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�¢¥¤¥¨¥. � §àë¢ë¥ ¥«¨¥©®áâ¨ ¢ ¨â¥£à «ìëå ¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨ïå ç -
áâ® ¢®§¨ª îâ ª ª ¨¤¥ «¨§ æ¨¨ ¥¯à¥àë¢ëå ¥«¨¥©®áâ¥©, ¨¬¥îé¨å ãç áâª¨ ¡ëáâà®£® à®áâ 
¯® ä §®¢®© ¯¥à¥¬¥®©. �à¨ íâ®¬ ã¤®¡® áç¨â âì, çâ® ¥¯à¥àë¢ë¥ ¥«¨¥©®áâ¨ § ¢¨áïâ ®â
¬ «®£® ¯ à ¬¥âà  " ¨ ¢ ¯à¥¤¥«¥ ¯à¨ " ! 0 ¯®«ãç ¥âáï à §àë¢ ï ¥«¨¥©®áâì. �áâ¥áâ¢¥-
ë¬ ï¢«ï¥âáï ¢®¯à®á ® ¡«¨§®áâ¨ à¥è¥¨©  ¯¯à®ªá¨¬¨àãîé¥£® ãà ¢¥¨ï ¨ ¯à¥¤¥«ì®© § ¤ ç¨.
�  ¥®¡å®¤¨¬®áâì ¨áá«¥¤®¢ ¨© ¢ íâ®¬  ¯à ¢«¥¨¨ ãª § ® ¢ [1]. �  ï ¯à®¡«¥¬  ¤«ï í««¨-
¯â¨ç¥áª¨å ªà ¥¢ëå § ¤ ç á à §àë¢ë¬¨ ¥«¨¥©®áâï¬¨ ¨§ãç « áì ¢ [2] ¢ ¯à¥¤¯®«®¦¥¨¨, çâ®
¥«¨¥©®áâì, ¢å®¤ïé ï ¢ ãà ¢¥¨¥, ®£à ¨ç¥ ,   ¤¨ää¥à¥æ¨ «ì ï ç áâì ¢¬¥áâ¥ á £à ¨ç-
ë¬ ãá«®¢¨¥¬ ¯®à®¦¤ ¥â ª®íàæ¨â¨¢ë© ®¯¥à â®à.

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï à¥§® áë¥ í««¨¯â¨ç¥áª¨¥ ªà ¥¢ë¥ § ¤ ç¨ á® á¯¥ªâà «ì-
ë¬ ¯ à ¬¥âà®¬ ¨ ®£à ¨ç¥®© à §àë¢®© ¥«¨¥©®áâìî. �¥§® á®áâì ªà ¥¢®© § ¤ ç¨ ®§ -
ç ¥â, çâ® ï¤à® ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  á á®®â¢¥âáâ¢ãîé¨¬ ªà ¥¢ë¬ ãá«®¢¨¥¬ ¥ã«¥¢®¥.
� [3] ¢ à¨ æ¨®ë¬ ¬¥â®¤®¬ ¯®«ãç¥ë ¯à¥¤«®¦¥¨ï ® áãé¥áâ¢®¢ ¨¨ «ãç  ¯®«®¦¨â¥«ìëå
á®¡áâ¢¥ëå § ç¥¨© ¤«ï â ª¨å § ¤ ç. �¯¯à®ªá¨¬¨àãîé ï § ¤ ç  ¯®«ãç ¥âáï ¨§ ¨áå®¤®©
¬ «ë¬¨ ¢®§¬ãé¥¨ï¬¨ á¯¥ªâà «ì®£® ¯ à ¬¥âà  ¨ ¥¯à¥àë¢ë¬¨ ¯® ä §®¢®© ¯¥à¥¬¥®©  ¯-
¯à®ªá¨¬ æ¨ï¬¨ à §àë¢®© ¥«¨¥©®áâ¨. �¥«ì ¤ ®© à ¡®âë { ãáâ ®¢¨âì ¯à¨ ®¯à¥¤¥«¥ëå
ãá«®¢¨ïå áå®¤¨¬®áâì à¥è¥¨©  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ç ª à¥è¥¨ï¬ ¨áå®¤®©.

