
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1998 ���������� ò 4 (431)

��� 517.927.25

�.�.�����

� ���������� �� ��������� �������� �������
���������������� ���������� ������� �������

� áá¬®âà¨¬ á¨áâ¥¬ã äãªæ¨© fuk(x)g1k=1, uk(x) 2 L
p(G), G = (0; 1), p � 1, ¨¬¥îéãî ¡¨®àâ®-

£® «ì® á®¯àï¦¥ãî ¢ Lp(G) á¨áâ¥¬ã. �«¥¤ãï �.�.�«ì¨ã [1], [2], ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬ 
äãªæ¨© fukg ®¡« ¤ ¥â á¢®©áâ¢®¬ ¡ §¨á®áâ¨ ¢ Lp, ¥á«¨ ¤«ï «î¡®© äãªæ¨¨ f(x) 2 Lp(G) (¡¨®à-
â®£® «ìë©) àï¤ �ãàì¥ íâ®© äãªæ¨¨ ¯® á¨áâ¥¬¥ fukg áå®¤¨âáï ª f(x) ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢ 
Lp   «î¡®¬ ª®¬¯ ªâ¥ K � G.

� à ¡®â¥ ¢ë¤¥«¥ ª« áá «¨¥©ëå ¥á ¬®á®¯àï¦¥ëå ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢, ¯®-
à®¦¤¥ëå ¤¨ää¥à¥æ¨ «ìë¬ ¢ëà ¦¥¨¥¬ ¢â®à®£® ¯®àï¤ª 

L1u = u00 + p1(x)u0 + q1(x)u; x 2 G; (1)

á ¥£« ¤ª¨¬ ª®íää¨æ¨¥â®¬ p1(x), ª®à¥¢ë¥ äãªæ¨¨ ª®â®àëå ®¡« ¤ îâ á¢®©áâ¢®¬ ¡ §¨á®áâ¨
¢ Lp, 1 < p < s, £¤¥ s | áâ¥¯¥ì áã¬¬¨àã¥¬®áâ¨ p1(x) (¯. 2). �  á¨áâ¥¬ë, ¡¨®àâ®£® «ì® á®¯àï-
¦¥ë¥ á á¨áâ¥¬ ¬¨ ª®à¥¢ëå äãªæ¨© ®¯¥à â®à®¢,  « £ îâáï ¬¨¨¬ «ìë¥ âà¥¡®¢ ¨ï. �®-
¯ãáª ¥âáï á«ãç © áãé¥áâ¢¥® ¥á ¬®á®¯àï¦¥ëå ®¯¥à â®à®¢, ¤«ï ª®â®àëå á¨áâ¥¬  ª®à¥¢ëå
äãªæ¨© á®¤¥à¦¨â ¡¥áª®¥ç®¥ ç¨á«® ¯à¨á®¥¤¨¥ëå äãªæ¨©. �®ª §   â¥®à¥¬  ® à ¢®áå®-
¤¨¬®áâ¨ ¢ Lp(K), K � G, ¡¨®àâ®£® «ìëå à §«®¦¥¨© äãªæ¨© ¯® ª®à¥¢ë¬ äãªæ¨ï¬ íâ¨å
®¯¥à â®à®¢ á à §«®¦¥¨¥¬ íâ®© ¦¥ äãªæ¨¨ ¢ ®¡ëçë© âà¨£®®¬¥âà¨ç¥áª¨© àï¤ �ãàì¥ (¯. 2).
�®«ãç¥ë ®æ¥ª¨ áª®à®áâ¨ à ¢®áå®¤¨¬®áâ¨ ãª § ëå à §«®¦¥¨© (¯. 5). � ª ç¥áâ¢¥ ¯à¨¬¥-
à  ¤¨ää¥à¥æ¨ «ì®£® ¢ëà ¦¥¨ï, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬ â¥®à¥¬ë ® ¡ §¨á®áâ¨, ¡ã¤¥â
à áá¬®âà¥® ¢ëà ¦¥¨¥ (¯. 3)

u00 + x��u0 + q(x)u; � 2 (0; 1); q(x) 2 L1(G); x 2 G: (2)

1. �®áâ ®¢ª  § ¤ ç¨. � áá¬®âà¨¬ ¯à®¨§¢®«ìë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à, ¯®à®¦¤¥-
ë© ¤¨ää¥à¥æ¨ «ìë¬ ¢ëà ¦¥¨¥¬ (1)   ª« áá¥ äãªæ¨© D |  ¡á®«îâ® ¥¯à¥àë¢ëå  
G = [0; 1] ¢¬¥áâ¥ á® á¢®¥© ¯¥à¢®© ¯à®¨§¢®¤®©;

p1(x) 2 Ls(G; C ); s > 1; q1(x) 2 L(G; C ): (3)

�®à¥¢ë¥ äãªæ¨¨ (â.¥. á®¡áâ¢¥ë¥ ¨ ¯à¨á®¥¤¨¥ë¥ äãªæ¨¨) ®¯¥à â®à  L1 ®¯à¥¤¥«¨¬
¢ ®¡®¡é¥®¬ (¯® �«ì¨ã) á¬ëá«¥, à áá¬ âà¨¢ ï ¨å ª ª à¥£ã«ïàë¥ à¥è¥¨ï ¤¨ää¥à¥æ¨ «ì-
ëå ãà ¢¥¨© ¨ ®á¢®¡®¤¨¢ ¨å ®â âà¥¡®¢ ¨ï ã¤®¢«¥â¢®à¥¨ï ª ª¨¬-«¨¡® ª®ªà¥âë¬ ªà ¥¢ë¬
ãá«®¢¨ï¬ [1]{[3]. �£à ¨ç¥¨ï ¯à¨ íâ®¬  « £ îâáï   á¢®©áâ¢  á¯¥ªâà  ¨ ª®à¥¢ëå äãªæ¨©
®¯¥à â®à . �â® ¯®§¢®«ï¥â ¨§ãç âì ª ª á¨áâ¥¬ë äãªæ¨© â¨¯  á¨áâ¥¬ë íªá¯®¥â, ¥ ã¤®¢«¥-
â¢®àïîé¨¥ ¨ª ª¨¬ ªà ¥¢ë¬ ãá«®¢¨ï¬ ¡¥§ á¯¥ªâà «ì®£® ¯ à ¬¥âà , â ª ¨ ª®à¥¢ë¥ äãªæ¨¨
ª®ªà¥âëå ªà ¥¢ëå § ¤ ç (¢ â®¬ ç¨á«¥ ¨ á ¨â¥£à «ìë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨). � áá¬®âà¥-
ë ¤¢  ¢áâà¥ç îé¨åáï â¨¯  á¯¥ªâà «ìëå § ¤ ç (®â«¨ç îé¨åáï ®à¬¨à®¢ª®© ¯à¨á®¥¤¨¥ëå
äãªæ¨©). �®¤ á®¡áâ¢¥®© äãªæ¨¥© ®¯¥à â®à  L1, ®â¢¥ç îé¥© á®¡áâ¢¥®¬ã § ç¥¨î �2 2 C

¡ã¤¥¬ ¯®¨¬ âì «î¡ãî ¥ à ¢ãî â®¦¤¥áâ¢¥®¬ã ã«î äãªæ¨î
0
u(x) 2 D, ã¤®¢«¥â¢®àïî-

éãî ¯®çâ¨ ¢áî¤ã ¢ G ãà ¢¥¨î L1
0
u + �2

0
u = 0. �®¤ ¯à¨á®¥¤¨¥®© äãªæ¨¥© ¯®àï¤ª  m,

� ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâ ò96-01-01158).
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m = 1; 2; : : : ; ®â¢¥ç îé¥© â®¬ã ¦¥ �2 ¨ á®¡áâ¢¥®© äãªæ¨¨
0
u, ¡ã¤¥¬ ¯®¨¬ âì «î¡ãî äãª-

æ¨î
m
u(x), ª®â®à ï ¯®çâ¨ ¢áî¤ã ¢ G ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î L1

m
u + �2

m
u = �m

m�1
u . �¤¥áì «¨¡®

�m = 1 (á¯¥ªâà «ì ï § ¤ ç  1), «¨¡® �m = � (Re � � 0) ¯à¨ j�j � 1, �m = 1 ¯à¨ j�j < 1
(á¯¥ªâà «ì ï § ¤ ç  2).

�à¨¢¥¤¥¬ ®á®¢ë¥ ®£à ¨ç¥¨ï   à áá¬ âà¨¢ ¥¬ë¥ á¨áâ¥¬ë ª®à¥¢ëå äãªæ¨©. �¨ªá¨àã-
¥¬ ¯à®¨§¢®«ìãî á¨áâ¥¬ã á®¡áâ¢¥ëå § ç¥¨© f�2kg

1
k=1 ¨ ¯à®¨§¢®«ìãî á¨áâ¥¬ã fukg ª®à¥¢ëå

äãªæ¨© ®¯¥à â®à  L1, ®â¢¥ç îéãî íâ¨¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬, á âà¥¬ï ãá«®¢¨ï¬¨ �:

1) á¨áâ¥¬  fukg § ¬ªãâ  ¨ ¬¨¨¬ «ì  ¢ Lr(G) ¯à¨ ¥ª®â®à®¬ r 2 [1;1);
2) 9c1; c2 = const > 0 :

j Im�kj � c1 8k;
X

0�j�kj���1

1 � c2 8� � 0; (4)

3) 9c3 = const > 0 :

kukkr kvkkr0 � c3 8k; (5)

£¤¥ fvkg | ¡¨®àâ®£® «ì® á®¯àï¦¥ ï á fukg á¨áâ¥¬  äãªæ¨©: vk 2 Lr0(G), (uk; vl) = �kl
8k; l 2 N, r0 = r=(r � 1), k � kr | ®¡®§ ç¥¨¥ ®à¬ë ¢ Lr(G).

�¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, áç¨â ¥¬, çâ® f�kg § ã¬¥à®¢ ë ¢ ¯®àï¤ª¥ ¥ã¡ë¢ ¨ï ¨å ¬®-
¤ã«¥©. �«ï ¯à®¨§¢®«ì®© äãªæ¨¨ f(x) 2 Lr(G) á®áâ ¢¨¬ ç áâ¨çë¥ áã¬¬ë ¡¨®àâ®£® «ì®£®
à §«®¦¥¨ï

��(x; f) =
X
j�kj��

fkuk(x); � > 0; fk � (f; vk):

� ¢®áå®¤¨¬®áâì ¡¨®àâ®£® «ìëå à §«®¦¥¨© ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢ Lp,
p � 1.

� ¬¥ç ¨¥ 1. � á«ãç ¥  ¡á®«îâ® ¥¯à¥àë¢®© äãªæ¨¨ p1(x) ¢ ¢ëà ¦¥¨¨ (1) (¯à¨ íâ®¬
¨§¢¥áâ®© ¯®¤áâ ®¢ª®© § ¤ ç  á¢®¤¨âáï ª ®¯¥à â®àã �à¥¤¨£¥à ) ãá«®¢¨ï � á®¢¯ ¤ îâ á ãá«®-
¢¨ï¬¨, ¯à¨ ª®â®àëå á¨áâ¥¬  fukg ®¡« ¤ ¥â á¢®©áâ¢®¬ ¡ §¨á®áâ¨ ¢ Lr(G) ¯à¨ «î¡®¬ r > 1, ¨
¨¬¥¥â ¬¥áâ® à ¢®¬¥à ï   «î¡®¬ ®âà¥§ª¥ K � G à ¢®áå®¤¨¬®áâì á âà¨£®®¬¥âà¨ç¥áª¨¬ àï-
¤®¬ �ãàì¥ à §«®¦¥¨© ��(x; f) (á¬. à ¡®âë �.�.�«ì¨  [1]{[4], £¤¥ à¥§ã«ìâ âë ¯®«ãç¥ë ¨ ¤«ï
®¯¥à â®à®¢ ¯à®¨§¢®«ì®£® ¯®àï¤ª ). �¥®¡å®¤¨¬®áâì ãá«®¢¨ï (5) ¤«ï ¡ §¨á®áâ¨ ¢ Lr(G) á«¥¤ã¥â
¨§ ¨§¢¥áâ®© â¥®à¥¬ë �  å .

�¡®§ ç¨¬ ç¥à¥§ L2 ®¯¥à â®à, ¯®à®¦¤¥ë© ¢ëà ¦¥¨¥¬ L2u = u00   ¬®¦¥áâ¢¥ D ¨ ªà ¥-
¢ë¬¨ ãá«®¢¨ï¬¨ u(j)(0) = u(j)(1), j = 0; 1. �ãáâì fb�2kg| á®¡áâ¢¥ë¥ § ç¥¨ï, fbukg| ®à¬¨à®-
¢ ë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ íâ®£® ®¯¥à â®à  (âà¨£®®¬¥âà¨ç¥áª ï á¨áâ¥¬  äãªæ¨©), buk = bvk,b��(x; f) � S�(x; f) | à §«®¦¥¨¥ äãªæ¨¨ f ¢ àï¤ ¯® íâ®© á¨áâ¥¬¥ (âà¨£®®¬¥âà¨ç¥áª¨© àï¤
�ãàì¥).

�á®¢ ï § ¤ ç  á®áâ®¨â ¢ â®¬, çâ®¡ë ãáâ ®¢¨âì ä ªâ à ¢®áå®¤¨¬®áâ¨ á¯¥ªâà «ìëå à §-
«®¦¥¨© ��(x; f) ¨ S�(x; f) äãªæ¨¨ f(x) ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢ Lp   «î¡®¬ ®âà¥§ª¥ K � G
(®âáî¤ , ª ª á«¥¤áâ¢¨¥, ¯®«ãç ¥¬ â¥®à¥¬ã ® á¢®©áâ¢¥ ¡ §¨á®áâ¨ ¢ Lp) ¨ ®æ¥¨âì áª®à®áâì à ¢-
®áå®¤¨¬®áâ¨ íâ¨å à §«®¦¥¨©, â.¥. ®æ¥¨âì ¯®£à¥è®áâì  ¯¯à®ªá¨¬ æ¨¨ ®¤®£® à §«®¦¥¨ï
¤àã£¨¬. �§ ä ªâ  à ¢®áå®¤¨¬®áâ¨ á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ® ®¡  à §«®¦¥¨ï áå®¤ïâáï ¨«¨
à áå®¤ïâáï ¢ ¬¥âà¨ª¥ ¤ ®£® ¯à®áâà áâ¢  Lp ®¤®¢à¥¬¥®.

2. �¥®à¥¬  ® á¢®©áâ¢¥ ¡ §¨á®áâ¨. �¢¥¤¥¬ ®¡®§ ç¥¨¥ ¤«ï à áá¬ âà¨¢ ¥¬®© à §®áâ¨ á¯¥ª-
âà «ìëå à §«®¦¥¨©

�� = k��(x; f)� S�(x; f)kp;K ; (6)
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£¤¥ k�kp;K | ®¡®§ ç¥¨¥ ®à¬ë ¢ Lp(K), K � G. �à¨¢¥¤¥¬ ®æ¥ªã áª®à®áâ¨ áâà¥¬«¥¨ï ª ã«î
à §®áâ¨ (6), ¯®«ãç¥ãî ¯à¨ ¥¤¨áâ¢¥®¬ ãá«®¢¨¨ (3)   äãªæ¨î p1(x) ¨§ (1). �¨ªá¨àã¥¬
¯à®¨§¢®«ìë¥ p 2 [1;1) ¨ ®âà¥§®ª K � G. � à ¬¥âàë p ¨ s á¢ï¦¥¬ á®®â®è¥¨¥¬

p�1 + s�1 � 1; â. ¥. p � s0 = s=(s� 1); s � q = p=(p� 1): (7)

�à¥¤¯®«®¦¨¬, çâ® f(x) ¨ fvk(x)g â ª®¢ë, çâ®

9� = const > 0 : efk � fk�k = O(���k ); j�kj � 1; �k = kvkk
�1
r0 : (8)

�¥®à¥¬  1 ([5]). �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï (3), (7), (8) ¨ ãá«®¢¨ï �. �®£¤  ¤«ï ¢á¥å ¤®-

áâ â®ç® ¡®«ìè¨å ç¨á¥« � á¯à ¢¥¤«¨¢  ®æ¥ª 

�� � cmax(��1; ��� ln2 �; ��(�+1=p�1=s) ln�); (9)

¯®áâ®ï ï c ¥ § ¢¨á¨â ®â �.

� ¬¥ç ¨¥ 2. �à¨ s 2 (1; p) ¨¬¥¥¬ � + 1=p � 1=s 2 (� � 1=q; �), ¯®íâ®¬ã ¯à¨ s � p á«¥¤ã¥â
ã¡à âì âà¥âìî ¤à®¡ì ¢ ¯à ¢®© ç áâ¨ (9), ®æ¥ª  ¥ § ¢¨á¨â ®â s; ¯à¨ s < p á«¥¤ã¥â ã¡à âì ¢â®àãî
¤à®¡ì ¢ (9), ®æ¥ª  áãé¥áâ¢¥® § ¢¨á¨â ®â áâ¥¯¥¨ áã¬¬¨àã¥¬®áâ¨ s.

�æ¥ª  (9) ¯®ª §ë¢ ¥â, çâ® á¢®©áâ¢  �� áãé¥áâ¢¥® ãåã¤è îâáï ¯à¨ s < p. � áá¬ âà¨-
¢ ¥¬ ¤ «¥¥ á«ãç © s > p. �¥áª®«ìª® áã§¨¢ ª« áá äãªæ¨© p1(x), ¯®«ãç¨¬ â¥®à¥¬ã ® á¢®©áâ¢¥
¡ §¨á®áâ¨ ¤«ï á¨áâ¥¬ë fukg ®¯¥à â®à  L1.

�ãáâì s > 1, ä¨ªá¨àã¥¬ «î¡®¥ p 2 [1; s). �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® p1(x) ã¤®¢«¥â¢®àï¥â
®¤®¬ã ¨§ ¤¢ãå ãá«®¢¨©:

1) 8K b G 9C(K) = const > 0,

p�1s �

Z R0

0
��1kp1(x� �)� p1(x)ks;Kd� � C(K) <1; (10)

2) ä¨ªá¨àã¥¬ ¥ª®â®à®¥ ç¨á«®  2 [s;1], ¨ ¯ãáâì  ©¤¥âáï â ª®¥ ç¨á«® � > 1=, çâ®

8K b G :
�Z R0

0

j���(p1(x� �)� p1(x))jd�
�1=

2 Ls(K): (11)

�¤¥áì R0 2 (0; dist(K; @G)) | ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ®¥ ç¨á«®.

