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�ãáâì A | ª®¬¬ãâ â¨¢­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à  ­ ¤ ¯®«¥¬ ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« R, ¨¬¥-
îé ï ª®­¥ç­ë© à ­£ ¨ ®¡« ¤ îé ï ¥¤¨­¨æ¥© ([1], á. 7). �  A -£« ¤ª®¬ n-¬¥à­®¬ ¬­®£®®¡à §¨¨
Mn à áá¬®âà¨¬ £®«®¬®àä­ë¥ «¨­¥©­ë¥ á¢ï§­®áâ¨ r. �®«®¬®àä­®¥ ¢¥ªâ®à­®¥ ¯®«¥ X ­  Mn

­ §ë¢ ¥âáï  ää¨­­ë¬, ¥á«¨ ¯à®¨§¢®¤­ ï �¨ ¢¤®«ì X «¨­¥©­®© á¢ï§­®áâ¨ r à ¢­  ­ã«î. �®-
¢®ªã¯­®áâì g(Mn)  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ¤®¯ãáª ¥â ¥áâ¥áâ¢¥­­ë¥ áâàãªâãàë  «£¥¡à �¨
­ ¤ A ¨ R. �¡®§­ ç¨¬ íâ¨  «£¥¡àë ç¥à¥§ (g(Mn))A ¨ (g(Mn))R á®®â¢¥âáâ¢¥­­®.

�«ã¡®ª¨¥ à¥§ã«ìâ âë ¯à¨ ¨áá«¥¤®¢ ­¨¨ à §¬¥à­®áâ¥©  «£¥¡à �¨ g(Mn) ¢ á«ãç ¥ A = R ¡ë«¨
¯®«ãç¥­ë ¢ [2].

� á«ãç ¥, ª®£¤  A ­¥ á¢®¤¨âáï ª  «£¥¡à¥ R, ¢®¯à®áë, á¢ï§ ­­ë¥ á à §¬¥à­®áâï¬¨  «£¥¡à
g(Mn), ®áâ ¢ «¨áì ®âªàëâë¬¨.

� ¯à¥¤« £ ¥¬®© à ¡®â¥ ¯®«ãç¥­ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë.
1. �á«¨ à ­£  «£¥¡àë A à ¢¥­ m, à §¬¥à­®áâì ­ ¤ A ¬­®£®®¡à §¨ï Mn à ¢­  n, â® ¢¥é¥-

áâ¢¥­­ ï à §¬¥à­®áâì  «£¥¡àë �¨ (g(Mn))R ­ ¤ R ­¥ ¡®«ìè¥, ç¥¬ m(n2 + n).
2. �á«¨ dimR(g(Mn))R = m(n2+n), â® â¥­§®à­ë¥ ¯®«ï ªàãç¥­¨ï T ¨ ªà¨¢¨§­ë R á¢ï§­®áâ¨ r

à ¢­ë ­ã«î.
3. �á«¨ â¥­§®à­®¥ ¯®«¥ W �¥©«ï á¢ï§­®áâ¨ r ®â«¨ç­® ®â ­ã«ï, â®

dimR(g(Mn))
R � m(n2 + n)� r0(3n� 5);

£¤¥ r0 | á¨­£ã«ïà­ë© à ­£  «£¥¡àë A .

1. �®«®¬®àä­ë¥ «¨­¥©­ë¥ á¢ï§­®áâ¨

�ãáâì A | ª®¬¬ãâ â¨¢­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à  á ¥¤¨­¨æ¥© à ­£  m ­ ¤ ¯®«¥¬ R ¤¥©áâ¢¨-
â¥«ì­ëå ç¨á¥«. �¡®§­ ç¨¬ ç¥à¥§ A � ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® «¨­¥©­ëå ä®à¬, § ¤ ­­ëå ­  A ¨
¯à¨­¨¬ îé¨å §­ ç¥­¨ï ¢ R. �  A

� ®¯à¥¤¥«¨¬ ¢­¥è­îî ®¯¥à æ¨î � : A � � A ! A
� ã¬­®¦¥-

­¨ï í«¥¬¥­â®¢ A � ­  í«¥¬¥­âë  «£¥¡àë A á«¥¤ãîé¨¬ ®¡à §®¬: �(a�; b)(c) = a�(bc) ¤«ï «î¡ëå
b; c 2 A . �â  ®¯¥à æ¨ï ¢¬¥áâ¥ á ®¯¥à æ¨ï¬¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï «¨­¥©­ëå ä®à¬ ­  ¤¥©áâ¢¨-
â¥«ì­ë¥ ç¨á«  ¯à¥¢à é ¥â ¯à®áâà ­áâ¢® A � ¢ A -¬®¤ã«ì, ª®â®àë© ¨á¯®«ì§ã¥âáï ¯à¨ ¯®áâà®¥­¨¨
®¯¥à æ¨¨ ¢¥é¥áâ¢¥­­®© à¥ «¨§ é¨¨ â¥­§®à­®©  «£¥¡àë ­ ¤ A ,   â ª¦¥ «¨­¥©­ëå á¢ï§­®áâ¥©,
§ ¤ ­­ëå ­  A -£« ¤ª¨å ¬­®£®®¡à §¨ïå.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥ �(a�; b) = a�b.
�ãáâì Mn | £« ¤ª®¥ ¬­®£®®¡à §¨¥ ­ ¤ A à §¬¥à­®áâ¨ n ª« áá  ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ C!.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® Mn íª¢¨¢ «¥­â­® ®âªàëâ®¬ã ª®®à¤¨­ â­®¬ã ¯ à ««¥«¥¯¨¯¥¤ã ¢ A n ¯®
®â­®è¥­¨î ª ­¥ª®â®à®¬ã ¡ §¨áã  «£¥¡àë A . �¡®§­ ç¨¬ ç¥à¥§ B (Mn )  «£¥¡àã £®«®¬®àä­ëå ¯®
�¥ää¥àáã äã­ªæ¨© ­ ¤  «£¥¡à®© A ([1], á. 85).

�¯à¥¤¥«¥­¨¥ 1.1. �¥ªâ®à­ë¬ ¯®«¥¬ ­  Mn ­ §ë¢ ¥âáï ¢áïª®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥  «£¥-
¡àë B (Mn).
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�¥ªâ®à­®¥ ¯®«¥ X ­ §ë¢ ¥âáï £®«®¬®àä­ë¬, ¥á«¨ ¤«ï «î¡®© äã­ªæ¨¨ F 2 B (Mn) äã­ªæ¨ï
XF ï¢«ï¥âáï £®«®¬®àä­®©.

�­®¦¥áâ¢® =1
0(Mn) ¢á¥¢®§¬®¦­ëå £®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥©, § ¤ ­­ëå ­ Mn, ¤®¯ãáª -

¥â áâàãªâãàã B (Mn)-¬®¤ã«ï. � ª ¦¤®© â®çª¥ p 2Mn á®¢®ªã¯­®áâì ¢¥ªâ®à®¢ Xp, £¤¥ X 2 =1
0(Mn),

®â­®á¨â¥«ì­® ¥áâ¥áâ¢¥­­ëå ®¯¥à æ¨© á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ­  í«¥¬¥­âë  «£¥¡àë A ®¡à §ã¥â
A -¬®¤ã«ì, ­ §ë¢ ¥¬ë© ª á â¥«ì­ë¬ ¬®¤ã«¥¬ ª Mn ¢ â®çª¥ p. �¡®§­ ç¨¬ íâ®â ¬®¤ã«ì ç¥à¥§
Tp(Mn). � á â¥«ì­ë© ¬®¤ã«ì Tp(Mn) ®¡« ¤ ¥â ª®­¥ç­ë¬ ¡ §¨á®¬, á®áâ®ïé¨¬ ¨§ n ª á â¥«ì-
­ëå ¢¥ªâ®à®¢. �á«¨ (U; xi) | ª àâ  £« ¤ª®© áâàãªâãàë ­  Mn ¨ p 2 U , â® ¢ ª ç¥áâ¢¥ ¡ §¨á­ëå
¢¥ªâ®à®¢ ¢ Tp(Mn) ¬®¦­® ¢§ïâì ®¯¥à â®àë ç áâ­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨© @

@xi

��
p
.

�¯à¥¤¥«¥­¨¥ 1.2. �¨­¥©­®© á¢ï§­®áâìî ­  Mn ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥

r : =1
0(Mn)�=1

0(Mn) �! =1
0(Mn);

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬
(1) rFX+GYZ = FrXZ + GrYZ;
(2) rX(Y + Z) = rXY +rXZ;
(3) rXFY = FrXY + (XF)Y

¤«ï «î¡ëå F ;G 2 B (Mn ), X;Y;Z 2 =1
0(Mn).

�¢ï§­®áâì r ­ §ë¢ ¥âáï £®«®¬®àä­®©, ¥á«¨ ¢¥ªâ®à­®¥ ¯®«¥ rXY £®«®¬®àä­® ¤«ï «î¡ëå
£®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥© X ¨ Y .

�â®¡à ¦¥­¨ï
T : =1

0(Mn)�=1
0(Mn) �! =1

0(Mn),
R : =1

0(Mn)�=1
0(Mn)�=1

0(Mn) �! =1
0(Mn),

®¯à¥¤¥«¥­­ë¥ ãá«®¢¨ï¬¨
T (X;Y ) = rXY �rYX � [X;Y ],
R(X;Y )Z = rXrYZ �rYrXZ �r[X;Y ]Z,

ï¢«ïîâáï B (Mn )-«¨­¥©­ë¬¨ ¯® ª ¦¤®¬ã  à£ã¬¥­âã ¨ ­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® â¥­§®à­ë¬¨
¯®«ï¬¨ ªàãç¥­¨ï ¨ ªà¨¢¨§­ë á¢ï§­®áâ¨ r.