1. �®áâ ®¢ª  § ¤ ç¨. �ãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ Rn c £à ¨æ¥© � ª« áá  C2;�,
0 < � � 1 ([4], á. 23), £¨¯¥à¯®¢¥àå®áâ¨

Si = f(x; u) 2 Rn+1 : u = 'i(x); x 2 
g;

'i 2 W2
q(
), q > n, i = 1;m, ¯®¯ à® ¥ ¯¥à¥á¥ª îâáï. �«ï ®¯à¥¤¥«¥®áâ¨ áç¨â ¥âáï, çâ®

'i(x) < 'i+1(x) ¤«ï «î¡®£® x 2 
 ¨ i = 1;m� 1. � ª ª ª q > n, â® 'i(x) 2 C1(
) ([5], á. 74).
�âáî¤  ¨ ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ d > 0 â ª®£®, çâ® ¤«ï «î¡®£® x 2 

®âà¥§ª¨ ['i(x)� d; 'i(x) + d], i = 1;m, ¯®¯ à® ¥ ¯¥à¥á¥ª îâáï.

�®¢¥àå®áâ¨ Si, i = 1;m, à §¡¨¢ îâ ®¡« áâì D = 
�R   ¥¯¥à¥á¥ª îé¨¥áï ¯®¤®¡« áâ¨

D0 = f(x; u) 2 D : u < '1(x)g;

Di = f(x; u) 2 D : 'i(x) < u < 'i+1(x)g; i = 1;m� 1;

Dm = f(x; u) 2 D : u > 'm(x)g:

�  Di § ¤ ë ª à â¥®¤®à¨¥¢ë äãªæ¨¨ ([6], á. 148) gi(x; u) â ª¨¥, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 


jgi(x; u)j � a(x) 8u; (x; u) 2 Di; (1)

£¤¥ a 2 Lq(
), q > n, i = 0;m.
�ãªæ¨ï g : D ! R áã¯¥à¯®§¨æ¨®® ¨§¬¥à¨¬  ([6], á. 149) ¨   Di á®¢¯ ¤ ¥â á gi(x; u),

¯à¨ç¥¬ ¤«ï ¯®çâ¨ ¢á¥å x 2 
, ¥á«¨ (x; u) 2 Si, â® g(x; u) ¯à¨ ¤«¥¦¨â ®âà¥§ªã á ª®æ ¬¨
gi�1(x; u) ¨ gi(x; u). �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¢¥à® à ¢¥áâ¢®

g(x; 0) = 0 (2)
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¨

gi(x; u) � gi�1(x; u); (3)

¥á«¨ (x; u) 2 Si.
�¨ªá¨àã¥¬ ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå ç¨á¥« (�k), áå®¤ïéãîáï ª ã«î ¨ ®£à ¨-

ç¥ãî á¢¥àåã ®¯à¥¤¥«¥ë¬ ¢ëè¥ ç¨á«®¬ d.
�¥«¨¥©®áâì g(x; u)  ¯¯à®ªá¨¬¨àã¥âáï ¯®á«¥¤®¢ â¥«ì®áâìî ª à â¥®¤®à¨¥¢ëå äãªæ¨©

(gk(x; u)) â ª¨å, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 


(i) gk(x; u) = g(x; u), ¥á«¨ j'i(x)� uj > �k ¤«ï «î¡®£® i = 1;m;
(ii)

jgk(x; u)j � a(x) 8u 2 R; (4)

£¤¥ äãªæ¨ï a ¨§ ®æ¥ª¨ (1).

�áå®¤ ï ªà ¥¢ ï § ¤ ç  á ¯ à ¬¥âà®¬ � ¨¬¥¥â ¢¨¤

Lu(x) = �g(x; u(x)); x 2 
; (5)

Buj� = 0; (6)

£¤¥ Lu(x) � �
nP

i;j=1
(aij(x)uxi)xj + c(x)u(x) | à ¢®¬¥à® í««¨¯â¨ç¥áª¨© ä®à¬ «ì® á ¬®á®¯àï-

¦¥ë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à ¢ ®¡« áâ¨ 
 á ª®íää¨æ¨¥â ¬¨ aij 2 C1;�(
), c 2 C0;�(
),
0 < � � 1 ([4], á. 21). �à¨ íâ®¬ (6) | ®¤® ¨§ á«¥¤ãîé¨å ®á®¢ëå £à ¨çëå ãá«®¢¨©: �¨à¨å«¥,

