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Ly � y(n) +
n�1X
k=0

pk(�)y(k) = �q(�)y; (1)

ljcjy �
nX

k=1

bjky
(n�k)(cj) = 0; j = 1; r; (2)

y(�i)(ai) = 0; �i = 0; ki � 1; i = 1;m; (3)

£¤¥ 1 < r � n, 1 � m � n � r, k1 + � � � + km = n � r, bjk 2 R, k = 1; n, bj1 = 1, j = 1; r,
a � c1 � � � � � cr � b, a � a1 < � � � < am � b,

minfc1; a1g = a; maxfcr; amg = b: (4)

�«¥¤ãï [1], á¯¥ªâà § ¤ ç¨ (1){(3) ¡ã¤¥¬ ­ §ë¢ âì ®áæ¨««ïæ¨®­­ë¬, ¥á«¨ ®­ á®áâ®¨â ¨§ á®¡-
áâ¢¥­­ëå §­ ç¥­¨©, ¯®«®¦¨â¥«ì­ëå ¯à®áâëå ¨ ®¡à §ãîé¨å ­¥®£à ­¨ç¥­­ãî ¯®á«¥¤®¢ â¥«ì-
­®áâì 0 < �0 < �1 < � � � , ¯à¨ç¥¬ ¤«ï ª ¦¤®£® k, k = 0; 1; : : : , á®¡áâ¢¥­­ ï äã­ªæ¨ï yk(x) § ¤ ç¨
(1){(3), á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �k, â ª®¢ , çâ® äã­ªæ¨ï  k(x) = yk(x)=w(x),

£¤¥ w(x) =
mQ
i=1
(x � ai)ki ¯à¨ r < n ¨ w(x) � 1 ¯à¨ r = n, ­¥¯à¥àë¢­  ¢ [a; b], ¨¬¥¥â ¢ [a; b]

à®¢­® k ­ã«¥©, ª®â®àë¥ ¢á¥ ¨§®«¨à®¢ ­­ë¥, ã§«®¢ë¥, ­ã«¨  k(x) ¨  k+1(x) ¯¥à¥¬¥¦ îâáï,  
¯®á«¥¤®¢ â¥«ì­®áâì f k(x)g10 ®¡à §ã¥â ¢ [a; b] àï¤ � àª®¢  ([2]{[4]).

�á«®¢¨ï ®áæ¨««ïæ¨®­­®áâ¨ á¯¥ªâà  § ¤ ç¨ (1){(3) ¯à¨ r = 0 à áá¬®âà¥­ë, ­ ¯à¨¬¥à, ¢ ([1],
[5], [6]), ¯à¨ r = 1 | ¢ [7], ¯à¨ á®¢¯ ¤¥­¨¨ ª ¦¤®© ¨§ â®ç¥ª cj «¨¡® á a, «¨¡® á b | ¢ [3], [8]{[10],
¯à¨ bjk = 0, k = 1; j � 1, j = 1; r | ¢ [6], [11], ¯à¨ bj1 6= 0, j = 1; r, ¯à®¨§¢®«ì­®¬ r, 0 < r < n,
m � 2, a = a1 < a2 < � � � < am = b, a < c1 < c2 < � � � < cr < b «¨¡® a = c1 � c2 � � � � � cr = b | ¢
[12]{[14].

� ¤ ­­®© áâ âì¥ à¥§ã«ìâ âë à ¡®â [12]{[14] à á¯à®áâà ­ïîâáï ­  «î¡ë¥ á«ãç ¨ à á¯®«®¦¥-
­¨ï â®ç¥ª ai, i = 1;m, cj , j = 1; r, ¢ [a; b] ¯à¨ á®¡«î¤¥­¨¨ ãá«®¢¨ï (4), «î¡ëå r, 0 < r � n, ¨ m,
m � 1,   â ª¦¥ ®¡áã¦¤ îâáï á¢®©áâ¢ , ª®â®àë¬¨ ¡ã¤¥â ®¡« ¤ âì á¯¥ªâà § ¤ ç¨ (1){(3), ¥á«¨
¤«ï ¬¨­®à®¢ ¬ âà¨æë B = (bjk), j = 1; r, k = 1;m, âà¥¡ã¥¬ë¥ ¢ [10], [12]{[14] ­¥à ¢¥­áâ¢ 

B
 
� � � � � + �

1 � � � �+ 1

!
> 0; � = 1; r � �; � = 1; r � 1; (5)

£ à ­â¨àãîé¨¥ ¯à¨ ¯à®ç¨å ãá«®¢¨ïå íâ¨å à ¡®â ¤«ï äã­ªæ¨¨ �à¨­  G(x; s) ãà ¢­¥­¨ï
Ly = 0 (6)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (2), (3) §­ ª®¯®áâ®ï­áâ¢® äã­ªæ¨¨ G(x; s)w(x) [15] ¢ ª ¦¤®© ¨§ ­¥¯ãáâëå
¯®«®á

a � x � b; cj < s < cj+1; j = 0; r; c0 = a; cr+1 = b; (7)
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§ ¬¥­¨âì áãé¥áâ¢®¢ ­¨¥¬ ¯¥à¥áâ ­®¢ª¨ (j1; j2; : : : ; jr) ¬­®¦¥áâ¢  f1; 2; : : : ; rg, ¤«ï ª®â®à®©

j� < j�+k; k = 2; r � �; � = 1; r � 2; (8)

B
 
j� � � � j�+�

1 � � ��+ 1

!
> 0; � = 1; r � �; � = 1; r � 1; (9)

çâ® ¯à¨ á®åà ­¥­¨¨ ¯à®ç¨å ãá«®¢¨© à ¡®â [10], [12]{[14] â ª¦¥ ®¡¥á¯¥ç¨¢ ¥â á®åà ­¥­¨¥ §­ ª 
G(x; s)w(x) ¢ ª ¦¤®© ¨§ ¯®«®á (7) [16], ­®, ¢®§¬®¦­®, ¨­®£®, ­¥¦¥«¨ ¯à¨ ãá«®¢¨¨ (5).