�áïª ï «¨­¥©­ ï á¢ï§­®áâì r ­ Mn ¯®à®¦¤ ¥â «¨­¥©­ãî á¢ï§­®áâì br, ®¯à¥¤¥«¥­­ãî ãá«®-
¢¨¥¬ brXY = rYX + [X;Y ]. �¢ï§­®áâ¨ r ¨ br ¯®à®¦¤ îâ á¥¬¥©áâ¢® «¨­¥©­ëå á¢ï§­®áâ¥©,
§ ¢¨áïé¨å ®â ¯ à ¬¥âà  a 2 A . �â¨ á¢ï§­®áâ¨ ®¯à¥¤¥«ïîâáï ãá«®¢¨¥¬

a

rXY = arXY + (� � a) brYX;

£¤¥ � | £« ¢­ ï ¥¤¨­¨æ   «£¥¡àë A .

�¡®§­ ç¨¬ ç¥à¥§
�

r «¨­¥©­ãî á¢ï§­®áâì ¡¥§ ªàãç¥­¨ï, á®®â¢¥âáâ¢ãîéãî a = 1
2
�.

�¨­¥©­ ï á¢ï§­®áâì r ¯®à®¦¤ ¥â ®¯¥à æ¨î ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï â¥­§®à­®©
 «£¥¡àë =(Mn).

�¯à¥¤¥«¥­¨¥ 1.3. �â®¡à ¦¥­¨¥ rX : =(Mn) �! =(Mn) ­ §ë¢ ¥âáï ª®¢ à¨ ­â­®© ¯à®¨§-

¢®¤­®© ¢¤®«ì ¢¥ªâ®à­®£® ¯®«ï X, ¥á«¨
(1) rXf = Xf ,
(2) rX(Y ) = rXY ,
(3) rXK(!1; : : : ; !r; Y1; : : : ; Ys) = rX(K(!1; : : : ; !r; Y1; : : : ; Ys))�

�
rX

i=1

K(!1; : : : ;rX!i; : : : ; !r; Y1; : : : ; Ys)�
sX

j=1

K(!1; : : : ; !r; Y1; : : : ;rXYj ; : : : ; Ys).

�¯¥à æ¨ï ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯®§¢®«ï¥â ¢¢¥áâ¨ ¯®­ïâ¨¥ ª®¢ à¨ ­â­®£® ¤¨ä-
ä¥à¥­æ¨ « .
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�¯à¥¤¥«¥­¨¥ 1.4. �®¢ à¨ ­â­ë¬ ¤¨ää¥à¥­æ¨ «®¬ ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥r : =(Mn) �!
=(Mn), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

(1) ¥á«¨ K | â¥­§®à­®¥ ¯®«¥ â¨¯  (r; s), â® rK | â¥­§®à­®¥ ¯®«¥ â¨¯  (r; s+ 1),
(2) rK(!1; : : : ; !r; Y1; : : : ; Ys;X) = rXK(!1; : : : ; !r; Y1; : : : ; Ys).

�á«¨ ¢ ®¯à¥¤¥«¥­¨¨ 1.3 á¨¬¢®« rX § ¬¥­¨âì ­  LX ¨ ¯®«®¦¨âì ¯® ®¯à¥¤¥«¥­¨î LX(Y ) =
[X;Y ], â® ¯®«ãç¨âáï ®¯à¥¤¥«¥­¨¥ ¯à®¨§¢®¤­®© �¨ ¢¤®«ì ¢¥ªâ®à­®£® ¯®«ï X ¢ â¥­§®à­®©  «-
£¥¡à¥ =(Mn).�¯¥à æ¨î ¤¨ää¥à¥­æ¨à®¢ ­¨ï �¨ ¬®¦­® ¯à®¤®«¦¨âì ­  ¬­®¦¥áâ¢® «¨­¥©­ëå
á¢ï§­®áâ¥©, § ¤ ­­ëå ­  Mn.

�¯à¥¤¥«¥­¨¥ 1.5. �à®¨§¢®¤­®© �¨ ¢¤®«ì X «¨­¥©­®© á¢ï§­®áâ¨ r ­ §ë¢ ¥âáï â¥­§®à­®¥
¯®«¥ LXr â¨¯  (1; 2), ®¯à¥¤¥«¥­­®¥ ãá«®¢¨¥¬

LXr(Y;Z) = LXrYZ �rYLXZ �r[X;Y ]Z

¤«ï ¢á¥å Y;Z 2 =1
0(Mn).

�¥£ª® ã¡¥¤¨âìáï, çâ® ¤«ï «î¡ëå ¢¥ªâ®à­ëå ¯®«¥© Y;Z ­  Mn ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

LX
br(Y;Z) = LXr(Z; Y ):

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï LX ¨ rY â¥­§®à­®©  «£¥¡àë =(Mn). �®£¤  ¨å ª®¬¬ãâ â®à
[LX ;rY ] â ª¦¥ ¡ã¤¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬. �â¬¥â¨¬

�à¥¤«®¦¥­¨¥ 1.1. �«ï «î¡®£® â¥­§®à­®£® ¯®«ï K â¨¯  (r; s) ­  Mn ¨¬¥¥â ¬¥áâ® â®-

¦¤¥áâ¢®

[LX ;rY ]K = r[X;Y ]K +
rX

i=1

K
i
� (LXr(Y; ))�

sX
j=1

K
j
� (LXr(Y; ));

£¤¥
i
�,

j
� ®§­ ç îâ ®¯¥à æ¨¨ á¢¥àâë¢ ­¨ï, ®¯à¥¤¥«¥­­ë¥ ãá«®¢¨ï¬¨

K
i
� (LXr(Y; ))(!1; !2; : : : ; !r; Z1; Z2; : : : ; Zs) = K(!1; !2; : : : ; !i � (LXr(Y; )); : : : ; !r; Z1; Z2; : : : ; Zs);

K
j
� (LXr(Y; ))(!1; !2; : : : ; !r; Z1; Z2; : : : ; Zs) = K(!1; !2; : : : ; !r; Z1; Z2; : : : ;LXr(Y;Zj); : : : ; Zs):

�à¨¢¥¤¥¬ ¥é¥ ®¤­® â®¦¤¥áâ¢®, á¢ï§ë¢ îé¥¥ ¯à®¨§¢®¤­ãî �¨ ¨ ª®¢ à¨ ­â­ë© ¤¨ää¥à¥­-
æ¨ «, ¯®à®¦¤¥­­ë© «¨­¥©­®© á¢ï§­®áâìî r.

�à¥¤«®¦¥­¨¥ 1.2. �«ï «î¡®£® â¥­§®à­®£® ¯®«ï K â¨¯  (r; s) ­  Mn ¨¬¥¥â ¬¥áâ® â®-

¦¤¥áâ¢®

(LX(rK)�r(LXK))(!1; : : : ; !r; Z1; : : : ; Zs; Y ) = ([LX ;rY ]K �r[X;Y ]K)(!1; : : : ; !r; Z1; : : : ; Zs):

�®ª § â¥«ìáâ¢  íâ¨å ¯à¥¤«®¦¥­¨© ¬®¦­® ¯à®¢¥áâ¨ ¯àï¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨.

�¯à¥¤¥«¥­¨¥ 1.6. �¥ªâ®à­®¥ ¯®«¥ X ­ §ë¢ ¥âáï  ää¨­­ë¬ ®â­®á¨â¥«ì­® r, ¥á«¨

LXr = 0:

�§ ®¯à¥¤¥«¥­¨ï  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ¨ ®¯à¥¤¥«¥­¨ï ¯à®¨§¢®¤­®© �¨ «¨­¥©­®© á¢ï§-
­®áâ¨ ¨¬¥¥¬

�à¥¤«®¦¥­¨¥ 1.3. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
(1) X |  ää¨­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­® r,

(2) X |  ää¨­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­® br,
(3) X |  ää¨­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­®

�

r ¨ LXT = 0,
£¤¥ T | â¥­§®à­®¥ ¯®«¥ ªàãç¥­¨ï á¢ï§­®áâ¨ r.

�¬¥¥â ¬¥áâ® â ª¦¥
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�à¥¤«®¦¥­¨¥ 1.4. �á«¨ X |  ää¨­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­® «¨­¥©­®© á¢ï§­®-

áâ¨ r ¨ T , R | ¥¥ â¥­§®à­ë¥ ¯®«ï ªàãç¥­¨ï ¨ ªà¨¢¨§­ë á®®â¢¥âáâ¢¥­­®, â® LXr
mT = 0,

LXr
mR = 0, £¤¥ rmT , rmR | ª®¢ à¨ ­â­ë¥ ¤¨ää¥à¥­æ¨ «ë ¯®àï¤ª  m; m | ­¥®âà¨æ â¥«ì-

­ë¥ æ¥«ë¥ ç¨á« .

�® ®¯à¥¤¥«¥­¨î r0T = T ¨ r0R = R. �â® ¯à¥¤«®¦¥­¨¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¯à¥¤«®¦¥­¨©
1.1 ¨ 1.2.

� ¬¥â¨¬, çâ® ª®¢ à¨ ­â­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢ ¯à¥¤«®¦¥­¨¨ 1.4 ¬®¦­® ¯à®¢¥áâ¨ ®â­®á¨-

â¥«ì­® «î¡®© á¢ï§­®áâ¨
a

r.