¥á«¨ Bu � u; �¥©¬  , ¥á«¨ Bu = @u
@nL

�
nP

i;j=1
aij(x)uxi cos(n; xj), n| ¢¥èïï ®à¬ «ì ª £à ¨æ¥

�, cos(n; xj) |  ¯à ¢«ïîé¨¥ ª®á¨ãáë ®à¬ «¨ n; âà¥âì¥ ªà ¥¢®¥, ¥á«¨ Bu = @u
@nL

+ �(x)u(x) c
� 2 C1;�(�), ¥®âà¨æ â¥«ì®© ¨ ¥ à ¢®© â®¦¤¥áâ¢¥® ã«î   �.

�¯à¥¤¥«¥¨¥ 1.1. �¨«ìë¬ à¥è¥¨¥¬ § ¤ ç¨ (5){(6)  §ë¢ ¥âáï äãªæ¨ï u 2W2
s(
), s>1,

ª®â®à ï ã¤®¢«¥â¢®àï¥â ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ãà ¢¥¨î (5) ¨ ¤«ï ª®â®à®© á«¥¤ Bu(x)   � à ¢¥
ã«î.

�¯à¥¤¥«¥¨¥ 1.2 ([7]). �¨«ì®¥ à¥è¥¨¥ u(x) § ¤ ç¨ (5){(6)  §ë¢ ¥âáï ¯®«ã¯à ¢¨«ìë¬,
¥á«¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 
 § ç¥¨¥ u(x) ï¢«ï¥âáï â®çª®© ¥¯à¥àë¢®áâ¨ äãªæ¨¨ g(x; �).

�¯à¥¤¥«¥¨¥ 1.3. �¨á«® �  §ë¢ ¥âáï á®¡áâ¢¥ë¬ § ç¥¨¥¬ § ¤ ç¨ (5){(6), ¥á«¨ áã-
é¥áâ¢ã¥â ¥ã«¥¢®¥ á¨«ì®¥ à¥è¥¨¥ u(x) íâ®© § ¤ ç¨. �à¨ íâ®¬ u(x)  §ë¢ îâ á®¡áâ¢¥®©

äãªæ¨¥©, á®®â¢¥âáâ¢ãîé¥© �.

�¯à¥¤¥«¥¨¥ 1.4. �ãáâì f : R! R. � §®¢¥¬ u 2 R ¯àë£ îé¨¬ à §àë¢®¬ äãªæ¨¨ f , ¥á«¨
f(u�) < f(u+), £¤¥ f(u�) = lim

s!u�
f(s).

� á¨«ã à ¢¥áâ¢  (2) äãªæ¨ï, ¯®çâ¨ ¢áî¤ã   
 à ¢ ï ã«î, ï¢«ï¥âáï á¨«ìë¬ à¥è¥¨¥¬
§ ¤ ç¨ (5){(6).

� ¬¥â¨¬, çâ® ¨§ ¥à ¢¥áâ¢  (3) á«¥¤ã¥â, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 â®çª¨ à §àë¢  äãªæ¨¨
g(x; �) ¯àë£ îé¨¥.

�ãáâì X = H1
0(
), ¥á«¨ (6) | £à ¨ç®¥ ãá«®¢¨¥ �¨à¨å«¥, ¨ X = H1(
), ¥á«¨ (6) | £à ¨ç-

®¥ ãá«®¢¨¥ �¥©¬   ¨«¨ âà¥âì¥ ªà ¥¢®¥ ãá«®¢¨¥.
�®¯®áâ ¢¨¬ ªà ¥¢®© § ¤ ç¥ (5){(6) äãªæ¨® « J�, ®¯à¥¤¥«¥ë©   X á«¥¤ãîé¨¬ ®¡à §®¬:

J�(u) = J1(u)� �

Z



dx

Z u(x)

0

g(x; s)ds;

£¤¥

J1(u) =
1
2

nX
i;j=1

Z


aij(x)uxiuxjdx+

1
2

Z


c(x)u2(x)dx
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¢ á«ãç ¥ £à ¨ç®£® ãá«®¢¨ï �¨à¨å«¥ ¨«¨ �¥©¬  ;

