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�¢¥¤¥¨¥

�à®¡«¥¬  à¥ «¨§ æ¨¨ ¦¥« ¥¬ëå ¤¢¨¦¥¨© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë § ¨¬ ¥â ¢ ¦®¥ ¬¥áâ®
¢ â¥®à¨¨  ¢â®¬ â¨ç¥áª®£® à¥£ã«¨à®¢ ¨ï. � «¨¥ à¨§®¢ ®© ä®à¬¥ ®  âà ªâã¥âáï ª ª § -
¤ ç  áâ ¡¨«¨§ æ¨¨ ¤¢¨¦¥¨© «¨¥©®© á¨áâ¥¬ë ¢ ®ªà¥áâ®áâ¨ ¯®«®¦¥¨ï à ¢®¢¥á¨ï. �à¥¤¨
¨§¢¥áâëå ¯®¤å®¤®¢ ª à¥è¥¨î § ¤ ç¨ ®â¬¥â¨¬ â¥®à¨î ãáâ®©ç¨¢®áâ¨ [1], ¤¨ ¬¨ç¥áª®¥ ¯à®£à ¬-
¬¨à®¢ ¨¥ [2], ®¯â¨¬ «ì®¥ [3],  ¤ ¯â¨¢®¥ [4] ¨ ã¯à¥¦¤ îé¥¥ [5] ã¯à ¢«¥¨ï,   «¨â¨ç¥áª®¥
ª®áâàã¨à®¢ ¨¥ à¥£ã«ïâ®à  [6] ¨ ¤à.

� íâ®© à ¡®â¥ § ¤ ç  áâ ¡¨«¨§ æ¨¨ à¥è ¥âáï á ¯®¬®éìî ¬¥â®¤®¢ ã¯à¥¦¤ îé¥£® ã¯à ¢«¥¨ï
(predictive control) ¨ ¨â¥à¢ «ì®£®   «¨§ . � ®á®¢¥ ª®æ¥¯æ¨¨ ã¯à¥¦¤ îé¥£® ã¯à ¢«¥¨ï [5]
«¥¦¨â ¯à¥¤áâ ¢«¥¨¥ ® â®¬, çâ® § ç¥¨¥ ã¯à ¢«¥¨ï ¢ â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨ t ¬¥¥¥ ¯®¤¢¥à-
¦¥® ¤¥©áâ¢¨î à §«¨ç®£® à®¤  ¢®§¬ãé¥¨©, ¥á«¨ ®®  ©¤¥® á ãç¥â®¬ ¡ã¤ãé¥£® ¯®¢¥¤¥¨ï
á¨áâ¥¬ë   ¨â¥à¢ «¥ ¢à¥¬¥¨ (t; t + h) á ¢ë¡à ë¬ £®à¨§®â®¬ ¯« ¨à®¢ ¨ï h > 0. �à¨-
¬¥¨â¥«ì® ª à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬¥ à¥ªãàà¥âëå ãà ¢¥¨© íâ® ®§ ç ¥â ¥®¡å®¤¨¬®áâì
¯à®áç¨âë¢ âì ¥¥ ä §®¢®¥ á®áâ®ï¨¥   ¥áª®«ìª® â ªâ®¢ ¢à¥¬¥¨ ¢¯¥à¥¤, â. ¥. ®¯¥à¨à®¢ âì á «¨-
¥©®© ª®¬¡¨ æ¨¥© ¥®¯à¥¤¥«¥ëå ¢¥ªâ®à®¢. �á«¨ ¯®âà¥¡®¢ âì, çâ®¡ë «¨¥© ï ª®¬¡¨ æ¨ï
\á®¢¯ ¤ « " á ¯®«®¦¥¨¥¬ à ¢®¢¥á¨ï à¥ªãàà¥â®£® ãà ¢¥¨ï, â® ¬ë ¥áâ¥áâ¢¥® ¯à¨å®¤¨¬
ª á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© á ¨â¥à¢ «ìë¬¨ ®æ¥ª ¬¨ ª®íää¨æ¨¥â®¢ ¨
¬¥â®¤ ¬ ¨â¥à¢ «ì®£®   «¨§  [7]{[9] ¤«ï ¥¥ à¥è¥¨ï. � ¤ ®¬ á«ãç ¥ ¯à¨¬¥ï¥âáï ¯®ïâ¨¥
ã¨¢¥àá «ì®£® à¥è¥¨ï [9], ¨á¯®«ì§ã¥¬®£® ¢ â¥®à¨¨ ¦¨¢ãç¥áâ¨ [10]. �® ®¯à¥¤¥«ï¥â ®¤® ¤¥-
â¥à¬¨¨à®¢ ®¥ (¢®®¡é¥ £®¢®àï, ¥ ¥¤¨áâ¢¥®¥) à¥è¥¨¥ ¨â¥à¢ «ì®© á¨áâ¥¬ë ãà ¢¥¨©
¤«ï ¢á¥© ®¡« áâ¨ § ç¥¨© ¥¥ ª®íää¨æ¨¥â®¢ ¨«¨ ¤«ï ¥ª®â®à®£® \¬ ªá¨¬ «ì®£®" ¯®¤¬®¦¥-
áâ¢  íâ®© ®¡« áâ¨. � à¥§ã«ìâ â¥ ã¤ ¥âáï  ©â¨ áâ ¡¨«¨§¨àãîé¥¥ ã¯à ¢«¥¨¥ ¢ ¢¨¤¥ «¨¥©®©
äãªæ¨¨ ä §®¢ëå ª®®à¤¨ â, ®æ¥¨âì áâ¥¯¥ì ¯à¨¡«¨¦¥¨ï à¥è¥¨ï à¥ªãàà¥â®£® ãà ¢¥¨ï
ª ¯®«®¦¥¨î à ¢®¢¥á¨ï, ¯®«ãç¨âì ãá«®¢¨ï   ¨â¥à¢ «ìë¥ ª®íää¨æ¨¥âë, £ à â¨àãîé¨¥
¯à¨âï¦¥¨¥ âà ¥ªâ®à¨© § ¬ªãâ®© á¨áâ¥¬ë ª ¯®«®¦¥¨î à ¢®¢¥á¨ï, ¨ ¢ëïá¨âì ¢®§¬®¦ë¥
®¡®¡é¥¨ï à¥§ã«ìâ â®¢.

1. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ á¨áâ¥¬ã «¨¥©ëå à¥ªãàà¥âëå ãà ¢¥¨©

xt+1i =
nX

j=1

aijx
t
j +

rX
k=1

biku
t
k; i = 1; 2; : : : ; n; t = 0; 1; : : : ; (1)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 97-01-00083) ¨ �®áá¨©áª®£® £ã¬ ¨â à®£®  ãç®£® ä®¤  (¯à®¥ªâ 1996-02-02010).
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£¤¥ xti, u
t
k | ¯¥à¥¬¥ë¥ á®áâ®ï¨ï ¨ ã¯à ¢«¥¨ï   è £¥ t, aij , bik | ¥®¯à¥¤¥«¥ë¥ ª®íää¨-

æ¨¥âë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

jaij � aij0j � �aij ; jbik � bik0j � �bik; i; j = 1; 2; : : : ; n; k = 1; 2; : : : ; r; (2)

aij0, bik0 | ¯à®¨§¢®«ìë¥, �aij , �bik | ¥®âà¨æ â¥«ìë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« , n, r | æ¥«ë¥
¯®«®¦¨â¥«ìë¥ ç¨á« .

�®áâ ¢¨¢ ¨§ ¯¥à¥¬¥ëå, ¥®¯à¥¤¥«¥ëå ª®íää¨æ¨¥â®¢ ¨ § ¤ ëå ç¨á¥« áâ ¤ àâë¬
®¡à §®¬ ¢¥ªâ®àë (áâ®«¡æë) xt, ut ¨ ¬ âà¨æë A, B, A0, B0, �A, �B á®®â¢¥âáâ¢ãîé¨å à §¬¥à®¢,
¯¥à¥¯¨è¥¬ (1), (2) ¢ ¢¥ªâ®à®-¬ âà¨ç®© ä®à¬¥

xt+1 = Axt +But; t = 0; 1; : : : ; (3)

jA�A0j � �A; jB �B0j � �B: (4)

�¤¥áì ¨ ¤ «¥¥ ®¯¥à æ¨¨ â¨¯  (4)  ¤ ¬ âà¨æ ¬¨ ¯®¨¬ îâáï ¯®í«¥¬¥â® ¢ á¬ëá«¥ (2).
�à¥¡ã¥âáï  ©â¨ ã¯à ¢«¥¨¥ ut(x) : Rn ! Rr, t = 0; 1; : : : , â ª, çâ®¡ë ¯®á«¥¤®¢ â¥«ì®áâì