2. �¥é¥áâ¢¥­­ ï à¥ «¨§ æ¨ï â¥­§®à­ëå ¯®«¥© ¨ «¨­¥©­ëå á¢ï§­®áâ¥©

� àï¤ã á £« ¤ª®© áâàãªâãà®© ­ ¤  «£¥¡à®© A ­  Mn ¬®¦­® ¯®áâà®¨âì £« ¤ªãî áâàãªâã-
àã ª« áá  C! ­ ¤  «£¥¡à®© R, ¯®à®¦¤¥­­ãî A -£« ¤ª®© áâàãªâãà®©. �¥é¥áâ¢¥­­ ï à §¬¥à­®áâì
¯®«ãç¥­­®£® ¬­®£®®¡à §¨ï ¡ã¤¥â à ¢­  mn. �â® ¬­®£®®¡à §¨¥ ®¡®§­ ç¨¬ MR

mn ([1], á. 104). �®-
«®¬®àä­ ï äã­ªæ¨ï F 2 B (Mn) ¨ «¨­¥©­ ï ä®à¬  a� 2 A

� ¯®§¢®«ïîâ ¯®áâà®¨âì äã­ªæ¨î
F(a�) = a� � F , ª®â®à ï ¯à¨­ ¤«¥¦¨â  «£¥¡à¥ C!(MR

mn) £« ¤ª¨å äã­ªæ¨© ­  MR
mn. �ãáâì � |

£« ¢­ ï ¥¤¨­¨æ   «£¥¡àë A , X 2 =1
0(Mn) | ¯à®¨§¢®«ì­®¥ £®«®¬®àä­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  Mn.

�  MR
mn áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ X

(�), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

X(�)F(a�) = (XF)(a�):

�¯à¥¤¥«¥­¨¥ 2.1. �¥ªâ®à­®¥ ¯®«¥ X(�) ­ §ë¢ ¥âáï (�)-¢¥é¥áâ¢¥­­®© à¥ «¨§ æ¨¥© ¢¥ªâ®à-

­®£® ¯®«ï X.

�á«¨ a 2 A , â® (aX)(�) ®¡®§­ ç¨¬ ç¥à¥§X(a). �¥ªâ®à­®¥ ¯®«¥X(a) ­ §ë¢ ¥âáï (a)-à¥ «¨§ æ¨¥©
¢¥ªâ®à­®£® ¯®«ï X. � ¬¥â¨¬, çâ® X(a) | ¥¤¨­áâ¢¥­­®¥ ¢¥ªâ®à­®¥ ¯®«¥, ã¤®¢«¥â¢®àïîé¥¥ ãá«®-
¢¨î

X(a)F(b�) = (XF)(b�a)

¤«ï «î¡ëå F 2 B (Mn), a� 2 A.

�à¥¤«®¦¥­¨¥ 2.1. �â®¡à ¦¥­¨¥ (�) : =1
0(Mn)!=1

0(M
R
mn), ®¯à¥¤¥«¥­­®¥ ãá«®¢¨¥¬ X!X(�),

ï¢«ï¥âáï ¨­ê¥ªâ¨¢­ë¬ £®¬®¬®àä¨§¬®¬ ­ ¤ ¯®«¥¬ R.

�®ª § â¥«ìáâ¢®. R-«¨­¥©­®áâì ®â®¡à ¦¥­¨ï (�) á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï. �ãáâì X(�) = 0 ¨
p | ¯à®¨§¢®«ì­ ï â®çª  ¬­®£®®¡à §¨ï Mn. �á«¨ p 2 U ¨ (U; xi) | ª àâ  A -£« ¤ª®© áâàãªâãàë,
â® (U; xi�) (£¤¥ x

i
� = (xi)("�),   "� | ¢¥ªâ®àë ¤ã «ì­®£® ¡ §¨á  ª ¡ §¨áã ("�)  «£¥¡àë A ) ï¢«ï¥âáï

ª àâ®© ¢¥é¥áâ¢¥­­®© £« ¤ª®© áâàãªâãàë ­  Mn. �§ à ¢¥­áâ¢  X(�) = 0 á«¥¤ã¥â

X(�)
p xi� = (Xxi)("�)(p) = (X i)("�)(p) = X i

�(p) = 0:

� ª¨¬ ®¡à §®¬, Xp = X i(p) @

@xi

��
p
= 0 ¢ ª ¦¤®© â®çª¥ p 2Mn.

�®áâà®¨¬ ¢¥é¥áâ¢¥­­ë¥ à¥ «¨§ æ¨¨ â¥­§®à­ëå ¯®«¥© K â¨¯  (1; s), § ¤ ­­ëå ­  Mn.
�ãáâì a 2 A , â®£¤  ­  MR

mn áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ â¥­§®à­®¥ ¯®«¥ K
(a), ã¤®¢«¥â¢®àïîé¥¥

ãá«®¢¨î

K(a)(X(b1)
1 ;X

(b2)
2 ; : : : ;X(bs)

s ) = (K(X1;X2; : : : ;Xs))
(ab1:::bs)

¤«ï «î¡ëå X1; X2; : : : ;Xs 2 =
1
0(Mn), b1; b2; : : : ; bs 2 A .

�¯à¥¤¥«¥­¨¥ 2.2. �¥­§®à­®¥ ¯®«¥ K(a) ­ §ë¢ ¥âáï (a)-à¥ «¨§ æ¨¥© â¥­§®à­®£® ¯®«ï K.
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�á«¨ a = �, â® K(�) ­ §ë¢ ¥âáï â ª¦¥ ¥áâ¥áâ¢¥­­®© ¢¥é¥áâ¢¥­­®© à¥ «¨§ æ¨¥© â¥­§®à­®£®
¯®«ï K.

�ãáâì I | ¥¤¨­¨ç­ë©  ää¨­®à ­  Mn, â®£¤  ¤«ï ª ¦¤®£® a 2 A ¨¬¥¥¬ (a)-à¥ «¨§ æ¨î I(a)

íâ®£®  ää¨­®à . �¥ «¨§ æ¨ï I(a) ­ §ë¢ ¥âáï áâàãªâãà­ë¬  ää¨­®à®¬ ­  MR

mn, á®®â¢¥âáâ¢ãî-
é¨¬ í«¥¬¥­âã a  «£¥¡àë A. �¥£ª® § ¬¥â¨âì, çâ® K(a) = I(a) �K(�).

� ¦¤ ï «¨­¥©­ ï á¢ï§­®áâì r, § ¤ ­­ ï ­  Mn, ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­ãî ¢¥é¥áâ¢¥­­ãî
à¥«¨§ æ¨î ­ MR

mn. �¥©áâ¢¨â¥«ì­®, ¥á«¨ r| «¨­¥©­ ï á¢ï§­®áâì ­ Mn, â® ­ MR

mn áãé¥áâ¢ã¥â
¥¤¨­áâ¢¥­­ ï «¨­¥©­ ï á¢ï§­®áâì rR â ª ï, çâ®

rR

X(a)Y
(b) = (rXY )

(ab)
:

�¯à¥¤¥«¥­¨¥ 2.3. �¨­¥©­ ï á¢ï§­®áâì rR ­ §ë¢ ¥âáï ¢¥é¥áâ¢¥­­®© à¥ «¨§ æ¨¥© á¢ï§­®-

áâ¨ r.

�¥­§®à­ë¥ ¯®«ï TR, RR ªàãç¥­¨ï ¨ ªà¨¢¨§­ë ï¢«ïîâáï (�)-à¥ «¨§ æ¨ï¬¨ â¥­§®à­ëå ¯®«¥©
T ¨ R á®®â¢¥âáâ¢¥­­®.

�à¥¤«®¦¥­¨¥ 2.2. �á«¨ X |  ää¨­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­® á¢ï§­®áâ¨ r, â®
¤«ï «î¡®£® í«¥¬¥­â  a 2 A ¢¥ªâ®à­®¥ ¯®«¥ X(a) |  ää¨­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ¤«ï rR.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì­ëå Y;Z 2 =1
0(Mn) ¨ b; c 2 A ¨¬¥¥¬

LX(a)rR(Y (b); Z(c)) = LX(a)rR

Y (b)Z
(c) �rR

Y (b)LX(a)Z(c) �rR

[X(a);Y (b)]Z
(c) =

= LX(a)(rY Z)
(bc) �rR

Y (b)(LXZ)
(ac)

�rR

[X;Y ](ab)
Z(c) =

= (LXrYZ �rYLXZ �r[X;Y ]Z)(abc) = (LXr(Y;Z))
(abc)

:

�âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ LXr = 0, â® LX(a)rR = 0 ¤«ï «î¡®£® í«¥¬¥­â  a  «£¥¡àë A .

�¡®§­ ç¨¬ ç¥à¥§ g(Mn) ¬­®¦¥áâ¢® ¢á¥å £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ®â­®á¨-
â¥«ì­® á¢ï§­®áâ¨ r. �§ ®¯à¥¤¥«¥­¨ï ¯à®¨§¢®¤­®© �¨ «¨­¥©­®© á¢ï§­®áâ¨ á«¥¤ã¥â, çâ® ¥á«¨
X;Y 2 g(Mn) ¨ a; b 2 A , â® aX + bY , [X;Y ] ï¢«ïîâáï £®«®¬®àä­ë¬¨  ää¨­­ë¬¨ ¢¥ªâ®à­ë¬¨
¯®«ï¬¨ ®â­®á¨â¥«ì­® r. �«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ®

�à¥¤«®¦¥­¨¥ 2.3. A -¬®¤ã«ì g(Mn) £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ®â­®á¨-

â¥«ì­® á¢ï§­®áâ¨ r, á­ ¡¦¥­­ë© ®¯¥à æ¨¥© ª®¬¬ãâ¨à®¢ ­¨ï, ï¢«ï¥âáï  «£¥¡à®© �¨ ­ ¤ A .

�«£¥¡à  �¨ g(Mn) ®¡« ¤ ¥â ¥áâ¥áâ¢¥­­®© áâàãªâãà®© ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  ­ ¤ ¯®«¥¬
¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«, ¯®íâ®¬ã (g(Mn); [ ; ]) ï¢«ï¥âáï  «£¥¡à®© �¨ £®«®¬®àä­ëå  ää¨­­ëå
¢¥ªâ®à­ëå ¯®«¥© ¨ ­ ¤ R. �¡®§­ ç¨¬ íâã  «£¥¡àã á¨¬¢®«®¬ (g(Mn))R,   á¨¬¢®«®¬ g(MR

mn) |
 «£¥¡àã �¨  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ®â­®á¨â¥«ì­® rR.

