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� [1] áä®à¬ã«¨à®¢ ­ àï¤ ¢ ¦­ëå § ¤ ç ¢ëç¨á«¨â¥«ì­®© ¬ â¥¬ â¨ª¨, ¢ ç¨á«® ª®â®pëå ¢å®-
¤ïâ § ¤ ç¨ ¢ëç¨á«¥­¨ï ¯®¯¥p¥ç­¨ª®¢ ¨ ¯®áâp®¥­¨ï ®¯â¨¬ «ì­ëå ªã¡ âãp­ëå ä®p¬ã« ­  p §-
«¨ç­ëå ª« áá å äã­ªæ¨©. � ç áâ­®áâ¨, ¯®áâ ¢«¥­ë § ¤ ç¨ ¢ëç¨á«¥­¨ï ¯®¯¥p¥ç­¨ª®¢ ­  ª« á-
á å Qr(
;M), Hp(fmjg; A) ¨ ¯®áâp®¥­¨ï ®¯â¨¬ «ì­ëå ªã¡ âãp­ëå ä®p¬ã« ­  ª« áá¥ äã­ªæ¨©
Hp(fmjg; A). � ¤ ç  ® ¢ëç¨á«¥­¨¨ ¯®¯¥à¥ç­¨ª®¢ ­  ª« áá¥ äã­ªæ¨© Qr(
;M) ¡ë«  à¥è¥­  ¢ [2]
(á¬. â ª¦¥ [3]). �¯â¨¬ «ì­ë¥ ªã¡ âãp­ë¥ ä®p¬ã«ë ­  ª« áá¥ äã­ªæ¨©Qr(
;M) ¨ ­  ­¥ª®â®pëå
¥£® ®¡®¡é¥­¨ïå ¡ë«¨ ¯®áâp®¥­ë  ¢â®à®¬ [4] (á¬. â ª¦¥ [3]).

� ¤ ­­®© à ¡®â¥ ¤ ¥âáï à¥è¥­¨¥ § ¤ ç ® ¢ëç¨á«¥­¨¨ ¯®¯¥à¥ç­¨ª®¢ ¨ ¯®áâà®¥­¨¨ ®¯â¨¬ «ì-
­ëå ªã¡ âãà­ëå ä®à¬ã« ­  ª« áá å ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© Hp(fmjg; A). � ª
ª ª ¢ ¯à¨¢®¤¨¬ëå ­¨¦¥ ¯®áâà®¥­¨ïå áãé¥áâ¢¥­­® ¨á¯®«ì§ãîâáï ¢¥«¨ç¨­ë mn, â® ¥áâ¥áâ¢¥­-
­® ¢ë¤¥«¨âì ¯®¤ª« áá äã­ªæ¨©, ¤«ï ª®â®à®£® ¡ã¤ãâ ¯à®¢®¤¨âìáï ¢ëª« ¤ª¨. � á¯à®áâà ­¥­¨¥
¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ­  ¤àã£¨¥ ¯®¤ª« ááë ¯à®¢®¤¨âáï ¯à ªâ¨ç¥áª¨ ¤®á«®¢­®.

1. �á¯®¬®£ â¥«ì­ë¥ ¯à¥¤«®¦¥­¨ï

�¯à¥¤¥«¥­¨¥ 1.1. �ãáâì 
 = [�1; 1]l, l = 1; 2; : : : , r = 1; 2; ; : : : , 0 � 
 < 1. �ã­ªæ¨ï
f(x1; : : : ; xl) ¯à¨­ ¤«¥¦¨â ª« ááã Br;
(
), ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï

max
x2


j@jvjf(x1; : : : ; xl)=@x1v1 � � � @xvll j � Ajvjjvjjvj

¯à¨ 0 � jvj � r,
j@jvjf(x1; : : : ; xl)=@xv11 � � � @xvll j � Ajvjjvjjvj=(�(x;�))jvj�r�1+


¯à¨ r < jvj <1.
�¤¥áì x = (x1; : : : ; xl), jvj = v1+ � � �+vl; �(x;�) | à ááâ®ï­¨¥ ®â â®çª¨ x ¤® £à ­¨æë � ®¡« áâ¨


, ¢ëç¨á«ï¥¬®¥ ¯® ä®à¬ã«¥

�(x;�) = min
1�i�l

min(j � 1� xij; j1� xij);

