. 9{12) ï¢«ï¥âáï ¢ á¨«ã ª®¥ç®¬¥à®áâ¨ ¯®¤¯à®áâà áâ¢ Xn ¥®¡å®¤¨¬ë¬
¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ¨ï ®£à ¨ç¥®£® ¤¢ãáâ®à®¥£® ®¡à â®£® ®¯¥à â®à  A�1n :
Xn ! Xn:

kA�1n k �
1
m
<1; n 2 N: (21)

�®íâ®¬ã ãà ¢¥¨¥ (19),   á«¥¤®¢ â¥«ì®, ¨ ���� (18) ®¤®§ ç® à §à¥è¨¬ë ¯à¨ «î¡®¬ n 2 N.
�æ¥¨¬ ¯®£à¥è®áâì u� � un = A�1g � A�1n Png ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¢ ¯à®áâà áâ¢¥ L2. �
ãç¥â®¬ (21) ¨ un 2 Xn ([8], £«. 1, «¥¬¬  2.2)  å®¤¨¬

En(u�) � ku� � unk = k(E �A�1n PnA)(u� � Pnu
�)k � kE �A�1n PnAk ku

� � Pnu
�k: (22)

�®£¤ , ãç¨âë¢ ï à ¢¥áâ¢  (20) ¨ ¥à ¢¥áâ¢  (2) ¨ (21), ¨§ (22) ¯®«ãç ¥¬

En(u
�) � ku� � unk � (1 + kA�1n PnAk) ku

� � Pnu
�k �

M

m
En(u

�):

�âáî¤ , ãç¨âë¢ ï â®¦¤¥áâ¢® (Au� �Aun; u� � un) = (Au� �Aun; u� � Pnu�),  å®¤¨¬ âà¥¡ã¥¬®¥
ãâ¢¥à¦¤¥¨¥.

2.3. �à®¥ªæ¨®®-¨â¥à â¨¢ë¥ ¬¥â®¤ë. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¤ ¦¥ ¯à¨ ¤®áâ â®ç® ã¤ ç-
®¬ ¢ë¡®à¥ ª®®à¤¨ âëå äãªæ¨© f kg11 à¥è¥¨¥ ���� (18) ¢® ¬®£¨å á«ãç ïå ¯à¥¤áâ ¢«ï¥â
§ ç¨â¥«ìë¥ ¯à ªâ¨ç¥áª¨¥ âàã¤®áâ¨. � á¢ï§¨ á íâ¨¬ ¬®¦¥â ®ª § âìáï ¯®«¥§ë¬ á«¥¤ãîé¨©
¯à®áâ®© á¯®á®¡ ¥¥ à¥è¥¨ï ã¨¢¥àá «ìë¬ «¨¥©ë¬ ®¤®è £®¢ë¬ ¨â¥à æ¨®ë¬ ¬¥â®¤®¬. �¥-
è¥¨¥ (17) ãà ¢¥¨ï (19) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

ujn = uj�1n +
m

M 2
(Png �Anu

j�1
n ); (23)

£¤¥ j; n 2 N,   u0n | ¯à®¨§¢®«ì®¥  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ ¨§ Xn.

�¥®à¥¬  5. � ãá«®¢¨ïå â¥®à¥¬ë 1 à¥è¥¨¥ un 2 Xn ãà ¢¥¨ï (19) ¬®¦®  ©â¨ ª ª
¯à¥¤¥« ¢ L2 ¨â¥à æ¨®®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (23), ¯à¨ç¥¬ ¤«ï u0n = (m=M 2)Png á¯à ¢¥¤«¨¢ë
®æ¥ª¨

kun � ujnk �
�j+1

1� �

m

M 2
kPngk; n; j 2 N:
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¢¥¤¥âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2, ®¤ ª® §¤¥áì ¨á¯®«ì-
§ã¥âáï ®¢ë© ®¯¥à â®à ¯¥à¥å®¤ 

eT = E �
m

M 2
PnA = Pn

�
E �

m

M 2
A

�
: Xn ! Xn;

®à¬  ª®â®à®£® ã¤®¢«¥â¢®àï¥â á ãç¥â®¬ (13) ¨ ¯®á«¥¤¥£® ¨§ à ¢¥áâ¢ (20) ¥à ¢¥áâ¢ã

k eTkXn!Xn � k eTkL2!L2
�

s
1�

m2

M 2
� � < 1: (24)

�§ â¥®à¥¬ 4 ¨ 5 á«¥¤ã¥â

�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u� 2 L2(D) ãà ¢¥¨ï (1) ¬®¦®
 ©â¨ ª ª ¯à¥¤¥«

u� = lim
n!1

un = lim
n!1

lim
j!1

ujn

¢ L2 ¯à®¥ªæ¨®®-¨â¥à æ¨®®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (23). �à¨ íâ®¬ ¤«ï «î¡ëå n; j 2 N ¨
u0n 2 Xn á¯à ¢¥¤«¨¢  ®æ¥ª 

ku� � ujnk �
M

m
En(u

�) +
�j

1� �
ku1n � u0nk;

¥á«¨ ¦¥ u0n = (m=M 2)Png, â®

ku� � ujnk �
M

m
En(u�) +

�j+1

1� �

m

M 2
kgk;

£¤¥ n; j 2 N,   ç¨á«® � ®¯à¥¤¥«¥® ¢ (24).

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ¯®«ãç¥ë¥ ¢ëè¥ à¥§ã«ìâ âë «¥£ª® ¯¥à¥®áïâáï   á«ãç ©,
ª®£¤  D ¬®¦¥â ¡ëâì «î¡®© ®£à ¨ç¥®© ®¡« áâìî. �à®¬¥ â®£®, íâ¨ à¥§ã«ìâ âë «¥£ª® ¯¥à¥-
®áïâáï   á«ãç © ª®¬¯«¥ªá®§ çëå äãªæ¨© a(x), u(x), f(�), h(x; y), g(x) ®â ¢¥é¥áâ¢¥ëå
¯¥à¥¬¥ëå.
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