J1(u) =
1
2

nX
i;j=1

Z


aij(x)uxiuxjdx+

1
2

Z


c(x)u2(x)dx+

1
2

Z
�
�(s)u2(s)ds

¢ á«ãç ¥ âà¥âì¥£® ªà ¥¢®£® ãá«®¢¨ï.
�à¥¤¯®« £ ¥âáï, çâ®

(iii) «¨¥©®¥ ¯à®áâà áâ¢® N(L) à¥è¥¨© § ¤ ç¨

Lu = 0; x 2 
; (7)

Buj� = 0 (8)

®¤®¬¥à® ¨  (x) | ¡ §¨á ï äãªæ¨ï íâ®£® ¯®¤¯à®áâà áâ¢ .

� ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥âáï á«¥¤ãîé¨© à¥§ã«ìâ â, ª®â®àë© ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ â¥-
®à¥¬ë 1.3 ¨§ [8].

�¥®à¥¬  1.1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï

1) J1(u) � 0 8u 2 X;
2) äãªæ¨ï g : 
�R! R ¡®à¥«¥¢  (mod 0) ([6], á. 166), ¤«ï ¯®çâ¨ ¢á¥å x 2 
 á¥ç¥¨¥ g(x; �)

¨¬¥¥â à §àë¢ë â®«ìª® ¯¥à¢®£® à®¤ , g(x; u) 2 [g�(x; u); g+(x; u)], g�(x; u) = lim
�!u

g(x; �),

g+(x; u) = lim
�!u

g(x; �) ¨ ¢¥à  ®æ¥ª  jg(x; u)j � a(x) 8u 2 R, a 2 Lq(
), q > n;

3) «¨¥©®¥ ¯à®áâà áâ¢® N(L) à¥è¥¨© § ¤ ç¨ (7){(8) ¥ã«¥¢®¥, � > 0 ¨

lim
u2N(L); kuk!+1

Z



dx

Z u(x)

0

g(x; s)ds = �1:

�®£¤  áãé¥áâ¢ã¥â u0 2 X, ¤«ï ª®â®à®£®

J�(u0) = inf
v2X

J�(v) � d�; (9)

¯à¨ç¥¬ «î¡®¥ â ª®¥ u0 ¯à¨ ¤«¥¦¨â W2
q(
) ¨ ã¤®¢«¥â¢®àï¥â £à ¨ç®¬ã ãá«®¢¨î (6). �á«¨

¤®¯®«¨â¥«ì® ¯à¥¤¯®«®¦¨âì, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 äãªæ¨ï g(x; �) ¨¬¥¥â â®«ìª® ¯àë£ -

îé¨¥ à §àë¢ë, â® «î¡®¥ u0, ã¤®¢«¥â¢®àïîé¥¥ (9), ï¢«ï¥âáï ¯®«ã¯à ¢¨«ìë¬ à¥è¥¨¥¬ § ¤ ç¨

(5){(6).

� [3] ¯®ª § ®, çâ® ¥á«¨ ¤®¯®«¨â¥«ì® ª ãá«®¢¨ï¬ 1){3) â¥®à¥¬ë 1.1 g(x; 0) = 0 ¤«ï ¯®çâ¨
¢á¥å x 2 


(iv) áãé¥áâ¢ã¥â bu 2 X, ¤«ï ª®â®à®£®
Z



dx

Z bu(x)
0

g(x; s)ds > 0;

â®  ©¤¥âáï â ª®¥ �0 > 0, çâ® ¤«ï «î¡®£® � > �0 ç¨á«® d� ¢ (9) ®âà¨æ â¥«ì®, ¯®íâ®¬ã u0 ¢
à ¢¥áâ¢¥ (9) ®â«¨ç® ®â ã«¥¢®£® í«¥¬¥â  X.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ãá«®¢¨¥ (iv) ¢ë¯®«¥®. �à®¬¥ â®£®, ¯ãáâì ¤«ï ¡ §¨á®© äãªæ¨¨
 ¯à®áâà áâ¢  N(L) ¢¥àë ¥à ¢¥áâ¢  (ãá«®¢¨ï � ¤¥á¬  {� §¥à )Z

 <0

g+(x) (x)dx +
Z
 >0

g�(x) (x)dx > 0 >
Z
 >0

g+(x) (x)dx +
Z
 <0

g�(x) (x)dx; (10)