ª®­áâ ­â  A ­¥ § ¢¨á¨â ®â jvj.
� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨ï ¯®¯¥à¥ç­¨ª®¢ � ¡¥­ª® ¨ �®«¬®£®à®¢ .
�ãáâì B | ¡ ­ å®¢®¥ ¯à®áâà ­áâ¢®, � : X ! X | ®â®¡à ¦¥­¨¥ ª®¬¯ ªâ  X � B ­  ª®­¥ç-

­®¬¥à­®¥ ¯à®áâà ­áâ¢® X.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­â 97-01-00621).
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�¯à¥¤¥«¥­¨¥ 1.2 ([5]). �ãáâì Ln | ¬­®¦¥áâ¢® n-¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ «¨­¥©­®£® ¯à®-
áâà ­áâ¢  B. �®¯¥à¥ç­¨ª �®«¬®£®à®¢  dn(X;B) ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬

dn(X;B) = inf
Ln

sup
x2X

inf
u2Ln

kx� uk;

£¤¥ ¯®á«¥¤­¨© ¨­ä¨¬ã¬ ¢ëç¨á«ï¥âáï ¯® ¢á¥¬ n-¬¥à­ë¬ ¯®¤¯à®áâà ­áâ¢ ¬ Ln.

�¯à¥¤¥«¥­¨¥ 1.3 ([5]). �®¯¥à¥ç­¨ª � ¡¥­ª® �n(X) ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬

�n(X) = inf
�:X!Rn

sup
x2X

diam��1 ��(x);

£¤¥ ¨­ä¨¬ã¬ ¢ëç¨á«ï¥âáï ¯® ¢á¥¬ ­¥¯à¥àë¢­ë¬ ®â®¡à ¦¥­¨ï¬ � : X ! Rn.

� ¯®¬­¨¬ ¯®áâ ­®¢ªã § ¤ ç¨ ¯®áâà®¥­¨ï ®¯â¨¬ «ì­ëå ªã¡ âãà­ëå ä®à¬ã«. �ãáâì 	 |
ª« áá äã­ªæ¨©, ¤«ï ª®â®àëå áãé¥áâ¢ã¥â ¨­â¥£à « �¨¬ ­ Z



 (t)dt;  (t) 2 	;

£¤¥ 
 = [�1; 1]l, t = (t1; : : : ; tl): � áá¬®âà¨¬ ªã¡ âãà­ãî ä®à¬ã«ãZ


 (t)dt =

nX
k=1

pk (Mk) +Rn( ; pk;Mk); (1)

£¤¥ ª®íää¨æ¨¥­âë pk ¨ ã§«ë Mk 2 
, k = 1; : : : ; n, ¯à®¨§¢®«ì­ë. �®£à¥è­®áâì ªã¡ âãà­®©
ä®à¬ã«ë ­  ª« áá¥ äã­ªæ¨© 	 ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬ Rn(	; pk;Mk) = sup

 2	
jRn( ; pk;Mk)j.

�ã¡ âãà­ ï ä®à¬ã«  Z


 (t)dt =

nX
k=1

p�k (M
�
k ) +Rn( ; p

�
k;M

�
k )

­ §ë¢ ¥âáï [6] ®¯â¨¬ «ì­®©,  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­®©, ®¯â¨¬ «ì­®© ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥-
¢®§¬®¦­ëå ªã¡ âãà­ëå ä®à¬ã« ¢¨¤  (1), ¥á«¨

Rn(	; p
�
k;M

�
k )=�n[	] = 1;� 1;� 1; £¤¥ �n[	] = inf

pk;Mk

Rn(	; pk;Mk):

�  ¯à®âï¦¥­¨¨ à ¡®âë ­¥®¤­®ªà â­® ¯®­ ¤®¡ïâáï ãáà¥¤­¥­¨ï à §«¨ç­ëå äã­ªæ¨©. � á¢ï§¨
á íâ¨¬ ¯à¨¢¥¤¥¬ ãá«®¢¨ï, ­ « £ ¥¬ë¥ ­  ï¤à  ãáà¥¤­¥­¨ï ([7], á. 104). �à¨ íâ®¬ ãá«®¢¨¥ 4) (á¬.
­¨¦¥) ¢®§ì¬¥¬ ¢ ¡®«¥¥ á¨«ì­®© ä®à¬¥, ­¥¦¥«¨ ¢ [7].