� ¬¥ç ¨¥ 3. �«ï ¢ë¯®«¥¨ï ãá«®¢¨ï (10) ¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«®áì ®¤® ¨§ ãá«®-
¢¨©: p1 2 �s

�(G) 8� 2 (0; 1] ([6], á. 79), p1 2 H1
s (G) ¨«¨ p1 2 B

�
s;1(G) 8� 2 (0; 1] ([8], á. 293). �á«®¢¨¥

(11)   «®£¨ç® ãá«®¢¨î   à §« £ ¥¬ãî ¢ àï¤ äãªæ¨î, ª®â®à®¥ £ à â¨àã¥â áå®¤¨¬®áâì (¯®-
çâ¨ ¢áî¤ã) ¥¥ âà¨£®®¬¥âà¨ç¥áª®£® àï¤  �ãàì¥ ([7], á. 244).

�¥®à¥¬  2. �ãáâì p 2 [1; s), ¢ë¯®«ïîâáï ãá«®¢¨¥ (3), ãá«®¢¨ï � ¨ å®âï ¡ë ®¤® ¨§ ãá«®¢¨©

(10), (11). �®£¤ 

8f(x) 2 Lr(G) : �� ! 0; �!1: (12)

�á«¨ r 2 [1; p], p 2 (1; s), â®

8f(x) 2 Lp(G) : kf(x)� ��(x; f)kp;K ! 0; �!1; (13)

â. ¥. á¨áâ¥¬  fukg ®¡« ¤ ¥â á¢®©áâ¢®¬ ¡ §¨á®áâ¨ ¢ Lp. �á«¨ ¤«ï efk ¨¬¥¥â ¬¥áâ® ®æ¥ª  (8)
¨ p 2 [1; s), â®

�� = O(max(��� ; ��1 ln�)); � � 1; �� = O(��1); � > 1: (14)

� ¬¥ç ¨¥ 4. �à¨¬¥à ¯à¨¬¥¥¨ï â¥®à¥¬ë �«ì¨  ® ¡ §¨á®áâ¨   ª®¬¯ ªâ å ¬®¦®  ©-
â¨ ¢ [9], £¤¥ ¨áá«¥¤®¢ «áï ®¯¥à â®à �à¥¤¨£¥à .
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�«ï ®¡®á®¢ ¨ï ¯à¨¢¥¤¥ëå à¥§ã«ìâ â®¢ à ¡®âë   ¯¥à¢®¬ íâ ¯¥ ¯à¨¬¥¥ ¨§¢¥áâë©
¬¥â®¤ �«ì¨  [1]{[4]. �â®â ¬¥â®¤ ®á®¢    ¨á¯®«ì§®¢ ¨¨ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï (ä®à-
¬ã«ë áà¥¤¥£®) ¤«ï à¥è¥¨© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á® á¯¥ªâà «ìë¬ ¯ à ¬¥âà®¬ ¨
§ ª«îç ¥âáï ¢ ¢ë¤¥«¥¨¨ á¯¥ªâà «ì®© äãªæ¨¨ ®¯¥à â®à  ¨§ ï¤à  �¨à¨å«¥ ¨ ¤ «¥¥ ¢ íää¥ª-
â¨¢®© ®æ¥ª¥ ®áâ âª . �«ï ®¡®á®¢ ¨ï ¯à®¢®¤¨¬ëå ¯à¥®¡à §®¢ ¨© ¨á¯®«ì§ã¥âáï ¬®¤¨ä¨ª -
æ¨ï ¬¥â®¤ , ¯à¥¤«®¦¥®£® ¢ [10].

3. �à¨¬¥à. � áá¬®âà¨¬ ¤¨ää¥à¥æ¨ «ì®¥ ¢ëà ¦¥¨¥ (2) á ¥£« ¤ª®© äãªæ¨¥© p1(x) =
x��, � 2 (0; 1), ¤«ï ª®â®à®© ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 2. �ãªæ¨ï p1 2 Ls(G) 8s < ��1. �¨ª-
á¨àã¥¬ «î¡®© ®âà¥§®ª K = [a; b] � G. �à¨¬¥ïï ä®à¬ã«ã � £à ¦ , ¯®«ãç ¥¬ (� 2 [0; R0=a],
R0=a < 1)

0 � p1(x)� p1(x+ �) =
(1 + �=x)� � 1

(x+ �)�
=

��(1 + �)��1

x�+1(1 + �=x)�
�

��

x�+1
: (15)

�®áª®«ìªã x���1 2 Ls(K) 8s � 1, â® kp1(x � �)� p1(x)ks;K � C(K; s; �)� , ¨ ãá«®¢¨¥ (10) ¢ë¯®«-
ï¥âáï. �¨ªá¨à®¢ ¢ «î¡®¥ ç¨á«®  � s, § ª«îç ¥¬, çâ® ¨¬¥¥â ¬¥áâ® ¨ ãá«®¢¨¥ (11): ¤®áâ â®ç®
¢§ïâì «î¡®¥ ç¨á«® � 2 (�1; 1 + �1), ¯®¤áâ ¢¨âì ¢ (11) ®æ¥ªã (15) ¨ ¯®áç¨â âì ¨â¥£à « ¯® �
®â äãªæ¨¨ � (1��). � ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© � á¨áâ¥¬  ª®à¥¢ëå äãªæ¨© ®¯¥-
à â®à  L1, ¯®à®¦¤¥®£® ¤¨ää¥à¥æ¨ «ìë¬ ¢ëà ¦¥¨¥¬ (2), ®¡« ¤ ¥â á¢®©áâ¢®¬ ¡ §¨á®áâ¨
¢ «î¡®¬ ¯à®áâà áâ¢¥ Lp, 1 < p < ��1.

� ¬¥ç ¨¥ 5. � [11] ¤«ï ®¯¥à â®à  n-£® ¯®àï¤ª  á ¥ã«¥¢ë¬ ª®íää¨æ¨¥â®¬ p1 ¯à¨ (n�
1)-© ¯à®¨§¢®¤®© ¨ à¥£ã«ïàë¬¨ ¤¢ãåâ®ç¥çë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨   ª®æ å G ¯®«ãç¥ë
®æ¥ª¨ ¢ C(K), K b G, áª®à®áâ¨ à ¢®áå®¤¨¬®áâ¨ ��(x; f) ¨ S�(x; f). �à¨ íâ®¬ ãá«®¢¨ï   p1 ¨
f  ª« ¤ë¢ îâáï ¢ â¥à¬¨ å ª« áá®¢ H�

r (G), á®áâ®ïé¨å ¨§ äãªæ¨© f 2 L
r(G), ¨â¥£à «ìë©

¬®¤ã«ì ¥¯à¥àë¢®áâ¨ !r(f; �) ª®â®àëå ¥áâì ¢¥«¨ç¨  O(ln
��(��1)).

4. �®ª § â¥«ìáâ¢® à ¢®áå®¤¨¬®áâ¨ á¯¥ªâà «ìëå à §«®¦¥¨©. �áâ ®¢¨¬ á¯à ¢¥¤«¨-
¢®áâì á®®â®è¥¨ï (12) ®á®¢®© â¥®à¥¬ë.

�¥¬¬  1. �ãáâì ¢ë¯®«ï¥âáï ¯¥à¢®¥ ¨§ ãá«®¢¨© �. �®£¤  ¤«ï «î¡®© äãªæ¨¨ f 2 Lr(G)
ª®íää¨æ¨¥âë �ãàì¥ fk ã¤®¢«¥â¢®àïîâ á®®â®è¥¨î efk � fk�k = o(1), k ! 1. �á«¨ ¯à¨

íâ®¬ ¢ë¯®«ï¥âáï ¨ ãá«®¢¨¥ (5), â® fkkukkr = o(1).

�®ª § â¥«ìáâ¢®. �¨áâ¥¬  fukg § ¬ªãâ  ¢ Lr(G), ¯®íâ®¬ã

8" > 0; 8f 2 Lr(G) 9N 2 N :
f � X

k�N

ckuk


r

< ";

£¤¥ c1; : : : ; cN | ¥ª®â®àë¥ ¯®áâ®ïë¥. �«ï «î¡®£® ç¨á«  j > N , ¨á¯®«ì§ãï á¢®©áâ¢® ¡¨®àâ®-
£® «ì®áâ¨ á¨áâ¥¬ ¨ ¯à¨¬¥ïï ¥à ¢¥áâ¢® ��¥«ì¤¥à , ¯®«ãç ¥¬

j efj j =
�����j

Z
G

�
f �

X
k�N

ckuk

�
vjdx

���� �
f � X

k�N

ckuk


r

< ";

â. ¥. efj = o(1). �§ ãá«®¢¨ï (5) ¯®«ãç ¥¬ jfkj kukkr � c3j efkj.
�®§ì¬¥¬ «î¡®© ®âà¥§®ª K � G ¨ ¯à®¨§¢®«ì®¥ ç¨á«® R0 2 (0; 2�1 dist(K; @G)). �¨ª-

á¨àã¥¬ ¯à®¨§¢®«ì® ç¨á«  R 2 [R0=2; R0], � 2 [0; R], � > 0 | ¤®áâ â®ç® ¡®«ìè®¥ ç¨á«®
(� > max(4; 2=R0)) ¨ ç¨á«  f�kg; j�kj � 1, ã¤®¢«¥â¢®àïîé¨¥ ¯¥à¢®¬ã ãá«®¢¨î (4). � áá¬®âà¨¬
¨â¥£à «ë

K0 = ��1k

Z R

�

r�1 sin�r sin�k(r � �)dr;  1 =
Z 1=�

�

r�1 sin�r sin�k(r � �)dr;

 2 = �kK0 �  1;  3 = �kK0;
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£¤¥ � 2 [0; 1=�] ¤«ï  1,  2 ¨ � � 1=� ¤«ï  3. �á¯®«ì§ãï ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬, ä®à¬ã«ë � -
ª«®à¥  ¤«ï á¨ãá  ¨ ª®á¨ãá  ¨ ¢â®àãî ä®à¬ã«ã áà¥¤¥£® § ç¥¨ï ¤«ï ¨â¥£à «®¢, ¥âàã¤®
¤®ª § âì á«¥¤ãîé¨¥ á®®â®è¥¨ï.