1. � ª ¨§¢¥áâ­®, ­ã«¥¢ë¬ ¬¥áâ®¬ ¨«¨ ®â¤¥«ì­ë¬ ­ã«¥¬ ­¥¯à¥àë¢­®© äã­ªæ¨¨ u(x) ­ §ë-
¢ ¥âáï ¢áïª ï ª®¬¯®­¥­â  á¢ï§­®áâ¨ ¬­®¦¥áâ¢  ¥¥ ­ã«¥¢ëå â®ç¥ª. �ã«¥¢®¥ ¬¥áâ® [c; d] � (a; b)
­ §ë¢ ¥âáï ã§«®¬ (¯ãç­®áâìî), ¥á«¨ u(c � ")u(d + ") < 0 (> 0) ¤«ï ¢á¥å ¤®áâ â®ç­® ¬ «ëå
" > 0 ([2]{[4]). �«¥¤ãï [1], k-ªà â­®áâìî ¨§®«¨à®¢ ­­®£® ­ã«ï x0 äã­ªæ¨¨ u(x) ­ §®¢¥¬ ç¨-
á«® rk(u; x0) = maxfi � k : u(x) = o(jx � x0ji�1)g,   ¤«ï ­ã«¥¢®£® ¬¥áâ  
 ¤àã£®£® â¨¯  ¯®-
«®¦¨¬ rk(u;
) = k. �ãáâì rk(u;J ) | áã¬¬  k-ªà â­®áâ¥© ­ã«¥¢ëå ¬¥áâ u(x) ¢ ¯à®¬¥¦ãâª¥
J , rk(u) = rk(u; [a; b]), â ª çâ® r1(u) | ç¨á«® ®â¤¥«ì­ëå ­ã«¥© u(x) ¢ [a; b]; '(u;J ) | ç¨-
á«® ­ã«¥© u(x) ­  J á ãç¥â®¬ ¨å ®¡ëç­®© ªà â­®áâ¨ [17], '(u) = '(u; [a; b]); S(u;J ) | ç¨-
á«® ¯¥à¥¬¥­ §­ ª  u(x) ­  J , â. ¥. â ª®¥ ç¨á«® l, çâ® 9C = const 6= 0, 9xi 2 J , i = 1; l,
inf J = x0 < x1 < � � � < xl+1 = supJ : (�1)iCu(x) � 0 ¯®çâ¨ ¢áî¤ã ¢ (xi; xi+1), u(x) � 0
¢ (xi; xi+1), i = 0; l, ¯à¨ íâ®¬ ¢ á«ãç ¥ J = [a; b] ¯®«®¦¨¬ sign1 u = signC ([3], [4], [8]),
sign2 u = (�1)l signC, S(u) = S(u; [a; b]) [3], [4]; CkJ ( eCkJ ) | ¬­®¦¥áâ¢® ¢¥é¥áâ¢¥­­ëå äã­ª-
æ¨©, ¨¬¥îé¨å ¢ J ­¥¯à¥àë¢­ãî ( ¡á®«îâ­® ­¥¯à¥àë¢­ãî) k-î ¯à®¨§¢®¤­ãî, eC�1J | ¬­®-
¦¥áâ¢® áã¬¬¨àã¥¬ëå ¢ J äã­ªæ¨©; C�[a; b] | ¬­®¦¥áâ¢® ­¥¯à¥àë¢­ëå ­  [a; b] äã­ªæ¨©,
®¡« ¤ îé¨å â®«ìª® ¨§®«¨à®¢ ­­ë¬¨ ­ã«ï¬¨; �[a; b] | ¬­®¦¥áâ¢® ®¡®¡é¥­­ëå äã­ªæ¨© ¢¨-

¤  u(x) =
kP

i=1
Ai�(x � si), a < s1 < � � � < sk < b, k = 1; 2; : : : (�(x) | ¤¥«ìâ -äã­ªæ¨ï), ¤«ï

ª®â®àëå ¡ã¤¥¬ ¯®« £ âì S(u) = S(U), sign1 u = sign1 U , sign2 u = sign2 U , £¤¥ U = (A1; : : : ; Ak)
[3], [4],   S(U) ¤«ï ­¥­ã«¥¢®£® ¢¥ªâ®à  U ¡ã¤¥â ®§­ ç âì ç¨á«® ¯¥à¥¬¥­ §­ ª  ¢ àï¤ã ¥£® ª®-
®à¤¨­ â á ¢ë¡à®è¥­­ë¬¨ ­ã«ï¬¨, ¯à¨ íâ®¬ sign1 U = signA�, sign2 U = signA��, £¤¥ A� |
¯¥à¢ ï,   A�� | ¯®á«¥¤­ïï ­¥­ã«¥¢ë¥ ª®®à¤¨­ âë U [3], [4]; B(j1 � � � j�) = B�j1���j�

1����

�
| ¬¨­®à

¬ âà¨æë B; D(j1 � � � j�+1) = B(j1 � � � j��1)B(j1 � � � j�+1)=(B(j1 � � � j�)B(j1 � � � j��1j�+1)), � = 2; r � 1,
D(j1j2) = B(j1j2); c = (c1; : : : ; cr) | ¢¥ªâ®à, c0 = a, cr+1 = b; �c(s) = (�1)r�j ¤«ï s 2 (cj ; cj+1),
j = 0; r, �c(cj), j = 1; r, ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¯à®¨§¢®«ì­®; I | ¥¤¨­¨ç­ë© ®¯¥à â®à; Lp

k | ¬­®¦¥-

áâ¢® ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ¢¨¤  dk

dxk
+

k�1P
i=0

pi(�) di

dxi
, pi(�) 2 eCp�1[a; b], i = 0; k � 1, Lp

0 = fIg;
T p
k (a; b) | ª« áá â ª¨å ®¯¥à â®à®¢ V 2 Lp

k, çâ® '(y) � k � 1 ¤«ï «î¡®£® à¥è¥­¨ï y(x) 6� 0 ãà ¢-
­¥­¨ï Vy = 0, T p

0 (a; b) = Lp
0; eT p

n(B; a; b; c1; : : : ; cr) ¯à¨ ¤ ­­ëå B ¨ cj , j = 1; r, | ª« áá â ª¨å
®¯¥à â®à®¢ L 2 Lp

n, çâ® '(y) � n � � � 1 ¤«ï «î¡®£® à¥è¥­¨ï y(x) 6� 0 ãà ¢­¥­¨ï (6), ã¤®-
¢«¥â¢®àïîé¥£® «î¡ë¬ � ¨§ ãá«®¢¨© (2) 8�, � = 1; r; T p

n1(B; a; b; c1; cr) | ¯¥à¥á¥ç¥­¨¥ ª« áá®¢eT p
n(B; a; b; c01; : : : ; c0r) ¤«ï ¢á¥¢®§¬®¦­ëå c0j , j = 1; r, c1 � c01 � � � � � c0r � cr; Q = [a; b]�([a; b]nfcjgr1).
�ç¥¢¨¤­®, ¤«ï ¤ ­­®£® ¢¥ªâ®à  c = (c1; : : : ; cr) ¯à¨ ãá«®¢¨¨ L 2 eT 0

n(B; a; b; c1; : : : ; cr) áãé¥-
áâ¢ã¥â äã­ªæ¨ï �à¨­  Gc(x; s) § ¤ ç¨ (6), (2), (3). �ãáâì

�c(x; s) =

(
Gc(x; s)�c(s)=w(x) ¯à¨ x 6= ai;

(@kiGc(ai; s)=@xki)�c(s)=w(ki)(ai) ¯à¨ x = ai; i = 1;m:
(10)