� «®¦¨¬ ­  äã­ªæ¨î !h(x; y) ¯¥à¥¬¥­­ëå x = (x1; : : : ; xl), y = (y1; : : : ; yl), ®¯à¥¤¥«¥­­ãî ¢
Rl ¨ § ¢¨áïéãî ®â ¯ à ¬¥âà  h, á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) supp!h(x; y) � f(x; y) : jx� yj < Khg, K > 0; â. ¥. ­®á¨â¥«ì äã­ªæ¨¨ !h «¥¦¨â ¢ \¤¨ £®-
­ «ì­®© ¯®«®áª¥", è¨à¨­  ª®â®à®© ¯®àï¤ª  h,

2) 0 � !h(x; y) � Kh�l,
3)

R
Rl

!h(x; y)dy = 1 (ãá«®¢¨¥ ­®à¬¨à®¢ª¨),

4) !h(x; y) ¨¬¥¥â ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® «î¡®£® ¯®àï¤ª  ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå
x ¨ ã, ¯à¨ç¥¬

jD�
xD

�
y!h(x; y)j � KAvvvh�l�j�j�j�j;

£¤¥ v = j�j+ j�j,
�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ !(x) äã­ªæ¨î, ¨¬¥îéãî ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ «î¡®£® ¯®àï¤ª ,

à ¢­ãî ­ã«î ¢­¥ ªã¡  [�1; 1]l ¨ ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î ­®à¬¨à®¢ª¨. �®âà¥¡ã¥¬, çâ®¡ë
¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ !(x) ã¤®¢«¥â¢®àï«¨ ­¥à ¢¥­áâ¢ ¬���� @jvj!(x)@v1x1 � � � @vlxl

���� � Ajvjjvjjvj;
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£¤¥ v = (v1; : : : ; vl), jvj = v1 + � � �+ vl, A = const :
�ã­ªæ¨î !h(x; y) ¬®¦­® â¥¯¥àì ®¯à¥¤¥«¨âì ¯® ä®à¬ã«¥ !h(x; y) = h�l!(x�y

h
).

2. �¯â¨¬ «ì­ë¥ ¯® â®ç­®áâ¨  «£®à¨â¬ë
¢®ááâ ­®¢«¥­¨ï äã­ªæ¨© ª« áá  Br;
([�1; 1]l), l � 2

�¥®à¥¬  2.1. �ãáâì 
 = [�1; 1]l, l � 2; r = 1; 2; : : : ; 0 � 
 < 1. �¯à ¢¥¤«¨¢  ®æ¥­ª 

�n(Br;
(
) � An�r=(l�1): (2)

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ �0 ¬­®¦¥áâ¢® â®ç¥ª x 2 
, à ááâ®ï­¨¥ ®â ª®â®àëå
�(x;�) ¤® £à ­¨æë � ¬­®¦¥áâ¢  
 ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬

0 � �(x;�) � 2�N ; �(x;�) = min
1�i�l

min(j � 1� xij; j1� xij);

a ç¥à¥§ �k, k = 1; 2; : : : ; N | ¬­®¦¥áâ¢® â®ç¥ª x 2 
; à ááâ®ï­¨¥ ®â ª®â®àëå ¤® £à ­¨æë �
¬­®¦¥áâ¢  
 ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬

2k�1=2N � �(x;�) � 2k=2N :

� ª ¦¤®© ®¡« áâ¨ �k, k = 0; 1; : : : ; N , à §¬¥áâ¨¬ ªã¡ë �k
i1;:::;il

á £à ­ï¬¨, ¯ à ««¥«ì­ë¬¨ £à ­ï¬
ªã¡  
 ¨ á à¥¡à ¬¨, ¨¬¥îé¨¬¨ ¤«¨­ã hk = 2k=2N , k = 0; 1; : : : ; N � 1: �® ®¡áâ®ïâ¥«ìáâ¢®,
çâ® ¢ ª ¦¤®© ®¡« áâ¨ �k, k = 0; 1; : : : ; N; ¬®¦¥â ®ª § âìáï 2l ¯ à ««¥«¥¯¨¯¥¤®¢ á £à ­ï¬¨,
¯ à «¥«ì­ë¬¨ £à ­ï¬ ªã¡  
, ­¥ ¢«¨ï¥â ­  ®¡é­®áâì à ááã¦¤¥­¨©. � ª ¦¤®¬ ªã¡¥ �k

i1;:::;il
,

k = 0; 1; : : : ; N; à §¬¥áâ¨¬ ªã¡ ��k
i1;:::;il

, k = 0; 1; : : : ; N; á £à ­ï¬¨, ¯ à «¥«ì­ë¬¨ £à ­ï¬ ªã¡  
;
æ¥­âà á¨¬¬¥âà¨¨ ª®â®à®£® á®¢¯ ¤ ¥â á æ¥­âà®¬ á¨¬¬¥âà¨¨ ªã¡  �k

i1;:::;il
, k = 0; 1; : : : ; N;   ¤«¨­ 

à¥¡à  h�k ª®â®à®£® à ¢­  hk=8:
� ¦¤®¬ã ªã¡ã ��k

i1;:::;il
¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨î

Lki1;:::;il =

(
1; x 2 ��k

i1;:::;il
;

0; x =2 ��k
i1;:::;il

¨ áà¥¤­îî äã­ªæ¨î

L�ki1;:::;il(x) = (h�k)
�l+r

Z


!