¢¥ªâ®à®¢ x0; x1; : : : ; £¥¥à¨àã¥¬ ï à¥ªãàà¥âë¬ ãà ¢¥¨¥¬

xt+1 = Axt +But(x�); t = �; � + 1; : : : ; � + p� 1; � = 0; p; 2p; : : : ; (5)

áå®¤¨« áì ª â®çª¥ x = 0 ¤«ï «î¡ëå § ç¥¨© A, B, ã¤®¢«¥â¢®àïîé¨å (4), ¨ «î¡ëå  ç «ìëå
¢¥ªâ®à®¢ x0 ¨§ è à  kxk � R ¥ª®â®à®£® à ¤¨ãá  R > 0. �¨¬¢®«®¬ kxk = (x0x)1=2 §¤¥áì ¨ ¤ «¥¥
®¡®§ ç ¥âáï ¥¢ª«¨¤®¢  ®à¬  ¢¥ªâ®à  x 2 Rn.

�à¨ à¥è¥¨¨ § ¤ ç¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì áãé¥áâ¢®¢ ¨¥  âãà «ì®£® ç¨á«  p, pr � n, ¤«ï
ª®â®à®£® à £ ¬ âà¨æë (B0; A0B0; : : : ; A

p�1
0 B0) à ¢¥ n.

2. �¥¤ãªæ¨ï § ¤ ç¨. �æ¥ª  ª®íää¨æ¨¥â®¢

�«ï ¯à®¨§¢®«ì®£® ä¨ªá¨à®¢ ®£® è £  t ¯®«®¦¨¬ xt = x. �à¨¬¥ïï à¥ªãàá¨î (3) ¯®á«¥-
¤®¢ â¥«ì® p � 1 à §, ¯®«ãç¨¬

xt+1 = Ax+But;

xt+2 = A2x+ABut +But+1;

: : : : : : : : :

xt+p = Apx+Ap�1But + � � � +ABut+p�2 +But+p�1:

� ª ¢¨¤®, xt+p ¯à¥¤áâ ¢«ï¥â á®¡®© «¨¥©ãî ª®¬¡¨ æ¨î ¥®¯à¥¤¥«¥ëå ¢¥ªâ®à®¢. � á®®â-
¢¥âáâ¢¨¨ á ¯®áâ ®¢ª®© § ¤ ç¨ ¯®âà¥¡ã¥¬, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ xt+p = 0 ¨«¨

Ap�1But + � � �+ABut+p�2 +But+p�1 = �Apx; (6)

â. ¥. ¥¨§¢¥áâë¥ ut; ut+1; : : : ; ut+p�1 ã¤®¢«¥â¢®àï«¨ ¢ ãª § ®¬ ¨¦¥ á¬ëá«¥ á¨áâ¥¬¥ «¨¥©ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© á ¥®¯à¥¤¥«¥ë¬¨ ª®íää¨æ¨¥â ¬¨.

� ©¬¥¬áï ®æ¥ª®© ª®íää¨æ¨¥â®¢ ãà ¢¥¨ï (6). �®ª ¦¥¬, çâ® ¢ ¯à¨ïâëå ®¡®§ ç¥¨ïå
¤«ï «î¡®£®  âãà «ì®£® k � 1 á¯à ¢¥¤«¨¢® ¬ âà¨ç®¥ ¥à ¢¥áâ¢®

jAk �Ak
0 j � (jA0j+�A)k � jA0j

k: (7)

�¥©áâ¢¨â¥«ì®, ¯à¨ k = 1 ¥à ¢¥áâ¢® (7) ¢ë¯®«ï¥âáï ¢ á¨«ã (4). �ãáâì ®® ¢¥à® ¯à¨ k = m,
m � 1. �®£¤  ¨¬¥¥¬

Am+1 = AAm = [A0 + (A�A0)][A
m
0 + (Am �Am

0 )] =

= Am+1

0 + (A�A0)A
m
0 +A0(A

m �Am
0 ) + (A�A0)(A

m �Am
0 ):
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� á¨«ã ®ç¥¢¨¤ëå á¢®©áâ¢ ¬®¤ã«ï ¬ âà¨æë ¨ ãá«®¢¨ï (4) ¨¬¥¥¬

jAj � jA0j+ jA�A0j � jA0j+�A;

j(A�A0)A
m
0 j � jA�A0j jA

m
0 j � �AjA0j

m;

j(A�A0)(Am �Am
0
)j � �AjAm �Am

0
j;

