
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2006 ���������� ò 11 (534)

��� 517.12.2

�.�. ��������

�������������� ���������� �����������

�¢¥¤¥¨¥

�«ï ¯à®¨§¢®«ì®£® ¡  å®¢  ¯à®áâà áâ¢  X ®¡®§ ç¨¬ ç¥à¥§ B(X) = fx 2 X : kxk 6 1g § -
¬ªãâë© è à. �® â¥®à¥¬¥ �à ãíà  ® ¥¯®¤¢¨¦®© â®çª¥ ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ f : B(RN )!
B(RN ) ¨¬¥¥â ¥¯®¤¢¨¦ãî â®çªã. �¤ ª® íâ® ¥ â ª, ¥á«¨ dim(X) =1. �¥à¢ë© ¯à¨¬¥à ¥¯à¥-
àë¢®£® ®¯¥à â®à  ¡¥§ ¥¯®¤¢¨¦ëå â®ç¥ª, ¯¥à¥¢®¤ïé¥£® è à ¢ è à, ¡ë« ¯®áâà®¥ � ªãâ ¨
[1] ¢ ¯à®áâà áâ¢¥ ¯®á«¥¤®¢ â¥«ì®áâ¥© l2. �á®¡ë© ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ ¯à¨¬¥àë ¥¯à¥àë¢ëå
®¯¥à â®à®¢ ¡¥§ ¥¯®¤¢¨¦ëå â®ç¥ª,  ¤¥«¥ëå ¤®¯®«¨â¥«ì® ª ª¨¬-«¨¡® á¢®©áâ¢®¬.

�ãáâì (X; d) | ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, M | ¯®¤¬®¦¥áâ¢® X. �â®¡à ¦¥¨¥ T :M !M
 §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ ¯à ¢¨«ìë¬   M , ¥á«¨

lim
n!1

d(T n+1x; T nx) = 0

¤«ï ª ¦¤®£® x 2 M . �¯¥à¢ë¥ ¯®ïâ¨¥  á¨¬¯â®â¨ç¥áª¨ ¯à ¢¨«ì®£® ®â®¡à ¦¥¨ï ¢¢¥¤¥® �à -
ã¤¥à®¬ ¨ �¥âà¨è¨ë¬ ¢ [2].

� ¤ ®© áâ âì¥ ¤®ª § ®, çâ® ¢ ¯à®¨§¢®«ì®¬ ¡¥áª®¥ç®¬¥à®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥
áãé¥áâ¢ã¥â  á¨¬¯â®â¨ç¥áª¨ ¯à ¢¨«ì®¥ ®â®¡à ¦¥¨¥ f : B(X)! B(X) ¡¥§ ¥¯®¤¢¨¦ëå â®ç¥ª.
�®«ãç¥ë¥ à¥§ã«ìâ âë ®¡®¡é îâ   «®£¨çë¥ à¥§ã«ìâ âë, ¯®«ãç¥ë¥ à ¥¥ (á¬. [3]{[5]) ¤«ï
ç áâëå á«ãç ¥¢ ¡  å®¢ëå ¯à®áâà áâ¢.

�®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢

�® â¥®à¥¬¥ �  å  (á¬.,  ¯à., [6], c. 4, â¥®à¥¬a 1.a.5) ¢ ª ¦¤®¬ ¡¥áª®¥ç®¬¥à®¬ ¡  å®¢®¬
¯à®áâà áâ¢¥ ¬®¦®  ©â¨ ¡¥áª®¥ç®¬¥à®¥ § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® X0 � X á ¡ §¨á®¬
� ã¤¥à  fuig, kuik = 1, â. ¥. ª ¦¤ë© í«¥¬¥â ¢ X0 ®¤®§ ç® ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

x =
1X

i=1

'i(x)ui; j'i(x)j 6 ckxk (1)

¤«ï ¢á¥å x 2 X0 ¨ i 2 N, £¤¥ 'i | ¤¢®©áâ¢¥ë© ¡ §¨á ¢ X�

0 , c > 0 { ¥ª®â®à ï ¯®áâ®-

ï ï. � ¤ ¤¨¬   X0 äãªæ¨î p0(x) :=
1P
i=1

j'i(x)j, ¢®®¡é¥ £®¢®àï, ¥®£à ¨ç¥ãî. �ãáâì

N := fx 2 X0 : p0(x) 6 1g. �¥âàã¤® ¢¨¤¥âì, çâ® N | § ¬ªãâ®¥ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢®
B(X), á®¤¥à¦ é¥¥ ã«ì. �® â¥®à¥¬¥ 18.1 ¨§ ([7], á. 118) ¤«ï ¯à®¨§¢®«ì®£® ç¨á«  � > 0 áãé¥-
áâ¢ã¥â ¯à®¥ªâ®à P�   N , ¯à¨ç¥¬ kx� P�xk 6 (1 + �)d(x;N ) (x 2 X), £¤¥ d(x;N ) | à ááâ®ï¨¥
®â x ¤® N .