�§ ¯à¥¤«®¦¥­¨© 2.1 ¨ 2.2 á«¥¤ã¥â

�à¥¤«®¦¥­¨¥ 2.4. �â®¡à ¦¥­¨¥ h : (g(Mn))R �! g(MR

mn), ®¯à¥¤¥«¥­­®¥ ãá«®¢¨¥¬ h(X) =
X(�), ï¢«ï¥âáï ¨­ê¥ªâ¨¢­ë¬ £®¬®¬®àä¨§¬®¬.

�á«¨ ®¡®§­ ç¨âì ç¥à¥§ h((g(Mn))R) ®¡à § ¢¥é¥áâ¢¥­­®©  «£¥¡àë �¨ £®«®¬®àä­ëå  ää¨­­ëå
¢¥ªâ®à­ëå ¯®«¥© ®â­®á¨â¥«ì­® r, â® ¨§ ¯à¥¤«®¦¥­¨ï 2.4 á«¥¤ã¥â

dimR(g(Mn))R = dimRh((g(Mn))R): (2.1)

�®áª®«ìªã  «£¥¡à  �¨ g(MR

mn) ¨¬¥¥â à §¬¥à­®áâì, ­¥ ¯à¥¢ëè îéãî (mn)2 +mn, â®  «£¥¡à 
(g(Mn))R â ª¦¥ ª®­¥ç­®¬¥à­  ­ ¤ R.
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3. �æ¥­ª  à §¬¥à­®áâ¥© ­ ¤ R  «£¥¡à �¨ £®«®¬®àä­ëå  ää¨­­ëå
¢¥ªâ®à­ëå ¯®«¥©

� áá¬®âà¨¬ à áá«®¥­¨¥ (L(MR

mn); �;M
R

mn) «¨­¥©­ëå à¥¯¥à®¢ ­ ¤ ¬­®£®®¡à §¨¥¬ MR

mn. �§-
¢¥áâ­®, çâ® á®®â¢¥âáâ¢¨¥ Z �! Z

(0)
p0 , £¤¥ Z 2 g(MR

mn), Z
(0)
p0 | §­ ç¥­¨¥ ¢ â®çª¥ p0 2 L(MR

mn)
¯®«­®£® «¨äâ  ¢¥ªâ®à­®£® ¯®«ï Z ¢ à áá«®¥­¨¥ L(MR

mn), ï¢«ï¥âáï ¨­ê¥ªâ¨¢­ë¬ ([3], á. 219).
�ãáâì p 2 MR

mn | ¥áâ¥áâ¢¥­­ ï ¯à®¥ªæ¨ï â®çª¨ p0 2 L(MR

mn), â. ¥. p = �(p0), (U; xi�) |
ª àâ  ­  MR

mn â ª ï, çâ® p 2 U ; ¨­¤¥ªá i ¯à¨­¨¬ ¥â §­ ç¥­¨ï ®â 1 ¤® n,   � | ®â 1 ¤® m.
�  L(MR

mn) ¯®áâà®¨¬ ª àâã (��1(U); xi�; x
i�
�j). �«ï «î¡®© â®çª¨ p0 2 ��1(U) ¬ âà¨æ  kxi��j(p

0)k
ï¢«ï¥âáï í«¥¬¥­â®¬ ¯®«­®© «¨­¥©­®© £àã¯¯ë GL(mn;R).

�«ï ¯à®¨§¢®«ì­®£® £®«®¬®àä­®£®  ää¨­­®£® ¢¥ªâ®à­®£® ¯®«ï X 2 (g(Mn))R ¨¬¥¥¬

X(�) = (X i@i)
(�) = (X i)("�)@

("�)
i = X i

�@
�
i :

�¤¥áì "�, "� | í«¥¬¥­âë ¡ §¨á   «£¥¡àë A ¨ ¤ã «ì­®£® ¥¬ã ¡ §¨á  ¢ ¯à®áâà ­áâ¢¥ A � , X i =
X i

�"
� | ª®®à¤¨­ âë ¢¥ªâ®à­®£® ¯®«ï X ¢ ª àâ¥ (U; xi = xi�"

�). �®«­ë© «¨äâ ¢¥ªâ®à­®£® ¯®«ï
X(�) = eX ¨¬¥¥â ¢¨¤ eX(0) = (X i

�)(0)(@
�
i )

(0) + (X i
�)(j�)(@

�
i )

(j�):

� â®çª¥ p0 2 L(MR

mn) ¡ã¤¥¬ ¨¬¥âì

eX(0)
p0 = X i

�(p)(@
�
i )

(0)jp0 + @�kX
i
�(p)x

k�
�j (p

0)@�ji� jp0 :

� á¨«ã £®«®¬®àä­®áâ¨ ¢¥ªâ®à­®£® ¯®«ï X 2 (g(Mn))R ¢ë¯®«­ïîâáï â®¦¤¥áâ¢  (ãá«®¢¨ï
�¥ää¥àá ) ([1], á. 87)

@�kX
i
�(p) = ��@

�
kX

i
�(p)


��
� ;


��� | áâàãªâãà­ë¥ ¯®áâ®ï­­ë¥  «£¥¡àë A ®â­®á¨â¥«ì­® ¡ §¨á  ("�) : 
��� = "�("�"� ), ��"� = �.
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï X i

k� = ��@
�
kX

i
�. �®£¤ 

eX(0)
p0 = X i

�(p)(@
�
i )

(0)
jp0 +X i

k�(p)

��
� xk��j (p

0)@�ji� jp0 :

�¨áâ¥¬  ¢¥ªâ®à®¢ (@�i )
(0)jp0 , 
��� xk��j (p

0)@�ji� jp0 ª á â¥«ì­®£® ¯à®áâà ­áâ¢  Tp0 ª à áá«®¥­¨î
L(MR

mn) «¨­¥©­® ­¥§ ¢¨á¨¬ .
�¥©áâ¢¨â¥«ì­®, ¯ãáâì

Ai�(@�i )
(0)
jp0 +Ai

�k

��
� xk��j (p

0)@�ji� jp0 = 0: (3.1)

�¥ªâ®àë (@�i )
(0)jp0 , @

�j
i� jp0 ®¡à §ãîâ ¡ §¨á ª á â¥«ì­®£® ¯à®áâà ­áâ¢  Tp0(L(MR

mn)). �®íâ®¬ã
¨§ (3.1) á«¥¤ãîâ á®®â­®è¥­¨ï

Ai� = 0; Ai
�k


��
� xk��j (p

0) = 0: (3.2)

� ª ª ª kxk��j (p
0)k 2 GL(mn;R), â® ¨§ (3.2) ¯®«ãç¨¬

Ai
�k


��
� = 0:

�¢¥à­ã¢ íâ¨ ®â­®è¥­¨ï á �� , ¯à¨¤¥¬ ª à ¢¥­áâ¢ ¬

Ai
�k = 0:

�âáî¤  á«¥¤ã¥â, çâ® ¯®¤¯à®áâà ­áâ¢® ¯à®áâà ­áâ¢  Tp0(L(MR

mn)), ­ âï­ãâ®¥ ­  ¢¥ªâ®àë (@�i )
(0)jp0 ,


��� xk��j (p
0)@�ji� jp0 , ¨¬¥¥â à §¬¥à­®áâì m(n

2 + n).
�§ áª § ­­®£® ¨ à ¢¥­áâ¢  (2.1) á«¥¤ã¥â

�¥®à¥¬  3.1. � §¬¥à­®áâì  «£¥¡àë �¨ ­ ¤ R £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥©

®â­®á¨â¥«ì­® á¢ï§­®áâ¨ r ­  Mn ­¥ ¡®«ìè¥, ç¥¬ m(n2 + n), £¤¥ m | à ­£  «£¥¡àë A , n =
dimA Mn.
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�®®à¤¨­ âë X i
�(p), X

i
k�(p) ¢¥ªâ®à  eX(0)

p0 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢-
­¥­¨©. �«ï ¯®«ãç¥­¨ï íâ®© á¨áâ¥¬ë à áá¬®âà¨¬ á®®â­®è¥­¨¥

LXK = 0; (3.3)

£¤¥ X | £®«®¬®àä­®¥  ää¨­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  Mn ®â­®á¨â¥«ì­® r,   â¥­§®à­®¥ ¯®«¥ K
¯à¥¤áâ ¢«ï¥â á®¡®© rmT ¨«¨ rmR, £¤¥ T , R | â¥­§®à­ë¥ ¯®«ï ªàãç¥­¨ï ¨ ªà¨¢¨§­ë á®®â¢¥â-
áâ¢¥­­® á¢ï§­®áâ¨ r.