£¤¥ g+(x) = lim
u!+1

g(x; u), g�(x) = lim
u!�1

g(x; u) (¯à¥¤¯®« £ ¥âáï, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¤ ë¥

¯à¥¤¥«ë áãé¥áâ¢ãîâ). � ª ¯®ª § ® ¢ [8], ãá«®¢¨ï � ¤¥á¬  {� §¥à  ¢«¥ªãâ à ¢¥áâ¢®

lim
u2N(L); kuk!+1

Z



dx

Z u(x)

0

g(x; s)ds = �1: (11)
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�á«¨ ¤®¯®«¨â¥«ì® ¯®âà¥¡®¢ âì ¥®âà¨æ â¥«ì®áâì J1(u)   X, â® ¨§ â¥®à¥¬ë 1.1 ¨ § ¬¥ç -
¨ï ª ¥© ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ®â®á¨â¥«ì® § ¤ ç¨ (5){(6) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥
�0 > 0 â ª®£®, çâ® ¯à¨ � > �0 inf

v2X
J�(v) = d� < 0 ¨  ©¤¥âáï u 2 X, ¤«ï ª®â®à®£® J�(u) = d�,

¯à¨ç¥¬ «î¡®¥ â ª®¥ u ¯à¨ ¤«¥¦¨â W2
q(
) ¨ ï¢«ï¥âáï ¥ã«¥¢ë¬ ¯®«ã¯à ¢¨«ìë¬ à¥è¥¨¥¬

§ ¤ ç¨ (5){(6).
� ä¨ªá¨àã¥¬ � > �0 ¨ ¯ãáâì ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì®áâì (�k), �k > 0, áå®¤¨âáï ª �. � á-

á¬®âà¨¬  ¯¯à®ªá¨¬¨àãîéãî § ¤ çã

Lu(x) = �kg
k(x; u(x)); x 2 
; (12)

Buj� = 0; (13)

£¤¥  ¯¯à®ªá¨¬¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì ª à â¥®¤®à¨¥¢ëå äãªæ¨© (gk(x; u)) ®¯à¥¤¥«¥  ¢ë-
è¥.

�®«®¦¨¬

Jk(u) = J1(u)� �k

Z



dx

Z u(x)

0

gk(x; s)ds; N 3 k � 2:

�® ¯®áâà®¥¨î gk(x; u) ª à â¥®¤®à¨¥¢  ¨ ¤«ï ¥¥ ¯à¨ ¯®çâ¨ ¢á¥å x 2 
 ¢¥à  ®æ¥ª  (4) á
äãªæ¨¥© a ¨§ ®æ¥ª¨ (1).

�®ª ¦¥¬, çâ® (11) ¤«ï «î¡®£® k � 2 ¢«¥ç¥â à ¢¥áâ¢®

lim
u2N(L); kuk!+1

Z



dx

Z u(x)

0

gk(x; s)ds = �1: (14)

�¥©áâ¢¨â¥«ì®, ¤«ï ¯à®¨§¢®«ì®£® u 2 X

����
Z



dx

u(x)Z
0

gk(x; s)ds�
Z



dx

u(x)Z
0

g(x; s)ds
���� �

�
mX
i=1

Z



dx

'i(x)+�kZ
'i(x)��k

jgk(x; s)� g(x; s)jds �

�
mX
i=1

Z



dx

'i(x)+�kZ
'i(x)��k

2a(x)ds = 4m�k

Z


a(x)dx:

�  ï ®æ¥ª  ¢¥à  ¤«ï «î¡®£® u 2 N(L). �®íâ®¬ã ¨§ (11) á«¥¤ã¥â (14), ¯®áª®«ìªã ¤«ï «î¡®£®
u 2 N(L)Z




dx

Z u(x)

0

gk(x; s)ds =
Z



dx

Z u(x)

0

g(x; s)ds +
Z



dx

Z u(x)

0

(gk(x; s)� g(x; s))ds �

�

Z


dx

Z u(x)

0
g(x; s)ds+ 4m�k

Z


a(x)dx:

�§ â¥®à¥¬ë 1.1 á«¥¤ã¥â, çâ® ¤«ï «î¡®£®  âãà «ì®£® k � 2 áãé¥áâ¢ã¥â â ª®¥ uk 2 X, çâ®
Jk(uk) = inf

v2X
Jk(v) ¨ uk ï¢«ï¥âáï á¨«ìë¬ à¥è¥¨¥¬ § ¤ ç¨ (12){(13).