� ¯®¬¨¬, çâ® ¥¯à¥àë¢ë© ®¯¥à â®à P�, ®¯à¥¤¥«¥ë©   ¢á¥¬ X,  §ë¢ ¥âáï ¯à®¥ªâ®à®¬
  N , ¥á«¨ P�X = N ¨ P�x = x ¯à¨ x 2 N .

�¡®§ ç¨¬ p(x) := p0(P�x).
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�¥®à¥¬  1. �ãáâì X | ¯à®¨§¢®«ì®¥ ¡¥áª®¥ç®¬¥à®¥ ¡  å®¢® ¯à®áâà áâ¢®, ä¨ªá¨à®-

¢   ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥«

�i > 0; �i #; i = 1; 2; : : : ;
1X

i=1

�i 6 1; (2)

u :=
1P
i=1

�iui; G(x) := �
1P
i=1

�i'i(P�x)ui; F (x) := P�x+G(x); w(x) := F (x) + (1� p(x))u.

�®£¤ 

a) G ï¢«ï¥âáï ª®¬¯ ªâë¬ ®¯¥à â®à®¬;
b) w : N ! N , p0(w(x)) < 1 ¤«ï ¢á¥å x 2 N ;
c) f(x) := P�(w(x)) ï¢«ï¥âáï ¥¯à¥àë¢ë¬ ®â®¡à ¦¥¨¥¬ B(X) ¢ N ¡¥§ ¥¯®¤¢¨¦ëå

â®ç¥ª ¨ fn(x) = wn�1(f(x)).

�¥®à¥¬  2. �ãáâì X | ¯à®¨§¢®«ì®¥ ¡¥áª®¥ç®¬¥à®¥ ¡  å®¢® ¯à®áâà áâ¢®. �®£¤  áã-

é¥áâ¢ã¥â  á¨¬¯â®â¨ç¥áª¨ ¯à ¢¨«ì®¥ ®â®¡à ¦¥¨¥   B(X) ¡¥§ ¥¯®¤¢¨¦ëå â®ç¥ª.

�®ª § â¥«ìáâ¢® à¥§ã«ìâ â®¢, ª®¬¬¥â à¨©

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. a) �®ª ¦¥¬, çâ® ®¯¥à â®à G ï¢«ï¥âáï ª®¬¯ ªâë¬.
�¥©áâ¢¨â¥«ì®, ¤«ï ¯à®¨§¢®«ì®£® " > 0 ¢ á¨«ã (1) ¨ ®£à ¨ç¥®áâ¨ P� áãé¥áâ¢ã¥â â ª®¥

N(") > 0, çâ®
1P

i=N(")+1

�ij'i(P�x)j 6 " ¤«ï ¢á¥å x 2 X. �®íâ®¬ã
G(x) +

N(")P
i=1

�i'i(P�x)ui
 6 ".

� ª¨¬ ®¡à §®¬, G  ¯¯à®ªá¨¬¨àã¥âáï á «î¡®© â®ç®áâìî ª®¥ç®¬¥àë¬ ®¯¥à â®à®¬ ¨, á«¥¤®-
¢ â¥«ì®, íâ® ª®¬¯ ªâë© ®¯¥à â®à.

b) �ãáâì x 2 N ¨, á«¥¤®¢ â¥«ì®, P�x = x. �®íâ®¬ã p0(w(x)) 6
1P
i=1
(1��i)j'i(x)j+1� p0(x) <

p0(x) + 1� p0(x) = 1. �«¥¤®¢ â¥«ì®, p0(w(x)) < 1 ¤«ï ¢á¥å x 2 N ¨ w(x) 2 N , â. ¥. w : N ! N .
c) �®ª ¦¥¬, çâ® f(x) ¥ ¨¬¥¥â ¥¯®¤¢¨¦ëå â®ç¥ª. �¥©áâ¢¨â¥«ì®, ¯à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥,

¯ãáâì f(x) = x ¤«ï ¥ª®â®à®£® x 2 B(X). � ª ª ª f(x) 2 N , â® x 2 N ¨ x = w(x) = f(x). �âáî¤ 
¯®«ãç ¥¬ à ¢¥áâ¢® ��i'i(x)+(1�p(x))�i = 0 ¤«ï ¢á¥å i. �®á«¥¤¥¥ ¯à®â¨¢®à¥ç¨â áâà¥¬«¥¨î
'i(x) ª ã«î á à®áâ®¬ i ¤«ï x 2 N .