�ãáâì (U; xi) | ª àâ  A -£« ¤ª®£®  â« á  ¨ p 2 U . �®£¤  ¨§ (3.3) ¯®«ãç¨¬

(@sK
i
j1j2:::jt

(p))Xs(p) +K(ij1j2:::jt j
l
s)X

s
l (p) = 0; (3.4)

£¤¥

K(ij1j2:::jt j
l
s) = �lj1K

i
sj2:::jt

(p) + �lj2K
i
j1s:::jt

(p) + � � �+ �ljtK
i
j1j2:::jt�1s

(p)� �isK
l
j1j2:::jt

;

Xs
l (p) = @lX

s(p):

� ç áâ­®áâ¨, ¯à¨ K = T ¨«¨ K = R ¡ã¤¥¬ ¨¬¥âì á®®â­®è¥­¨ï

(@sT i
jk)(p)X

s(p) + T (ijkj
l
s)X

s
l (p) = 0;

@sR
h
ijk(p)X

s(p) +R(hijkj
l
s)X

s
l (p) = 0:

�ãáâì K i
j1j2:::jt

= K i
�j1j2:::jt

"� , X i = X i
�"

�. �®£¤ 

@sK
i
j1j2:::jt

(p) = ��@
�
sK

i
�j1j2:::jt

(p)"� :

Xs
l (p) = ��@

�
l X

s
�(p)"

� = Xs
l�(p)"

�:

�ç¨âë¢ ï íâ¨ à ¢¥­áâ¢  ¨ á®®â­®è¥­¨ï (3.4), ¯®«ãç¨¬

��@
�
sK

i
�j1j2:::jt

(p)Xs
�(p)


��
� +K( i

�j1:::jt
jl�s )X

s
l�(p) = 0;

£¤¥ K( i
�j1:::jt

jl�s ) = "�(K(ij1:::jt j
l
s)(p))


��
� .

� ª¨¬ ®¡à §®¬, ª®®à¤¨­ âë X i
�(p), X

i
k�(p) ¢¥ªâ®à  eX(0)

p0 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ®¤­®à®¤­ëå
«¨­¥©­ëå ãà ¢­¥­¨©

��@
�
sK

i
�j1:::jt


��� ys� +K(i�j1:::jt j
l�
s )y

s
l� = 0: (3.5)

�âáî¤  á«¥¤ã¥â

�à¥¤«®¦¥­¨¥ 3.1. �á«¨ à ­£ ¬ âà¨æë fK á í«¥¬¥­â ¬¨ K(i�j1:::j� j
l�
s ) ­¥ ¬¥­ìè¥, ç¥¬ �, â®

dimR(g(Mn))
R
6 m(n2 + n)� �:

�à¥¤¯®«®¦¨¬, çâ®  «£¥¡à  �¨ g(Mn) £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ®â­®á¨â¥«ì-
­® £®«®¬®àä­®© «¨­¥©­®© á¢ï§­®áâ¨ r ¨¬¥¥â à §¬¥à­®áâì ­ ¤ ¯®«¥¬ R, à ¢­ãîm(n2+n). �®£¤ 
ª®®à¤¨­ âë ¢¥ªâ®à  eX(0)

p0 ¤«ï ª ¦¤®£® ¢¥ªâ®à­®£® ¯®«ï X 2 g(Mn) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (3.5).
�ãáâì p = �(p0). � ª ª ª dimR(g(Mn))R = m(n2 + n), ç¨á«® ­¥¨§¢¥áâ­ëå ¢ á¨áâ¥¬¥ (3.5) à ¢­®
â ª¦¥ m(n2 + n), â® à ­£ á¨áâ¥¬ë (3.5) à ¢¥­ ­ã«î. �ë¤¥«¨¬ ¢ á¨áâ¥¬¥ (3.5) ¯®¤á¨áâ¥¬ë

��@
�
s T

i
�jk(p)


��
� ys� + T (i�jkj

l�
s )y

s
l� = 0; (3.6)

��@
�
sR

h
�ijk(p)


��
� ys� +R(h�ijkj

l�
s )y

s
l� = 0: (3.7)

� ­£¨ á¨áâ¥¬ (3.6) ¨ (3.7) â ª¦¥ à ¢­ë ­ã«î. �®íâ®¬ã, ¢ ç áâ­®áâ¨,

T (i�jkj
l�
s ) = 0;

R(h�ijkj
l�
s ) = 0:
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� à §¢¥à­ãâ®¬ ¢¨¤¥ íâ¨ á®®â­®è¥­¨ï ¨¬¥îâ ¢¨¤

(�ljT
i
�sk + �lkT

i
�js � �hs T

l
�jk)


��
� = 0;

(�liR
h
�sjk + �ljR

h
�isk + �lkR

h
�ijs � �hsR

l
�ijk)


��
� = 0:

�¢¥à­¥¬ íâ¨ á®®â­®è¥­¨ï á­ ç «  á ��, § â¥¬ ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï á¢¥à­¥¬ ¯® l ¨ s. �
à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

T i
�sk = 0; Rl

�ijk = 0:

�âáî¤  á«¥¤ã¥â, çâ® T = 0 ¨ R = 0. � ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  3.2. �á«¨  «£¥¡à  �¨ £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ­  A -£« ¤ª®¬ ¬­®-

£®®¡à §¨¨ Mn ®â­®á¨â¥«ì­® £®«®¬®àä­®© «¨­¥©­®© á¢ï§­®áâ¨ r ¨¬¥¥â ¢¥é¥áâ¢¥­­ãî à §¬¥à-

­®áâì m(n2 + n), £¤¥ m | à ­£  «£¥¡àë A ­ ¤ R, n = dimA Mn, â® â¥­§®à­ë¥ ¯®«ï ªàãç¥­¨ï T

¨ ªà¨¢¨§­ë R á¢ï§­®áâ¨ r à ¢­ë ­ã«î.

4. �æ¥­ª  à §¬¥à­®áâ¥©  «£¥¡à �¨ £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå
¯®«¥© A -£« ¤ª¨å ¬­®£®®¡à §¨©, á­ ¡¦¥­­ëå £®«®¬®àä­®© «¨­¥©­®©

á¢ï§­®áâìî á ®â«¨ç­ë¬ ®â ­ã«ï â¥­§®à­ë¬ ¯®«¥¬ �¥©«ï

�à¥¤¯®«®¦¨¬, çâ® Mn | A -£« ¤ª®¥ ¬­®£®®¡à §¨¥. �  ¬­®¦¥áâ¢¥ ¢á¥¢®§¬®¦­ëå «¨­¥©­ëå
á¢ï§­®áâ¥© á T = 0, § ¤ ­­ëå ­  Mn, ¬®¦­® ¢¢¥áâ¨ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ s á«¥¤ãîé¨¬
®¡à §®¬:

r s r0

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â £®«®¬®àä­ ï 1-ä®à¬  � â ª ï, çâ®

r0

XY = rXY + �(Y )X + �(X)Y

¤«ï ¢á¥å £®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥© X ¨ Y ­  Mn.
�¥­§®à­ë¥ ¯®«ï ªà¨¢¨§­ë íª¢¨¢ «¥­â­ëå á¢ï§­®áâ¥© r0 ¨ r ã¤®¢«¥â¢®àïîâ â®¦¤¥áâ¢ã

R0(X;Y )Z = R(X;Y )Z + (P (X;Y )� P (Y;X))Z + (P (X;Z))Y � (P (Y;Z))X; (4.1)

£¤¥ P | â¥­§®à­®¥ ¯®«¥, ®¯à¥¤¥«¥­­®¥ â®¦¤¥áâ¢®¬

P (X;Y ) = rX�(Y )� �(X)�(Y ):

� áá¬®âà¨¬ â¥­§®à­®¥ ¯®«¥ W , ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

W (X;Y )Z = R(X;Y )Z +
1

n+ 1
(Ric(X;Y )�Ric(Y;X)) �

�
1

n2 � 1
(Ric(X;Z) + nRic(Z;X))Y +

1
n2 � 1

(Ric(Y;Z) + nRic(Z; Y ))X; (4.2)

£¤¥ Ric | â¥­§®à­®¥ ¯®«¥ �¨çç¨ á¢ï§­®áâ¨ r.
�§ â®¦¤¥áâ¢  (4.1) á«¥¤ã¥â, çâ® ¤«ï íª¢¨¢ «¥­â­ëå «¨­¥©­ëå á¢ï§­®áâ¥© r0 ¨ r ¨¬¥¥â

¬¥áâ® à ¢¥­áâ¢® W 0 = W . �¥­§®à­®¥ ¯®«¥ W ­ §ë¢ ¥âáï â¥­§®à­ë¬ ¯®«¥¬ �¥©«ï ¨«¨, ¨­ ç¥,
â¥­§®à­ë¬ ¯®«¥¬ ¯à®¥ªâ¨¢­®© ªà¨¢¨§­ë «¨­¥©­®© á¢ï§­®áâ¨r. �¥­§®à­®¥ ¯®«¥W £®«®¬®àä­®©
«¨­¥©­®© á¢ï§­®áâ¨ £®«®¬®àä­®.

�­ «®£®¬ á®®â¢¥âáâ¢ãîé¥£® ¯à¥¤«®¦¥­¨ï ¤«ï á«ãç ï A = R [4] ï¢«ï¥âáï

�à¥¤«®¦¥­¨¥ 4.1. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
(1) Wp 6= 0,
(2) áãé¥áâ¢ã¥â ª àâ  (U; xi) ­  Mn â ª ï, çâ® W h

iij(p) 6= 0 ¤«ï ­¥ª®â®àëå ¨­¤¥ªá®¢ h, i, j,

¯®¯ à­® à §«¨ç­ëå ¬¥¦¤ã á®¡®©, ¨«¨, ¥á«¨ ¢ ª ¦¤®© ª àâ¥ á®áâ ¢«ïîé¨¥ ¢¨¤  W h
iij(p) = 0

(h 6= i, h 6= j), â® áãé¥áâ¢ã¥â ª àâ  (U; xi), á®¤¥à¦ é ï â®çªã p ¨ â ª ï, çâ® W h
ijk(p) 6= 0

¤«ï ­¥ª®â®àëå ¨­¤¥ªá®¢ h, i, j, k, ¯®¯ à­® à §«¨ç­ëå ¬¥¦¤ã á®¡®©.