�¥¬¬  2 ([12]). � ¢®¬¥à® ¯® � , R, �, �k ¨§ ãª § ëå ¢ëè¥ ¬®¦¥áâ¢ ¨¬¥îâ ¬¥áâ®

®æ¥ª¨

 )  1 = O(�k��1),  2 = O(��1�k ln�),  3 = O((��)�1) ¯à¨ j�kj � �=2;
¡)  1 = O(��1k �),  2 = O(��1k � ln�),  3 = O((�

���� j�kj
��)�1) ¯à¨ 0 < c �

���� j�kj
�� � �=2;

¢)  1 = O(1) ,  2 = O(ln�),  3 = O(ln �) ¯à¨
���� j�kj�� � c;

£)  1 = O(��1k �),  2 = O(��1k � ln�),  3 = O((��k)�1) ¯à¨ j�kj � 3�=2.

�¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ç¨á«® � > 1. �¡®§ ç¨¬ ç¥à¥§
P

1 áã¬¬ã ¯® â¥¬ �k 2 f�kg, ¤«ï
ª®â®àëå j�kj � 1, ç¥à¥§

P
2 | áã¬¬ã ¯® �k : 1 � j�kj � �=2, ç¥à¥§

P
3 | áã¬¬ã ¯® �k : j�kj � 3�=2,

ç¥à¥§
P

4 | áã¬¬ã ¯® �k :
���� j�kj

�� � 2=R0, ç¥à¥§
P

5 | áã¬¬ã ¯® �k : 2=R0 �
���� j�kj

�� � �=2.
�¥à¥å®¤ï ª ¨áá«¥¤®¢ ¨î á¢®©áâ¢ à §®áâ¨ ��, ®â¬¥â¨¬, çâ® ¯à¨ ¥¤¨áâ¢¥®¬ ãá«®¢¨¨

p1 2 L
1(G) ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ¥à ¢¥áâ¢®, ä ªâ¨ç¥áª¨ ¤®ª § ®¥ ¢ [12].

�¥¬¬  3. �ãáâì p1; q1 2 L1(G) ¨ ¢ë¯®«¥ë ãá«®¢¨ï �. �®£¤  ¤«ï à §®áâ¨ (6) ¨¬¥¥â

¬¥áâ® ®æ¥ª 

�� � c(I + bI); c = const > 0; (16)

£¤¥

I =
h
��1

X
1
j efkj+ ��2

X
2
j efkj+X

3
j��2k

efkj+X
4
j efkj+X

5
j(�� j�kj)�2 efkji+

+ kq1k1
h
��1

X
2
j��1=pk

efkj+ �1=q
X

3
j��2k

efkj+ ��1=p
X

4
j efkj+ �1=q

X
5
j(�k(�� j�kj))�1 efkji+

+
 X
j�k j�1

fk

mX
l=0

�lmS0

h Z R

0

K0(�; �k; �; R)Bl
� (stl(p1(x)

m�l

u0k (x)))d�
i

p;K

; (17)

  bI ¢ (16) ¯®«ãç ¥âáï ¨§ (17) § ¬¥®© �k, uk, vk, p1, q1   á®®â¢¥âáâ¢ãîé¨¥ ¢¥«¨ç¨ë ®¯¥à -

â®à  L2. � (17) ®¡®§ ç¥®

uk(x) =
m
uk(x); B0

t (g(t0)) = g(t); B1
t (g(t1)) = ��1k

Z t

0

g(t1) sin�k(t� t1)dt1;

Bl
t0
(g(tl)) = ��lk

Z t0

0
� � �

Z tl�1

0

�
g(tl)

lY
j=1

sin�k(tj�1 � tj)
�
dtl : : : dt1; l = 1;m;

st(u(x)) = u(x+ t) + u(x� t);

S0[S(R)] = 8(3R2
0)
�1

Z R0

R0=2

RS(R)dR; S0[1] = 1;

| ®¯¥à æ¨ï ãáà¥¤¥¨ï äãªæ¨¨ S ¯® R. �à¨ p = 1 ¢ (17) á«¥¤ã¥â ¯®«®¦¨âì 1=q = 0 ¢ ¢ë-

à ¦¥¨¨, § ª«îç¥®¬ ¢ ª¢ ¤à âë¥ áª®¡ª¨, á ª®íää¨æ¨¥â®¬ kq1k1; ¯®¤ § ª®¬ áã¬¬ë
P

2

¤®¡ ¢¨âì á®¬®¦¨â¥«ì ln�k,   ¢ëà ¦¥¨ï
P

3,
P

4,
P

5 ã¬®¦¨âì   ln�.

�æ¥¨¬ ¯®á«¥¤îî ç áâì (Lp-®à¬ã àï¤ ) ¢ ¢ëà ¦¥¨¨ (17), ®¡®§ ç¨¬ ¥¥ ç¥à¥§ I0. �¥-
à¥©¤¥¬ ®â ®à¬ë áã¬¬ë ª áã¬¬¥ ®à¬ ¯® l = 0; 1; : : : ;m. �à®¢¥¤¥¬ ¯à¥®¡à §®¢ ¨ï ¤«ï l = 0.
�áâ «ìë¥ á« £ ¥¬ë¥ ®æ¥¨¢ îâáï ¯® â®© ¦¥ áå¥¬¥. �áî¤ã ¨¦¥ ¤«ï áã¬¬ë ¯® �k á j�kj � 1
¨á¯®«ì§ã¥¬ ®¡®§ ç¥¨¥

P
k
.

� áã¬¬¥ st0 ®áâ ¢¨¬ ®¤® á« £ ¥¬®¥ á  à£ã¬¥â®¬ x+ t0, ®áâ ¢è ïáï ç áâì à áá¬ âà¨¢ ¥âáï
â ª ¦¥. �áá«¥¤ã¥¬ ¢ëà ¦¥¨¥

A0 =
X

k

fkS0

� Z R

0

K0(�; �k; �; R)p1(x+ �)u0k(x+ �)d�
�

p;K

:

44



�à¨¬¥¨¬ ®¡®¡é¥®¥ ¥à ¢¥áâ¢® �¨ª®¢áª®£® ([8], á. 22), ãç¨âë¢ ï, çâ® p � 1,

A0 � S0

� Z R

0

p1(x+ �)
X
k

fkK0u
0
k(x+ �)


p;K

d�

�
: (18)

�¨ªá¨àã¥¬ «î¡®¥ ç¨á«® � 2 (1; s=p) (â. ¥. �p < s ¨ s > p) ¨ ª ¨â¥£à «ã ¯® x ¢ (18) ¯à¨¬¥¨¬
¥à ¢¥áâ¢® ��¥«ì¤¥à  á ¯ à ¬¥âà ¬¨ �, �0 = �=(� � 1):

A0 � S0

� Z R

0

kp1(x+ �)k�p;K
X

k

fkK0u
0
k(x+ �)


�0p;K

d�

�
�

� kp1ks;GS0

�Z R

0

X
k

fkK0(�; �k; �; R)u0k(�)

�0p;G

d�

�
�

� kp1ksS0

� Z R

0

X
k

fkK0�k(u0k(�)�
�1
k )


�
d�

�
; (19)

£¤¥ ¢¢¥¤¥  ®¢ ï ¯¥à¥¬¥ ï � = x+ � ; � = max(2; s0; �0p) <1.
� L�-®à¬¥ áã¬¬ë ¢ ¯à ¢®© ç áâ¨ (19) ¯à¨ ä¨ªá¨à®¢ ëå � , R ¯à¨¬¥¨¬ ®¡®¡é¥¨¥  

¡¨®àâ®£® «ìë¥ á¨áâ¥¬ë ¨§¢¥áâ®© â¥®à¥¬ë �¨áá  (�¨áá -�¨è¥à ), ãáâ ®¢«¥®¥ ¢ [12]. �à¨
íâ®¬ ®¡®¡é¥¨¨ âà¥¡ã¥âáï, çâ®¡ë � � max(2; s0), çâ® ¤«ï á¨áâ¥¬ë fu0k(�)�

�1
k g, j�kj � 1, ¢ë-

¯®«¥®. �¯à ¢¥¤«¨¢®áâì ®áâ «ìëå ãá«®¢¨© ®¡®¡é¥®© â¥®à¥¬ë ¢ à áá¬ âà¨¢ ¥¬®© á¨âã æ¨¨
ãáâ ®¢«¥  ¢ [12]. �®«®¦¨¬ � = �=(� � 1) > 1. �®«ãç ¥¬ (ç¥à¥§ c §¤¥áì ¨ ¤ «¥¥ ®¡®§ ç¥ë
¥®âà¨æ â¥«ìë¥ ¯®áâ®ïë¥)