�
(y � x)
h�k

�
Lki1;:::;il(y)dy; (3)

£¤¥ !( x
h�
k

) | ï¤à® ãáà¥¤­¥­¨ï. �á«¨ ï¤à® ! ã¤®¢«¥â¢®àï¥â ¯¥à¥ç¨á«¥­­ë¬ ¢ ¯¥à¢®¬ ¯ à £à ä¥

ãá«®¢¨ï¬, â® äã­ªæ¨ï (3) ¯à¨­ ¤«¥¦¨â ª« ááã Br;
(
); à ¢­  ­ã«î ¢­¥ ªã¡  �k
i1;:::;il

; ¢ æ¥­âà¥
íâ®£® ªã¡  ¯à¨­¨¬ ¥â §­ ç¥­¨¥ � C2�rN ; ¯à¨ç¥¬ � ­¥ § ¢¨á¨â ®â ªã¡®¢ �k

i1;:::;il
:

�æ¥­¨¬ n | ª®«¨ç¥áâ¢® ªã¡®¢ �k
i1;:::;il

; ®¡à §ãîé¨å ¯®ªàëâ¨¥ ®¡« áâ¨ 
: �ç¥¢¨¤­®,

1+m([2N+1])l�1+m
N�1X
k=1

�
2(1 � 2k�N )

hk

�l�1
� n � 1+m([2N+1]+1)l�1+m

N�1X
k=1

��
2(1� 2k�N )

hk

�
+1

�l�1
;

£¤¥ m = 2l: �¥âàã¤­® ¢¨¤¥âì, çâ®

N�1X
k=1

�
1� 2k�N

hk

�l�1
�

N�1X
k=1

�
2N � 2k

2k+1 � 2k

�l�1
� C2N(l�1):

�«¥¤®¢ â¥«ì­®, n � C2N(l�1): �­ «®£¨ç­ë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï ®¡à â­®¥ ­¥à ¢¥­áâ¢® n �
C2N(l�1): �®íâ®¬ã

n = C2N(l�1): (4)
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�§ à¥§ã«ìâ â®¢ [5] ® ¯®¯¥à¥ç­¨ª å � ¡¥­ª® á«¥¤ã¥â, çâ® �n(Br;
(
)) � A2�Nr: �ç¨âë¢ ï á¢ï§ì
¬¥¦¤ã N ¨ n; ¢ëà ¦¥­­ãî ä®à¬ã«®© ( 4 ), ¨¬¥¥¬

�n(Br;
(
)) � Cn�r=(l�1): �

�®áâà®¨¬ «®ª «ì­ë¥ á¯« ©­ë, à¥ «¨§ãîé¨¥ íâã ®æ¥­ªã. �¤¨­ ¨§ â ª¨å á¯« ©­®¢ ¯®áâà®¥­
¢ ([3], á. 76{80). �à¨ ¥£® ¯®áâà®¥­¨¨ ¢ ª ¦¤®¬ ªã¡¥ �k

i1;:::;il
äã­ªæ¨ï f(x1; : : : ; xl)  ¯¯à®ªá¨¬¨à®-

¢ « áì ®âà¥§ª®¬ àï¤  �¥©«®à . � à¥§ã«ìâ â¥ «®ª «ì­ë© á¯« ©­ fN(x1; : : : ; xl) ¡ë« à §àë¢­ë¬.
�®áâà®¨¬ «®ª «ì­ë© á¯« ©­ â ª¨¬ ®¡à §®¬, çâ®¡ë ¢ ª ¦¤®¬ ªã¡¥ �k

i1;:::;il
äã­ªæ¨ï f(x)  ¯-

¯à®ªá¨¬¨à®¢ « áì ¨­â¥à¯®«ïæ¨®­­ë¬¨ ¯®«¨­®¬ ¬¨. �â® ¯®§¢®«¨â ¯®áâà®¨âì ¢ 
 ­¥¯à¥àë¢­ë©
á¯« ©­ ¨ â¥¬ á ¬ë¬ ®æ¥­¨âì á¢¥àåã ¯®¯¥à¥ç­¨ª �®«¬®£®à®¢ .