�¥¯à¥àë¢­®áâì �c(x; s) ¢ Q ¨ áãé¥áâ¢®¢ ­¨¥ à ¢­®¬¥à­ëå ª®­¥ç­ëå ¯à¥¤¥«®¢ �c(x; cj � 0), j =
1; r, ¬®¦­® ¤®ª § âì, ¤®á«®¢­® ¯®¢â®àïï à ááã¦¤¥­¨ï ¨§ [13], [14], ª®â®àë¥ ¯à¨¬¥­¨¬ë §¤¥áì,
â. ª. ki � n � r � n � 2 ¯à¨ r > 1, ¨ á¯à ¢¥¤«¨¢ë ¯à¨ «î¡®¬ à á¯®«®¦¥­¨¨ â®ç¥ª ai, i = 1;m,
¨ cj , j = 1; r, ­  [a; b]. �®íâ®¬ã �c(x; �) ¨ Gc(x; �) ¯à¨ s = cj , j = 0; r + 1, ¬®¦­® ¤®®¯à¥¤¥«¨âì
¯® ­¥¯à¥àë¢­®áâ¨ á «î¡®© ¨§ áâ®à®­ «¨¡® á«¥¤ãîé¨¬ ®¡à §®¬: �c(x; cj) = 0:5(�c(x; cj + 0) +
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�c(x; cj � 0)), Gc(x; cj) = 0:5(Gc(x; cj + 0) + Gc(x; cj � 0)�c(cj � 0)�c(cj + 0)), a � x � b, cj 2 (a; b),
1 � j � r.

� á¨«ã (10), â¥®à¥¬ë [15], «¥¬¬ë 1 [13] (á¯à ¢¥¤«¨¢®áâì ª®â®à®© ­¥ § ¢¨á¨â ®â áâà®£®áâ¨ ¨«¨
­¥áâà®£®áâ¨ ­¥à ¢¥­áâ¢ cj � cj+1, j = 0; r) ¨ § ¬¥ç ­¨ï ª ­¥© ¨§ [14] ¯à¨ ãá«®¢¨¨ (5) ¨

L 2 T 0
n1(B; a; b; c1; cr) (11)

¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�c(x; s) > 0 ¢ [a; b]� (a; b): (12)

2. � á¨«ã â¥®à¥¬ 1 ¨ 2 [18] ¯à¨ ãá«®¢¨¨ (11) ¤«ï ª ¦¤®£® ¢¥ªâ®à  c = (c1; : : : ; cr), a � c1 �
� � � � cr � b ¨ ª ¦¤®© ¯¥à¥áâ ­®¢ª¨ (j1; : : : ; jr) ¬­®¦¥áâ¢  f1; : : : ; rg ®¯¥à â®à L ¤®¯ãáª ¥â ¢ [a; b]
à §«®¦¥­¨¥

L
j1���j�c
n�� =

�
d

dx
� �c

j1���j�+1
(x)I

�
L
j1���j�+1c

n���1 ; � = 0; r � 1; (13)

£¤¥ Lj1���j�c
n�� = L ¯à¨ � = 0, Lj1���j�c

n�� ­¥ § ¢¨áïâ ®â cj�+1 ; : : : ; cjr ¨ ®â ¯®àï¤ª  ¨­¤¥ªá®¢ j1; : : : ; j�,
� = 1; r,

Lj1���jrc
n�r = Lc

n�r 2 T r
n�r(a; b); (14)

(Ljc
n�1y)(cj) = ljcjy 8y 2 Cn�1[a; b]; j = 1; r; (15)

�c
j1���j�

(x) ­¥ § ¢¨áïâ ®â cj�+1 ; : : : ; cjr ¨ ®â ¯®àï¤ª  ¨­¤¥ªá®¢ j1; : : : ; j��1, � = 2; r, �c
j1���j�

(x) 2eC��2[a; b], � = 1; r,

(�c
j1���j�+1

(x)� �c
j1���j��1j�+1j�

(x))D(j1; : : : ; j�+1) > 0 8x 2 [a; b]; � = 1; r � 1: (16)

�à®¬¥ â®£®, ¨§ (14) (á¬., ­ ¯à., [17]) á«¥¤ã¥â ä ªâ®à¨§ æ¨ï

Lc
k =

�
d

dx
� �k(x)I

�
Lc
k�1; �k(�) 2 eCn�k�1[a; b]; k = 1; n� r; Lc

0 = I: (17)

�ãáâì

�cz =
Z b

a

�c(�; s)z(s)ds; (18)

yc(x) = (�cu)(x); (19)

vc(x) = yc(x)w(x); (20)

vc0(x) = v0cj1���jr(x) = (Lc
n�rvc)(x); (21)

vr��c
j1���j�

(x) =
�
d

dx
� �c

j1���j�+1
(x)I

�
vr���1c
j1���j�+1

(x) = (Lj1���j�c
n�� vc)(x); � = 0; r � 1; (22)

â ª çâ® ¢ á¨«ã (10), (13), (18){(22) ¯à¨ � = 0 vr��c
j1���j�

(x) = vrc(x) = (Lvc)(x) = �c(x)u(x).

� á¨«ã (22) ¨ á¢®©áâ¢ ®¯¥à â®à®¢ Lj1���j�c
n�� äã­ªæ¨¨ vr��c

j1���j�
(x) ­¥ § ¢¨áïâ ®â ¯®àï¤ª  ¨­¤¥ªá®¢

j1; : : : ; j�, � = 1; r. �®íâ®¬ã ¨§ (22) á«¥¤ã¥â

vr��c
�����+��1(x)� vr��c

�+1����+�(x) = (�c
�+1����+��(x)� �c

�����+�(x))v
r���1c
�����+� (x);

£¤¥ ¯à¨ ãá«®¢¨ïå (5), (11) ¢ á¨«ã (16)

�c
�+1����+��(x)� �c

�����+�(x) < 0 8x 2 [a; b]; � = 1; r � �; � = 1; r � 1: (23)

�®£« á­® «¥¬¬¥ 3 [14] ¯à¨ ãá«®¢¨¨ (11) ¢á¥ äã­ªæ¨¨ vr��c
j1���j�

(x), � = 1; r, ­¥¯à¥àë¢­ë ¯® (x; c)
¢ ®¡« áâ¨ H = f(x; c1; : : : ; cr) : a � x � b; a � c1 � � � � � cr � bg.
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3. �¥¬¬  1.�á«¨ S(u) = p,

u(�) 2 C�[a; b] (24)

¨ ¢á¥ ã§«ë u(x) ®â«¨ç­ë ®â cj, j = 1; r, â® ¯à¨ ãá«®¢¨ïå (5), (11) «¨¡®

S(vc0) � r1(v
c
0) � S(u) = p; (25)

«¨¡®

r1(vc0) = p+ 1; vc0(a) = 0; vc0(b) = 0; S(vc0) � r1(vc0; (a; b)) < p: (26)

�á«¨ ¯à¨ íâ®¬

S(vc0) = S(u); (27)

â®

sign1 v
c
0 = sign1 u: (28)

�®ª § â¥«ìáâ¢®. �à¨ a < c1 < � � � < cr < b ¨ a = c1 � � � � � cr = b á¯à ¢¥¤«¨¢®áâì «¥¬¬ë
¤®ª § ­  ¢ [12]{[14], ¯à¨ç¥¬ ãáâ ­®¢«¥­® ¢ë¯®«­¥­¨¥ (25).