� ¢¥áâ¢® fn(x) = wn�1(f(x)) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ b) ¨ ®¯à¥¤¥«¥¨© f ¨ w.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®ª ¦¥¬, çâ® f(x) ¨§ â¥®à¥¬ë 1 § ¤ ¥â  á¨¬¯â®â¨ç¥áª¨ ¯à -
¢¨«ì®¥ ®â®¡à ¦¥¨¥   B(X) ¡¥§ ¥¯®¤¢¨¦ëå â®ç¥ª.

� á¨«ã ãâ¢¥à¦¤¥¨© b), c) ¨§ â¥®à¥¬ë 1 ¤®áâ â®ç® ¯®ª § âì  á¨¬¯â®â¨ç¥áªãî ¯à ¢¨«ì®áâì
w   N . � ¬¥â¨¬, çâ® w(x) = x+G(x)+(1�p0(x))u ¤«ï ¢á¥å x 2 N . �à®¬¥ â®£®, ¨§ ª®¬¯ ªâ®áâ¨
G á«¥¤ã¥â ¯à¥¤ª®¬¯ ªâ®áâì ¬®¦¥áâ¢  f�u + GN : � 2 [0; 1]g. �âáî¤  à ¢¥áâ¢® wn+1(x) �
wn(x) = F (wn(x)) + (1� p0(wn(x)))u�wn(x) = G(wn(x)) + (1� p0(wn(x)))u ¢«¥ç¥â ª®¬¯ ªâ®áâì
wn+1 � wn   N ¤«ï ¢á¥å n > 1. �®«¥¥ â®£®, p0(wn+1(x) � wn(x)) 6 1, â. ¥. wn+1(x) � wn(x) 2 N .
�®íâ®¬ã

wn+1(x)� wn(x) =
1X

i=1

('i(w
n+1)� 'i(w

n))ui:

�§ ª®¬¯ ªâ®áâ¨ wn+1(x) � wn(x) ¢ á¨«ã ªà¨â¥à¨ï ª®¬¯ ªâ®áâ¨ ¢ ¯à®áâà áâ¢¥ á ¡ §¨á®¬
á«¥¤ã¥â

lim
k!1

sup
n


1X

i=k

('i(wn+1)� 'i(wn))ui

 = 0:

� ª¨¬ ®¡à §®¬, ¤«ï ¤®ª § â¥«ìáâ¢   á¨¬¯â®â¨ç¥áª®© ¯à ¢¨«ì®áâ¨ ¤®áâ â®ç® ¯®ª § âì, çâ®

lim
n!1

'i(wn(x)) = 0 (3)

¤«ï «î¡®£® i.
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�® ¨¤ãªæ¨¨ ¯®«ãç¨¬ wn(x) = F n(x) +
nP
j=1

(1� p0(wj�1(x)))F n�ju. �âáî¤ 

'i(wn(x)) = 'i(F n(x)) +
nX

j=1

(1� p0(wj�1(x)))'i(F n�ju)

¤«ï «î¡®£® äãªæ¨® «  'i. �§ ®¯à¥¤¥«¥¨© F ¨ u á«¥¤ã¥â à ¢¥áâ¢®

'i(w
n(x)) = 'i(F

n(x)) +
nX

j=1

(1� p0(w
j�1(x)))(1 � �i)

n�j�i: (4)

� ª ª ª ¤«ï ¢á¥å i
nX

j=1

(1� �i)n�j�i 6 �i

1X

j=0

(1� �i)j = 1 (5)

¨ lim
n!1

'i(F n(x)) = lim
n!1

(1 � �i)n'i(x) = 0, â® ¢ á¨«ã (4) ¨ â¥®à¥¬ë �¥¯«¨æ  ¡ã¤¥â á¯à ¢¥¤«¨¢®

(3), ¥á«¨ ¯®ª ¦¥¬, çâ®

lim
n!1

p0(w
n(x)) = 1 (6)

¤«ï ¯à®¨§¢®«ì®£® x 2 N , ¨ â¥¬ á ¬ë¬ § ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢®  á¨¬¯â®â¨ç¥áª®© ¯à ¢¨«ì®-
áâ¨ w.