A0kp1k
�1
s � cS0

� Z R

0
k efkK0�kkl�d�

�
= cS0

� Z 1=�

0
k efkK0�kkl�d� +

Z R

1=�
k efkK0�kkl�d�

�
�

� c

�Z 1=�

0
k efk 1kl�d� + S0

� Z 1=�

0
k efk 2kl�d�

�
+ S0

� Z R

1=�
k efk 3kl�d�

��
� cfU1 + U2 + U3g; (20)

£¤¥ j�kj � 1, ¨â¥£à «ë ¯® � ¨ r (¢ K0) à §¡¨âë   ç áâ¨ ¨ ¨á¯®«ì§®¢ ë ®¡®§ ç¥¨ï «¥¬¬ë 2.
�à¨¬¥ïï ®æ¥ª¨ íâ®© «¥¬¬ë, ¯®«ãç ¥¬

U1 � c��1
h
��1

�X
2
j efk�kj��1=� + �

�X
3
j efk��1k j�

�1=�
+
�X

4
j efkj��1=� +

+ �
�X

5
j efk��1k j�

�1=�i
� B; U2 � cB ln�;

U3 � c

�
��1 ln�

�X
2
j efkj��1=� + ln�

�X
3
j efk��1k j�

�1=�
+

+ S0

� Z R

1=�
ln � d�

��X
4
j efkj��1=� + ln�

�X
5
j efk(�� j�kj)

�1j�
�1=��

� B1:

�®áª®«ìªã j�kj � �=2 ¢
P

2 ¨
��� � j�kj

���1 � j�kj
�1 ¢

P
5, â® Ui � cB1, i = 1; 2; 3. �®¤áâ ¢¨¬ íâ¨

®æ¥ª¨ ¢ (20)

A0 � ckp1ks
h
��1 ln�

�X
2
j efkj��1=� + ln�

�X
3
j efk��1k j�

�1=�
+
�X

4
j efkj��1=� +

+ ln�
�X

5
j efk(�� j�kj)�1j�

�1=�i
: (21)

� ¬¥â¨¬, çâ® ¥á«¨ ¢ ¢ëà ¦¥¨¨ A0 ®â¤¥«¨¬ ç áâì

X
5
fkS0

� Z R

1=�

K0p1(x+ �)u0k(x+ �)d�
�
; (22)
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  ®áâ ¢èãîáï ¢ A0 ç áâì (®¡®§ ç¨¬ ¥¥ ç¥à¥§ eA0) ®æ¥¨¬ ¯® ¯à¨¢¥¤¥®© ¢ëè¥ áå¥¬¥, â® à¥-
§ã«ìâ â ¡ã¤¥â «ãçè¥ (¨¦¥ ¬ë íâ® ¨á¯®«ì§ã¥¬). �¬¥®,

eA0 � ckp1ks
h
��1 ln�

�X
2
j efkj��1=� + ln�

�X
3
j efk��1k j�

�1=�
+
�X

4
j efkj��1=� +
+ ln�

�X
5
j efk��1k j�

�1=�i
: (23)

�«ï á« £ ¥¬ëå, ®â¢¥ç îé¨å § ç¥¨ï¬ l 6= 0 ¢ ¢ëà ¦¥¨¨ I0, áå¥¬  à ¡®âë â  ¦¥ á ¬ ï: ¢á¥
¨â¥£à «ë (¯® R, � , t1; : : : ; tl) ¢ë®á¨¬ §  § ª ®à¬ë ¯® x á ¯®¬®éìî ®¡®¡é¥®£® ¥à ¢¥áâ¢ 
�¨ª®¢áª®£®, ¢ ¨â¥£à «¥ ¯® x ¯à¨¬¥ï¥¬ ¥à ¢¥áâ¢® ��¥«ì¤¥à , ¢ë¤¥«ïï kp1k�p � kp1ks. � §-
¡¨¢ ¥¬ ¨â¥£à « ¯® � ¨ ¨â¥£à « K0   ç áâ¨, ª ª ¢ (20), ¯à¨¬¥ï¥¬ ®¡®¡é¥¨¥ â¥®à¥¬ë �¨áá 

ª á¨áâ¥¬¥ f�lm�
�l�1
k

m�l

u0k (�)g (¯à¨ ä¨ªá¨à®¢ ëå R, � , t1; : : : ; tl) ¨ ®æ¥ª¨ «¥¬¬ë 2. �¨âã æ¨ï ¢
íâ®¬ á«ãç ¥ «ãçè¥, â.ª. ¤®¯®«¨â¥«ìë¥ ¨â¥£à «ë ¤ îâ ¬®¦¨â¥«ì � , çâ® ¯®§¢®«ï¥â ã¡à âì
®á®¡¥®áâì (¯à¨ � ! 0) ¨§ ®æ¥®ª ¨â¥£à «   3 ¨ ã«ãçè¨âì ®æ¥ª¨ (¢ ®æ¥ª¥ U3 ¢á¥ ln� á«¥¤ã¥â
ã¡à âì). � ª çâ®  ¨åã¤è¥© ï¢«ï¥âáï ®æ¥ª  ¯à¨ l = 0, ª®â®à ï ¯®«ãç¥  ¢ëè¥. �â ª, ¯à¨ s > p

I0 =
X

k

fk

mX
l=0

�lmS0

� Z R

0

K0(�; �k; �; R)Bl
� (stl(p1(x)

m�l

u0k (x)))d�
�

p;K

�

� ckp1ks
h
��1 ln�

�X
2
j efkj��1=� + ln�

�X
3
j efk��1k j�

�1=�
+

+
�X

4
j efkj��1=� + ln�

�X
5
j efk(�� j�kj)�1j�

�1=�i
; � > 1: (24)

�®«®¦¨¢ ¢ (24) efk = o(1), çâ® ¨¬¥¥â ¬¥áâ® ¯® «¥¬¬¥ 1, ¯®«ãç¨¬

I0 � ckp1ks[�
�1=� ln�+ o(1)��1=� ln�+ o(1) + o(1) ln�];

â. ¥.

I0 = kp1ks[o(ln�) +O(��1=� ln�)]: (25)

�à ¢ ï ç áâì ®æ¥ª¨ (25) ¥ ï¢«ï¥âáï ¢¥«¨ç¨®© o(1) ¢ ®¡é¥¬ á«ãç ¥, ® íâ  ®æ¥ª  ¯®«ãç¥ 
¯à¨ ¥¤¨áâ¢¥®¬ ãá«®¢¨¨ (3)   äãªæ¨î p1(x) (s > p � 1).

� ¬¥ç ¨¥ 6. �ç¨âë¢ ï á¤¥« ®¥ ¢ëè¥ ãª § ¨¥ ® ç«¥ å I0 á l 6= 0 (¢ ç áâ®áâ¨, ®â-
áãâáâ¢¨¥ ln� ¯à¨

P
5 ¢ ®æ¥ª¥ U3), § ª«îç ¥¬, çâ® ¤«ï íâ¨å ç«¥®¢ ¡ã¤¥â ¢¥à  ®æ¥ª  (25) á

§ ¬¥®© o(ln�)   o(1).

�®¤áâ ¢«ïï ¢ (24) à §«¨çë¥  á¨¬¯â®â¨ª¨ ¤«ï efk, «¥£ª® ãáâ ®¢¨âì ¤«ï I0 ®æ¥ª¨ (s > p)

I0 = kp1ks[o(1) +O(��1=� ln�)]! 0; �!1; ¯à¨ efk = o(ln�1 �k); (26)

I0 = kp1ksO(ln
1�� �) 8� > 0 ¯à¨ efk = O(ln�� �k); (27)

I0 = kp1ksO(max(��� ln�; ��1 ln�)); � > 0; ¯à¨ efk = O(���k ): (28)

�á«¨ ¨§ I0 ã¤ «¨âì ç áâì (22) ¨ á®®â¢¥âáâ¢ãîé¥¥ ¢ëà ¦¥¨¥ á x � � ¢¬¥áâ® x + � , â® ¤«ï
®áâ ¢è¥©áï ç áâ¨ (®¡®§ ç¨¬ ¥¥ eI0) ¡ã¤¥â ¢¥à  ®æ¥ª  (23). �§ íâ®© ®æ¥ª¨ ¯®«ãç ¥¬ ¤«ï eI0
  «®£¨ á®®â®è¥¨© (25), (28):

eI0 = kp1ks[o(1) +O(��1=� ln�) ¯à¨ efk = o(1); (29)

eI0 = kp1ksO(max(�
�� ; ��1 ln�)) ¯à¨ efk = O(���k ); � > 0: (30)

�®®â®è¥¨ï (25){(28) ¤«ï I0 ¯®§¢®«ïâ  ¬ ¨¦¥ áä®à¬ã«¨à®¢ âì á®®â¢¥âáâ¢ãîé¥¥ ãâ¢¥à-
¦¤¥¨¥ ¤«ï �� (â¥®à¥¬  3 ¢ ¯. 5).
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� «¨§ ®æ¥®ª (24), (25), (29) ¨ § ¬¥ç ¨ï 6 ¯®ª §ë¢ ¥â, çâ® ¤«ï ¯®«ãç¥¨ï ¢ ¯à ¢®© ç áâ¨
(25) ¢¥«¨ç¨ë o(1) ¥®¡å®¤¨¬® ãáâ ®¢¨âì ¤«ï ¢ëà ¦¥¨ï (22) ¨ á®®â¢¥âáâ¢ãîé¥£® ¢ëà ¦¥¨ï
á  à£ã¬¥â®¬ x � � ®æ¥ªã   ln� «ãçè¥ ¯®«ãç¥®© ¢ëè¥ (ç«¥ á