�ãáâì a � c1 � � � � � cr � b, ¯à¨ç¥¬ ¢ë¯®«­ï¥âáï ®¤­® ¨§ ­¥à ¢¥­áâ¢ a < c1 ¨«¨ cr < b.
� ª ¢ [14], ¢ë¡¥à¥¬ "0 > 0 ¬¥­ìè¥ ª ¦¤®£® ¨§ á«¥¤ãîé¨å ç¨á¥«: 1) k-© ¤®«¨ à ááâ®ï­¨ï ®â

ª ¦¤®© ¨§ â®ç¥ª, ¢ ª®â®à®© á®¢¯ ¤ îâ k ¯®á«¥¤®¢ â¥«ì­ëå §­ ç¥­¨© cj , ¤® ¡«¨¦ ©è¥£® ª ­¥©
ã§«  äã­ªæ¨¨ u(x); 2) à ááâ®ï­¨ï ®â a ¤® ¯¥à¢®£® ¨ ®â b ¤® ¯®á«¥¤­¥£® ã§«  ª ¦¤®© ¨§ äã­ªæ¨©
u(x) ¨ vr��c

�����+��1(x), � = 1; r � �+ 1, � = 1; r; 3) cj+1�cj

m1+m2
¤«ï ¢á¥å j, 0 � j � r, ¯à¨ ª®â®àëå

cj�m1+1 = � � � = cj < cj+1 = � � � = cj+m2
.

�ãáâì c0j = a+j", j = 0; k, ¥á«¨ cj = a, j = 0; k, ck+1 6= a; c0j = b�(r�j+1)", j = r � k + 1; r + 1,
¥á«¨ cj = b, j = r � k + 1; r + 1, cr�k 6= b; c0j+i = cj � ([k=2]� i)", i = 0; k � 1, ¥á«¨ cj�1 < cj = � � � =
cj+k�1 < cj+k, 1 � j � r � k + 1, £¤¥ 0 < " < "0; c0 = (c01; : : : ; c

0

r).
� á¨«ã â¥®à¥¬ë 1 [13] ¨«¨ «¥¬¬ë 1 [12] S(vr��c0

�����+��1) � p+r��, � = 1; r � �+ 1, � = 1; r, ®âªã¤ 

¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ vr��c0

�����+��1(x) ¢ H ¯à¨ ¤®áâ â®ç­® ¬ «®¬ " S(vr��c
�����+��1) � S(vr��c0

�����+��1) �
p+ r � �, � = 1; r � �+ 1, � = 1; r, â ª çâ®

S(vc0) � S(vc
0

0 ) � p; S(v1c1���r�1) � S(v1c
0

1���r�1) � p+ 1; S(v1c2���r) � S(v1c
0

2���r) � p+ 1: (29)

� ª ª ª ¯à¨ ãá«®¢¨¨ (24) ¢á¥ ­ã«¨ ¢á¥å vr��c
j1���j�

(x), � = 1; r, ¨§®«¨à®¢ ­­ë¥ [10], â® ¢ á¨«ã (29) ¨
«¥¬¬ë 2 [13] r1(vc0) � p+ 2.

�ãáâì ¤«ï ä¨ªá¨à®¢ ­­®£® ¢¥ªâ®à  c = (c1; : : : ; cr)

eLj1c
r�1 :=

�
d

dx
� �c

j1j2
(x)I

�
� � �
�
d

dx
� �c

j1���jr
(x)I

�
; (30)

eLc
r :=

�
d

dx
� �c

j1
(x)I

�eLj1c
r�1; (31)

eljcjy := (eLjc
r�1y)(cj); j = 1; r; (32)

Grc(�; s) = Lc
n�rGc(�; s); �rc(x; s) = Grc(x; s)�c(s); (33)

â ª çâ® ¢ á¨«ã (13) L = eLc
rL

c
n�r.

�«ï «î¡®© u(�) 2 C�[a; b], ã§«ë ª®â®à®© ®â«¨ç­ë ®â cj , j = 1; r, ¢á¥£¤  ¬®¦­® ¯®áâà®¨âì
â ªãî äã­ªæ¨î u1(�) 2 C�[a; b], çâ® ju1(x)j � 1 8x 2 [a; b], u1(x) > 0 ¯®çâ¨ ¢áî¤ã ¢ [a; b] ¨ ¯à¨

u��(x) = u(x)� �u1(x) (34)
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¡ã¤¥â

u��(�) 2 C�[a; b]; S(u) = S(u��) (35)

¤«ï «î¡®£® ¤®áâ â®ç­® ¬ «®£® � > 0, ¯à¨ç¥¬ ¢á¥ ã§«ë u��(x) ®â«¨ç­ë ®â cj , j = 1; r.
�ãáâì vc01(x) | äã­ªæ¨ï, ¯®áâà®¥­­ ï ¯® ä®à¬ã« ¬ (18){(21) ¤«ï u(x) := u1(x), ­¥¯à¥àë¢­ ï

¢ [a; b] 8c. �¢¨¤ã (10), (33)

vc01(x) = Lc
n�r

�
w(�)

Z b

a

�c(�; s)u1(s)ds
�
=
Z b

a

Lc
n�rGc(�; s)�c(s)u1(s)ds =

=
Z b

a

Grc(�; s)�c(s)u1(s)ds: (36)

� [13] ¯®ª § ­®, çâ® Gr(x; s) ¥áâì äã­ªæ¨ï �à¨­  § ¤ ç¨eLc
ry = 0; eljcjy = 0; j = 1; r:

� ª ¢¨¤­® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë [15], á¯à ¢¥¤«¨¢®áâì ¥¥ § ª«îç¥­¨ï ®¡¥á¯¥ç¨¢ ¥âáï ¢
ª®­¥ç­®¬ ¨â®£¥ ä ªâ®à¨§ æ¨¥© (13){(15) ¨ ­¥à ¢¥­áâ¢ ¬¨ (23). � ª ª ª ä ªâ®à¨§ æ¨ï (30){(32)
â®£® ¦¥ â¨¯ , çâ® ¨ (13){(15),   ª®íää¨æ¨¥­âë �c

j1���j�
(x), � = 1; r, ¢ (13) ¨ (30), (31) ®¤­¨ ¨ â¥

¦¥, â® § ª«îç¥­¨¥ â¥®à¥¬ë [15] ¢¥à­® ¨ ¤«ï Grc(x; s), â. ¥.