¯®íâ®¬ã ¨§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¯®«ãç¨¬

jAm+1 �Am+1

0 j � �AjA0j
m + jA0j jA

m �Am
0 j+�AjAm �Am

0 j =

= �AjA0j
m + (jA0j+�A)jAm �Am

0 j:

�á¨«¨¬ ¤ ®¥ ¥à ¢¥áâ¢®, ¢®á¯®«ì§®¢ ¢è¨áì ¨¤ãªâ¨¢ë¬ ¯à¥¤¯®«®¦¥¨¥¬ ® á¯à ¢¥¤«¨¢®áâ¨
(7) ¯à¨ k = m. �®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ã¡¥¦¤ ¥¬áï, çâ® ®® ¯à¨¬¥â ¢¨¤ (7) ¯à¨
k = m+ 1. �â¢¥à¦¤¥¨¥ ¤®ª § ®.

�§ ¥à ¢¥áâ¢  (7) ¯à¨ k = p ¢ ª ç¥áâ¢¥ á«¥¤áâ¢¨ï ¢ëâ¥ª ¥â ®æ¥ªa ¨â¥à¢ «ì®£® ¢¥ªâ®à 
Apx

jApx�A
p
0xj � jAp �A

p
0j jxj � [(jA0j+�A)p � jA0j

p]jxj: (8)

�®ç® â ª ¦¥ ¯®«ãç¨¬ ¯®í«¥¬¥âãî ®æ¥ªã ¬ âà¨æë AkB

jAkB �Ak
0B0j � jAkB �Ak

0Bj+ jA
k
0B �Ak

0B0j � jAk �Ak
0 j jBj+ jA

k
0 j jB �B0j �

� [(jA0j+�A)k � jA0j
k](jB0j+�B) + jA0j

k�B; k = 1; 2; : : : ; p� 1: (9)

� ®æ¥ª å (8), (9), ª ª «¥£ª® ¢¨¤¥âì, ä¨£ãà¨àãîâ \æ¥âàë" ¨ \¯®«ã¤«¨ë" á®®â¢¥âáâ¢ãîé¨å
¨â¥à¢ «ìëå ®æ¥®ª ¢¥ªâ®à®¢ ¨ ¬ âà¨æ

(Apx)0 = A
p
0x; (AkB)0 = Ak

0B0;

�(Apx) = [(jA0j+�A)p � jA0j
p]jxj;

�(AkB) = [(jA0j+�A)k � jA0j
k](jB0j+�B) + jA0j

k�B;

k = 1; 2; : : : ; p� 1:

(10)

�â¬¥â¨¬, çâ® ¢ ª« áá¥ ¢á¥å ¨â¥à¢ «ìëå ¬ âà¨æ A, B à §¬¥à®áâ¨ n � n, n� r ¨ ¥®âà¨-
æ â¥«ìëå ¢¥ªâ®à®¢ x ¨§ Rn ®æ¥ª¨ (8), (9) ¥ ã«ãçè ¥¬ë. �â® «¥£ª® ¢¨¤® ¯à¨ jAj � �A,
jBj � �B ¨ x � 0.

�¥à¥©¤¥¬ ª ¨§«®¦¥¨î ¢á¯®¬®£ â¥«ìëå á¢¥¤¥¨©, á¢ï§ ëå á ãà ¢¥¨¥¬ (6).

3. �ã¡ã¨¢¥àá «ì®¥ à¥è¥¨¥ á¨áâ¥¬ë
«¨¥©ëå ¨â¥à¢ «ìëå ãà ¢¥¨©

�à¥¤¬¥â®¬  è¥£® ¢¨¬ ¨ï ¡ã¤¥â á¨áâ¥¬  «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

Cy = d (11)

á ¨â¥à¢ «ì®© ¬ âà¨æ¥© C ¨ ¨â¥à¢ «ìë¬ ¢¥ªâ®à®¬ d,

jC � C0j � �C; jd� d0j � �d; (12)

à §¬¥à®áâ¨ m � n, m � 1 á®®â¢¥âáâ¢¥®. �¤¥áì C0 | § ¤  ï ¬ âà¨æ  à £  m � n, d0 |
§ ¤ ë© ¢¥ªâ®à, �C, �d | § ¤ ë¥ ¥®âà¨æ â¥«ìë¥ ¬ âà¨æ  ¨ ¢¥ªâ®à á®®â¢¥âáâ¢ãîé¨å
à §¬¥à®áâ¥©.