�¢¥¤¥¬ ¯®­ïâ¨¥ à ­£  í«¥¬¥­â   «£¥¡àë A , ª®â®à®¥ ¯®âà¥¡ã¥âáï ¢ ¤ «ì­¥©è¥¬.
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�¯à¥¤¥«¥­¨¥ 4.1. � ­£®¬ í«¥¬¥­â  a  «£¥¡àë A ­ §ë¢ ¥âáï à ­£ «¨­¥©­®£® ®¯¥à â®à 
La : A �! A , ¤¥©áâ¢ãîé¥£® ¯® ¯à ¢¨«ã La(x) = ax.

�¡®§­ ç¨¬ à ­£ í«¥¬¥­â  a ç¥à¥§ rank a.

�¯à¥¤¥«¥­¨¥ 4.2. �¨á«® r0 = min
�
rank a j a 2 A n f0g

	
­ §ë¢ ¥âáï á¨£­ã«ïà­ë¬ à ­£®¬

 «£¥¡àë A .

�à¥¤«®¦¥­¨¥ 4.2. �ãáâì r | £®«®¬®àä­ ï «¨­¥©­ ï á¢ï§­®áâì ­  Mn ¨ T = 0. �á«¨
W h

iij(p) = a 6= 0 (h 6= i, h 6= j) ¨ r = rank a, â® dimR(g(Mn))R 6 m(n2 + n)� r(3n� 5).

�®ª § â¥«ìáâ¢®. �ãáâì W h
iij = a. �¥ ­ àãè ï ®¡é­®áâ¨ à ááã¦¤¥­¨©, ¬®¦­® áç¨â âì, çâ®

W 1
223(p) 6= a. �®£¤  ¨§ (4.2) á«¥¤ã¥â R1

223(p) = a. �á«¨ "� | ¡ §¨á  «£¥¡àë A , â® a = a�"
� =

R1
�223(p)"

�. �âáî¤  a� = R1
�223(p). �§ ãá«®¢¨ï ¯à¥¤«®¦¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï à ­£  í«¥¬¥­â  a

á«¥¤ã¥â, çâ® r = rankA, £¤¥ A | ¬ âà¨æ  «¨­¥©­®£® ®¯¥à â®à  La ®â­®á¨â¥«ì­® ¡ §¨á  ("�).
�«¥¬¥­â ¬¨ ¬ âà¨æë A ¡ã¤ãâ ¢¥é¥áâ¢¥­­ë¥ ç¨á«  a�


��
� = A�

�. �ã¤¥¬ ¤«ï ®¯à¥¤¥«¥­­®áâ¨
áç¨â âì, çâ® ¢¥àå­¨© ¨­¤¥ªá ®§­ ç ¥â ­®¬¥à áâà®ª¨, ­¨¦­¨© | ­®¬¥à áâ®«¡æ .

� áá¬®âà¨¬ ¬ âà¨æã B, á®áâ ¢«¥­­ãî ¨§ ª®íää¨æ¨¥­â®¢ ¯à¨ ­¥¨§¢¥áâ­ëå

ys1� (s > 1); y2j� (j > 2); y3k� (k > 3); y11�

¢ ãà ¢­¥­¨ïå
(h�223) (h > 1); (1�l23) (l > 2); (1�22t) (t > 3); (1�223)

á¨áâ¥¬ë (3.7)

R(h�223j
1�
s ) = ��hsR

1
�223(p)


��
� = ��hsA

�
� = �(In�1 
A)h�s� ;

R(1�l23j
1�
s ) = 0; R(1�l23j

j�
2 ) = �jlR

1
�223(p)


��
� = (In�2 
A)j�l� ;

R(1�22tj
1�
s ) = 0; R(1�22tj

j�
2 ) = 0; R(1�22tj

k�
3 ) = �ktA

�
� = (In�3 
A)k�t� ;

R(1�223j
1�
s ) = 0; R(1�223j

j�
2 ) = 0; R(1�223j

k�
3 ) = 0; R(1�223j

1�
1 ) = �A�

� :

�§ íâ¨å á®®â­®è¥­¨© á«¥¤ã¥â, çâ® ¬ âà¨æ  B ¨¬¥¥â áâà®¥­¨¥

B =

0
BB@
�In�1 
A � � �

0 In�2 
A � �
0 0 In�3 
A �
0 0 0 �A

1
CCA :

�âáî¤ 
rankB = r(3n� 5):

�  ®á­®¢ ­¨¨ ¯à¥¤«®¦¥­¨ï 3.2 § ª«îç ¥¬

dimR(g(Mn))
R � m(n2 + n)� r(3n� 5): �

�«¥¤áâ¢¨¥. �á«¨ áãé¥áâ¢ã¥â á®áâ ¢«ïîé ï ¢¨¤  W h
iij (h 6= i, h 6= j) â¥­§®à­®£® ¯®«ï �¥©«ï

â ª ï, çâ® W h
iij(p) = a ¨ a | à¥£ã«ïà­ë© í«¥¬¥­â  «£¥¡àë A , â® ¢¥é¥áâ¢¥­­ ï à §¬¥à­®áâì

 «£¥¡àë �¨ £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ®â­®á¨â¥«ì­® «¨­¥©­®© á¢ï§­®áâ¨ r ­ 
Mn ­¥ ¡®«ìè¥, ç¥¬ m(n2 � 2n+ 5).

�®ª § â¥«ìáâ¢®. �«¥¬¥­â a 2 A à¥£ã«ïà¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  rank a = dim A = m.
�®íâ®¬ã ¨§ ¯à¥¤«®¦¥­¨ï 4.1 á«¥¤ã¥â dimR(g(Mn))R 6 m(n2 � 2n+ 5).

� ¬¥ç ­¨¥. �á«¨  «£¥¡à  A á®¢¯ ¤ ¥â á  «£¥¡à®© ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« R, â® ãá«®¢¨¥ a 6= 0
à ¢­®á¨«ì­® ãá«®¢¨î r = 1. �®íâ®¬ã ¯à¨ A = R ¨¬¥¥¬ ¨§¢¥áâ­ë© à¥§ã«ìâ â ¨§ [2].

�«ï ãáâ ­®¢«¥­¨ï â®ç­®áâ¨ ®æ¥­ª¨, ¯à¨¢¥¤¥­­®© ¢ ¯à¥¤«®¦¥­¨¨ 4.2, à áá¬®âà¨¬
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�à¨¬¥à 4.1. �  A -£« ¤ª®¬ ¬­®£®®¡à §¨¨ A
n á ¥áâ¥áâ¢¥­­ë¬¨ ª®®à¤¨­ â­ë¬¨ äã­ªæ¨ï¬¨

xi = xi�"
�, £¤¥ "� (� = 1; 2; : : : ;m) | ¡ §¨á­ë¥ í«¥¬¥­âë  «£¥¡àë A , § ¤ ¤¨¬ A -£« ¤ªãî «¨­¥©-

­ãî á¢ï§­®áâì r ãá«®¢¨ï¬¨

r@2@3 = r@3@2 = ax2@1; r@j@k = 0 ¤«ï ®áâ «ì­ëå ¨­¤¥ªá®¢ j ¨ k:

�¡®§­ ç¨¬ ç¥à¥§ r à ­£ í«¥¬¥­â  a 2 A . �¢ï§­®áâì r ­¥ ¨¬¥¥â ªàãç¥­¨ï (T = 0),   á®áâ -
¢«ïîé¨¥ â¥­§®à­®£® ¯®«ï ªà¨¢¨§­ë R ¡ã¤ãâ á«¥¤ãîé¨¬¨:

R1
223 = �R1

232 = a; ®áâ «ì­ë¥ Ri
jkl = 0:

�àï¬ë¥ ¢ëç¨á«¥­¨ï ¤ îâ rR = 0. �­ ç¨â, rkR = 0 ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  k.
�âáî¤  á«¥¤ã¥â, çâ® ãá«®¢¨ï LXr

kR = 0 íª¢¨¢ «¥­â­ë ãá«®¢¨î LXR = 0, ª®â®à®¥ à ¢­®á¨«ì­®
á¨áâ¥¬¥ ãà ¢­¥­¨©

aXh
1 = 0 (h > 1); aX2

l = 0 (l > 2); aX3
l1
= 0 (l1 > 3); a(2X2

2 +X3
3 �X1

1 ) = 0; (4.3)

£¤¥ X i
j = @jX

i,   X i | ª®®à¤¨­ âë ¢¥ªâ®à­®£® ¯®«ï X.
�¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, á®áâ®ïé ï ¨§ ãà ¢­¥­¨ï LXr = 0 ¨ ãà ¢­¥­¨©

(4.3), ¢¯®«­¥ ¨­â¥£à¨àã¥¬ . �­â¥£à¨àãï íâã á¨áâ¥¬ã, ¯®«ãç¨¬, çâ® í«¥¬¥­â ¬¨  «£¥¡àë g(Mn)
ï¢«ïîâáï ¢¥ªâ®à­ë¥ ¯®«ï

X = (cstx
t + cs)@s �

�
ac2x2x3 +

1
3
ac32(x

2)3
�
@1;

£¤¥ cst = cst�"
� | ¯à®¨§¢®«ì­ë¥ í«¥¬¥­âë  «£¥¡àë A , ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥ «¨­¥©­ëå ãà ¢-

­¥­¨©

A�
� c

h
1� = 0 (h > 1); A�

� c
2
l� = 0 (l > 2); A�

� c
3
l1�

= 0 (l1 > 3); A�
� (2c

2
2� + c33� � c11�) = 0; (4.4)

£¤¥ A�
� = a#


#�
� | í«¥¬¥­âë ¬ âà¨æë «¨­¥©­®£® ®¯¥à â®à  La ®â­®á¨â¥«ì­® ¡ §¨á  ("�).