Grc(x; s)�c(s) > 0; x 2 [a; b]; s 2
r�1[
j=1

(cj ; cj+1);

Grc(x; s) = 0; a � x � s; Grc(x; s)�c(s) > 0; s < x � b; cr < s � b;

Grc(x; s)�c(s) > 0; a � x < s; Grc(x; s) = 0; s � x � b; a � s < c1:

�âáî¤  ¢ á¨«ã (36)

vc01(x) > 0 8x 2 [a; b]: (37)

�á«¨ ¤«ï ¤ ­­®£® u(x)

r1(vc0) > p; (38)

â® ¢ á¨«ã (29) vc0(x) ¨¬¥¥â ­ã«ì å®âï ¡ë ¢ ®¤­®© ¨§ â®ç¥ª x = a, x = b ¨«¨ (¨) ¨¬¥¥â ¢ (a; b)
å®âï ¡ë ®¤¨­ ­ã«ì-¯ãç­®áâì. �® ¥á«¨ xi, i = 1; p0, | ¢á¥ ã§«ë v1c11���r�1(x) ­  [a; b], xi < xi+1,
i = 1; p0 � 1, x0 = a, xp0+1 = b, â® ¢¢¨¤ã ¨§®«¨à®¢ ­­®áâ¨ ¢á¥å ­ã«¥© vc0(x) ¨ «¥¬¬ë 2 [13] íâ 
äã­ªæ¨ï ¨¬¥¥â ­¥ ¡®«¥¥ ®¤­®£® ­ã«ï ¢ ª ¦¤®¬ ¨§ á¥£¬¥­â®¢ [xi; xi+1], i = 0; p0, ¯à¨ç¥¬ ­ã«ì
¢ (xi; xi+1), 0 � i � p0, ¬®¦¥â ¡ëâì â®«ìª® ã§«®¬. �­ ç¨â, ¥á«¨ vc0(x) ¨¬¥¥â ­ã«ì-¯ãç­®áâì, â®
®­ á®¢¯ ¤ ¥â á ®¤­®© ¨§ â®ç¥ª xi 9i = i0, 1 � i0 � p0, ¯®íâ®¬ã ¢ á¨«ã (22) ¨ «¥¬¬ë 2 [13]
9D : Dvc0(x) > 0 8x 2 [xi0�1; xi0+1] n fxi0g. � ª¨¬ ®¡à §®¬, ¢ á¨«ã (29) ¢ á«ãç ¥ (38) vc0(x) ¬®¦¥â
¨¬¥âì ­¥ ¡®«¥¥ ®¤­®£® ­ã«ï-¯ãç­®áâ¨, ¯à¨ç¥¬ ¯à¨ ­ «¨ç¨¨ ¯®á«¥¤­¥£®

r1(v
c
0) = p+ 1: (39)

�á«¨

r1(vc0) = p+ 2; (40)

â® vc0(x) ­¥ ¨¬¥¥â ­ã«ï-¯ãç­®áâ¨ ¢ [a; b] ¨ ¯à¨ ¤®áâ â®ç­® ¬ «®¬ � > 0 å®âï ¡ë ¤«ï ®¤­®© ¨§
äã­ªæ¨© vc0;��(x), ¯®áâà®¥­­®© ¯® ä®à¬ã« ¬ (18){(21) ¤«ï u(x) := u��(x) (á¬. (34)), â. ¥. ¤«ï

vc0;��(x) = vc0(x)� �vc01(x) (41)

¢ á¨«ã (35), (37) ¨ ­¥¯à¥àë¢­®áâ¨ vc0(x) ¨ v
c
01(x) ­  [a; b] S(v

c
0;��) � r(vc0)� 1 = p+1 = S(u��)+ 1,

çâ® ¯à®â¨¢®à¥ç¨â (29). �­ ç¨â, á«ãç © (40) ­¥¢®§¬®¦¥­.
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�­ «®£¨ç­ë¬ ®¡à §®¬ ¯à¨ ¤®áâ â®ç­® ¬ «®¬ � > 0 å®âï ¡ë ¤«ï ®¤­®© ¨§ äã­ªæ¨© vc0;��(x) ¢
á«ãç ¥ (39) ¯à¨ vc0(a) 6= 0 ¨«¨ vc0(b) 6= 0, ¢ â®¬ ç¨á«¥ ¨ ¯à¨ ­ «¨ç¨¨ ­ã«ï-¯ãç­®áâ¨ vc0(x) ¢ [a; b]
S(vc0;��) � r1(vc0) = p+ 1 = S(u��) + 1. �­ ç¨â, íâ®â á«ãç © â®¦¥ ­¥¢®§¬®¦¥­.

� ª¨¬ ®¡à §®¬, (38) ¬®¦¥â ¡ëâì â®«ìª® ¢ á«ãç ¥ (39) ¯à¨ vc0(a) = 0 ¨ vc0(b) = 0. �® â®£¤ 
S(vc0) � r1(vc0; (a; b)) = r1(vc0)� 2 � p� 1.

�â ª, ¢ë¯®«­ï¥âáï «¨¡® (25), «¨¡® (26).
� á«ãç ¥ (27) ¢ á¨«ã (29), ­¥¯à¥àë¢­®áâ¨ vc0(x) ¢ H ¨ ¢ë¡®à  "0 ¯à¨ ¤®áâ â®ç­® ¬ «®¬ "

p � S(vc
0

0 ; [a+ "0; b]) � S(vc0; [a+ "0; b]) = S(vc0) = S(u) = p, §­ ç¨â,

S(vc
0

0 ) = p (42)

¨ vc
0

0 (x) ­¥ ¨¬¥¥â ã§«®¢ ¢ (a; a+ "0), â ª çâ® ¢ á¨«ã (24) ¨ ­¥¯à¥àë¢­®áâ¨ vc0(x) ¢ H
sign1 v

c0

0 = sign1 v
c
0: (43)

�® ¢ á¨«ã «¥¬¬ë 1 [12] ¨«¨ â¥®à¥¬ë 1 [13] ¯à¨ ãá«®¢¨¨ (42) sign1 v
c0

0 = sign1 u, ®âªã¤  ¢ á¨«ã (43)
¨ á«¥¤ã¥â (28).

�¥¬¬  2. �á«¨ m = 1, y(�) 2 C[a; b],
y(a1) = 0; v(�) = y(�)w(�) 2 Cn�r[a; b] (44)

¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï (5), (11), â® ¯à¨ a < a1 < b

r1(y) � S(Lc
n�rv; (a; a1)) + S(Lc

n�rv; (a1; b)) + 1 � r1(Lc
n�rv; (a; b)); (45)

  ¯à¨ a1 = a (a1 = b)

r1(y) � S(Lc
n�rv) + 1 � r1(Lc

n�rv; [a; b)) (� r1(Lc
n�rv; (a; b])): (46)

�á«¨ ¯à¨ íâ®¬ y = �cu, u(�) 2 C�[a; b] ¨ ¢á¥ ã§«ë u(x) ®â«¨ç­ë ®â cj , j = 1; r, â® ¯à¨

a < a1 < b

S(Lc
n�rv; (a; a1)) + S(Lc

n�rv; (a1; b)) + 1 � S(u); (47)

  ¯à¨ a1 = a ¨«¨ a1 = b

S(Lc
n�rv) + 1 � S(u): (48)

