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�¢¥¤¥¨¥

�  ®á®¢¥ â¥®à¨¨ ¯à¥¤áâ ¢«¥¨© £àã¯¯ ¤   ª« áá¨ä¨ª æ¨ï íª¢¨®¡ê¥¬ëå ®â®¡à ¦¥¨©
¯á¥¢¤®à¨¬ ®¢ëå ¬®£®®¡à §¨©,  ®á¨à®¢  ï ¢ [1]. � áâ¨ç® ®¯¨á   £¥®¬¥âà¨ï ¨  ©¤¥-
ë ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï íª¢¨®¡ê¥¬ëå ®â®¡à ¦¥¨© ª ¦¤®£® ª« áá ,   â ª¦¥
¯®«ãç¥ ¢¨¤ ¬¥âà¨ª ¬®£®®¡à §¨©, ¤®¯ãáª îé¨å ¥ª®â®àë¥ ¨§ â ª¨å ®â®¡à ¦¥¨©.

1. �ª¢¨®¡ê¥¬ë¥ ®â®¡à ¦¥¨ï ¯á¥¢¤®à¨¬ ®¢ëå ¬®£®®¡à §¨©

1.1. � áá¬®âà¨¬ n-¬¥à®¥ ¯á¥¢¤®à¨¬ ®¢® C1-¬®£®®¡à §¨¥ (M; g). �ãáâì (U;') | ¯à®¨§-
¢®«ì ï ª àâ  ¤ ®£® ¬®£®®¡à §¨ï á «®ª «ì®© á¨áâ¥¬®© ª®®à¤¨ â x1; : : : ; xn, kgijk | ¬ -
âà¨æ  ª®¬¯®¥â â¥§®à  g ¢ «®ª «ì®© á¨áâ¥¬¥ ª®®à¤¨ â ª àâë (U;'),   det g = det kgijk |
¥¥ ®¯à¥¤¥«¨â¥«ì.

�¨¬ ®¢ë¬ í«¥¬¥â®¬ ®¡ê¥¬  ([2], á. 158; [3], á. 51) ¯á¥¢¤®à¨¬ ®¢  ¬®£®®¡à §¨ï (M; g)
 §ë¢ ¥âáï ¯«®â®áâì dV =

pjdet gj, ª®â®à ï, ª ª ¨§¢¥áâ® ([2], á. 159), á¢ï§   ä®à¬ã«®©
@ ln
p
jdet gj

@xi
= �kik á á¨¬¢®« ¬¨ �à¨áâ®ää¥«ï �kij á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  r,  ©¤¥ë¬¨ ¢ «®-

ª «ì®© á¨áâ¥¬¥ ª®®à¤¨ â ª àâë (U;') ¬®£®®¡à §¨ï (M; g).
�¢¥¤¥¬ ¤àã£®¥ n-¬¥à®¥ ¯á¥¢¤®à¨¬ ®¢® C1-¬®£®®¡à §¨¥ (M; g) ¨ ¤¨ää¥®¬®àä®¥ ®â®¡à -

¦¥¨¥ f : (M; g) ! (M; g). �®£¤  ([4], á. 67) ¤«ï «î¡®© ¯ àë â®ç¥ª x 2 M ¨ x = f(x) 2 M
¬®¦® ¢ë¡à âì â ª¨¥ ª àâë (U;') ¤«ï x 2 U ¨ (U;') ¤«ï x 2 U , çâ® ¤¨ää¥®¬®àä¨§¬ f ¢
íâ¨å ª àâ å ¬®¦® «®ª «ì® § ¤ âì ãà ¢¥¨ï¬¨ ¢¨¤  x1 = x1; : : : ; xn = xn. � íâ®¬ á«ãç ¥
£®¢®àïâ ([5], á. 47), çâ® ¬®£®®¡à §¨ï (M; g) ¨ (M; g) ®â¥á¥ë ª ®¡é¥© ¯® ®â®è¥¨î ª ¤ ®¬ã
®â®¡à ¦¥¨î f : (M; g)! (M; g) á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â x1; : : : ; xn.

�¨ää¥®¬®àä¨§¬ f : (M; g) ! (M; g)  §ë¢ ¥âáï íª¢¨®¡ê¥¬ë¬ ®â®¡à ¦¥¨¥¬, ¥á«¨ dV =
f�dV , £¤¥ f�dV | ®¡à âë© ®¡à § ¯«®â®áâ¨ dV ¯à¨ ®â®¡à ¦¥¨¨ f . � ®¡é¥© ¯® ®â®è¥¨î
ª ¤ ®¬ã ®â®¡à ¦¥¨î f : (M; g) ! (M; g) á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â x1; : : : ; xn ãá«®¢¨¥
íª¢¨®¡ê¥¬®áâ¨ ®â®¡à ¦¥¨ï ¯à¨¬¥â ¢¨¤

pjdet gj = pjdet gj. �®á«¥ ¤¨ää¥à¥æ¨à®¢ ¨ï «¥¢®©
¨ ¯à ¢®© ç áâ¥© íâ®£® à ¢¥áâ¢  ¯®«ãç¨¬

�kik = �kik: (1.1)

�®áª®«ìªã à §®áâ¨ T k
ij = �kij � �kij á¨¬¢®«®¢ �à¨áâ®ää¥«ï �kij ¨ �

k

ij á¢ï§®áâ¥© �¥¢¨-�¨¢¨â 
r ¨ r ¯á¥¢¤®à¨¬ ®¢ëå ¬®£®®¡à §¨© (M; g) ¨ (M; g),  ©¤¥ëå ¢ ®¡é¥© ¯® ®â®¡à ¦¥-
¨î f á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â x1; : : : ; xn, ï¢«ïîâáï ª®¬¯®¥â ¬¨ â¥§®à  ¤¥ä®à¬ æ¨¨
T = r � r á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  r ¬®£®®¡à §¨ï (M; g) ¯à¨ ¤¨ää¥®¬®àä®¬ ®â®¡à ¦¥¨¨
f : (M; g) ! (M; g) ([5], á. 71; [6], á. 162), â® à ¢¥áâ¢® (1.1) ¬®¦® § ¯¨á âì ¢ ¨¢ à¨ â®©
ä®à¬¥ trace T = 0. �¥¬ á ¬ë¬ ¤®ª §  
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�¥¬¬  1.1. �«ï â®£® çâ®¡ë ¤¨ää¥®¬®àä®¥ ®â®¡à ¦¥¨¥ f ¯á¥¢¤®à¨¬ ®¢  ¬®£®®¡à -
§¨ï (M; g) á® á¢ï§®áâìî �¥¢¨-�¨¢¨â  r   ¯á¥¢¤®à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g) á® á¢ï§®-
áâìî �¥¢¨-�¨¢¨â  r ¡ë«® íª¢¨®¡ê¥¬ë¬, ¥®¡å®¤¨¬®, çâ®¡ë â¥§®à ¤¥ä®à¬ æ¨¨ T = r�r
á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  r ¬®£®®¡à §¨ï (M; g) ¯à¨ ®â®¡à ¦¥¨¨ f   ¬®£®®¡à §¨¥ (M; g)
¯®¤ç¨ï«áï ãá«®¢¨î trace T = 0.

1.2. �à¨  «¨ç¨¨ ¤¨ää¥®¬®àä¨§¬  f : (M; g)! (M; g)   ¯á¥¢¤®à¨¬ ®¢ëå ¬®£®®¡à §¨ïå
(M; g) ¨ (M; g) ¢ë¯®«ïîâáï á®®â¢¥âáâ¢¥® ãà ¢¥¨ï

(rXg)(Y;Z) = �g(Y; T (Z;X))� g(Z; T (Y;X)); (1.2)

(rXg)(Y;Z) = g(Y; T (Z;X)) + g(Z; T (Y;X)); (1.3)

¨§ ª®â®àëå  å®¤ïâáï § ç¥¨ï â¥§®à  ¤¥ä®à¬ æ¨¨ T = r�r,

g(Z; T (X;Y )) =
1
2
f�(rXg)(Y;Z)� (rY g)(Z;X) + (rZg)(X;Y )g; (1.4)

g(Z; T (X;Y )) =
1
2
f(rXg)(Y;Z) + (rY g)(Z;X)� (rZg)(X;Y )g (1.5)

  ¢¥ªâ®àëå ¯®«ïå X = X i@i, Y = Y i@i, Z = Z i@i,  ©¤¥ëå ¢ «®ª «ì®¬ ¡ §¨á¥ f@i =
@=@xigi=1;:::;n ¢¥ªâ®àëå ¯®«¥© ¢ ®¡é¥© ¯® ®â®¡à ¦¥¨î f á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â x1; : : : ; xn.