P
5 ¢ (24)). �ã§¨¬ ª« áá

äãªæ¨© p1(x). �áá«¥¤ã¥¬ ¢ëà ¦¥¨¥

J =
X5

fkS0

�Z R

1=�
K0(�; �k; �; R)s� (p1u

0
k(x))d�

�
p;K

(31)

¯à¨ ãá«®¢¨¨ (10)   p1(x). �â® ãá«®¢¨¥ (ª ª ¨ (11)) ¯®§¢®«¨â ã¡à âì (¨«¨ ã¬¥ìè¨âì) ª®íää¨-
æ¨¥â ��1 ¢ ®æ¥ª å ¨â¥£à «   3 ¢ «¥¬¬¥ 2. �®¡ ¢¨¬ ¨ ¢ëçâ¥¬ ¢ (31) ¯®¤ § ª®¬ ¨â¥£à «  ¯®
� áã¬¬ã p1(x)s� (u0k(x)). �à¨¬¥¨¬ ¢ (31) ®¡®¡é¥®¥ ¥à ¢¥áâ¢® �¨ª®¢áª®£®, ¢ë®áï S0[�] § 
§ ª ®à¬ë, ¨ ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª 

J � S0

�
Z R

1=�

jp1(x+ �)� p1(x)j
���X

5
fkK0u

0
k(x+ �)

���d�
p;K

�
+

+ S0

�
Z R

1=�
jp1(x� �)� p1(x)j

���X
5
fkK0u

0
k(x� �)

���d�
p;K

�
+

+ S0

hp1(x)X
5
fk

Z R

1=�

K0s�(u0k(x))d�

p;K

i
� A1 +A2 +A3: (32)

�«ï ¢ëà ¦¥¨ï A1 ¯à¨¬¥¨¬ ®¡®¡é¥®¥ ¥à ¢¥áâ¢® �¨ª®¢áª®£®, ¢ë®áï ¨â¥£à « ¯® � § 
§ ª ®à¬ë, ¤ «¥¥ ¢ â®ç®áâ¨ ¯®¢â®àï¥¬ ¢áî áå¥¬ã ¯à¥®¡à §®¢ ¨© (18){(20), ¯à®¢¥¤¥ãî ¤«ï
A0. �®«ãç ¥¬

A1 � S0

�Z R

1=�

(p1(x+ �)� p1(x))
X

5
fkK0u

0
k(x+ �)


p;K

d�
i
�

� S0

�Z R0

0

kp1(x+ �)� p1(x)ks;K
�X

5
j efk 3j

�
�1=�

d�

�
�

� c

Z R0

0

��1kp1(x+ �)� p1(x)ks;Kd�
�X

5
j efk(�� j�kj)�1j�

�1=�
=

= cp+1s

�X
5
j efk(�� j�kj)�1j�

�1=�
; (33)

çâ® «ãçè¥ ®æ¥ª¨ (24)   ln�. � «®£¨ç® ¯®«ãç ¥¬ ¤«ï A2 ¨§ (32) ®æ¥ªã

A2 � cp�1s

�X
5
j efk(�� j�kj)

�1j�
�1=�

: (34)

� áá¬®âà¨¬ âà¥âì¥ ¢ëà ¦¥¨¥ A3 ¢ (32). �¡®§ ç¨¬

A1uk(x) =
m�1
uk (x)� p1(x)u0k(x)� q1(x)uk(x); uk �

m
uk; �t(f(x)) = f(x+ t)� f(x� t):

�«ï ¯à®¨§¢®¤ëå ª®à¥¢ëå äãªæ¨© ®¯¥à â®à  L1 ¨¬¥¥â ¬¥áâ® ä®à¬ã«  áà¥¤¥£® (¥¥ «¥£ª®
¯à®¢¥à¨âì ¨â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬ ¯®á«¥ § ¬¥ë A1uk(x) = u00k(x) + �2kuk(x))

s�(u
0
k(x)) = 2u0k(x) cos �k� +

Z �

0
��(A1uk(x)) cos �k(� � �)d�:

�á¯®«ì§ã¥¬ íâã ä®à¬ã«ã ¢ A3 ¨ ¯à¨¬¥¨¬ ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª . �®£¤ 

A3 � S0

hp1(x)X
5
fku

0
k(x)

Z R

1=�

2 cos �k�K0(�; �k; �; R)d�

p;K

i
+

+ S0

hp1(x)
Z R

1=�

X
5
fkK0(�; �k; �; R)

Z �

0

��(A1uk(x)) cos �k(� � �)d� d�

p;K

i
� A31 +A32: (35)
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�«ïA31 ¯à¨¬¥¨¬ ¥à ¢¥áâ¢® ��¥«ì¤¥à  ¨ ®¡®¡é¥¨¥ â¥®à¥¬ë �¨áá  (¤«ï á¨áâ¥¬ë fu0k(x)�
�1
k g)

¯® áå¥¬¥ ®æ¥ª¨ A0

A31 � kp1ks
�X

5

��� efk�k
Z R

1=�

2 cos �k�K0(�; �k; �; R)d�
�����1=�; � > 1; (36)

£¤¥ ãçâ¥®, çâ® ¯® ¢â®à®¬ã ãá«®¢¨î (4) áã¬¬ 
P

5 ª®¥ç ï. �æ¥¨¬ ¨â¥£à « ¯® � ¢ (36)

�k

Z R

1=�

2 cos �k�K0(�; �k; �; R)d� =
Z R

1=�

2 cos �k�
Z R

�

sin�r sin�k(r � �)
r

dr d� =

=
Z R

1=�

2 cos2 �k�
Z R

�

r�1 sin�r sin�kr dr d� �
Z R

1=�

sin 2�k�
Z R

�

r�1 sin�r cos �kr dr d� � I1 � I2: (37)

� ¢ëà ¦¥¨¨ I1 ¯à®¨â¥£à¨àã¥¬ ¯® ç áâï¬ ¢ãâà¥¨© ¨â¥£à « ¨ ¨á¯®«ì§ã¥¬ ®æ¥ªã sin(��
�k)� = O((�� �k)"� ") 8" 2 (0; 1), á¯à ¢¥¤«¨¢ãî ¢ á¨«ã ¯¥à¢®£® ãá«®¢¨ï (4),

I1 =
Z R

1=�

cos2 �k�
Z R

�

r�1(cos(�� �k)r � cos(�+ �k)r)dr d� =

=
Z R

1=�

cos2 �k�
�
sin(�� �k)R
(�� �k)R

�
sin(�+ �k)R
(�+ �k)R

�
sin(�� �k)�
(�� �k)�

+
sin(�+ �k)�
(�+ �k)�

+

+
Z R

�

�
sin(�� �k)r
(�� �k)r2

�
sin(�+ �k)r
(�+ �k)r2

�
dr

�
d� = O((�� j�kj)�(1�"))

á ¨á¯®«ì§®¢ ¨¥¬ â ª¦¥ ¥à ¢¥áâ¢  j�� �kj �
���� j�kj

��.
� ¢ëà ¦¥¨¨ I2 ¢ (37) ¯®¬¥ï¥¬ ¬¥áâ ¬¨ ¨â¥£à «ë

I2 =
Z R

1=�
r�1 sin�r cos �kr

Z r

1=�
sin 2�k� d� dr = O(��1k ln�) = O((�� j�kj)

�(1�"));

â. ª. � � 2j�kj, j�kj �
���� j�kj

��.
�®¤áâ ¢¨¢ ®æ¥ª¨ ¤«ï I1, I2 ¢ (37) ¨ (36), ¯®«ãç¨¬

A31 � kp1ks
�X

5
j efkO((�� j�kj)

�(1�"))j�
�1=�

; " 2 (0; ��1); (38)

£¤¥   " 2 (0; 1)  «®¦¥® ãá«®¢¨¥, £ à â¨àãîé¥¥ ®£à ¨ç¥®áâì áã¬¬ë
P

5 ¢ (38) à ¢®¬¥à®
¯® � ¯à¨ efk = O(1): (1� ")� > 1, " < 1� ��1 = ��1.