�®ª § â¥«ìáâ¢®. � ª ª ª ¢ á¨«ã (17) ¨ ®¡®¡é¥­­®© â¥®à¥¬ë �®««ï (á¬., ­ ¯à., «¥¬¬ã 1
[19]) ¬¥¦¤ã ¤¢ã¬ï á®á¥¤­¨¬¨ ­ã«ï¬¨ Lc

k�1v «¥¦¨â å®âï ¡ë ®¤¨­ ã§¥« Lc
kv, k = 1; n� r,   ¢ á¨«ã

(44) (Lc
kv)(a1) = 0, k = 0; n� r, â® ¯à¨ a < a1 < b

r1(y) = r1(v) � S(Lc
1v; (a; a1)) + S(Lc

1v; (a1; b)) + 1 � r1(Lc
1v; (a; b));

r1(L
c
k�1v; (a; b)) � S(Lc

kv; (a; a1)) + S(Lc
kv; (a1; b)) + 1 � r1(L

c
kv; (a; b)); k = 1; n� r;

®âªã¤  á«¥¤ã¥â (45). � ¯à¨ a1 = a (a1 = b)

r1(y) = r1(v) � S(Lc
1v) + 1 � r1(Lc

1v; [a; b));

r1(L
c
k�1v; [a; b)) � S(Lc

kv) + 1 � r1(L
c
kv; [a; b)); k = 1; n� r;�

r1(y) = r1(v) � S(Lc
1v) + 1 � r1(Lc

1v; (a; b]);

r1(L
c
k�1v; (a; b]) � S(Lc

kv) + 1 � r1(L
c
kv; (a; b]); k = 1; n� r

�
;

®âªã¤  á«¥¤ã¥â (46).
�à¨ y = �cu, u(�) 2 C�[a; b] ¨ ®â«¨ç¨¨ ¢á¥å ã§«®¢ u(x) ®â cj , j = 1; r, (47) ¨ (48) á«¥¤ãîâ ¨§

(18){(21), (45), (46) ¨ «¥¬¬ë 1.
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� ¬¥ç ­¨¥. �á«¨ y(�) 2 C[a; b], v(�) = y(�)w(�) 2 Cn�r[a; b], y(a1) 6= 0, m = 1, â® rn�r(v) �
n � r + r1(y) ¨, ¯®¢â®àïï à ááã¦¤¥­¨ï ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 8 [10], ¢¢¨¤ã (17) ¯®«ãç¨¬
r1(y) � S(Lc

n�rv).

�¥¬¬  3. �á«¨ ¢á¥ ã§«ë u(x) ®â«¨ç­ë ®â cj, j = 1; r, â® ¯à¨ ãá«®¢¨ïå (5), (11), (24) ¢
á«ãç ¥ m � 1

r1(�cu) � S(u) = p; (49)

  ¢ á«ãç ¥ m = 0 «¨¡® ¢ë¯®«­ï¥âáï (49), «¨¡®

r1(�cu; (a; b)) < p: (50)

�á«¨ ¯à¨ íâ®¬

S(�cu) = S(u); (51)

â®

sign1 �cu = sign1 u: (52)

�®ª § â¥«ìáâ¢®. �à¨ m � 2 ¤«ï äã­ªæ¨© (19){(21) ¢ á¨«ã «¥¬¬ë 8 [10] ¨ «¥¬¬ë 1

S(yc) = S(�cu) � r1(�cu) = r1(yc) � S(Lc
n�rvc) = S(vc0) � r1(v

c
0; (a; b)) � S(u) = p; (53)

â. ¥. ¢ë¯®«­ï¥âáï (49). �à¨m = 1 ¢ á«ãç ¥ yc(a1) 6= 0 (53) ¨ (49) ®áâ îâáï ¢¥à­ë ¢ á¨«ã § ¬¥ç ­¨ï
ª «¥¬¬¥ 2,   ¢ á«ãç ¥ yc(a1) = 0 ¢ á¨«ã «¥¬¬ 1, 2

S(yc) = S(�cu) � r1(yc) = r1(�cu) � maxfr1(Lc
n�rvc; (a; b]); r1(L

c
n�rvc; [a; b))g � S(u) = p; (54)

â. ¥. (49) â®¦¥ ¢ë¯®«­ï¥âáï.
�à¨ m � 1 ¨ ãá«®¢¨¨ (51) ¢ á¨«ã (53) ¨«¨ (54)

S(yc) = r1(yc) = S(u) = p; (55)

â ª çâ® yc(a) 6= 0, yc(b) 6= 0, ¯à¨ç¥¬ ¤«ï m � 2 ¨«¨ m = 1, yc(a1) 6= 0

S(yc) = r1(yc) = S(vc0) = r1(v
c
0; (a; b)) = S(u) = p: (56)

�á«¨ ¦¥ m = 1, yc(a1) = 0, â® a < a1 < b ¨ x = a1 | ã§«®¢®© ­ã«ì yc(x). �®íâ®¬ã ¢ á¨«ã (45),
(55) ¨ «¥¬¬ë 1

S(yc) = r1(yc) = S(Lc
n�rvc; (a; a1)) + S(Lc

n�rvc; (a1; b)) + 1 = r1(L
c
n�rvc; (a; b)) = S(u) = p: (57)

�à®¬¥ â®£®, ¢ á¨«ã (20) rn�r(vc; a1) = n� r, vc0(a1) = 0. �á«¨ x = a1 | ¯ãç­®áâì vc0(x), â® ¢ á¨«ã
(21), (35), (37), (41), (57) ¯à¨ ¤®áâ â®ç­® ¬ «®¬ � å®âï ¡ë ¤«ï ®¤­®© ¨§ äã­ªæ¨© vc0;��(x)

S(vc0;��) � p+ 1 > S(u) = S(u��); (58)

£¤¥ ¢á¥ ã§«ë u��(x) ®â«¨ç­ë ®â cj , j = 1; r. (58) ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 1. �­ ç¨â, x = a1 ¬®¦¥â
¡ëâì â®«ìª® ã§«®¬ vc0(x). �® â®£¤  ¢ á¨«ã (57) á­®¢  ¢ë¯®«­ï¥âáï (56).

�à¨ m � 1 ¤ «ì­¥©è¥¥ ¤®ª § â¥«ìáâ¢® ¤®á«®¢­® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë 6 [13] ¨
«¥¬¬ë 9 [10].

� ª®­¥æ, ¯à¨ m = 0, â. ¥. r = n, ¨¬¥¥¬ w(x) � 1, Lc
n�r = I, vc(x) � yc(x) � vc0(x) � (�cu)(x) ¨

(49) ((50)) á«¥¤ã¥â ¨§ (25) ((26)),   (51) à ¢­®á¨«ì­® (27), â ª çâ® (52) á«¥¤ã¥â ¨§ (28).
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�¥¬¬  4. �à¨ ãá«®¢¨ïå (5), (11) ¤«ï äã­ªæ¨© (19){(21)

S(yc) � S(u); S(vc0) � S(u); (59)

¢ á«ãç ¥ ¦¥ m = 1, yc(a1) = 0 ¯à¨ a < a1 < b

S(vc0; (a; a1)) + S(vc0; (a1; b)) + 1 � S(u); (60)

  ¯à¨ a1 = a ¨«¨ a1 = b

S(vc0) + 1 � S(u) (61)