�à ¢¥¨ï¬ (1.1)   ®á®¢ ¨¨ à ¢¥áâ¢ (1.4) ¨ (1.5) ¬®¦® ¯à¨¤ âì ¢¨¤ trace(g�1rg) = 0
¨«¨ ¦¥ à ¢®á¨«ìë© ¨¬ ¢¨¤ trace(g�1rg) = 0. �®ª § ®

�«¥¤áâ¢¨¥ 1.1. �«ï â®£® çâ®¡ë ¤¨ää¥®¬®àä®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ¡ë«®
íª¢¨®¡ê¥¬ë¬, ¥®¡å®¤¨¬®, çâ®¡ë ¢ë¯®«ï«®áì ®¤® ¨§ ¤¢ãå à ¢®á¨«ìëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© trace(g�1rg) = 0 ¨«¨ trace(g�1rg) = 0.

2. �àã¯¯®¢®© ¯®¤å®¤ ª ¨§ãç¥¨î íª¢¨®¡ê¥¬ëå ®â®¡à ¦¥¨©

2.1. � áá¬®âà¨¬ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ¯á¥¢¤®à¨¬ ®¢  ¬®£®®¡à -
§¨ï (M; g) á® á¢ï§®áâìî �¥¢¨-�¨¢¨â  r   ¯á¥¢¤®à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g) á® á¢ï§®áâìî
�¥¢¨-�¨¢¨â  r. � ¬¥¨¬ ¢ ¤ «ì¥©è¨å à ááã¦¤¥¨ïå â¥§®à ¤¥ä®à¬ æ¨¨ T = r�r â¥§®à-
ë¬ ¯®«¥¬ eT , ®¯à¥¤¥«ï¥¬ë¬ à ¢¥áâ¢®¬ eT (X;Y;Z) = g(X;T (Y;Z)) ¤«ï ¢á¥å X;Y;Z 2 C1TM .
�¥§®à®¥ ¯®«¥ eT ¢ á¨«ã «¥¬¬ë 1.1 ã¤®¢«¥â¢®àï¥â, ªà®¬¥ ãá«®¢¨ï eT (X;Y;Z) = eT (X;Z; Y ), ¥é¥
¨ ¤®¯®«¨â¥«ì®¬ã ãá«®¢¨î

nP
i=1

eT (Ei; Ei;X) = 0, £¤¥ fE1; : : : ; Eng | «®ª «ìë© ®àâ®®à¬¨à®-

¢ ë© ¡ §¨á ¢¥ªâ®àëå ¯®«¥©   ¬®£®®¡à §¨¨ (M; g).
�®« £ ¥¬ E = TxM ¤«ï ¯à®¨§¢®«ì®© â®çª¨ x 2M ¨ ¢¢¥¤¥¬ á®¯àï¦¥®¥ ¥¬ã ¯à®áâà áâ¢®

E� = T �
xM . � ¯®¬¨¬, çâ® SkE ®§ ç ¥â k-î á¨¬¬¥âà¨ç¥áªãî áâ¥¯¥ì E�. �®£¤  â¥§®à eTx ¯®«ïeT ¡ã¤¥â í«¥¬¥â®¬ ¯®¤¯à®áâà áâ¢  =(E) â¥§®à®£® ¯à®áâà áâ¢  E� 
 S2E â ª®£®, çâ®

I(E) = f� 2 E� 
 S2E j �(a; b; c) = �(a; c; b); �12(c) = 0g
¤«ï ¯à®¨§¢®«ìëå ¢¥ªâ®à®¢ a, b, c, ¨ ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  fe1; : : : ; eng ¯á¥¢¤®¥¢ª«¨¤®¢ 
¢¥ªâ®à®£® ¯à®áâà áâ¢  E ¨ �12(c) =

P
i=1;:::;n

�(ei; ei; c) = 0.

�¥§®à®¥ ¯à®áâà áâ¢® E� 
 S2E ï¢«ï¥âáï ¯à®áâà áâ¢®¬ ¯à¥¤áâ ¢«¥¨ï ®àâ®£® «ì®©
£àã¯¯ë O(n;R). �à¨ íâ®¬ ¥£® ¯®¤¯à®áâà áâ¢® I(E) ¤®¯ãáª ¥â à §«®¦¥¨¥ ¢ áã¬¬ã I(E) =
I1(E)�I2(E)�I3(E) âà¥å ¥¯à¨¢®¤¨¬ëå ®â®á¨â¥«ì® ¤¥©áâ¢¨© £àã¯¯ë O(n;R) ¯®¤¯à®áâà áâ¢

I1(E) = f� 2 I(E) j �(a; b; c) = �(b; a; c)g;
I2(E) = f� 2 I(E) j �(a; b; c) + �(b; c; a) + �(c; a; b) = 0g;
I3(E) = f� 2 I(E) j �(a; b; c) = (n2 + n� 2)�1[(n+ 1)�23(a)q(b; c)� �23(b)q(a; c)� �23(c)q(a; b)]g
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¤«ï �23(a) =
P

i=1;:::;n
�(a; ei; ei) = 0 ¨ ¯à®¨§¢®«ìëå a; b; c 2 E. �â®â ä ªâ á«¥¤ã¥â ¨§ â¥®à¨¨ ¨-

¢ à¨ â®¢: ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ® ¯à®áâà áâ¢® O(n;R)-¨¢ à¨ âëå ª¢ ¤à â¨çëå ä®à¬
  I(E) âà¥å¬¥à® ([7], x II.9 ¨ x II.17; [8], ¤®ª« ¤ IX; [9]). �®ç¥¥, íâ® ¯à®áâà áâ¢® ¯®à®¦¤ ¥âáï
ä®à¬ ¬¨

�1(�) =
X

i;j;k=1;:::;n

[�(ei; ej ; ek)]2; �2(�) =
X

i;j;k=1;:::;n

�(ei; ej ; ek)�(ek; ei; ej);

�3(�) =
X

i=1;:::;n

� X
j=1;:::;n

�(ei; ej ; ej)
�2
:

� ª à¥§ã«ìâ â ¨¬¥¥¬ à §«®¦¥¨¥ â¥§®à  eTx   âà¨ ç áâ¨, ¯à¨ ¤«¥¦ é¨¥ ¥¯à¨¢®¤¨¬ë¬
ª®¬¯®¥â ¬ ¤¥©áâ¢¨ï £àã¯¯ë O(n;R). �®£¤  ¯®â®ç¥ç® ¥¯à¨¢®¤¨¬®¬ã à §«®¦¥¨î â¥§®à-
®£® ¯®«ï eT ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì \£àã¡ ï" ª« áá¨ä¨ª æ¨ï íª¢¨®¡ê¥¬ëå ®â®¡à ¦¥¨©, ª®£¤ 
ª ®¤®¬ã ª« ááã ®â®áïâáï ®â®¡à ¦¥¨ï, ¤«ï ª®â®àëå eT | á¥ç¥¨¥ ®¤®£® ¨§ ¨¢ à¨ âëå
¯®¤à áá«®¥¨© I1(TM ), I2(TM), I3(TM) à áá«®¥¨ï I(TM ) ¨å ¯àï¬ëå áã¬¬. �®¯®«¨¬ á¯¨á®ª
ª« áá®¢ ¥é¥ ®¤¨¬, ¤«ï ª®â®à®£® eT ï¢«ï¥âáï á¥ç¥¨¥¬ ¯®¤à áá«®¥¨ï I1(TM)\I2(TM)\I3(TM),
â. ¥. ª« áá®¬ ®â®¡à ¦¥¨©, ®¯à¥¤¥«ï¥¬ë¬ ãá«®¢¨¥¬ T = 0. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ ª ®¨ç¥áª¨©
¨§®¬®àä¨§¬ gx : TxM �= T �

xM , áä®à¬ã«¨àã¥¬

�à¥¤«®¦¥¨¥ 2.1. �¢ à¨ âë¬ ®¡à §®¬ ¢ë¤¥«ïîâáï á¥¬ì ª« áá®¢ íª¢¨®¡ê¥¬ëå ®â®-
¡à ¦¥¨© f : (M; g)! (M; g), ¤«ï ª ¦¤®£® ¨§ ª®â®àëå â¥§®à ¤¥ä®à¬ æ¨¨ T = r�r ï¢«ï¥âáï
á¥ç¥¨¥¬ ®¤®£® ¨§ ¨¢ à¨ âëå ¯®¤à áá«®¥¨© I1(TM), I2(TM), I3(TM), I1(TM )\I2(TM)\
I3(TM) ¨«¨ ¨å ¯àï¬ëå áã¬¬.

3. �¥®¬¥âà¨ï á¥¬¨ ª« áá®¢ íª¢¨®¡ê¥¬ëå ®â®¡à ¦¥¨©

3.1. �à®¨§¢®«ì®¥ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ª« áá  I1 � I2 å à ªâ¥-

à¨§ã¥âáï ãá«®¢¨¥¬ eT 2 I1(TM) � I2(TM), ª®â®à®¥ ¨¬¥¥â ¢¨¤ à ¢¥áâ¢
nP
i=1

eT (Ei; Ei; X) = 0 ¨
nP
i=1

eT (X;Ei; Ei) = 0. �â®à®¥ ¨§ ¨å ®§ ç ¥â, çâ® ¤¨ää¥®¬®àä¨§¬ f : (M; g) ! (M; g) ï¢«ï¥âáï

£ à¬®¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬ [10].

�¥®à¥¬  3.1. �ª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g)! (M; g) ª« áá  I1 � I2 ï¢«ï¥âáï £ à-
¬®¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬.

3.2. �à®¨§¢®«ì®¥ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ª« áá  I2 
 I3 å à ªâ¥à¨-
§ã¥âáï ãá«®¢¨¥¬ eT 2 I2(TM)� I3(TM ), ª®â®à®¥ ¨¬¥¥â ¢¨¤ à ¢¥áâ¢ 

eT (X;Y;Z) + eT (Y;Z;X) + eT (Z;X; Y ) = 1
n+ 2

f$(Z)g(X;Y ) +$(X)g(Y;Z) +$(Y )g(Z;X)g;
(3.1)

£¤¥ $(X) =
nP
i=1

eT (X;Ei; Ei). � ãç¥â®¬ (1.4) à ¢¥áâ¢ã (3.1) ¬®¦® ¯à¨¤ âì à ¢®á¨«ìë© ¢¨¤

(rZg)(X;Y ) + (rXg)(Y;Z) + (rY g)(Z;X) = !(Z)g(X;Y ) + !(X)g(Y;Z) + !(Y )g(Z;X) (3.2)

¤«ï !(X) = � 2
n�2

$(X) ¨ ¯à®¨§¢®«ìëå X;Y;Z 2 C1TM .
�®¢ à¨ â®¥ á¨¬¬¥âà¨ç¥áª®¥ â¥§®à®¥ ¯®«¥ 2-â¥§®à®¢ g   ¯á¥¢¤®à¨¬ ®¢®¬ ¬®£®®¡à -

§¨¨ (M; g)  §®¢¥¬ ª®ä®à¬® ª¨««¨£®¢ë¬, ¥á«¨ ®® ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (3.2).
� ª á â¥«ì®¬ ¯à®áâà áâ¢¥ TxM ¢ ¯à®¨§¢®«ì®© â®çª¥ x 2M ¯á¥¢¤®à¨¬ ®¢  ¬®£®®¡à §¨ï

(M; g) § ¤ ¤¨¬ ª®ãá ãà ¢¥¨¥¬ g(Xx;Xx) = 0 ¤«ï Xx 2 TxM . �®£¤  ãà ¢¥¨ï (3.2) ¡ã¤ãâ
¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ â®£® [11], [12], çâ® ¯ à ««¥«ìë© ¯¥à¥®á ¢ á¢ï§®áâ¨ r
¢¤®«ì £¥®¤¥§¨ç¥áª®©  �M , ¯à®å®¤ïé¥© ç¥à¥§ â®çªã x 2M , ¯¥à¥¢®¤¨â ª®ãá ¬¥âà¨ª¨ g ¢ ª®ãá
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¬¥âà¨ª¨ g. �â® á¢®©áâ¢® ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¯à¨§ ª®¬ £¥®¤¥§¨ç¥áª®£® ¯®«ï ª®ãá®¢
(á¬. â ¬ ¦¥).

�á«¨ ¦¥ ! = gradF ¤«ï ¥ª®â®à®© F 2 C1M , â® ¯®«¥ eg = e�F g ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î
(rZeg)(X;Y )+(rXeg)(Y;Z)+(rY eg)(Z;X) = 0, ª®â®à®¥ ®§ ç ¥â, çâ® eg = e�F g | â¥§®à �¨««¨-
£    ¬®£®®¡à §¨¨ (M; g) ([13], á. 339{340). �®á«¥¤¨© § ¤ ¥â   ¬®£®®¡à §¨¨ (M; g) ¯¥à¢ë©
ª¢ ¤à â¨çë© ¨â¥£à « ãà ¢¥¨© £¥®¤¥§¨ç¥áª¨å ([6], á. 157{161; [13], á. 339{340). �®ª §  

�¥®à¥¬  3.2. �ãáâì f : (M; g)! (M; g)| íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I2�I3, â®£¤ 
g ¡ã¤¥â ¤«ï ¬®£®®¡à §¨ï (M; g) ª®ä®à¬® ª¨««¨£®¢ë¬ â¥§®àë¬ ¯®«¥¬, § ¤ îé¨¬ ¢ ¥£®
ª á â¥«ì®¬ à áá«®¥¨¨ £¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢. �á«¨ ¯à¨ íâ®¬ traceg(r�r) = gradF
¤«ï ¥ª®â®à®© äãªæ¨¨ F 2 C1M , â® eg = e

2

n�2
F g ¡ã¤¥â â¥§®à®¬ �¨««¨£ , § ¤ îé¨¬  

¬®£®®¡à §¨¨ (M; g) ¯¥à¢ë© ª¢ ¤à â¨çë© ¨â¥£à « ãà ¢¥¨© £¥®¤¥§¨ç¥áª¨å.

�«ï ¯à®¨§¢®«ì®© â®çª¨ x 2M ®¡®§ ç¨¬ ç¥à¥§ D�(x) 2 TxM á®¡áâ¢¥®¥ ¯®¤¯à®áâà áâ¢®
á®®â¢¥âáâ¢ãîé¥£® gx «¨¥©®£® ®¯¥à â®à  Gx á á®¡áâ¢¥ë¬ § ç¥¨¥¬ �(x).

�¡®§ ç¨¬ ç¥à¥§ M g ®âªàëâ®¥ ¢áî¤ã ¯«®â®¥ ¯®¤¬®¦¥áâ¢® ¢ M , á®áâ®ïé¥¥ ¨§ â®ç¥ª, ¢
ª®â®àëå ç¨á«® à §«¨çëå á®¡áâ¢¥ëå § ç¥¨© ®¯¥à â®à  G «®ª «ì® ¯®áâ®ï®. �®£¤   
ª ¦¤®© á¢ï§®© ª®¬¯®¥â¥ ¬®¦¥áâ¢  M g á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®à  G ®¯à¥¤¥«ïîâ ¯®-
¯ à® à §«¨çë¥ £« ¤ª¨¥ á®¡áâ¢¥ë¥ äãªæ¨¨ ¨ ª ¦¤ ï â ª ï äãªæ¨ï � § ¤ ¥â £« ¤ª®¥
à á¯à¥¤¥«¥¨¥ D� : x 2M g ! D�(x)(x) � TxM g.