�¯¨è¥¬ ¯®áâà®¥­¨¥ ¨­â¥à¯®«ïæ¨®­­ëå ¯®«¨­®¬®¢. �¡®§­ ç¨¬ ç¥à¥§ �1; : : : ; �r ã§«ë ¯®«¨­®-
¬  �¥¡ëè¥¢  1 à®¤  áâ¥¯¥­¨ r; à á¯®«®¦¥­­ë¥ ­  á¥£¬¥­â¥ [�1; 1]: �â®¡à §¨¬ á¥£¬¥­â [�1; �r]
­  á¥£¬¥­â [a; b] â ª¨¬ ®¡à §®¬, çâ®¡ë â®çª  �1 ¯¥à¥è«  ¢ â®çªã a;   â®çª  �r ¯¥à¥è«  ¢ â®ç-
ªã b: �¡®§­ ç¨¬ ç¥à¥§ ��1 ; : : : ; �

�
r ®¡à §ë â®ç¥ª �1; : : : ; �r ¯à¨ ®â®¡à ¦¥­¨¨ á¥£¬¥­â  [�1; �r] ­ 

á¥£¬¥­â [a; b]: �®«¨­®¬ áâ¥¯¥­¨ r � 1; ¨­â¥à¯®«¨àãîé¨© äã­ªæ¨î g(t) ¢ á¥£¬¥­â¥ [a; b] ¯® ã§-
« ¬ ��1 ; : : : ; �

�
r , ®¡®§­ ç¨¬ ç¥à¥§ Pr(g; [a; b]): �ãáâì D = [a1; b1; : : : ; al; bl]: �¥à¥§ Pr;:::;r(f;D) ®¡®-

§­ ç¨¬ ¨­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ Pr;:::;r(f;D) = P x1
r (: : : (P xl

r (f; [al; bl]); [al�1; bl�1]); : : : ); [a1; b1]);
£¤¥ ¢¥àå­¨¥ ¨­¤¥ªáë ¢ ®¡®§­ ç¥­¨ïå P xi

r ®¡®§­ ç îâ ¯¥à¥¬¥­­ãî, ¯® ª®â®à®© ¯à®¢®¤¨âáï ¨­â¥à-
¯®«ïæ¨ï. � ª¨¬ ®¡à §®¬, ¨­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ Pr;:::;r(f;D) áâà®¨âáï ¯®á«¥¤®¢ â¥«ì­ë¬
¨­â¥à¯®«¨à®¢ ­¨¥¬ äã­ªæ¨¨ f(x) ¯® ¯¥à¥¬¥­­ë¬ xi, i = 1; : : : ; l; ¢ á¥£¬¥­â å [ai; bi], i = 1; : : : ; l:

�ãáâì 
 = [�1; 1]l: �®ªà®¥¬ ®¡« áâì 
 ªã¡ ¬¨ �k
i1;:::;il

; ¯®áâà®¥­¨¥ ª®â®àëå ¡ë«® ®¯¨á ­®
¢ëè¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1. �®áâà®¥­¨¥ «®ª «ì­®£® á¯« ©­  ­ ç­¥¬ á ªã¡  �N : � ªã¡¥
�N äã­ªæ¨ï f(x) ¨­â¥à¯®«¨àã¥âáï ¯®«¨­®¬®¬ Pm;:::;m(f;�N); £¤¥ m = [2AN ] + 1: �¥à¥©¤¥¬
ª ®¡« áâ¨ �N�1: �â  ®¡« áâì à §¡¨¢ ¥âáï ­  â ª¨¥ ªã¡ë �N�1

i1;:::;il ; çâ®¡ë ¢¥àè¨­ë ªã¡  �N
i1;:::;il

¢å®¤¨«¨ ¢ ç¨á«® â®ç¥ª à §¡¨¥­¨ï. � ª ¦¤®¬ ¨§ ªã¡®¢ �N�1
i1;:::;il äã­ªæ¨ï f(x) ¨­â¥à¯®«¨àã¥âáï