8u 2 C[a; b] ¨ u 2 �[a; b].
�®ª § â¥«ìáâ¢®. � á¨«ã (10), (18){(21), (33)

vc0(�) = (Lc
n�rvc)(�) = Lc

n�r

�
w(�)

Z b

a

�c(�; s)u(s)ds
�
=

=
Z b

a

Lc
n�rGc(�; s)�c(s)u(s)ds =

Z b

a

Grc(�; s)�c(s)u(s)ds: (62)

�¢¨¤ã (18), (19), (62) ¨ ­¥¯à¥àë¢­®áâ¨ ¨ ®£à ­¨ç¥­­®áâ¨ �c(x; s) ¨ Grc(x; s) ¢ Q «î¡ ï äã­ªæ¨ï
u(�) 2 C[a; b] ¨«¨ u(�) 2 �[a; b] ¬®¦¥â ¡ëâì  ¯¯à®ªá¨¬¨à®¢ ­  â ª¨¬¨ äã­ªæ¨ï¬¨ un(�) 2 C�[a; b]
á ®â«¨ç­ë¬¨ ®â cj , j = 1; r, ã§« ¬¨, çâ®

S(un) = S(u) 8n 2 N; (63)

¨ á®®â¢¥âáâ¢ãîé¨¥ äã­ªæ¨¨ ycn(x) (vc0n(x)) áå®¤ïâáï ª yc(x) (vc0(x)) à ¢­®¬¥à­®, â ª çâ® 9n0 :
S(ycn) � S(yc), S(vc0n) � S(vc0) 8n > n0. �âáî¤  ¢ á¨«ã (63), «¥¬¬ 1{3 ¨ ­¥à ¢¥­áâ¢  S(y; (�; �)) �
r1(y; (�; �)) 8y 2 C[�; �] ¨ á«¥¤ãîâ (59){(61).

�¥¬¬  5. �à¨ ãá«®¢¨ïå (5), (11)

r1(�cu) � S(u) 8u 2 C[a; b] ¨ 8u 2 �[a; b]:
�®ª § â¥«ìáâ¢®. �á«¨ m � 2, â® ¢ á¨«ã (18){(21), «¥¬¬ë 8 [10] ¨ «¥¬¬ë 4

r1(�cu) = r1(yc) � S(Lc
n�rvc) = S(vc0) � S(u): (64)

�à¨ m = 1, yc(a1) 6= 0 (64) á®åà ­ï¥âáï ¢ á¨«ã § ¬¥ç ­¨ï ª «¥¬¬¥ 2.
�á«¨ m = 1, yc(a1) = 0, â® ¢ á¨«ã (21) ¨ «¥¬¬ 2, 4 ¯à¨ a < a1 < b

r1(�cu) = r1(yc) � S(Lc
n�rvc; (a; a1)) + S(Lc

n�rvc; (a1; b)) + 1 � S(u);

  ¯à¨ a1 = a ¨«¨ a1 = b r1(�cu) = r1(yc) � S(Lc
n�rvc) + 1 � S(u) 8u 2 C[a; b] ¨ 8u 2 �[a; b].

4. �ãáâì

�c

 
x1 � � � xk
s1 � � � sk

!
= det(�c(xi; sj))ki;j=1: (65)

�¢¨¤ã á¯à ¢¥¤«¨¢®áâ¨ «¥¬¬ë 5 ¤ «¥¥ ¬®¦­® ¤®á«®¢­® ¯®¢â®à¨âì à ááã¦¤¥­¨ï à ¡®â [13],
[14] ¨ â ª¨¬ ®¡à §®¬ ¤®ª § âì á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  6. �à¨ ãá«®¢¨ïå (5), (11) ¤«ï äã­ªæ¨¨ (10)

�c

 
s1 � � � sk
s1 � � � sk

!
6= 0 8si; i = 1; k; a < s1 < � � � < sk < b; k = 1; 2; : : :

�¥¬¬  7. �à¨ ãá«®¢¨ïå (5), (11) äã­ªæ¨ï (10) ¥áâì §­ ª®à¥£ã«ïà­®¥ ï¤à®, â. ¥. §­ ª ª ¦¤®-

£® ­¥­ã«¥¢®£® ¨§ ®¯à¥¤¥«¨â¥«¥© (65) § ¢¨á¨â â®«ìª® ®â k 8xi, si, i = 1; k, a � x1 < � � � < xk � b,
a < s1 < � � � < sk < b 8k, k = 1; 2; : : :
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�¥¬¬  8. �à¨ ãá«®¢¨ïå (5), (11) ¤«ï äã­ªæ¨¨ (10) ¢á¥ ®¯à¥¤¥«¨â¥«¨ (65) ­¥®âà¨æ â¥«ì­ë
8xi, si, i = 1; k, a � x1 < � � � < xk � b, a < s1 < � � � < sk < b 8k, k = 1; 2; : : :

�¥¬¬ë 6, 8 ¢ á®¥¤¨­¥­¨¨ á (12) ®§­ ç îâ, çâ® ¯à¨ ãá«®¢¨ïå (5), (11) �c(x; s) ¥áâì ï¤à®

�¥««®£  ­  [
] [20], £¤¥ [
] | \¯®ª®¬¯®­¥­â­®¥ § ¬ëª ­¨¥" [20] ¬­®¦¥áâ¢  
 =
rS

j=0
(cj ; cj+1).

�®¦­® ¯®ª § âì â ª¦¥, çâ® �c(x; s) | ®áæ¨««ïæ¨®­­®¥ ï¤à® ¯® â¥à¬¨­®«®£¨¨ [21].

�¥®à¥¬ . �ãáâì q(x) áã¬¬¨àã¥¬  ­  [a; b],   eq(x) = q(x)�c(x)w(x) > 0 ¯®çâ¨ ¢áî¤ã ¢ [a; b].
�à¨ m � 1 ¨ ãá«®¢¨ïå (5), (11) á¯¥ªâà § ¤ ç¨ (1){(3) ®áæ¨««ïæ¨®­­ë©, ¯à¨ç¥¬ ¤«ï á®¡áâ¢¥­­®©

äã­ªæ¨¨ yi(x) íâ®© § ¤ ç¨, á®®â¢¥âáâ¢ãîé¥© á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �i, ¢á¥ ­ã«¨ äã­ªæ¨¨

 i(x) = yi(x)=w(x) ¢ [a; b] «¥¦ â ¢ (a; b) 8i, i = 0; 1; : : : ; «î¡ ï ­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï ª®¬¡¨-

­ æ¨ï  pk(x) =
kP

i=p

�i i(x) ¨¬¥¥â ¢ [a; b] ­¥ ¬¥­¥¥ p ã§«®¢ ¨ ­¥ ¡®«¥¥ k ­ã«¥©, áç¨â ï ¯ãç­®áâì § 

¤¢  ­ã«ï,   ¯à¨m � 2 ¢á¥ ­ã«¨  i(x) ¯à®áâë¥ 8i, i = 0; 1; : : : , ¨ rl( pk) � k, £¤¥ l = min
i=1;m

(n�r�ki).