�à ¢¥¨¥ (11) ª ª á ¬®áâ®ïâ¥«ìë© ®¡ê¥ªâ ¨áá«¥¤®¢ ¨ï ¨§ãç¥® ¤®áâ â®ç® ®¡áâ®ïâ¥«ì®
(á¬.,  ¯à., [7]{[9]). � «¨â¥à âãà¥ ¯à¨¢¥¤¥ë à §«¨çë¥ ®¯à¥¤¥«¥¨ï à¥è¥¨©, à áá¬®âà¥ë ¨å
á¢®©áâ¢  ¨ ¬¥â®¤ë  å®¦¤¥¨ï. �áå®¤ï ¨§ æ¥«¥© à ¡®âë, ã¤®¡® ¢®á¯®«ì§®¢ âìáï ¯®ïâ¨¥¬ ã¨-
¢¥àá «ì®£® à¥è¥¨ï [9] á¨áâ¥¬ë (11) á ¥®¡å®¤¨¬®© ¬®¤¨ä¨ª æ¨¥©. �à¨¢¥¤¥¬ ¢ ª®á¯¥ªâ¨¢®©
ä®à¬¥ ã¦ë¥  ¬ à¥§ã«ìâ âë.
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�ãáâì " | ¥®âà¨æ â¥«ìë© ¢¥ªâ®à ¨§ Rm. � §®¢¥¬ ¢¥ªâ®à y 2 Rn "-à¥è¥¨¥¬ á¨áâ¥¬ë
ãà ¢¥¨© (11), ¥á«¨ ¤«ï «î¡ëå C, d, ã¤®¢«¥â¢®àïîé¨å (12), ¢ë¯®«¥® ¥à ¢¥áâ¢® jCy�dj � ".

�ç¥¢¨¤®, â®çª  y ¡ã¤¥â "-à¥è¥¨¥¬ ãà ¢¥¨ï (11) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ á®-
¢¬¥áâ  á¨áâ¥¬  ¥à ¢¥áâ¢

C0y +�Cjyj � " � d0 ��d;

�C0y +�Cjyj � " � �d0 ��d:
(13)

�ª« ¤ë¢ ï ¥à ¢¥áâ¢ , ¯®«ãç¨¬

" � �Cjyj+�d:

�«¥¤®¢ â¥«ì®, ¤«ï "-à¥è¥¨ï ãà ¢¥¨ï (11)

"(y) = �Cjyj+�d (14)

|  ¨¬¥ìè ï ¯® ®à¬¥ ¥¢ï§ª . �®« £ ï ¢ (13) " = "(y) ¨ ãç¨âë¢ ï (14),  å®¤¨¬ ãá«®¢¨¥

C0y = d0 (15)

  á®®â¢¥âáâ¢ãîé¨¥ ¢¥ªâ®àë y. � â®çª¨ §à¥¨ï ã¬¥ìè¥¨ï ª®®à¤¨ â ¥¢ï§ª¨ (14)  ¨¡®«ìè¨©
¨â¥à¥á ¨¬¥¥â ®à¬ «ì®¥ à¥è¥¨¥

by = C+

0 d0 (C+

0 = C 0

0(C0C
0

0)
�1) (16)

ãà ¢¥¨ï (15) á ¬¨¨¬ «ì®© ([11], c. 36) ¥¢ª«¨¤®¢®© ®à¬®©. �â® à¥è¥¨¥ á á®®â¢¥âáâ¢ãîé¥©
¥¢ï§ª®©

b" = �Cjbyj+�d (17)

 §®¢¥¬ áã¡ã¨¢¥àá «ìë¬ à¥è¥¨¥¬ ¨â¥à¢ «ì®£® ãà ¢¥¨ï (11). �® á¬ëá«ã ¨¬¥¥¬ jCby�dj �b"   ¬®¦¥áâ¢ å (12) § ç¥¨© C ¨ d.
�ëïá¨¬ ¢®¯à®á ® ¡«¨§®áâ¨ áã¡ã¨¢¥àá «ì®£® à¥è¥¨ï ª ã¨¢¥àá «ì®¬ã |  ¨«ãçè¥¬ã