�á«®¢¨¥ ranka = r ¢«¥ç¥â, çâ® à ­£ á¨áâ¥¬ë (4.4) à ¢¥­ r(3n � 5). �âáî¤  á«¥¤ã¥â, çâ® ¢¥-
é¥áâ¢¥­­ ï à §¬¥à­®áâì  «£¥¡àë �¨ (g(Mn))R £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ¯à®-
áâà ­áâ¢  (A n ;r) à ¢­  m(n2+n)� r(3n� 5). �®ç­®áâì £à ­¨æë, ãª § ­­®© ¢ ¯à¥¤«®¦¥­¨¨ 4.2,
ãáâ ­®¢«¥­ .

�á«¨ ¢ ¯à¨¬¥à¥ 4.1 ¯®«®¦¨¬ a = �, £¤¥ � | £« ¢­ ï ¥¤¨­¨æ   «£¥¡àë A , â® ¯®«ãç¨¬
r = ranka = m. �®áâà®¥­­ë© ¯à¨¬¥à ¤®ª §ë¢ ¥â â®ç­®áâì ®æ¥­ª¨, ãª § ­­®© ¢ á«¥¤áâ¢¨¨.

� áá¬®âà¨¬ â¥¯¥àì ¯à®áâà ­áâ¢  (Mn;r), â¥­§®à­®¥ ¯®«¥ �¥©«ï ª®â®àëå ã¤®¢«¥â¢®àï¥â á«¥-
¤ãîé¥¬ã ãá«®¢¨î: á®áâ ¢«ïîé¨¥ ¢¨¤  W h

iij à ¢­ë ­ã«î ¢ ª ¦¤®© ª àâ¥ A -£« ¤ª®£®  â« á , ­®
áãé¥áâ¢ã¥â á®áâ ¢«ïîé ï ¢¨¤  W h

ijk ¢ ­¥ª®â®à®© ª àâ¥, ®â«¨ç­ ï ®â ­ã«ï. �ãáâì W h
ijk(p) = �i,

W h
jkl(p) = �j , W h

klj(p) = �k. �®«®¦¨¬ A�
i� = �i�


��
� , £¤¥ �i� | ª®®à¤¨­ âë í«¥¬¥­â  �i ®â­®á¨-

â¥«ì­® ¡ §¨á  ("�): �i = �i�"
�. � âà¨æã á í«¥¬¥­â ¬¨ A�

i� ®¡®§­ ç¨¬ ç¥à¥§ Ai ¨ ¢¢¥¤¥¬ ¥é¥ ®¤­ã
¬ âà¨æã

A =

0
@Ai

Aj

Ak

1
A :

� ª ª ª â¥­§®à­®¥ ¯®«¥ W ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã �¨ ­ª¨, â® Ai + Aj + Ak = 0. � á¨«ã
íâ®£® à ­£ ¬ âà¨æë A à ¢¥­ à ­£ã ¥¥ ¯®¤¬ âà¨æë, á®¤¥à¦ é¥© â®«ìª® ¤¢  ¡«®ª .

�¬¥¥â ¬¥áâ®
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�à¥¤«®¦¥­¨¥ 4.3. �á«¨ ¢ ª ¦¤®© ª àâ¥ á®áâ ¢«ïîé¨¥ ¢¨¤  W h
iij â¥­§®à­®£® ¯®«ï �¥©«ï

à ¢­ë ­ã«î ¨ W h
ijk(p) = �i 6= 0, W h

jki(p) = �j, W
h
kij(p) = �k ¤«ï ­¥ª®â®àëå ¨­¤¥ªá®¢ i; j; k; p 2Mn,

â® dimR(g(Mn))R � m(n2 + n)� r(4n� 12)� 2r1, £¤¥ r = rankA,

r1 = rank

0
@Ai �Aj 0 0

0 Ai �Ak 0
0 0 Ak �Aj

1
A :

�®ª § â¥«ìáâ¢®. �®ª «ì­ãî ª àâã (U; xi) ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë h = 1, i = 2, j = 3,
k = 4. �§ ®¯à¥¤¥«¥­¨ï â¥­§®à­®£® ¯®«ï W á«¥¤ã¥â

Rh
ijk(p) =W h

ijk(p)

¤«ï ¢á¥¢®§¬®¦­ëå ¨­¤¥ªá®¢ h, i, j, k, ¯®¯ à­® à §«¨ç­ëå ¬¥¦¤ã á®¡®©. �®áâ ¢¨¬ ¤«ï (3.7)
¬ âà¨æã á® áâà®ª ¬¨

(h�234); (h�342); (h�423) (h > 1);

(1�t34); (1�34t); (1�4t3);

(1�2t4); (1�t42); (1�42t);

(1�23t); (1�3t2); (1�t23) (t > 4);

(1�234); (1�342); (1�423);

(1�334); (1�224); (1�232); (1�434); (1�424); (1�323) (4.5)

¨ áâ®«¡æ ¬¨

(1�s ) (s > 1); (l�2 ); (l�3 ); (l�4 ) (l > 4); (1�1 );

(3�2 ); (2�3 ); (2�4 ); (4�2 ); (4�3 ); (3�4 ):

�«¥¬¥­âë áâà®ª, ®â«¨ç­ëå ®â (4.5), ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

B(h�234j
1�
s ) = ��hsR

1
�234(p)


��
� = ��hsA

�
2� ;

B(h�342j
1�
s ) = ��hsA

�
3� ; B(h�423j

1�
s ) = ��hsA

�
4� ;

B(1�t34j
1�
s ) = B(1�34tj

1�
s ) = B(1�4t3j

1�
s ) = 0;

B(1�t34j
l�
2 ) = �ltA

�
2� ; B(1�34tj

l�
2 ) = �ltA

�
3� ; B(1�4t3j

l�
2 ) = �ltA

�
4� ;

B(1�2t4j
1�
s ) = B(1�t42j

1�
s ) = B(1�42tj

1�
s ) = 0;

B(1�2t4j
l�
2 ) = B(1�t42j

l�
2 ) = B(1�42tj

l�
2 ) = 0;

B(1�2t4j
l�
3 ) = �ltA

�
2� ; B(1�t42j

l�
3 ) = �ltA

�
3� ; B(1�42tj

l�
3 ) = �ltA

�
4� ;

B(1�23tj
1�
s ) = B(1�3t2j

1�
s ) = B(1�t23j

1�
s ) = 0;

B(1�23tj
l�
2 ) = B(1�3t2j

l�
2 ) = B(1�t23j

l�
2 ) = 0;

B(1�23tj
l�
3 ) = B(1�3t2j

l�
3 ) = B(1�t23j

l�
3 ) = 0;

B(1�23tj
l�
4 ) = �ltA

�
2� ; B(1�3t2j

l�
4 ) = �ltA

�
3� ; B(1�t23j

l�
4 ) = �ltA

�
4� ;

B(1�abcj
1�
s ) = 0; B(1�abcj

l�
2 ) = 0; B(1�abcj

l�
3 ) = 0; B(1�abcj

l�
4 ) = 0;

£¤¥ a, b, c ¯®¯ à­® à §«¨ç­ë ¨ ¯à¨­¨¬ îâ §­ ç¥­¨ï 2, 3, 4,

B(1�234j
1�
1 ) = �A�

2� ; B(1�342j
1�
1 ) = �A�

3� ; B(1�423j
1�
1 ) = �A�

4� :

�«¥¬¥­âë áâà®ª (4.5) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

B(1�aabj
1�
s ) = 0; B(1�aabj

l�
c ) = 0; B(1�aabj

1�
1 ) = 0;
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£¤¥ a, b, c, ¯à¨­¨¬ îâ §­ ç¥­¨ï 2, 3, 4,

B(1�aabj
c�
d ) = 0 ¯à¨ c 6= a;

B(1�aabj
a�
d ) = 0; ¥á«¨ d = a ¨«¨ d = b:

� «¥¥, ¯à¨ d 6= a ¨ d 6= b ¨¬¥¥¬

B(1�aabj
a�
d ) = (R1

�dab(p) +R1
�adb(p))


��
� :

�à®¬¥ â®£®,
B(1�aabj

c�
d ) = �B(1�abaj

c�
d ):

� á¨«ã íâ®£®

B(1�334j
3�
2 ) = A�

2� �A�
3� ; B(1�224j

3�
3 ) = A�

2� �A�
3� ;

B(1�232j
2�
4 ) = A�

2� �A�
4� ; B(1�434j

4�
2 ) = A�

2� �A�
4� ;

B(1�424j
4�
3 ) = A�

4� �A�
3� ; B(1�323j

3�
4 ) = A�

4� �A�
3� :

�  ®á­®¢ ­¨¨ íâ¨å à¥§ã«ìâ â®¢ ¬®¦­® á¤¥« âì ¢ë¢®¤ ® áâà®¥­¨¨ ¬ âà¨æë

B =

0
BBBBBBB@

�In�1 
A � � � � �
0 In�4 
A � � � �
0 0 In�4 
A � � �
0 0 0 In�4 
A � �
0 0 0 0 �A �
0 0 0 0 0 C

1
CCCCCCCA
;

£¤¥

A =

0
@A2

A3

A4

1
A ;

C =

0
BBBBBBB@

A2 �A3 0 0 0 0 0
0 A2 �A3 0 0 0 0
0 0 A2 �A4 0 0 0
0 0 0 A2 �A4 0 0
0 0 0 0 A4 �A3 0
0 0 0 0 0 A4 �A3

1
CCCCCCCA
:

�âáî¤ 
rankB = r(4n� 12) + 2r1;

£¤¥ r1 ï¢«ï¥âáï à ­£®¬ ¬ âà¨æë

eC =

0
@A2 �A3 0 0

0 A2 �A4 0
0 0 A4 �A3

1
A :

� ª¨¬ ®¡à §®¬,
dimR(g(Mn))

R �m(n2 + n)� r(4n� 12)� 2r1: �

�à¥¤«®¦¥­¨¥ 4.4. �á«¨ ¢ ª ¦¤®© ª àâ¥ á®áâ ¢«ïîé¨¥ ¢¨¤  W h
iij â®¦¤¥áâ¢¥­­® à ¢­ë