¯®«¨­®¬®¬ Pm;:::;m(f;�
N�1
i1;:::;il

); £¤¥ f(x) = Pm;:::;m(f;�N) ­  ¯¥à¥á¥ç¥­¨¨ ªã¡  �N
i1;:::;il

¨ ®¡« áâ¨
�N�1 ¨ f(x) = f(x) ¢® ¢á¥å ®áâ «ì­ëå â®çª å ªã¡  �N�1

i1;:::;il
: �­ «®£¨ç­ë¬ ®¡à §®¬ ¯à®¢®¤ïâáï

¯®áâà®¥­¨ï ¢ ªã¡ å �k
i2;:::;il

, k = 0; 1; : : : ; N � 2:
�®«ãç¥­­ë© ¢ à¥§ã«ìâ â¥ ®¯¨á ­­ëå ¯®áâà®¥­¨© á¯« ©­ ®¡®§­ ç¨¬ ç¥à¥§ fN(x): �¥âàã¤­®

¢¨¤¥âì, çâ® íâ®â á¯« ©­ ­¥¯à¥àë¢¥­ ¢ ®¡« áâ¨ 
: �æ¥­¨¬ ¯®£à¥è­®áâì  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨¨
f(x) á¯« ©­®¬ fN(x): �à¨ íâ®¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ ¨§¢¥áâ­ë¬¨ ®æ¥­ª ¬¨ â®ç­®áâ¨
 ¯¯à®ªá¨¬ æ¨¨ ¨­â¥à¯®«ïæ¨®­­ë¬¨ ¯®«¨­®¬ ¬¨.

�¥¬¬  2.1 ([8], á. 273). �á«¨ äã­ªæ¨ï f(t) ¨¬¥¥â ¯à®¨§¢®¤­ë¥ ¤® r-£® ¯®àï¤ª , â® ¯à¨ r =
1; 3; 5; : : : ; ¨ ¯à¨ n!1

jf(t)� Pn(f; [�1; 1])j � Kr(1� t2)r=2

2nr
lnn!

�
f (r);

�
p
1� t2

n

�
+ 0(n�r!(f (r); n�1));

£¤¥ !(f; �) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f(t), Kr | ª®­áâ ­â  � ¢ à .

�ãáâì x 2 �0
i1;:::;il

: �®£¤ 

kf(x)� fN(x)kC � Chr0 � C2�Nr: (5)

�ãáâì x 2 �k
i1;:::;il

: �á¯®«ì§ãï ¯à¨ ¯®«ãç¥­¨¨ ®æ¥­®ª ¯à®¨§¢®¤­ë¥ ¤® N -£® ¯®àï¤ª , ¨¬¥¥¬

kf(x)� fN(x)kC � ANNN2k(r+1�
)

2N(r+1�
)

1
mN

lnlN � C2�Nr: (6)

�§ ®æ¥­®ª (5), (6) ¨¬¥¥¬

kf(x)� fN(x)kC � C2�rN : (7)
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�¡®§­ ç¨¬ ç¥à¥§ n1 ç¨á«® äã­ªæ¨®­ «®¢, ¨á¯®«ì§ã¥¬ëå ¯à¨ ¯®áâà®¥­¨¨ «®ª «ì­®£® á¯« ©­ 
fN(x): �ç¥¢¨¤­®, n1 = [Cml2N(l�1)] + 1: �®£¤  N = C( log2 n

l�1
� l

l�1
log2 log2 n): �âáî¤  ¨ ¨§ ­¥à -

¢¥­áâ¢  ( 7 ) á«¥¤ã¥â ®æ¥­ª 

kf(x)� fN(x)kC � Cn�r=(l�1)1 : (8)

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  2.2. �ãáâì 
 = [�1; 1]l, l � 2; r = 1; 2; : : : ; ; 0 � 
 < 1: �¯à ¢¥¤«¨¢  ®æ¥­ª 

dn(Br;
(
); C) � Cn�r=(l�1):

�§ á®¯®áâ ¢«¥­¨ï (2), (8) ¨ ¨§¢¥áâ­®£® [5] ­¥à ¢¥­áâ¢  �n � 2dn; á¢ï§ë¢ îé¥£® ¯®¯¥à¥ç­¨ª¨
� ¡¥­ª® ¨ �®«¬®£®à®¢ , ¢ëâ¥ª ¥â

�¥®à¥¬  2.3. �ãáâì 
 = [�1; 1]l, l � 2; r = 1; 2; : : : ; ; 0 � 
 < 1: �¯à ¢¥¤«¨¢  ®æ¥­ª 

dn(Br;
(
); C) � n�r=(l�1):

3. �ã¡ âãà­ë¥ ä®à¬ã«ë

�ã¤¥¬ ¢ëç¨á«ïâì ¨­â¥£à «

If =
Z



f(x)dx;

£¤¥ 
 = [�1; 1]l, l � 2, x = (x1; : : : ; xl), Mk 2 
, ¯® ªã¡ âãà­ë¬ ä®à¬ã« ¬

If =
nX
k=1

pkf(Mk) +Rn: (9)