�ãáâì �, � | ¤¢¥ â ª¨¥ á®¡áâ¢¥ë¥ äãªæ¨¨, â®£¤  ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥© X;Y 2
C1D� ¨ W 2 C1D� ¢ë¯®«ï¥âáï á®®â®è¥¨¥

(rY g)(X;W ) = (�� �)g(rYX;W ); (3.3)

¯®«ãç¥®¥ ¨§ ãà ¢¥¨ï

(rYG)X +GrYX = Y (�)X + �rYX; (3.4)

ª®â®à®¥ ï¢«ï¥âáï ¤¨ää¥à¥æ¨ «ìë¬ á«¥¤áâ¢¨¥¬ à ¢¥áâ¢  GX = �X.
� ãç¥â®¬ (3.3) ãà ¢¥¨¥ (3.2) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

(�� �)g(rXY +rYX;W ) = �!(W )g(X;Y ); (3.5)

£¤¥ g(rXY +rYX;W ) = 2g(Q�(X;Y );W ) ¤«ï ¢â®à®© äã¤ ¬¥â «ì®© ä®à¬ë Q� à á¯à¥¤¥«¥-
¨ï D� ([14], á. 148; [15]). � ¢¥áâ¢® (3.5) ®§ ç ¥â, çâ® à á¯à¥¤¥«¥¨¥ D� ®¬¡¨«¨ç¥áª®¥ ([14],
á. 151; [15]). �®«®¦¨¢ ¢ (3.2) X = Y = Z, ¯®«ãç¨¬

(rXg)(X;X) = !(X)g(X;X) = !(X)g(GX;X) = �!(X)g(X;X);

£¤¥ á®£« á® (3.4)

(rXg)(X;X) = �g(rXX;X) +X(�)g(X;X) + �g(rXX;X) =

= ��g(rXX;X) +X(�)g(X;X) + �g(rXX;X) = X(�)g(X;X):

�«¥¤®¢ â¥«ì®, [�!(X)�X(�)]g(X;X) = 0. �®íâ®¬ã, ¥á«¨ à á¯à¥¤¥«¥¨¥ D� ¥¨§®âà®¯®¥, â®
¡ã¤¥â á¯à ¢¥¤«¨¢ë¬ à ¢¥áâ¢® X(ln j�j) = !(X) ¤«ï ¢á¥å X 2 C1D�. �®ª §  

�¥®à¥¬  3.3. �ãáâì f : (M; g)!(M; g) | íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I2� I3 ¨ � |
á®¡áâ¢¥ ï äãªæ¨ï â¥§®à  g   á¢ï§®© ª®¬¯®¥â¥ ¬®¦¥áâ¢  M g �M . �®£¤  á®¡áâ¢¥-
®¥ à á¯à¥¤¥«¥¨¥ D� ¡ã¤¥â ®¬¡¨«¨ç¥áª¨¬,   ¢ á«ãç ¥ ¥£® ¥¨§®âà®¯®áâ¨ 2g(traceg(r�r); X)+
(n+ 2)X(ln j�j) = 0 ¤«ï ¢á¥å ¯®«¥© X 2 C1D�.

� [16] ¡ë«  ¯®«ãç¥  ¨â¥£à «ì ï ä®à¬ã«  ¤«ï ª®¬¯ ªâ®£® ®à¨¥â¨à®¢ ®£® à¨¬ ®-
¢  ¬®£®®¡à §¨ï, ¥áãé¥£® ¤¢  ®àâ®£® «ìëå à á¯à¥¤¥«¥¨ï ¤®¯®«¨â¥«ì®© à §¬¥à®áâ¨. �
ç áâ®áâ¨, á ¥¥ ¯®¬®éìî ¡ë«¨  ©¤¥ë ãá«®¢¨ï, ¯à¥¯ïâáâ¢ãîé¨¥ áãé¥áâ¢®¢ ¨î   â ª®¬
¬®£®®¡à §¨¨ ¤¢ãå ®àâ®£® «ìëå ®¬¡¨«¨ç¥áª¨å à á¯à¥¤¥«¥¨© ¤®¯®«¨â¥«ì®© à §¬¥à®áâ¨.
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�à¨¬¥¨â¥«ì® ª  è¥¬ã á«ãç î ¤®ª § ®¥ ¢ [16] ãâ¢¥à¦¤¥¨¥ ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ®
ª ª

�«¥¤áâ¢¨¥ 3.1. �ãáâì (M; g) | ª®¬¯ ªâ®¥ ®à¨¥â¨à®¢ ®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥ ¥-
¯®«®¦¨â¥«ì®© á¥ªæ¨®®© ªà¨¢¨§ë, ®¡« ¤ îé¥¥, ¯® ¬¥ìè¥© ¬¥à¥, ®¤®© â®çª®©, ¢ ª®-
â®à®© á¥ªæ¨® ï ªà¨¢¨§  ¯® ¢á¥¬ ¤¢ã¬¥àë¬  ¯à ¢«¥¨ï¬ áâà®£® ®âà¨æ â¥«ì ï. �®£¤ 
¥ áãé¥áâ¢ã¥â ¯á¥¢¤®à¨¬ ®¢  ¬®£®®¡à §¨ï (M; g), ¤®¯ãáª îé¥£® íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥
f : (M; g) ! (M; g) ª« áá  I2 � I3 â ª®¥, çâ® â¥§®à g   ¬®£®®¡à §¨¨ (M; g) ¨¬¥« ¡ë â®«ìª®
¤¢¥ à §«¨çë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ ¯®áâ®ïëå ªà â®áâ¥©.

3.3. �à®¨§¢®«ì®¥ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ª« áá  I1 � I3 å à ªâ¥à¨-
§ã¥âáï ãá«®¢¨¥¬ eT 2 I1(TM)� I3(TM ), ª®â®à®¥ ¨¬¥¥â ¢¨¤ à ¢¥áâ¢ 

eT (X;Y;Z)� eT (Y;X;Z) = 1
n� 1

f$(X)g(Y;Z)�$(Y )g(X;Z)g (3.6)

¤«ï $(X) =
nP
i=1

eT (X;Ei; Ei) ¨ ¯à®¨§¢®«ìëå X;Y;Z 2 C1TM . � ãç¥â®¬ (1.4) à ¢¥áâ¢ã (3.6)

¬®¦® ¯à¨¤ âì à ¢®á¨«ìë© ¢¨¤

(rXg)(Y;Z)� (rY g)(X;Z) = !(X)g(Y;Z)� !(Y )g(X;Z); (3.7)

£¤¥ ¢ íâ®¬ á«ãç ¥ !(X) = � 2
n�2

$(X). �à ¢¥¨¥ (3.8) ®á¨â  §¢ ¨¥ ®¡®¡é¥®£® ãà ¢¥-
¨ï �®¤ ææ¨ ([2], á. 176) ¨ ¢ á®®â¢¥âáâ¢¨¨ á íâ¨¬ ª®¢ à¨ â®¥ á¨¬¬¥âà¨ç¥áª®¥ â¥§®à®¥ ¯®«¥
2-â¥§®à®¢ g   ¯á¥¢¤®à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ (M; g)  §®¢¥¬ ®¡®¡é¥® ª®¤ ææ¥¢ë¬, ¥á«¨ ®®
ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (3.7).