5. � á«ãç ¥, ª®£¤  ¢¬¥áâ® (5) ¤«ï ­¥ª®â®à®© ¯¥à¥áâ ­®¢ª¨ (j1; j2; : : : ; jr) ¬­®¦¥áâ¢  f1; 2; : : : ; rg,
ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ (8), ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  (9), ¯®«®¦¨¬ �c(s) = (�1)r�j 8s 2
(cj ; cj+1), ¥á«¨ ¢ ¯¥à¥áâ ­®¢ª¥ (j1; j2; : : : ; jr) j ¯à¥¤è¥áâ¢ã¥â j + 1, ¨ �c(s) = (�1)r�j�1 8s 2
(cj ; cj+1) ¢ ¯à®â¨¢­®¬ á«ãç ¥. �à¨ â ª®¬ ®¯à¥¤¥«¥­¨¨ �c(s) ¨ ãá«®¢¨ïå (9), (11) ¢ á¨«ã â¥®à¥¬ë
[16] ¤«ï äã­ªæ¨¨ (10) á®åà ­ïîâáï ­¥à ¢¥­áâ¢  (12). �â®â ä ªâ ­ ¢®¤¨â ­  ¯à¥¤¯®«®¦¥­¨¥, çâ®
¯à¨ § ¬¥­¥ (5) ­¥à ¢¥­áâ¢ ¬¨ (8), (9) ¯à¥¤ë¤ãé¨¥ à¥§ã«ìâ âë ¤ ­­®© à ¡®âë á®åà ­ïîâáï. �à¨
­¥ª®â®àëå á¯¥æ¨ «ì­ëå à á¯®«®¦¥­¨ïå â®ç¥ª cj , j = 1; r, ­ ¯à¨¬¥à, ¯à¨

cj = a; j = 1; q; ci = b; i = q + 1; r; 0 < q < r; (66)

¬®¦¥â ¡ëâì, íâ® ¨ â ª. �® ªà ©­¥© ¬¥à¥, ¯à¨ r � 5 ¢ á«ãç ¥ (66) íâ® ¯à¥¤¯®«®¦¥­¨¥ ®¯à ¢¤ë-
¢ ¥âáï. �¤­ ª® ¯à¨ ¯à®¨§¢®«ì­®¬ à á¯®«®¦¥­¨¨ â®ç¥ª cj 2 [a; b], j = 1; r, ¨ ãá«®¢¨¨ (9) ¢¬¥áâ®
(5) á (j1; j2; : : : ; jr) 6= (1; 2; : : : ; r) «¥¬¬ë 4, 5, 7, ¢®®¡é¥ £®¢®àï, ­¥¢¥à­ë, ® ç¥¬ á¢¨¤¥â¥«ìáâ¢ã¥â
á«¥¤ãîé¨© ¯à¨¬¥à.

�«ï ªà ¥¢®© § ¤ ç¨

y000 � y00 = f(x); y00(0) = 0; y00(1)� y0(1) = 0; y(2) = 0 (67)

®¯¥à â®à L = d3

dx3
� d2

dx2
¤®¯ãáª ¥â à §«®¦¥­¨ï L =

�
d

dx
� I

�
L1c
n�1 = d

dx
L2c
n�1, L

1c
n�1 = d

dx
Lc
n�r,

L2c
n�1 =

�
d

dx
� I

�
Lc
n�r, L

c
n�r = Lc

1 = d

dx
, £¤¥ n = 3, r = 2, c1 = 0, c2 = 1, â ª çâ® �c

1(x) � 1,

�c
2(x) � 0, �c

12(x) � 0, �c
21(x) � 1. �à¨ íâ®¬ w(x) = x � 2, l1c1y = y00(c1) = (L1c

n�1)(c1), l2c2y =
y00(c2) � y0(c2) = (L2c

n�1y)(c2), L
1c
n�1 ¨ �c

1(x) ­¥ § ¢¨áïâ ®â c2 ¨ ®â l2c2 , L
2c
n�1 ¨ �c

2(x) ­¥ § ¢¨áïâ
®â c1 ¨ ®â l1c1 , L

c
n�r = d

dx
­¥ § ¢¨á¨â ®â ¯®àï¤ª  ¨­¤¥ªá®¢ 1, 2 ¨ Lc

n�r = Lc
1 2 T 1

1 (a; b) 8a; b,
a < b,   �c

12(x) � �c
21(x) � �1 6= 0 8x, â ª çâ® ¢ á¨«ã â¥®à¥¬ë 1 [18] L 2 eT 0

3 (B; 0; 2; c1; c1) 8c1; c2,
0 � c1 � c2 � 1, â. ¥. L 2 T 0

31(B; 0; 2; 0; 1), £¤¥ B =
�
1 0
1 �1

�
. �à®¬¥ â®£®, B ( 2 1

1 2 ) =
�� 1 �1
1 0

�� = 1 > 0,
§­ ç¨â, ãá«®¢¨ï (8), (9), (11) ¢ë¯®«­ïîâáï, ¯à¨ç¥¬ ¬®¦­® ¯®«®¦¨âì �c(s) � 1 ¢ [0; 2].

�¤­ ª® ¤«ï u(x) = 180x2 � 564x + 204 äã­ªæ¨ï vc(x) = yc(x)w(x), £¤¥ yc(x) = (�cu)(x) =
2R
0

�c(x; s)u(s)ds, ¥áâì à¥è¥­¨¥ § ¤ ç¨ (67) ¯à¨ f(x) � �(x)u(x), â. ¥. vc(x) = �15x4+34x3�18x+4,
â ª çâ® yc(x) = �15x3 + 4x2 + 8x � 2,   vc0(x) = Lc

n�rvc =
d

dx
vc = �60x3 + 102x2 � 18. � ª¨¬

®¡à §®¬, u(x) ¨¬¥¥â ¢ [0; 2] ¥¤¨­áâ¢¥­­ë©, ¯à¨ç¥¬ ¯à®áâ®©, ­ã«ì x � 0:417, â®£¤  ª ª vc0(x)
¨¬¥¥â ¢ [0; 2] ¯à®áâë¥ ­ã«¨ x1 = 0:5, x2 = 0:6 +

p
0:96,   yc(0) < 0, yc(0:5) > 0, yc(1) < 0, â ª

çâ® r1(�cu) � S(�cu) = S(yc) � 2 > S(u) = 1 ¨ S(vc0) = 2 > S(u) = 1. � ª ª ª â¥®à¥¬  2
[3] ¬®¦¥â ¡ëâì ¤®ª § ­  ¤«ï ªãá®ç­®-­¥¯à¥àë¢­ëå ï¤¥à â¨¯  (10), â® ¯®á«¥¤­¨¥ ­¥à ¢¥­áâ¢ 
®§­ ç îâ, çâ® ï¤à® �c(x; s) ¤«ï § ¤ ç¨ (67) ­¥ ï¢«ï¥âáï §­ ª®à¥£ã«ïà­ë¬. �â ª, ¤«ï § ¤ ç¨
(67) § ª«îç¥­¨ï «¥¬¬ 4, 5, 7 ­¥ ¨¬¥îâ ¬¥áâ .
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