� áá¬ âà¨¢ ¥âáï ¯à®¡«¥¬  ® ¡«¨§®áâ¨ à¥è¥¨©  ¯¯à®ªá¨¬¨àãîé¥© § ¤ ç¨ uk ª à¥è¥¨ï¬
¨áå®¤®© § ¤ ç¨ (5){(6).

2. �®à¬ã«¨à®¢ª  ¨ ¤®ª § â¥«ìáâ¢® ®á®¢®£® à¥§ã«ìâ â 

�¥®à¥¬  2.1. �à¥¤¯®«®¦¨¬, çâ®

1) J1(u) � 0 8u 2 X;
2) ¢ë¯®«¥ë ®æ¥ª  (1), à ¢¥áâ¢® (2), ¥à ¢¥áâ¢® (3), ®æ¥ª  (4), ãá«®¢¨ï (iii), (iv) ¨

(10).
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�®£¤  ¯®á«¥¤®¢ â¥«ì®áâì (uk) à¥è¥¨©  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ç, ¯®áâà®¥ ï ¢ëè¥, á®-

¤¥à¦¨â ¯®¤¯®á«¥¤®¢ â¥«ì®áâì (ukl), áå®¤ïéãîáï ¢ C1(
) ª ¯®«ã¯à ¢¨«ì®¬ã à¥è¥¨î u0 § -
¤ ç¨ (5){(6), ¤«ï ª®â®à®£® J�(u0) = inf

v2X
J�(v). �á«¨ ¯®á«¥¤¨© ¨ä¨¬ã¬ ¤®áâ¨£ ¥âáï ¢ ¥¤¨-

áâ¢¥®© â®çª¥ u0, â® uk ! u0 ¢ C1(
).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì (uk) ®£à ¨ç¥  ¢ C1(
). �®¯ãáâ¨¬
¯à®â¨¢®¥. �®£¤  áãé¥áâ¢ã¥â â ª ï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì (ukl) ¯®á«¥¤®¢ â¥«ì®áâ¨ (uk), çâ®
kuklkC1(
)

! +1. �®«®¦¨¬ vl = ukl=kuklkC1(
)
. � ª ª ª ukl | á¨«ì®¥ à¥è¥¨¥ § ¤ ç¨ (12){(13),

â®

�
nX

i;j=1

(aij(x)(vl)xi)xj = �c(x)vl(x) +
�klg

kl(x; ukl(x))
kuklkC1(
)

; (15)

Bvlj� = 0: (16)

� ª ª ª kvlkC1(
)
= 1, â® kvlkLq(
) � (mes
)1=q 8l 2 N,  

k�klg
kl(x; ukl)kLq(
)
kuklkC1(
)

�
�klkakLq(
)
kuklkC1(
)

: (17)

�âáî¤  á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®© ¯®áâ®ï®©M > 0, çâ® ®à¬  ¯à ¢®© ç áâ¨ ¢ Lq(
) (q > n)
à ¢¥áâ¢  (15) ¥ ¯à¥¢®áå®¤¨â M . � ª ¯®ª § ® ¢ ([9], á. 133), ¯®á«¥¤¥¥ ¢«¥ç¥â ®£à ¨ç¥®áâì
¢ W2

q(
) ¯®á«¥¤®¢ â¥«ì®áâ¨ (vl). �§ à¥ä«¥ªá¨¢®áâ¨ W2
q(
) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¯®¤¯®á«¥-

¤®¢ â¥«ì®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ (vl), á« ¡® áå®¤ïé¥©áï ª ¥ª®â®à®¬ã v ¢ W2
q(
). �ã¤¥¬ ®¡®-

§ ç âì ¥¥ ª ª á ¬ã ¯®á«¥¤®¢ â¥«ì®áâì (vl). � ª ª ª q > n, â®W2
q(
) ª®¬¯ ªâ® ¢ª« ¤ë¢ ¥âáï

¢ C1(
) ([5], á. 103). �®íâ®¬ã vl ! v ¢ C1(
), ¨, § ç¨â, Bvj� = 0 (¢ á¨«ã (16)). �§ á« ¡®©
áå®¤¨¬®áâ¨ vl ª v ¢ W2

q(
) ¨ ®æ¥ª¨ (17) á«¥¤ã¥âZ



Lv(x)z(x)dx = 0 8z 2 Lp(
); p�1 + q�1 = 1:

�âáî¤  ¢ëâ¥ª ¥â à ¢¥áâ¢® Lv ã«î ¯®çâ¨ ¢áî¤ã   
. � ª¨¬ ®¡à §®¬, v | ¥ã«¥¢®¥ à¥è¥¨¥
§ ¤ ç¨ (7){(8) (kvk

C1(
)
= 1).