�á«¨ ! = gradF ¤«ï ¥ª®â®à®© äãªæ¨¨ F 2 C1M , â® ¯®«¥ eg = e�F g ã¤®¢«¥â¢®àï¥â à ¢¥-
áâ¢ã (rXg)(Y;Z) � (rY g)(X;Z) = 0, ª®â®à®¥ ®§ ç ¥â, çâ® eg = e�F g | â¥§®à �®¤ ææ¨ ¤«ï
¬®£®®¡à §¨ï (M; g) ( ¯à., [3], á. 589). �®ª §  

�¥®à¥¬  3.4. �ãáâì f : (M; g) ! (M; g) | íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I1 � I3,
â®£¤  g ¤«ï ¬®£®®¡à §¨ï (M; g) ¡ã¤¥â ®¡®¡é¥ë¬ â¥§®à®¬ �®¤ ææ¨. �á«¨ ¦¥ ¯à¨ íâ®¬

traceg(r�r) = gradF ¤«ï ¥ª®â®à®© äãªæ¨¨ F 2 C1M , â® eg = e
2

n�2
F g ¡ã¤¥â â¥§®à®¬

�®¤ ææ¨ ¤«ï ¬®£®®¡à §¨ï (M; g).

�¡®§ ç¨¬, ª ª ¨ ¯à¥¦¤¥, ç¥à¥§ M g ®âªàëâ®¥ ¢áî¤ã ¯«®â®¥ ¯®¤¬®¦¥áâ¢® ¢ M , á®áâ®ïé¥¥
¨§ â®ç¥ª, ¢ ª®â®àëå ç¨á«® à §«¨çëå á®¡áâ¢¥ëå § ç¥¨© ®¯¥à â®à  G «®ª «ì® ¯®áâ®ï®.
�ãáâì �, �| ¤¢¥ â ª¨¥ á®¡áâ¢¥ë¥ äãªæ¨¨, â®£¤  ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥© X;Y 2 C1D�

¨ W 2 C1D� ¢ë¯®«ïîâáï á®®â®è¥¨ï

(rY g)(X;W ) = (�� �)g(rXY;W ); (rXg)(Y;W ) = (�� �)g(rYX;W ): (3.8)

�ëç¨â ï ¯®ç«¥® ¨§ ¯¥à¢®£® à ¢¥áâ¢  ¢â®à®¥, ¯®«ãç¨¬

g(F�(X;Y );W ) =
1

2(�� �)
f!(Y )g(GX;W )� !(X)g(GY;W )g =

=
�

2(�� �)
f!(Y )g(X;W )� !(X)g(Y;W )g = 0;

£¤¥ g(rXY �rYX;W ) = 2g(F�(X;Y );W ) ¤«ï â¥§®à  ¨â¥£à¨àã¥¬®áâ¨ F� à á¯à¥¤¥«¥¨ï D�

([14], á. 148; [15]). �®á«¥¤¥¥ à ¢¥áâ¢® ®§ ç ¥â, çâ® à á¯à¥¤¥«¥¨¥ D� ¨â¥£à¨àã¥¬®¥.
�®á«¥ § ¬¥ë ¢ (3.4) ¯®«ï Y  W à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤ (rWG)X+GrWX =W (�)X+�rWX

¨ â®£¤ 

(rW g)(X;Y ) =W (�)g(X;Y ): (3.9)
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�ëç¨â ï ¯®ç«¥® ¨§ ¢â®à®£® à ¢¥áâ¢  (3.8) à ¢¥áâ¢® (3.9), ¯®«ãç¨¬

g(rXY;W ) =
1

�� �
fW (�)� �!(W )gg(X;Y ):

�â® ®§ ç ¥â, çâ® ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï à á¯à¥¤¥«¥¨ï D� ¢¯®«¥ ®¬¡¨«¨ç¥áª¨¥.
� ª ¨ ¤«ï ®¡®¡é¥® ª¨««¨£®¢  â¥§®à , §¤¥áì ¢ á«ãç ¥ ¥¨§®âà®¯®£® à á¯à¥¤¥«¥¨ï D�

¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® !(X) = X(ln j�j). �¯à ¢¥¤«¨¢ 
�¥®à¥¬  3.5. �ãáâì f : (M; g)! (M; g)| íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I1�I3 ¨ �|

á®¡áâ¢¥ ï äãªæ¨ï â¥§®à  g   á¢ï§®© ª®¬¯®¥â¥ ¬®¦¥áâ¢  M g �M . �®£¤  á®¡áâ¢¥-
®¥ à á¯à¥¤¥«¥¨¥ D� ¡ã¤¥â ¨â¥£à¨àã¥¬ë¬ á ¢¯®«¥ ®¬¡¨«¨ç¥áª¨¬¨ ¨â¥£à «ìë¬¨ ¬®£®-
®¡à §¨ï¬¨. �á«¨ à á¯à¥¤¥«¥¨¥ D� ¥¨§®âà®¯®¥, â® 2g(traceg(r�r);X)+ (n� 2)X(ln j�j) = 0
¤«ï ¢á¥å X 2 C1D�.

�¤¥áì ¬®¦® áä®à¬ã«¨à®¢ âì á«¥¤áâ¢¨¥,   «®£¨ç®¥ á«¥¤áâ¢¨î 3.1.

�«¥¤áâ¢¨¥ 3.2. �ãáâì (M; g) | ª®¬¯ ªâ®¥ ®à¨¥â¨à®¢ ®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥ ¥-
¯®«®¦¨â¥«ì®© á¥ªæ¨®®© ªà¨¢¨§ë, ®¡« ¤ îé¥¥, ¯® ¬¥ìè¥© ¬¥à¥, ®¤®© â®çª®©, ¢ ª®â®à®©
á¥ªæ¨® ï ªà¨¢¨§  ¯® ¢á¥¬ ¤¢ã¬¥àë¬  ¯à ¢«¥¨ï¬ áâà®£® ®âà¨æ â¥«ì ï. �®£¤  ¥ áãé¥-
áâ¢ã¥â ¯á¥¢¤®à¨¬ ®¢  ¬®£®®¡à §¨ï (M; g), ¤®¯ãáª îé¥£® â ª®¥ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥
f : (M; g) ! (M; g) ª« áá  I1 � I3, çâ® â¥§®à g   ¬®£®®¡à §¨¨ (M; g) ¨¬¥« ¡ë â®«ìª® ¤¢¥
à §«¨çë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ ¯®áâ®ïëå ªà â®áâ¥©.

3.4. �à®¨§¢®«ì®¥ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ª« áá  I1 å à ªâ¥à¨§ã-
¥âáï ãá«®¢¨¥¬ eT 2 I1(TM), ª®â®à®¬ã ¬®¦® ¯à¨¤ âì ¢¨¤ eT 2 C1S3

0M , £¤¥ ç¥à¥§ S3
0M ¯à¨-

ïâ® ®¡®§ ç âì à áá«®¥¨¥ ª®¢ à¨ âëå ¡¥áá«¥¤®¢ëå á¨¬¬¥âà¨ç¥áª¨å â¥§®à®¢   (M; g).

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ®
nP
i=1

eT (Ei; Ei;X) = 0 ¤«ï «®ª «ì®£® ®àâ®®à¬¨à®¢ ®-

£® ¡ §¨á  fE1; : : : ; Eng ¢¥ªâ®àëå ¯®«¥©   (M; g) ¨ ¯à®¨§¢®«ì®£® X 2 C1TM ,   ¯®â®¬ã
f : (M; g) ! (M; g) ï¢«ï¥âáï £ à¬®¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬. �à®¬¥ â®£®, ¨§ (1.3) ¥¯®áà¥¤-
áâ¢¥® ¢ë¢®¤¨âáï, çâ® g   ¬®£®®¡à §¨¨ (M; g) ï¢«ï¥âáï â¥§®à®¬ �®¤ ææ¨. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.6. �â®¡ë ®â®¡à ¦¥¨¥ f : (M; g)! (M; g) ¡ë«® íª¢¨®¡ê¥¬ë¬ ª« áá  I1, ¥®¡-
å®¤¨¬®, çâ®¡ë f ¡ë«® £ à¬®¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬ ¨ g { â¥§®à®¬ �®¤ ææ¨   ¬®£®®¡à §¨¨
(M; g).