�¥®à¥¬  3.1. �ãáâì 
 = [�1; 1]l; l � 2; r = 1; 2; : : : ; ; 0 � 
 < 1: �ãáâì 	 = Br;
(
): �«ï
¢á¥¢®§¬®¦­ëå ªã¡ âãà­ëå ä®à¬ã« ¢¨¤  (9) á¯à ¢¥¤«¨¢  ®æ¥­ª 

�n(	) � Cn�(r+1)=(l�1): (10)

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ æ¥«®¥ ç¨á«® N; ¢¥«¨ç¨­ã ª®â®à®£® ®¯à¥¤¥«¨¬ ­¨¦¥. �®ªà®-
¥¬ ®¡« áâì 
 ªã¡ ¬¨ �k

i1;:::;il
; ¯®áâà®¥­­ë¬¨ â®ç­® â ª ¦¥, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.1.

�®¤¡¥à¥¬ ç¨á«® N â ª¨¬ ®¡à §®¬, çâ®¡ë ª®«¨ç¥áâ¢® m ªã¡®¢ �k
i1;:::;il

; á®áâ ¢«ïîé¨å ¯®ªàëâ¨¥

, ¡ë«® ­¥ ¬¥­ìè¥ 2n: � ª ª ª ªã¡ âãà­ ï ä®à¬ã«  (9) ¨¬¥¥â n ã§«®¢, â® ¯® ªà ©­¥© ¬¥à¥ ¢ n

ªã¡ å �k
i1;:::;il

®âáãâáâ¢ãîâ ã§«ë ªã¡ âãà­®© ä®à¬ã«ë (9). �¡®§­ ç¨¬ íâ¨ ªã¡ë �
k

i1;:::;il
¨ ­ §®¢¥¬

¨å ®â¬¥ç¥­­ë¬¨. �¡®§­ ç¨¬ ç¥à¥§ f�(x) äã­ªæ¨î, à ¢­ãî ­ã«î ¢® ¢á¥å ­¥®â¬¥ç¥­­ëå ªã¡ å,  

¢ ª ¦¤®¬ ®â¬¥ç¥­­®¬ ªã¡¥ �
k

i1;:::;il
à ¢­ãî äã­ªæ¨¨ L�ki1;:::;il(x); ¯®áâà®¥­¨¥ ª®â®à®© ¡ë«® ®¯¨á ­®

¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥. �¥âàã¤­® ¢¨¤¥âì, çâ® f�(x) 2 Br;
(
) ¨ çâ®

�n(Br;
(
)) �
Z



f�(x)dx � Cn inf
k

�Z
�

k

i1;:::;il

L�ki1;:::;il(x)dx
�
� Cn inf

k
hr+lk � Cn2�N(r+l):

�ç¨âë¢ ï ãáâ ­®¢«¥­­ãî ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ á¢ï§ì ¬¥¦¤ã n ¨ N; ¨¬¥¥¬

�n(Br;
(
)) � Cn�(r+1)=(l�1): �

�®áâà®¨¬ ®¯â¨¬ «ì­ãî ¯® ¯®àï¤ªã ªã¡ âãà­ãî ä®à¬ã«ã.
�ãáâì N | æ¥«®¥ ç¨á«®. �¡®§­ ç¨¬ ç¥à¥§ �k, k = 1; 2; : : : ; N � 1; ¬­®¦¥áâ¢® â®ç¥ª x 2 
;

ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ 2k�N � �(x;�) � 2k+1�N : �¥à¥§ �0 ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢®
â®ç¥ª x 2 
; ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ 0 � �(x;�) � 21�N :

�¡« áâ¨ �k, k = 0; 1; 2; : : : ; N � 1; à §®¡ì¥¬ ­  ªã¡ë �k
i1;:::;il

á¯®á®¡®¬, ®¯¨á ­­ë¬ ¢ëè¥.
� ª ¦¤®¬ ªã¡¥ �k

i1;:::;il
äã­ªæ¨î f(x) ¡ã¤¥¬  ¯¯à®ªá¨¬¨à®¢ âì ¨­â¥à¯®«ïæ¨®­­ë¬ ¯®«¨­®¬®¬

Pmk;:::;mk
(f;�k

i1;:::;il
); ª®â®àë©¯®áâà®¥­ ¢ ¯à¥¤ë¤ãé¥¬¯ à £à ä¥.�¤¥áì mk = [(k(l+r)+1)4A]+1
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¯à¨ k � 1 ¨ m0 = r: �®ª «ì­ë© á¯« ©­, á®áâ ¢«¥­­ë© ¨§ ¨­â¥à¯®«ïæ¨®­­ëå ¯®«¨­®¬®¢
Pmk;:::;mk