�¬®¦¨¬ ®¡¥ ç áâ¨ (12)   v (¯à¨ k = kl ¨ u = ukl) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® 
. �®«ãç¨¬

0 =
Z


Luklv(x)dx=�kl =

Z


gkl(x; ukl(x))v(x)dx =

=
Z



(gkl(x; ukl(x))� g(x; ukl(x)))v(x)dx +
Z



g(x; ukl(x))v(x)dx =

=
Z
v(x)>0

Akl(x)v(x)dx +
Z
v(x)<0

Akl(x)v(x)dx +

+
Z
v(x)>0

g(x; kuklkC1(
)
vl(x))v(x)dx +

Z
v(x)<0

g(x; kuklkC1(
)
vl(x))v(x)dx; (18)

£¤¥ Akl jxj � gkl(x; kuklkC1(
)
vl(x)) � g(x; kuklkC1(
)

vl(x)).

� â®çª¥ x 2 
, £¤¥ v(x) > 0, kuklkC1(
)
vl(x) ! +1, â. ª. vl(x) ! v(x) ¢ C1(
) ¨

kuklkC1(
)
! +1. �®íâ®¬ã gkl(x; kuklkC1(
)

vl(x)) = g(x; kuklkC1(
)
vl(x)) ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å

kl ¤«ï â ª®£® x (¯® ¯®áâà®¥¨î gkl). �«¥¤®¢ â¥«ì®,

lim
l!1

Akl(x) = 0

  ¬®¦¥áâ¢¥ fx 2 
 : v(x) > 0g. �à®¬¥ â®£®,

Akl(x) � 2a(x):
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�®íâ®¬ã ¯® â¥®à¥¬¥ �¥¡¥£  ® ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¯®¤ § ª®¬ ¨â¥£à «  ¯®«ãç¨¬

lim
l!1

Z
v(x)>0

Akl(x)v(x)dx = 0:

� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®

lim
l!1

Z
v(x)<0

Akl(x)v(x)dx = 0:

� «¥¥, ¥á«¨ x â ª®¥, çâ® v(x) > 0, â® g(x; kuklkC1(
)
vl(x))! g+(x), â. ª. kuklkC1(
)

vl(x)! +1
(¯®áª®«ìªã vl(x)! v(x) > 0 ¨ kuklkC1(
)

! +1).
� «®£¨ç®, ¥á«¨ v(x) < 0, â® g(x; kuklkC1(
)

vl(x)) ! g�(x). �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ à ¢¥áâ¢¥
(18), ¯®«ãç¨¬

0 =
Z
v(x)>0

g+(x)v(x)dx +
Z
v(x)<0

g�(x)v(x)dx;

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (10).
�â ª, ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ (uk) ¢ C1(
) ãáâ ®¢«¥ .
� ª ®â¬¥ç «®áì ¢ëè¥, uk ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ ¬

�
nX

i;j=1

(aij(x)(uk)xi)xj = �c(x)uk(x) + �kg
k(x; uk(x)); x 2 
; (19)

Bukj� = 0:

� ª ª ª (uk) ®£à ¨ç¥  ¢ C1(
), â®  ©¤¥âáï â ª®¥ M > 0, çâ® ®à¬  ¯à ¢®© ç áâ¨ à ¢¥áâ¢ 
(19) ¢ Lq(
) (q > n) ¥ ¯à¥¢®áå®¤¨â M ¯à¨ «î¡®¬ k 2 N. �âáî¤  á«¥¤ã¥â ®£à ¨ç¥®áâì ¯®-
á«¥¤®¢ â¥«ì®áâ¨ (uk) ¢ W2

q(
) ([9], á. 133). � ª¨¬ ®¡à §®¬, ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ (uk) ¬®¦®
¢ë¤¥«¨âì á« ¡® áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì ¢W2

q(
) ª ¥ª®â®à®¬ã u0. �ã¤¥¬ ¥¥ ®¡®§ -
ç âì â ª ¦¥, ª ª á ¬ã ¯®á«¥¤®¢ â¥«ì®áâì (uk). � á¨«ã ª®¬¯ ªâ®áâ¨ ¢«®¦¥¨ïW2

q(
) ¢ C1(
)
(â. ª. q > n) ¯®«ãç ¥¬ á¨«ìãî áå®¤¨¬®áâì (uk) ª u0 ¢ C1(
). �âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â
à ¢¥áâ¢® Bu0j� = 0.

�®ª ¦¥¬, çâ® J�(u0) = inf
v2X

J�(v) = d�. � á¨«ã â¥®à¥¬ë 1.1 áãé¥áâ¢ã¥â bu0 2 X â ª®¥, çâ®

J�(bu0) = d�.
� ¬¥â¨¬, çâ® ¤«ï «î¡®£®  âãà «ì®£® l

jJl(ul)� J�(ul)j =
�����l
Z



dx

ul(x)Z
0

gl(x; s)ds� �

Z



dx

ul(x)Z
0

g(x; s)ds
���� �

� j�l � �j

Z



jul(x)ja(x)dx + j�j

����
Z



dx

ul(x)Z
0

(gl(x; s)� g(x; s))ds
���� �

� j�l � �j kulkLp(
)kakLq(
) + j�j
mX
i=1

Z



dx

'i(x)+�lZ
'i(x)��l

jgl(x; s)� g(x; s)jds �

� j�l � �j kulkLp(
)kakLq(
) + 4j�jm�l

Z



a(x)dx = bl; p�1 + q�1 = 1:

� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®

jJl(bu0)� J�(bu0)j � j�l � �j kbu0kLp(
)kakLq(
) + 4j�jm�l

Z



a(x)dx = bbl:
�®«®¦¨¬ l = maxfbl; bblg. � ª ª ª (ul) ®£à ¨ç¥  ¢ C1(
), â® l ! 0+.
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�®ª ¦¥¬, çâ® Jl(ul) ! d�. � á¨«ã ®æ¥®ª jJl(ul)� J�(ul)j � l ¨ jJl(bu0)� J�(bu0)j � l ¨¬¥¥¬
d��l � J�(ul)�l � Jl(ul) � Jl(bu0) � J�(bu0)+l = d�+l. � ª¨¬ ®¡à §®¬, d��l � Jl(ul) � d�+l,
çâ® ¢«¥ç¥â áå®¤¨¬®áâì Jl(ul) ª d�.

�ãªæ¨® « J� ¥¯à¥àë¢e   X, ¯®íâ®¬ã lim
l!1

J�(ul) = J�(u0), ¯®áª®«ìªã ul ! u0 ¢ X. �

¤àã£®© áâ®à®ë, lim
l!1

J�(ul) = lim
l!1

Jl(ul) = d�. � ª¨¬ ®¡à §®¬, J�(u0) = d�.

�®£« á® â¥®à¥¬¥ 1.1 u0 ï¢«ï¥âáï ¯®«ã¯à ¢¨«ìë¬ à¥è¥¨¥¬ § ¤ ç¨ (5){(6). �§ ¯à¨¢¥¤¥-
®£® ¢ëè¥ ¤®ª § â¥«ìáâ¢  ¢¨¤®, çâ® ¨§ «î¡®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ (uk)
á¨«ìëå à¥è¥¨©  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ç (12){(13) ¬®¦® ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì®áâì,
áå®¤ïéãîáï ¢ C1(
) ª ¥ª®â®à®¬ã u0 2 X, ¤«ï ª®â®à®£® ¢¥à® (9). �á«¨ í«¥¬¥â u0, ã¤®¢«¥-
â¢®àïîé¨© (9), ¥¤¨áâ¢¥ë©, â® ®âáî¤  áâ ¤ àâë¬ à ááã¦¤¥¨¥¬ ¯®«ãç ¥¬, çâ® á ¬  (uk)
áå®¤¨âáï ª u0 ¢ C1(
).
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