� íâ®¬ á«ãç ¥ á ãá¯¥å®¬ ¬®¦® ¯à¨¬¥ïâì ¨§¢¥áâë¥ ä ªâë ® £¥®¬¥âà¨¨ à¨¬ ®¢ëå ¬®-
£®®¡à §¨©, ¥áãé¨å â¥§®àë¥ ¯®«ï �®¤ ææ¨ ([3], á. 590{598), ¤«ï ®¯¨á ¨ï £¥®¬¥âà¨¨ íª¢¨®¡ê-
¥¬ëå ®â®¡à ¦¥¨© ª« áá  I1. � ª,  ¯à¨¬¥à, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.7. �ãáâì f : (M; g)! (M; g) | íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I1 à¨¬ ®¢ 
¬®£®®¡à §¨ï (M; g)   à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g) ¯®áâ®ï®© ªà¨¢¨§ë K, â®£¤  â¥§®à
g ¨¬¥¥â ¢¨¤ g = r(dF ) + KFg, £¤¥ äãªæ¨ï F  å®¤¨âáï ª ª à¥è¥¨¥ ãà ¢¥¨ï �ã áá® 
�F +K(traceg g)F = n ¤«ï « ¯« á¨   �®¤¦ {¤¥ � ¬  � ¬®£®®¡à §¨ï (M; g).

�®ª § â¥«ìáâ¢®. � ®¤®© áâ®à®ë, ¤«ï â®£® çâ®¡ë ¤¨ää¥®¬®àä¨§¬ f : (M; g)! (M; g) ¡ë«
£ à¬®¨ç¥áª¨¬ ª« áá  I1, ¥®¡å®¤¨¬®, çâ®¡ë g   ¬®£®®¡à §¨¨ (M; g) ¡ë« â¥§®à®¬ �®¤ ææ¨. �
¤àã£®© áâ®à®ë ([3], á. 591),   à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ (M; g) ¯®áâ®ï®© á¥ªæ¨®®© ªà¨¢¨§ë
K ¯à®¨§¢®«ìë© â¥§®à �®¤ ææ¨ ¨¬¥¥â ¢¨¤

g = r(dF ) +KFg; (3.10)

£¤¥ F = F (x1; : : : ; xn) | ¯à®¨§¢®«ì ï ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¢ ®¡é¥© ¯® ®â®¡à ¦¥-
¨î f á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â x1; : : : ; xn. �¥à¥¯¨è¥¬ à ¢¥áâ¢® (3.10) ¢ ¢¨¤¥ g(X;Y ) =
[rX(dF )]Y �(dF )T (X;Y )+KFg(X;Y ) ¨ á¢¥à¥¬ ¥£® á ª®âà ¢ à¨ âë¬¨ ª®¬¯®¥â ¬¨ â¥§®-
à  g, ¢®á¯®«ì§®¢ ¢è¨áì ãá«®¢¨¥¬ £ à¬®¨ç®áâ¨ ®â®¡à ¦¥¨ï f : (M; g)! (M; g). � à¥§ã«ìâ â¥
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¯à¨¤¥¬ ª ãà ¢¥¨î �ã áá®  �F +K(traceg g)F = n ¤«ï « ¯« á¨   �®¤¦ {¤¥ � ¬  � ¬®-
£®®¡à §¨ï (M; g).

�â¬¥â¨¬, çâ® áãé¥áâ¢ãîâ ®£à ¨ç¥¨ï   ¢ë¡®à äãªæ¨¨ F ¢ á«ãç ¥ ª®¬¯ ªâ®£® à¨¬ ®¢ 
¬®£®®¡à §¨ï (M; g). � ¨¬¥®, ¥à ¢¥áâ¢  F � n[K(traceg g)]�1 ¨ F � n[K(traceg g)]�1 à ¢®-
á¨«ìë âà¥¡®¢ ¨ï¬ �F � 0 ¨ �F � 0 á®®â¢¥âáâ¢¥®, ª ¦¤®¥ ¨§ ª®â®àëå ¢ á¨«ã «¥¬¬ë �®¯ä 
([17], á. 308)   ª®¬¯ ªâ®¬ à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ (M; g) ¯à¨¢®¤¨â ª à ¢¥áâ¢ã F = const.
�®á«¥¤¥¥ ¡ã¤¥â ®§ ç âì ¨§®¬¥âà¨ç®áâì ®â®¡à ¦¥¨ï f .

3.5. �à®¨§¢®«ì®¥ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g)! (M; g) ª« áá  I2 å à ªâ¥à¨§ã¥âáï
ãá«®¢¨¥¬ eT 2 I2(TM), ª®â®à®¥ ¨¬¥¥â ¢¨¤ à ¢¥áâ¢

nX
i=1

eT (Ei; Ei;X) = 0; eT (X;Y;Z) + eT (Y;Z;X) + eT (Z;X; Y ) = 0 (3.11)

¤«ï «®ª «ì®£® ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  fE1; : : : ; Eng ¢¥ªâ®àëå ¯®«¥©   (M; g) ¨ ¯à®-

¨§¢®«ìëå X;Y;Z 2 C1TM . �§ (3.11), ¢ ç áâ®áâ¨, á«¥¤ã¥â
nP
i=1

eT (X;Ei; Ei) = 0,   ¯®â®¬ã

f : (M; g) ! (M; g) ï¢«ï¥âáï £ à¬®¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬. �à®¬¥ â®£®,   ®á®¢ ¨¨ (1.2)
¨ (3.11) § ª«îç ¥¬, çâ® â¥§®à g ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

(rZg)(X;Y ) + (rXg)(Y;Z) + (rY g)(Z;X) = 0; (3.12)

  ¯®â®¬ã ï¢«ï¥âáï â¥§®à®¬ �¨««¨£ , § ¤ îé¨¬ ¯¥à¢ë© ª¢ ¤à â¨çë© ¨â¥£à « ãà ¢¥¨©
£¥®¤¥§¨ç¥áª¨å   ¬®£®®¡à §¨¨ (M; g). � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.8. �â®¡ë ®â®¡à ¦¥¨¥ f : (M; g)! (M; g) ¡ë«® íª¢¨®¡ê¥¬ë¬ ®â®¡à ¦¥¨¥¬
ª« áá  I2, ¥®¡å®¤¨¬®, çâ®¡ë f ¡ë«® £ à¬®¨ç¥áª¨¬ ¨ g |â¥§®à®¬ �¨««¨£    ¬®£®®¡à §¨¨
(M; g), § ¤ îé¨¬ ¯¥à¢ë© ª¢ ¤à â¨çë© ¨â¥£à « ãà ¢¥¨© £¥®¤¥§¨ç¥áª¨å.

�¥®¬¥âà¨ï ¬®£®®¡à §¨©, ¤®¯ãáª îé¨å ¯¥à¢ë¥ ª¢ ¤à â¨çë¥ ¨â¥£à «ë ãà ¢¥¨© £¥®¤¥§¨-
ç¥áª¨å, ¯®¤à®¡® ®¯¨á   ¢ «¨â¥à âãà¥. �áâ ®¢«¥ë¥ ä ªâë ¬®¦® ¯à¨¬¥ïâì ¤«ï ®¯¨á ¨ï
£¥®¬¥âà¨¨ íª¢¨®¡ê¥¬ëå ®â®¡à ¦¥¨© ª« áá  I1. � ª ç¥áâ¢¥ ¯à¨¬¥à  ¤®ª ¦¥¬ ¤¢  ãâ¢¥à¦¤¥-
¨ï. �®-¯¥à¢ëå, áä®à¬ã«¨àã¥¬

�«¥¤áâ¢¨¥ 3.3. �á«¨ ¯á¥¢¤®à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g) ¤®¯ãáª ¥â íª¢¨®¡ê¥¬®¥ ®â®¡à -
¦¥¨¥ f : (M; g)! (M; g) ª« áá  I2   ¥ª®â®à®¥ «®ª «ì® ¯«®áª®¥ ¯á¥¢¤®à¨¬ ®¢® ¬®£®®¡à -
§¨¥ (M; g), â® ¥£® ¬¥âà¨ç¥áª¨© â¥§®à g ¢ ®¡é¥© ¯® ®â®¡à ¦¥¨î f á¨áâ¥¬¥ ª®®à¤¨ â x1; : : : ; xn

¨¬¥¥â ª®¬¯®¥âë

gij = Aijklx
kxl +Bijkx

k + Cij (3.13)

¤«ï á¨¬¬¥âà¨çëå ¯® ¯¥à¢ë¬ ¤¢ã¬ ¨¤¥ªá ¬ ¯®áâ®ïëå Aijkl, Bijk, Cij â ª¨å, çâ®

Aijkl +Ajkil +Akijl = 0; Bijk +Bjki +Bkij = 0: (3.14)

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç®  ¯®¬¨âì [18], çâ®   «®ª «ì® ¯«®áª®¬ ¯á¥¢¤®à¨¬ ®¢®¬
¬®£®®¡à §¨¨ (M; g) ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨© (3.12) ¨¬¥¥â ¢¨¤ (3.13) ¤«ï ¯à®¨§¢®«ìëå á¨¬-
¬¥âà¨çëå ¯® ¯¥à¢ë¬ ¤¢ã¬ ¨¤¥ªá ¬ ¯®áâ®ïëå Aijkl, Bijk, Cij , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬
(3.14).