�®ª §ë¢ ï à ¢¥áâ¢® (6) ®â ¯à®â¨¢®£®, ¯à¥¤¯®«®¦¨¬, çâ® ¤«ï ¥ª®â®à®£® " > 0 áãé¥áâ¢ã¥â
¡¥áª®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì â ª¨å ®¬¥à®¢ fnm(")g1m=1, ¤«ï ª®â®àëå

1� p0(w
nm(")(x)) > " (7)

¯à¨ ¢á¥å m.
�«ï " > 0, i ¨ n ®¡®§ ç¨¬

�("; i; n) :=
X

16j6n

(1�p0(w
j�1(x)))>"

(1� �i)n�j�i:

� ¬¥â¨¬, çâ® ¯à¨ nm(")� nm�1(") > 2

�("; i; nm � 1) = (1� �i)
�1�("; i; nm(")) =

m�1X

j=1

(1� �i)
nm(")�nj (")�2�i: (8)

�âáî¤ , ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (5),

�("; i; nm � 1) 6 (1� �i)
nm(")�nm�1(")�2: (9)

�§ (4) á«¥¤ã¥â, çâ® ¤«ï ¢á¥å n ¨ i

"�("; i; n) 6 'i(w
n(x))� (1� �i)

n'i(x) 6 �("; i; n) + ": (10)

�ã¤¥¬ ¯à¥¤¯®« £ âì áãé¥áâ¢®¢ ¨¥ â ª¨å ç¨á¥« c > 0 ¨ " > 0, çâ® ¤«ï ¢á¥å m ¨¬¥¥â ¬¥áâ®
¥à ¢¥áâ¢®

nm(")� nm�1(") 6 c: (11)

� ¯à®â¨¢®¬ á«ãç ¥ ¤«ï ¥ª®â®à®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ®¬¥à®¢ ¨§ fnmg1m=1, ®¡®§ ç ¥¬®©
¤«ï ¯à®áâ®âë â ª ¦¥, ¯®«ãç¨¬

lim
m!1

p0(wnm�1(x)) = 1; (12)

â. ª. 1 � p0(wnm(")) > " > "1 ¯à¨ "1 < " ¨ ¯®á«¥¤®¢ â¥«ì®áâì ®¬¥à®¢ fnm("1)g ¢ª«îç ¥â
¯®á«¥¤®¢ â¥«ì®áâì fnm(")g.
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�®«¥¥ â®£®, ¨§ (9), ¢ ç áâ®áâ¨, ¤«ï íâ®© ¦¥ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ®¬¥à®¢ ¡ã¤¥¬ ¨¬¥âì
lim
m!1

�("; i; nm � 1) = 0 ¯à¨ ¢á¥å " > 0. �âáî¤ , ¯®« £ ï ¢ (10) " áª®«ì ã£®¤® ¬ «ë¬, ¯à¨å®¤¨¬
ª § ª«îç¥¨î

lim
m!1

'i(w
nm�1(x)) = 0; (13)

çâ® ¢¬¥áâ¥ á (12) ¯à®â¨¢®à¥ç¨â (7).
�¥©áâ¢¨â¥«ì®, ¯® ®¯à¥¤¥«¥¨î w ¤«ï ¢á¥å i ¨¬¥¥¬

'i(w
nm(x)) = (1� �i)'i(w

nm�1(x)) + (1� p0(w
nm�1(x)))�i:

�«ï ¯à®¨§¢®«ì®£® " > 0  ©¤¥âáï â ª®© ®¬¥à N("), çâ®

1X

i=N(")+1

�i < "=3:

� á¨«ã (12)  ©¤¥âáï â ª®© ®¬¥à M1, çâ® ¤«ï ¢á¥å m > M1 ¢ë¯®«¥® ¥à ¢¥áâ¢®
1 � p0(wnm�1(x)) < "=3. �®£« á® (13)  ©¤¥âáï â ª®© ®¬¥à M2 > M1, çâ® ¤«ï ¢á¥å m > M2 ¨
®¬¥à®¢ 1 6 i 6 N ¨¬¥¥â ¬¥áâ® j'i(wnm�1(x))j < "=3. �âáî¤  ¤«ï ¢á¥å m > M2

p0(w
nm(x)� wnm�1(x)) =

1X

i=1

j'i(w
nm(x)�wnm�1(x))j =

=
1X

i=1

j(1� �i)'i(w
nm�1(x)) + (1� p0(w

nm�1(x)))�i � 'i(w
nm�1(x))j 6

6

1X

i=1

j � �i'i(w
nm�1(x))j+ (1� p0(w

nm�1(x))) 6

6

NX

i=1

j � �i'i(wnm�1(x))j+
1X

i=N+1

�i + (1� p0(wnm�1(x))) 6 ":

� á¨«ã ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  " ¯®«ãç¨¬ lim
m!1

p0(wnm(x) � wnm�1(x)) = 0, ®âªã¤  ¢ á¨«ã (12)

lim
m!1

p0(wnm(x)) = 1, çâ® ¯à®â¨¢®à¥ç¨â (7).