­ã«î, aW 6= 0, â® ­ ¨¡®«ìè ï ¢¥é¥áâ¢¥­­ ï à §¬¥à­®áâì  «£¥¡àë �¨ £®«®¬®àä­ëå ¢¥ªâ®à­ëå

¯®«¥© ¯à®áâà ­áâ¢ (Mn;r) à ¢­  m(n2+n)� 4r0(n� 2), £¤¥ r0 | á¨­£ã«ïà­ë© à ­£  «£¥¡àë A ,

m = dimR A .
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�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© ¯à¥¤«®¦¥­¨ï 4.4 ¨ ¯à¥¤«®¦¥­¨ï 4.1 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥
ª àâë (U; xi) ¨ â®çª¨ p 2 U â ª¨å, çâ® W h

ijk(p) 6= 0 ¤«ï ­¥ª®â®àëå ¨­¤¥ªá®¢ h, i, j, k, ¯®¯ à­®
à §«¨ç­ëå ¬¥¦¤ã á®¡®©. �ãáâì r = rank a. �®£¤  r � r0. �­ ç¨â, à ­£ ¬ âà¨æë Ai á í«¥¬¥­â ¬¨
A�
i� = �i�


��
� , £¤¥ �i�"

� = W h
ijk(p), ­¥ ¬¥­ìè¥, ç¥¬ r0. � âà¨æ  eC ¨¬¥¥â ¯® ªà ©­¥ ¬¥à¥ ¤¢ 

­¥­ã«¥¢ëå ¡«®ª . � ¯à®â¨¢­®¬ á«ãç ¥ A2 = A3 = A4 = 0. �«¥¤®¢ â¥«ì­®, r1 = rank eC � 2r0.
�âáî¤  ­  ®á­®¢ ­¨¨ ¯à¥¤«®¦¥­¨ï 4.3 § ª«îç ¥¬

dimR(g(Mn))R � m(n2 + n)� 4r0(n� 2): �

�«ï ¤®ª § â¥«ìáâ¢  â®ç­®áâ¨ ®æ¥­ª¨ ¯à¨¢¥¤¥¬

�à¨¬¥à 4.2. �  A -£« ¤ª®¬ ¬­®£®®¡à §¨¨ A
n «¨­¥©­ãî á¢ï§­®áâì r § ¤ ¤¨¬ á®®â­®è¥­¨-

ï¬¨
r@2@3 = r@3@2 = bx4; r@3@4 = r@4@3 = 2bx2; ®áâ «ì­ë¥ r@j@k = 0;

£¤¥ b 2 A ¨ rank b = r0. �«ï íâ®© á¢ï§­®áâ¨ r ¨¬¥¥¬

R1
234 = �b; R1

342 = �b; R1
423 = 2b; R1

243 = b; R1
324 = b; R1

432 = �2b; ¤àã£¨¥ Rh
ijk = 0:

� «¥¥,rkR = 0 ¤«ï ª ¦¤®£® ­ âãà «ì­®£® ç¨á«  k. �®íâ®¬ã á®®â­®è¥­¨ï LXr
kR = 0 ï¢«ïîâáï

á«¥¤áâ¢¨ï¬¨ á®®â­®è¥­¨ï LXR = 0. �®á«¥¤­¥¥ ãá«®¢¨¥ à ¢­®á¨«ì­® á¨áâ¥¬¥

bXh
1 = 0 (h > 1); bX2

l = 0; bX3
l = 0; bX4

l = 0 (l > 4);

bX4
2 = 0; bX4

3 = 0; bX2
4 = 0; bX3

4 = 0;

b(X2
2 +X3

3 +X4
4 �X1

1 ) = 0:

�ç¨âë¢ ï íâ¨ á®®â­®è¥­¨ï, ¨§ ãà ¢­¥­¨ï LXr = 0 ­ å®¤¨¬, çâ®  «£¥¡à  �¨ £®«®¬®àä­ëå
 ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© ¯à®áâà ­áâ¢  (A n ;r) á®áâ®¨â ¨§ ¢á¥¢®§¬®¦­ëå ¢¥ªâ®à­ëå ¯®«¥©
¢¨¤ 

X = (ctsx
s + ct)@t + (c32b(x

2)2x4 + c23b(x
3)2x4 + c4bx2x3 + 2c2bx3x4)@1;

£¤¥ cts = cts�"
�, ct = ct�"

� | ¯à®¨§¢®«ì­ë¥ í«¥¬¥­âë  «£¥¡àë A , ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥
®¤­®à®¤­ëå «¨­¥©­ëå ãà ¢­¥­¨©

A�
� c

h
1� = 0 (h > 1); A�

� c
a
l� = 0 (a = 2; 3; 4; l > 4);

A�
� c

4
a� = 0; A�

� c
a
4� = 0 (a = 2; 3);

A�
� (c

2
2� + c33� + c44� � c11�) = 0;

£¤¥ A�
� = b#


#�
� , b = b#"

#. � ­£ íâ®© á¨áâ¥¬ë à ¢¥­ 4r0(n� 2). �­ ç¨â,

dimR(g(A n))R = m(n2 + n)� 4r0(n� 2):

�¥®à¥¬  4.1. �ãáâì Mn | A -£« ¤ª®¥ ¬­®£®®¡à §¨¥, r| £®«®¬®àä­ ï «¨­¥©­ ï á¢ï§­®áâì

­  Mn. �á«¨ â¥­§®à­®¥ ¯®«¥ �¥©«ï W ­¥­ã«¥¢®¥, â® ¬ ªá¨¬ «ì­ ï à §¬¥à­®áâì  «£¥¡àë �¨

(g(Mn))R £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥© à ¢­  m(n2+n)�r0(3n�5), £¤¥ m = dimR A ,

n � 3, r0 | á¨­£ã«ïà­ë© à ­£  «£¥¡àë A .

�®ª § â¥«ìáâ¢®. �á«¨W h
iij(p) 6= 0 ¢ ­¥ª®â®à®© ª àâ¥ (U; xi), â® ¨§ ¯à¥¤«®¦¥­¨ï 4.2 á«¥¤ã¥â

dimR(g(Mn))
R � m(n2 + n)� r0(3n� 5);

£¤¥ n � 3,   r0 | á¨­£ã«ïà­ë© à ­£  «£¥¡àë A .
�á«¨ ¢á¥ á®áâ ¢«ïîé¨¥ ¢¨¤  W h

iij à ¢­ë ­ã«î ¢ ª ¦¤®© ª àâ¥ A -£« ¤ª®£®  â« á , a W 6= 0,
â® ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 4.4 ¨¬¥¥¬

dimR(g(Mn))R � m(n2 + n)� 4r0(n� 2);
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¯à¨ç¥¬ n � 4. �à¨ n � 3 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

m(n2 + n)� 4r0(n� 2) � m(n2 + n)� r0(3n� 5):

�®ç­®áâì ®æ¥­ª¨ á«¥¤ã¥â ¨§ ¯à¨¬¥à  4.1.

� ª ª ª r0 � 1, â® á«¥¤áâ¢¨¥¬ íâ®© â¥®à¥¬ë ï¢«ï¥âáï

�¥®à¥¬  4.2. � §¬¥à­®áâ¨  «£¥¡à �¨ (g(Mn))R £®«®¬®àä­ëå  ää¨­­ëå ¢¥ªâ®à­ëå ¯®«¥©

¯à®áâà ­áâ¢ (Mn;r) á W 6= 0 ­ ¤ ª®¬¬ãâ â¨¢­ë¬¨  áá®æ¨ â¨¢­ë¬¨  «£¥¡à ¬¨ A á ¥¤¨­¨æ¥©

­¥ ¯à¥¢®áå®¤ïâ m(n2 + n)� 3n+ 5, £¤¥ m = dimR A . �ª § ­­ ï ®æ¥­ª  â®ç­ ï.

�«ï ãáâ ­®¢«¥­¨ï â®ç­®áâ¨ ®æ¥­ª¨ ¯à¨¢¥¤¥¬

�à¨¬¥à 4.3. � ¯à¨¬¥à¥ 4.1 ¢ ª ç¥áâ¢¥  «£¥¡àë A ¢®§ì¬¥¬  «£¥¡àã R("m�1) ¯«îà «ì­ëå
ç¨á¥« à ­£  m ¨ ¯®«®¦¨¬ a = "m�1. �®£¤  rank a = 1. �«¥¬¥­â ¬¨  «£¥¡àë g(Mn) ï¢«ïîâáï
¢¥ªâ®à­ë¥ ¯®«ï

X = (cstx
t + cs)@s �

�
"m�1c2x2x3 +

1
3
"m�1c32(x

2)3
�
@1;

¯à¨ç¥¬ ¯®áâ®ï­­ë¥ cst = cst�"
� ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

ch10 = 0 (h > 1); c2k0 = 0 (k > 2); c3l0 = 0 (l > 3);

2c220 + c330 = c110:

�  ®á­®¢ ­¨¨ íâ¨å á®®â­®è¥­¨© § ª«îç ¥¬, çâ® ¡ §¨á  «£¥¡àë (g(Mn))R á®áâ ¢«ïîâ ¢¥ªâ®à­ë¥
¯®«ï

2x1@1 + x2@2; x1@1 + x3@3; @2 � "m�1x2x3@1; x2@3 �
1
3
"m�1(x2)3@1;

@s; xk@1; xk@j ; "�@s; "�x1@s; "�xk@2; "�xk@3; "�x3@3; "�xj@3; "�xk@j ;

£¤¥ s = 1; 2; : : : ; n, k = 2; 3; : : : ; n, j = 4; 5; : : : ; n, � = 1; 2; : : : ;m� 1.
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