�¥®à¥¬  3.9. �¥ áãé¥áâ¢ã¥â m-¬¥à®£® (m � 3) ¯á¥¢¤®à¨¬ ®¢  ¬®£®®¡à §¨ï (M; g), ¤®-
¯ãáª îé¥£® íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I2   ª®¬¯ ªâ®¥ ®à¨¥â¨à®¢ ®¥ à¨¬ ®¢®
¬®£®®¡à §¨¥ (M; g) ¥¯®«®¦¨â¥«ì®© á¥ªæ¨®®© ªà¨¢¨§ë, ª®â®à®¥ ¨¬¥¥â, ¯® ¬¥ìè¥© ¬¥à¥,
®¤ã â®çªã á® áâà®£® ®âà¨æ â¥«ì®© á¥ªæ¨®®© ªà¨¢¨§®© ¯® ¢á¥¬ ¤¢ã¬¥àë¬  ¯à ¢«¥¨ï¬.
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ª« áá  I1. �
íâ®¬ á«ãç ¥, ª ª íâ® ¡ë«® ¤®ª § ® ¢ëè¥,   (M; g) áãé¥áâ¢ã¥â ¯¥à¢ë© ª¢ ¤à â¨çë© ¨â¥-
£à « ãà ¢¥¨© £¥®¤¥§¨ç¥áª¨å, § ¤ ¢ ¥¬ë© â¥§®à®¬ g. �á«¨ ¬®£®®¡à §¨¥ (M; g) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î â¥®à¥¬ë, â® á®£« á® [19] â¥§®à g ¤®«¦¥ ¨¬¥âì ¢¨¤ g = �g ¤«ï � = const. �â® á®¢¬¥-
áâ¨¬® á âà¥¡®¢ ¨¥¬ íª¢¨®¡ê¥¬®áâ¨ ®â®¡à ¦¥¨ï â®«ìª® ¯à¨ � = 1. � íâ®¬ á«ãç ¥ ®â®¡à ¦¥¨¥
áâ ®¢¨âáï ¨§®¬¥âà¨¥©,   (M; g) | à¨¬ ®¢ë¬ ¬®£®®¡à §¨¥¬.

3.6. � ¦¤®¥ íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g)! (M; g) ª« áá  I3 å à ªâ¥à¨§ã¥âáï ãá«®-
¢¨¥¬ eT 2 I3(TM), ª®â®à®¥ ¢ «®ª «ìëå ª®®à¤¨ â å ¯à¨¨¬ ¥â ¢¨¤

Tkij =
1

n2 + n� 2
[(n+ 1)$kgij �$igkj �$jgki];

£¤¥ $k = gijTkij , ¨«¨ ¢¨¤ ¨¬ à ¢®á¨«ìëå à ¢¥áâ¢

T k
ij =

1
n2 + n� 2

[(n+ 1)$kgij �$i�
k
j �$j�

k
i ] (3.15)

¤«ï $k = gkj$j .
�¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® ¢ íâ®¬ á«ãç ¥ â¥§®à g ¤«ï à¨¬ ®¢  ¬®£®®¡à §¨ï ï¢«ï-

¥âáï ª®ä®à¬® ª¨««¨£®¢ë¬ ¨ ®¡®¡é¥® ª®¤ ææ¥¢ë¬ ®¤®¢à¥¬¥®. �  íâ®¬ ®á®¢ ¨¨ ¬®¦-
® ¯à®¤ã¡«¨à®¢ âì «î¡ãî ¨§ â¥®à¥¬ 3.5 ¨«¨ 3.6.

�«ï â®£® çâ®¡ë ¥é¥ ª ª-â® ®å à ªâ¥à¨§®¢ âì ¯®¤®¡®£® ¢¨¤  íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥,
 ¯®¬¨¬ ¥ª®â®àë¥ ¯®ïâ¨ï. � áá¬®âà¨¬ £« ¤ªãî ªà¨¢ãî  � M ¨ ®¡®§ ç¨¬ ç¥à¥§ _ ¥¥
ª á â¥«ì®¥ ¢¥ªâ®à®¥ ¯®«¥. �à¨¢ ï  � M  §ë¢ ¥âáï áã¡¯«  à®© [20], ¥á«¨ ¤«ï ª ¦¤®©
â®çª¨ x 2  ¥¥ ª á â¥«ìë© ¢¥ªâ®à _x ¯à¨ ¯ à ««¥«ì®¬ ¯¥à¥¥á¥¨¨ ¥£® ¢¤®«ì ªà¨¢®© ¢ â®çªã
ªà¨¢®© x0 = x+dx ®ª ¦¥âáï ¢ 2-¬¥à®¬ ¯®¤¯à®áâà áâ¢¥ ¨§ Tx0M ,  âïãâ®¬   _x0 ¨ ¥ª®â®àë©
¢¥ªâ®à �x0 , â. ¥. (r _ _)x0 = �(x0) _x0 + �(x0)�x0 ¤«ï £« ¤ª¨å äãªæ¨© � ¨ �, § ¤ ëå ¢ â®çª å
ªà¨¢®©  � M . �ã¡¯«  àë¥ ªà¨¢ë¥ ®¡®¡é îâ £¥®¤¥§¨ç¥áª¨¥,   «¨â¨ç¥áª¨ ¯«  àë¥ ¨
ª¢ §¨£¥®¤¥§¨ç¥áª¨¥ ªà¨¢ë¥ ( ¯à., [21], [22]).

�¨ää¥®¬®àä®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g)  §ë¢ îâ áã¡£¥®¤¥§¨ç¥áª¨¬ [23], ¥á«¨
«î¡ ï áã¡¯«  à ï ªà¨¢ ï ¨§ (M; g) ¯à¨ â ª®¬ ®â®¡à ¦¥¨¨ ¯¥à¥©¤¥â ¢ áã¡¯«  àãî ªà¨¢ãî
¨§ (M; g). �â® ¢®§¬®¦® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ®¡é¥© ¯® ®â®¡à ¦¥¨î á¨áâ¥¬¥ ª®®à¤¨ â
x1; : : : ; xn ¢ë¯®«ïîâáï à ¢¥áâ¢  [23]

�kij = �kij + �ki 'j + �kj 'i + �kaij (3.16)

¤«ï ¥ª®â®à®£® ª®¢¥ªâ®à®£® ¯®«ï ' á «®ª «ìë¬¨ ª®¬¯®¥â ¬¨ 'i ¨ á¨¬¬¥âà¨ç¥áª®£® â¥§®à-
®£® ¯®«ï a á «®ª «ìë¬¨ ª®¬¯®¥â ¬¨ aij . �à ¢¨¢ ï (3.15) ¨ (3.16), § ª«îç ¥¬, çâ® íª¢¨-
®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I3 ï¢«ï¥âáï áã¡£¥®¤¥§¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬.