�â ª, ¯ãáâì á¯à ¢¥¤«¨¢® (11), â®£¤  ¢ á¨«ã (8) ¯à¨ ¢á¥å i ¢¥«¨ç¨  �("; i; n) á à®áâ®¬ n
®æ¥¨¢ ¥âáï á¨§ã áã¬¬®© £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

�i

1X

t=0

(1� �i)ct+k =
(1� �i)k�i
1� (1� �i)c

¤«ï c > 1 ¨ ¥ª®â®à®£® k > 1. � ª ª ª lim
i!1

(1��i)
k�i

1�(1��i)c
= 1

c
¤«ï ¢á¥å i, â® ¢ á¨«ã (10) ¯®«ãç¨¬

'i(wn(x)) > "=c ¤«ï ¤®áâ â®ç® ¡®«ìè¨å n ¨ ¢á¥å i. �®á«¥¤¥¥ ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã

p0(wn(x)) < 1 (14)

¤«ï ¢á¥å n, ¢ëâ¥ª îé¥¬ã ¨§ b) â¥®à¥¬ë 1.
�¥©áâ¢¨â¥«ì®, ¢ë¡¥à¥¬ ®¬¥à I á ãá«®¢¨¥¬ "I=c > 4. �«ï ª ¦¤®£® 1 6 i 6 I ¢ á¨«ã

¢ëè¥áª § ®£®  ©¤¥âáï â ª®¥  âãà «ì®¥ ç¨á«® N(i), çâ® j'i(wn(x))j > "=(2c) ¯à¨ n > N(i).
�®íâ®¬ã ¯à¨ ¢á¥å n � N = maxfN(1); : : : ; N(I)g ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¢®¥ á (14) ¥à ¢¥áâ¢®

p0(w
n(x)) =

1X

i=1

j'i(w
n(x))j > ("I)=c > 2;

çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® (6) ¨  á¨¬¯â®â¨ç¥áª®© ¯à ¢¨«ì®áâ¨ w.
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� ¬¥ç ¨¥. �®áâàãªæ¨ï,   «®£¨ç ï f ¨§ â¥®à¥¬ë 1, ¨á¯®«ì§®¢ « áì ¤«ï ¯®áâà®¥¨ï
¯à¨¬¥à  ¥¯à¥àë¢®£® ®â®¡à ¦¥¨ï ¡¥§ ¥¯®¤¢¨¦ëå â®ç¥ª, ¯¥à¥¢®¤ïé¥£® è à ¢ è à, ¢ [3] ¤«ï
£¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ , ¢ [4] ¤«ï ¡  å®¢ëå ¯à®áâà áâ¢ á ¡ §¨á®¬ ¨ ¬®®â®®© ®à¬®© ¨
¢ [5] ¤«ï ¯à®¨§¢®«ì®£® ¡¥áª®¥ç®¬¥à®£® ¡  å®¢  ¯à®áâà áâ¢ . �¤¥áì ¯à¨¢®¤¨âáï ¤àã£®¥
®¡®¡é¥¨¥   á«ãç © ¯à®¨§¢®«ì®£® ¡¥áª®¥ç®¬¥à®£® ¡  å®¢  ¯à®áâà áâ¢ . �á¨¬¯â®â¨ç¥-
áª ï ¯à ¢¨«ì®áâì f ãâ¢¥à¦¤ « áì ¢ [4], [5] ¤«ï ¡  å®¢ëå ¯à®áâà áâ¢ á ¡ §¨á®¬ ¨ ¬®®â®®©
®à¬®©. � ¤ ®© à ¡®â¥  á¨¬¯â®â¨ç¥áª ï ¯à ¢¨«ì®áâì f ¤®ª §ë¢ ¥âáï ¤«ï ¯à®¨§¢®«ì®£®
¡¥áª®¥ç®¬¥à®£® ¡  å®¢  ¯à®áâà áâ¢ .
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