(f;�k
i1;:::;il

), ®¡®§­ ç¨¬ ç¥à¥§ fN(x):

�¥®à¥¬  3.2. �ãáâì 
 = [�1; 1]l; l � 2; r = 1; 2; : : : ; ; 0 � 
 < 1: �à¥¤¨ ¢á¥¢®§¬®¦­ëå

ªã¡ âãà­ëå ä®à¬ã« ¢¨¤  (9) ªã¡ âãà­ ï ä®à¬ã« 

If =
Z



fN(x)dx+RN (11)

ï¢«ï¥âáï ®¯â¨¬ «ì­®© ¯® ¯®àï¤ªã ­  ª« áá¥ Br;
(
):

�®ª § â¥«ìáâ¢®. �æ¥­ª  á­¨§ã äã­ªæ¨®­ «  �n(Br;
(
)) ¡ë«  ¯®«ãç¥­  ¢ â¥®à¥¬¥ 3.1. �®-
ª ¦¥¬, çâ® ®æ¥­ª  ¯®£à¥è­®áâ¨ ªã¡ âãà­®© ä®à¬ã«ë (11) á®¢¯ ¤ ¥â (¯® ¯®àï¤ªã) á íâ®© ®æ¥­-
ª®©.

�¥âàã¤­® ¢¨¤¥âì, çâ®

jRN j �
N�1X
k=0

X
i1;:::;il

Z
�k

i1;:::;il

jf(x)� fN(x)jdx �
X
i1;:::;il

Z
�0

i1;:::;il

jf(x)� fN(x)jdx +

+
N�1X
k=1

X
i1;:::;il

Z
�k

i1;:::;il

jf(x)� fN(x)jdx = r1 + r2:

�æ¥­¨¬ áã¬¬ë r1 ¨ r2 ¢ ®â¤¥«ì­®áâ¨. �ç¥¢¨¤­®,

r1 � n0

Z
�0

i1;:::;il

jf(x)� fN(x)jdx � Cn0A
rrrhr+l0 � Cn02�(r+l)N � C2�(r+1)N :

�¤¥áì n0 | ç¨á«® ªã¡®¢ �0
i1;:::;il

; à §¬¥é¥­­ëå ¢ ®¡« áâ¨ �0: �«ï r2 ®æ¥­ª  ¯à®¢®¤¨âáï á«®¦­¥¥

r2 � C
N�1X
k=1

nk

Z
�k

i1;:::;il

jf(x)�fN(x)jdx � C
N�1X
k=1

Asksskk nkh
sk+l
k m�sk

k (�(�k
i1;:::;il

;�))�sk+r+1�
 lnlmk:

�¤¥áì �(�k
i1;:::;il

;�) | à ááâ®ï­¨¥ ®â ªã¡  �k
i1;:::;il

¤® £à ­¨æë � ®¡« áâ¨ 
, nk | ç¨á«® ªã¡®¢
�k
i1;:::;il

¢ ®¡« áâ¨ �k, sk = [k(l + r)] + 1 | ç¨á«® ¯à®¨§¢®¤­ëå, ¨á¯®«ì§ã¥¬®¥ ¢ ®æ¥­ª¥ â®ç­®áâ¨
 ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨¨ f(x) «®ª «ì­ë¬ á¯« ©­®¬ fN(x) ¢ ®¡« áâ¨ �k

i1;:::;il
: �ç¥¢¨¤­®,

r2 � C2�N(l+r)
N�1X
k=1

nk � C2�N(l+r)2N(l�1) = C2�(r+1)N :

�§ ®æ¥­®ª ¤«ï r1 ¨ r2 á«¥¤ã¥â jRN j � C2�(r+1)N :
�¡é¥¥ ç¨á«® äã­ªæ¨®­ «®¢ n; ¨á¯®«ì§ã¥¬®¥ ¯à¨ ¯®áâà®¥­¨¨ «®ª «ì­®£® á¯« ©­  fN(x) ¡ë«®

®æ¥­¥­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.3. �­® à ¢­® n = O(2N(l�1)): � ª¨¬ ®¡à §®¬,

jRN j � Cn�(r+1)=(l�1):

�§ á®¯®áâ ¢«¥­¨ï íâ®© ®æ¥­ª¨ á ­¥à ¢¥­áâ¢®¬ (10) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë.
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