�®«¥¥ â®£®, íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ª« áá  I3 ¯¥à¥¢®¤¨â ¨§®âà®¯-
ë¥ £¥®¤¥§¨ç¥áª¨¥ ¨§ (M; g) ¢ £¥®¤¥§¨ç¥áª¨¥ ¨§ (M; g), â. ¥. ¢ ®¡é¥© ¯® ®â®¡à ¦¥¨î á¨áâ¥¬¥
ª®®à¤¨ â ¨§ ãá«®¢¨© r _ _ = � _ ¨ g( _; _) = 0 á ¥®¡å®¤¨¬®áâìî á«¥¤ã¥â r _ _ = � _. �¥©áâ¢¨-
â¥«ì®, ¤«ï ¯à®¨§¢®«ì®© ¨§®âà®¯®© £¥®¤¥§¨ç¥áª®©  � M á ãç¥â®¬ à ¢¥áâ¢ (3.15) ¨¬¥¥¬
r _ _ = (�� 2

n2+n�2
$( _)) _.

�¥®à¥¬  3.10. �ª¢¨®¡ê¥¬®¥ ª« áá  I3 ®â®¡à ¦¥¨¥ f : (M; g) ! (M; g) ï¢«ï¥âáï áã¡-
£¥®¤¥§¨ç¥áª¨¬ ®â®¡à ¦¥¨¥¬, ¯¥à¥¢®¤ïé¨¬ ¨§®âà®¯ë¥ £¥®¤¥§¨ç¥áª¨¥ ¬®£®®¡à §¨ï (M; g) ¢
£¥®¤¥§¨ç¥áª¨¥ ¬®£®®¡à §¨ï (M; g).

� [23] ¤«ï á«ãç ï �
k

ij = �kij+�
k
i 'j+�

k
j'i+�

kgij ãª § ë ª ®¨ç¥áª¨¥ ¢¨¤ë, ª ª®â®àë¬ ¬®¦®
¯à¨¢¥áâ¨ ¬¥âà¨ç¥áª¨¥ ä®à¬ë ds2 = gijdx

i 
 dxj ¨ ds2 = gijdx
i 
 dxj à¨¬ ®¢ëå ¬®£®®¡à §¨©

(M; g) ¨ (M; g) ¯à¨ ãá«®¢¨¨, çâ® áà¥¤¨ ª®à¥© ãà ¢¥¨ï det(gij � r2gij) = 0 ¨¬¥îâáï à §«¨çë¥.
� ª, ¢ ç áâ®áâ¨, ¥á«¨   ®âªàëâ®¬ ¢áî¤ã ¯«®â®¬ ¯®¤¬®¦¥áâ¢¥ Mg ¢ M ç¨á«® à §«¨çëå
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á®¡áâ¢¥ëå § ç¥¨© ®¯¥à â®à  G «®ª «ì® ¯®áâ®ï® ¨ à ¢® n, â® ¬¥âà¨ç¥áª¨¥ ä®à¬ë ¬®-
£®®¡à §¨© (M; g) ¨ (M; g) ¢ ®¡é¥© ¯® ®â®è¥¨î ª ¤ ®¬ã ®â®¡à ¦¥¨î f : (M; g) ! (M; g)
á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â x1; : : : ; xn ¯à¨¢®¤ïâáï ª ¢¨¤ã

ds2 = e2�(x
1;:::;xn)fa1(x1)z0(x1)(dx1)2 + � � �+ an(x

n)z0(xn)(dxn)2g;
ds2 = (x1 : : : xn)�1f[a1(x1)z0(x1)=(x1)](dx1)2 + � � �+ [an(xn)z0(xn)=(xn)](dxn)2g;

£¤¥ �i = @i�, (n + 1)'i + �i = 2�1@i(ln(det g=det g)) ¨ z(x) = (x� x1) : : : (x� xn). � ¨â®£¥ ¡ã¤¥â
á¯à ¢¥¤«¨¢ë¬

�«¥¤áâ¢¨¥ 3.4. �ãáâì f : (M; g)! (M; g) | íª¢¨®¡ê¥¬®¥ ®â®¡à ¦¥¨¥ ª« áá  I3 à¨¬ ®¢ 
¬®£®®¡à §¨ï (M; g)   à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g) ¨ â¥§®à g   á¢ï§®© ª®¬¯®¥â¥ ¬®-
¦¥áâ¢  Mg �M ®¡« ¤ ¥â n à §«¨çë¬¨ á®¡áâ¢¥ë¬¨ äãªæ¨ï¬¨. �®£¤  ¬¥âà¨ç¥áª¨¥ ä®à¬ë
ds2 = gijdx

i
dxj ¨ ds2 = gijdx
i
dxj ¤ ëå ¬®£®®¡à §¨© ¢ ®¡é¥© ¯® ®â®è¥¨î ª ®â®¡à ¦¥¨î

f : (M; g)! (M; g) á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â x1; : : : ; xn ¯à¨¢®¤ïâáï ª ¢¨¤ã

ds2 = e2$(x1;:::;xn)fa1(x1)z0(x1)(dx1)2 + � � � + an(x
n)z0(xn)(dxn)2g;

ds2 = (x1 : : : xn)�1f[a1(x1)z0(x1)=(x1)](dx1)2 + � � � + [an(x
n)z0(xn)=(xn)](dxn)2g

¤«ï @i$ = [2(n+ 2)]�1@i(ln(det g=det g)) ¨ z(x) = (x� x1) : : : (x� xn).

3.7. �®á«¥¤¨© á¥¤ì¬®© ª« áá íª¢¨®¡ê¥¬ëå ®â®¡à ¦¥¨© å à ªâ¥à¨§ã¥âáï ãá«®¢¨¥¬ T = 0,
ª®â®à®¥ ®§ ç ¥â, çâ® ¢ ®¡é¥© ¯® ®â®¡à ¦¥¨î f : (M; g)! (M; g) á¨áâ¥¬¥ «®ª «ìëå ª®®à¤¨ â

x1; : : : ; xn ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å à ¢ë á¨¬¢®«ë �à¨áâ®ää¥«ï �kij ¨ �
k

ij á¢ï§®áâ¥© �¥¢¨-
�¨¢¨â  r ¨ r ¬®£®®¡à §¨© (M; g) ¨ (M; g) á®®â¢¥âáâ¢¥®. � ª®¥ ®â®¡à ¦¥¨¥ ®á¨â  §¢ ¨¥
 ää¨®£® ( ¯à., [5], áá. 47{48, 67). �§ à ¢¥áâ¢ (1.3) ¢ á«ãç ¥  ää¨®£® ®â®¡à ¦¥¨ï ¢ë¢®¤¨¬
rg = 0.

�à¥¤¯®«®¦¨¬, çâ® ¬®£®®¡à §¨¥ (M; g) à¨¬ ®¢®. �®£¤  ¨§ à ¢¥áâ¢  rg = 0   ®á®¢ ¨¨
â¥®à¥¬ë �.�.�¨à®ª®¢  [24] ¤¥« ¥¬ ¢ë¢®¤, çâ® ¬®£®®¡à §¨¥ (M; g) «®ª «ì® ï¢«ï¥âáï à¨¬ ®-
¢ë¬ ¯à®¨§¢¥¤¥¨¥¬ ¬®£®®¡à §¨© (M1; g1); : : : ; (Mq; gq), £¤¥ q | ç¨á«® à §«¨çëå á®¡áâ¢¥ëå
§ ç¥¨© â¥§®à  g. �á«¨ ¦¥ ¬®£®®¡à §¨¥ (M; g) ¥ ï¢«ï¥âáï «®ª «ìë¬ ¯à®¨§¢¥¤¥¨¥¬ à¨¬ -
®¢ëå ¬®£®®¡à §¨©, â® g = Cg ¤«ï ¥ª®â®à®© ¯®áâ®ï®© C > 0, çâ® á®¢¬¥áâ¨¬® á âà¥¡®¢ ¨¥¬
íª¢¨®¡ê¥¬®áâ¨ ®â®¡à ¦¥¨ï â®«ìª® ¤«ï á«ãç ï C = 1. �®£¤  f : (M; g)! (M; g) | ¨§®¬¥âà¨ï
¨ (M; g) | à¨¬ ®¢® ¬®£®®¡à §¨¥.
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