� áá¬®âà¨¬ ¢ëà ¦¥¨¥ A32 ¨§ (35). � «¨ç¨¥ ¢ A32 ¨â¥£à «  ¯® � ¯® ®âà¥§ªã [0; � ] ¯®§¢®«¨â
¯®«ãç¨âì ¬®¦¨â¥«ì � ¨ ã«ãçè¨âì ®æ¥ªã   ln�. � áé¥¯«ïï à §®áâì �� ¢ A32   ¤¢¥ ç áâ¨
¨ ¯à¨¬¥ïï ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª , ¯®«ãç¨¬ A32 � A+

32 + A�32, £¤¥ A
+
32 ¨ A�32 ®â«¨ç îâáï

 à£ã¬¥â®¬ x+� ¨ x�� äãªæ¨¨A1uk. � áá¬®âà¨¬ A
+
32; A

�
32 ¨áá«¥¤ã¥âáï   «®£¨ç®. �®¤áâ ¢¨¬

¢ A+
32 ¢ëà ¦¥¨¥ ¤«ï A1uk ¨ ¯à¨¬¥¨¬ ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª 

A+
32 � S0

�Z R

1=�

Z �

0

p1(x)X
5
fkK0

m�1
uk (x+ �) cos �k(� � �)


p;K

d� d�

�
+

+ S0

hp1(x)X
5
fk

Z R

1=�

K0

Z �

0

q1(x+ �)uR(x+ �) cos �k(� � �)d� d�

p;K

i
+

+ S0

hp1(x)
Z R

1=�

Z �

0

p1(x+ �)
X

5
fkK0u

0
k(x+ �) cos �k(� � �)d� d�


p;K

i
� J1 + J2 + J3: (39)

�¤¥áì ¯à¨¬¥¥® ®¡®¡é¥®¥ ¥à ¢¥áâ¢® �¨ª®¢áª®£® ¤«ï ¯¥à¢®£® á« £ ¥¬®£®. �æ¥¨¢ ¥¬ J1
¯® áå¥¬¥ ®æ¥ª¨ A0: ¥à ¢¥áâ¢® ��¥«ì¤¥à , ®¡®¡é¥¨¥ â¥®à¥¬ë �¨áá  ¤«ï á¨áâ¥¬ë f

m�1
uk �

�1
k g ¨
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®æ¥ª   3 ¨§ «¥¬¬ë 2. �®«ãç ¥¬

J1 � ckp1ksS0

� Z R

1=�

Z �

0

�X
5
j efk 3 cos �k(� � �)j�

�1=�
d� d�

�
�

� ckp1ks

Z R0

1=�

�
�X

5
j��1 efk(�� j�kj)�1j�

�1=�
d� � ckp1ks

�X
5
j efk(�� j�kj)�1j�

�1=�
:

�à¨¬¥ïï ¥à ¢¥áâ¢  ¨§ [12]

kukk1�
�1
k � c;

Z R0

0
jK0(�; �k; �; R)jd� = O(((�� j�kj)�k)

�1 ln�);

®æ¥¨¬

J2 � cS0

hp1(x)X
5
j efkj

Z R

1=�
jK0jd�kq1k1


p;K

i
�

� ckp1kp kq1k1
X

5
j efk(�k(�� j�kj))

�1j ln� � ckp1ks kq1k1�
�1 ln�

X
5

���� j�kj
���1j efkj:

� áá¬®âà¨¬ ¯®á«¥¤¥¥ á« £ ¥¬®¥ J3 ¨§ (39). � ¨â¥£à «¥ ¯® x ¯à¨¬¥¨¬ ¥à ¢¥áâ¢® ��¥«ì¤¥à 
á â¥¬¨ ¦¥ ¯ à ¬¥âà ¬¨ �, �0, çâ® ¨ ¤«ï A0,   § â¥¬ ¥à ¢¥áâ¢® ��¥«ì¤¥à  ¢ ¨â¥£à «¥ ¯® � á
¯ à ¬¥âà ¬¨ s, s0

J3 � kp1ksS0

�
Z R

1=�

Z �

0
p1(x+ �)

X
5
fkK0u

0
k(x+ �) cos �k(� � �)d� d�


�;K

�
�

� kp1k
2
sS0

�
Z R

1=�

X
5
fkK0u

0
k(x+ �) cos �k(� � �)


s0;[0;� ]

d�


�;K

�
:

�® ãá«®¢¨î � = max(2; s0; �0p) � s0, ¯®íâ®¬ã ¬®¦® ¯à¨¬¥¨âì ¢ ¯à ¢®© ç áâ¨ ®¡®¡é¥®¥
¥à ¢¥áâ¢® �¨ª®¢áª®£®

J3 � kp1k
2
sS0

�Z R

1=�

X
5
fkK0u

0
k(x+ �) cos �k(� � �)


(�;s0);K�[0;� ]

d�

�
�

� kp1k
2
sS0

�Z R

1=�

X
5
fkK0u

0
k(�) cos �k(� � �)


(�;s0); G�[0;� ]

d�

�
�

� ckp1k
2
sS0

�Z R

1=�

�X
5
j efk cos �k(� � �) 3j

�
�1=�

s0; [0;� ]
d�

�
�

� ckp1k
2
sS0

�Z R

1=�

�
�X

5
j efk��1(�� j�kj)

�1j�
�1=�

d� � ckp1k
2
s

�X
5
j efk(�� j�kj)

�1j�
�1=�

;

£¤¥ ¢¢¥¤¥  ®¢ ï ¯¥à¥¬¥ ï � = x + �, ¯à¨¬¥¥® ®¡®¡é¥¨¥ â¥®à¥¬ë �¨áá  ¤«ï á¨áâ¥¬ë
fu0k(�)�

�1
k g ¨ ®æ¥ª   3 ¨§ «¥¬¬ë 2.

�¡ê¥¤¨ïï ®æ¥ª¨ ¤«ï Ji,   â ª¦¥ A
�
32, ¯®«ãç¨¬

A32 � ckp1ks
h
(1 + kp1ks)

�X
5
j efk(�� j�kj)

�1j�
�1=�

+ kq1k1�
�1 ln�

X
5
j efk(�� j�kj)

�1j
i
: (40)

�æ¥ª¨ (38), (40), (35) ¯®§¢®«ïîâ ®æ¥¨âì ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ A3 ¢ (32)

A3 � ckp1ks
h�X

5
j efk(�� j�kj)�(1�")j�

�1=�
+ kq1k1�

�1 ln�
X

5
j efk(�� j�kj)�1j

i
: (41)

�®®â®è¥¨ï (32){(34), (41) ¤ îâ ®ª®ç â¥«ìãî ®æ¥ªã ¤«ï ¨áá«¥¤ã¥¬®£® ¢ëà ¦¥¨ï (31)
(P1s = maxP�1s)

J � c(kp1ks + P1s)
h�X

5
j efk(�� j�kj)

�(1�")j�
�1=�

+ kq1k1�
�1 ln�

X
5
j efk(�� j�kj)

�1j
i
; " 2 (0; ��1):

(42)
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�áª®¬ ï ®æ¥ª  ãáâ ®¢«¥ . �¡ê¥¤¨ïï ¥¥ á (24), ¨¬¥¥¬ ®ª®ç â¥«ì®¥ á®®â®è¥¨¥ ¤«ï ¨á-
å®¤®£® ¢ëà ¦¥¨ï

I0 � c(kp1ks + P1s)
h
��1 ln�

�X
2
j efkj��1=� + ln�

�X
3
j efk��1k j�

�1=�
+
�X

4
j efkj��1=� +

+
�X

5
j efk(�� j�kj)

�(1�")j�
�1=�

+ ��1 ln�
X

5
j efk(�� j�kj)

�1j
i
; � > 1; " 2 (0; ��1): (43)

�®¤áâ ¢«ïï ¢ (42) ®æ¥ª¨ ¤«ï efk, ¯®«ãç¨¬
J = (kp1ks + P1s)o(1)(1 + ��1 ln2 �) ¯à¨ efk = o(1); (44)

J = (kp1ks + P1s)O(���)(1 + ��1 ln2 �) ¯à¨ efk = O(���k ); � > 0: (45)

�®¥¤¨ïï á®®â®è¥¨ï (29), (30) ¨ (44), (45), ¯®«ãç¨¬ ®æ¥ª¨ ¤«ï I0 ¯à¨ ãá«®¢¨¨ (10)

I0 = (kp1ks + P1s)[o(1) +O(��1=� ln�)] ¯à¨ efk = o(1); (46)

I0 = (kp1ks + P1s)O(max(��� ; ��1 ln�)) ¯à¨ efk = O(���k ): (47)

�ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ (11) ¤«ï p1(x). �æ¥¨¬ ¢ëà ¦¥¨ï J ¨§ (31). �¡®§ ç¨¬

P (�; ; s) = max
�Z

K

k���(p1(x��)�p1(x))ks; [0;R0]
dx

�1=s

� max k���(p1(x��)�p1(x))k(;s); [0;R0]�K:

�«ï ®æ¥ª¨ A1 ¨§ (32) ä¨ªá¨àã¥¬ «î¡®¥ ç¨á«®  2 [s;1] ¨ � > 1= â ª, çâ®¡ë P (�; ; s) <
c < 1 (â. ¥. ¨¬¥¥â ¬¥áâ® (11)). �®¤ § ª®¬ ¨â¥£à «  ¯® � ¢ A1 ã¬®¦¨¬ ¨ à §¤¥«¨¬   �� ¨
¯à¨¬¥¨¬ ¥à ¢¥áâ¢® ��¥«ì¤¥à  á ¯ à ¬¥âà ¬¨ , 0 = =(�1), § â¥¬ ¢® ¢¥è¥¬ ¨â¥£à «¥ ¯®
x ¯à¨¬¥¨¬ ¥à ¢¥áâ¢® ��¥«ì¤¥à  á ¯ à ¬¥âà ¬¨ �, �0 | â¥¬¨ ¦¥, çâ® ¨ ¤«ï A0 ¢ (19). �®«ãç¨¬

A1 � S0

h k���(p1(x+ �)� p1(x))k; [0;R0]

X
5
fk�

�K0u
0
k(x+ �)


0; [1=�;R0]


p;K

i
�

� P (�; ; s)S0

hX
5
fk�

�K0u
0
k(x+ �)


(0;�); [1=�;R0]�K

i
�

� P (�; ; s)S0

hX
5
fk�

�K0u
0
k(�)


(�;0); G�[1=�;R0]

i
�

� cP (�; ; s)S0

h���X
5
j efk 3j

�
�1=�

0; [1=�;R0]

i
�

� cP (�; ; s)k���1k0; [1=�;R0]

�X
5
j efk(�� j�kj)

�1j�
�1=�

;

A1 � cP (�; ; s)
�X

5
j efk(�� j�kj)

�1j�
�1=�

: (48)

�à¨ ¢ë¢®¤¥ ®æ¥ª¨ (48) ¬ë ¯®¢â®à¨«¨ áå¥¬ã (18){(20) ¢ëª« ¤®ª á A0. �á«®¢¨¥ � > 1= £ -
à â¨àã¥â á¯à ¢¥¤«¨¢®áâì á®®â®è¥¨ï (� � 1)0 > �1; ¯®áª®«ìªã  � s, â® 0 � s0 � �, çâ®
®¡¥á¯¥ç¨¢ ¥â ãá«®¢¨¥ ¯à¨¬¥¨¬®áâ¨ ®¡®¡é¥®£® ¥à ¢¥áâ¢  �¨ª®¢áª®£®. � ª ï ¦¥ ®æ¥ª 
(48) ¢¥à  ¤«ï A2. �® ¯à¥¦¥© áå¥¬¥ ®æ¥¨¢ ¥âáï A3. � ¨â®£¥ ¯®«ãç ¥¬ ®æ¥ª¨ (43){(47) á
§ ¬¥®© P1s   P (�; ; s).

�ë ®æ¥¨«¨ ç áâì I0 ¢ëà ¦¥¨ï (17). � ¬¥ïï I0 ¢ (17) á®®â®è¥¨¥¬ (43) ¨ ¨á¯®«ì§ãï ®æ¥-
ª¨ (46), (47), ãáâ  ¢«¨¢ ¥¬ ¤«ï ¢á¥£® ¢ëà ¦¥¨ï I,   á«¥¤®¢ â¥«ì®, ¨ ¤«ï �� ®ª®ç â¥«ìë¥
®æ¥ª¨. �¬¥¥¬ I � I0 = o(1) + ��1=p ¯à¨ efk = o(1), I � I0 = O(max(��� ; ��1)) ¯à¨ efk = O(���k ),
¯®íâ®¬ã

�� = o(1) +O(��1=� ln�) ¯à¨ efk = o(1); � = max(2; s0; �0p); (49)

�� = O(max(��� ; ��1 ln�)) ¯à¨ efk = O(���k ): (50)
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�æ¥ª  (49) ¨ «¥¬¬  1 ¯à¨¢®¤ïâ ª á®®â®è¥¨î (12). �®áª®«ìªã âà¨£®®¬¥âà¨ç¥áª ï á¨áâ¥-
¬  äãªæ¨© ®¡à §ã¥â ¡ §¨á ¢ Lp(G) 8p > 1, â® ¨§ (12) ¨ ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª  á«¥¤ã¥â
á¯à ¢¥¤«¨¢®áâì (13). �æ¥ª  (50) ¤®ª §ë¢ ¥â ¯®á«¥¤¥¥ á®®â®è¥¨¥ (14) ¢ â¥®à¥¬¥. �¥®à¥¬  2
¤®ª §  .

� ¬¥ç ¨¥ 7. �â®ç¨¬ ®æ¥ªã (49). � ¥¥ ¢å®¤¨â ¯ à ¬¥âà �0. �æ¥ª  ®áâ âª  ¢ (49) ¡ã¤¥â
 ¨«ãçè¥© ¯à¨  ¨¬¥ìè¥¬ �. �«ï � á¯à ¢¥¤«¨¢® 1 < � � s=p, ¯®íâ®¬ã (1 � p=s)�1 � �0 < 1.
�®«®¦¨¬ � = s=p, �0 = (1 � p=s)�1, �0p = (1=p � 1=s)�1. �®áª®«ìªã p > 1, â® (s0)�1 > 1=p � 1=s,
â. ¥. s0 < (1=p� 1=s)�1 = �0p. � ª¨¬ ®¡à §®¬, áç¨â ¥¬ ¢ ®æ¥ª å

� = max(2; (1=p � 1=s)�1): (51)

5. � ª«îç¥¨¥. �æ¥¨¬ à §®áâ¨ �� ¤«ï p1(x) 2 Ls(G). �®ª §ë¢ ï â¥®à¥¬ã 2, ¬ë ä ªâ¨-
ç¥áª¨ ãáâ ®¢¨«¨ á«¥¤ãîé¨¥ ®æ¥ª¨ à §®áâ¨ á¯¥ªâà «ìëå à §«®¦¥¨©, á¯à ¢¥¤«¨¢ë¥ ¯à¨
¥¤¨áâ¢¥®¬ ãá«®¢¨¨ (3)   p1(x).

�¥®à¥¬  3. �ãáâì p 2 [1; s), ¢ë¯®«ïîâáï ãá«®¢¨¥ (3) ¨ ãá«®¢¨ï �. �®£¤  8f(x) 2 Lr(G) :
�� = o(1)(1 + kp1ks ln�), �!1;

�� = o(1)(kp1ks + ln�1 �) ¯à¨ efk = o(ln�1 �k);

�� = O(ln�� �)(1 + kp1ks ln�) ¯à¨ efk = O(ln�� �k);

�� = O(max(��� ; ��1; kp1ks�
�� ln�)) ¯à¨ efk = O(���k ): (52)

�«ï ¤®ª § â¥«ìáâ¢  ®æ¥®ª â¥®à¥¬ë 3 á«¥¤ã¥â ¯®¤áâ ¢¨âì á®®â®è¥¨ï ¤«ï efk ¢ (17) ¨ ¢®á-
¯®«ì§®¢ âìáï ®æ¥ª ¬¨ (25){(28). �æ¥ª  (52) ¯à¨ � > 1 ¤®«¦  ¡ë«  ¡ë á®¤¥à¦ âì ¢ëà ¦¥¨¥
kp1ks�

�1 ln� (á®£« á® (28)), ® ¢ [5] ãáâ ®¢«¥  ®æ¥ª  �� = O(��1) ¯à¨ � > 1 8s (¡¥§ ãá«®¢¨©
(10), (11)   p1(x)). �â  ®æ¥ª  ¯à¨¢¥¤¥  ¢ (52) ¨ ¢ (14).

�æ¥ª  (14) â¥®à¥¬ë 2 ¯à¨ � 2 (0; 1) á®¢¯ ¤ ¥â á ®æ¥ª®© ¯®á«¥¤¥£® ç«¥  áã¬¬ë ��(x; f),
çâ® ¯®¤â¢¥à¦¤ ¥â â®ç®áâì ¯®«ãç¥ëå ®æ¥®ª.

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® à ¥¥, ¢ ®á®¢®¬, ¨áá«¥¤®¢ «áï ¢®¯à®á ® à ¢®¬¥à®© à ¢®-
áå®¤¨¬®áâ¨   ª®¬¯ ªâ å á¯¥ªâà «ìëå à §«®¦¥¨© ¯® á®¡áâ¢¥ë¬ ¨ ¯à¨á®¥¤¨¥ë¬ äãª-
æ¨ï¬ ®¯¥à â®à®¢ n-£® ¯®àï¤ª  ¨ à §«®¦¥¨© ¢ âà¨£®®¬¥âà¨ç¥áª¨© àï¤ �ãàì¥ | íâ® à ¡®-
âë �.�¨àª£®ä , �.�. � ¬ àª¨ , �. �â®ã , �.�.�«ì¨ , �.�®, �.�.�à®¬®¢ , �.�. �ëå«®¢ ,
�.�.�¨ª¨ , �.�.�¨ª®«ìáª®© ¨ ¤à. �à âª¨© ®¡§®à íâ¨å à¥§ã«ìâ â®¢ ¬®¦®  ©â¨ ¢ [12], [13].
�«ãç © ¥£« ¤ª®£® ª®íää¨æ¨¥â  ¯à¨ (n�1)-© ¯à®¨§¢®¤®© ¯®¤à®¡® ¨áá«¥¤®¢  �.�. �ëå«®¢ë¬
¤«ï à¥£ã«ïà®© ¤¢ãåâ®ç¥ç®© ªà ¥¢®© § ¤ ç¨ (á¬. § ¬¥ç ¨¥ 5). �à¨ íâ®¬ à áá¬ âà¨¢ «áï ¡®-
«¥¥ ®¡é¨©, ª¢ §¨¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à; ¤«ï ®¡®á®¢ ¨ï à¥§ã«ìâ â®¢ ¯à¨¬¥¥ ¬¥â®¤
à¥§®«ì¢¥â. �â¬¥â¨¬ â ª¦¥ à ¡®âë [14]{[17], á¢ï§ ë¥ á ¢®¯à®á ¬¨ à ¢®¬¥à®© à ¢®áå®¤¨-
¬®áâ¨ á¯¥ªâà «ìëå à §«®¦¥¨© ¨ áå®¤¨¬®áâ¨ ¨å ¢ Lp ¤«ï è¨à®ª®£® ª« áá  ¤¢ãåâ®ç¥çëå
ªà ¥¢ëå § ¤ ç.

�¢â®à ¯à¨§ â¥«¥ �.�.�«ì¨ã ¨ �.�.�®¨á¥¥¢ã §  ¯«®¤®â¢®àë¥ ¡¥á¥¤ë ¯® â¥¬¥ à ¡®âë.
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