¢ á¬ëá«¥ ¬¨¨¬ã¬  áã¬¬ë ¥¢ï§®ª "-à¥è¥¨î ãà ¢¥¨ï (11). �á¯®«ì§ãï (13), áä®à¬ã«¨àã¥¬
§ ¤ çã ¥«¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï ¤«ï  å®¦¤¥¨ï ã¨¢¥àá «ì®£® à¥è¥¨ï:

e0"! min;

C0y +�Cjyj � " � d0 ��d;

�C0y +�Cjyj � " � �d0 ��d;

" � 0:

(18)

�¤¥áì y, " | ¥¨§¢¥áâë¥ ¢¥ªâ®àë ¨ e { ¢¥ªâ®à á ¥¤¨¨çë¬¨ ª®®à¤¨ â ¬¨.
� ¤ ç  (18) ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ à ¢®á¨«ì  § ¤ ç¥ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï

e0"! min;

C0y +�Cs� " � d0 ��d;

�C0y +�Cs� " � �d0 ��d;

�s � y � s; " � 0

(19)

á ¥¨§¢¥áâë¬¨ ¢¥ªâ®à ¬¨ y, ", s.
�¢ï§ì ¬¥¦¤ã § ¤ ç ¬¨ (18), (19) á®áâ®¨â ¢ á«¥¤ãîé¥¬. �®¦¥áâ¢® ¯« ®¢ (¤®¯ãáâ¨¬ëå â®-

ç¥ª) (y; ") § ¤ ç¨ (18) ¥áâì ®àâ®£® «ì ï ¯à®¥ªæ¨ï ¬®¦¥áâ¢  ¯« ®¢ (y; "; s) § ¤ ç¨ (19)  
¯®¤¯à®áâà áâ¢® ¯¥à¥¬¥ëå y, ". � ¤ ç  (19) ¨¬¥¥â ®¯â¨¬ «ìë© ¯« , ¨ ª ¦¤®¬ã ¥¥ ®¯â¨-
¬ «ì®¬ã ¯« ã (y�; "�; s�) ®â¢¥ç ¥â ®¯â¨¬ «ìë© ¯«  (y�; "�) § ¤ ç¨ (18).
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�§ â¥®à¨¨ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï ¨§¢¥áâ® ([12], c. 90), çâ® à §à¥è¨¬®áâì § ¤ ç¨ (19)
¢«¥ç¥â à §à¥è¨¬®áâì ¤¢®©áâ¢¥®© § ¤ ç¨

(�d0 +�d)0�1 + (d0 +�d)0�2 ! max;

�C 0

0�1 + C 0

0�2 � �3 + �4 = 0;

��C�1 ��C�2 + �3 + �4 = 0;

�1 + �2 + �5 = e;

�1 � 0; : : : ; �5 � 0:

(20)

�à®¬¥ â®£®,   «î¡ëå ¯«  å ¤¢®©áâ¢¥ëå § ¤ ç á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

(�d0 +�d)0�1 + (d0 +�d)0�2 � �� � e0": (21)

�¤¥áì �� |¬¨¨¬ã¬ æ¥«¥¢®© äãªæ¨¨ ¢ § ¤ ç¥ (19). � ç áâ®áâ¨, ¥à ¢¥áâ¢  (21) ¢ë¯®«ïîâáï
¤«ï ¯« ®¢

by = C+

0 d0; b" = �Cjbyj+�d; bs = jbyj;
b�1 = b�2 = 0; 5e; b�3 = b�4 = 0; 5�C 0e; b�5 = 0

§ ¤ ç (19),(20). �âáî¤  ¯®«ãç¨¬ ®æ¥ªã ¡«¨§®áâ¨ ¯® æ¥«¥¢®© äãªæ¨¨ ¯«   (by; b"; bs) ª ®¯â¨-
¬ «ì®¬ã ¢ § ¤ ç¥ (19)

e0b"� �� � e0b"� e0�d = e0�Cjbyj: (22)

� ª¨¬ ®¡à §®¬, ®âª«®¥¨¥ áã¡ã¨¢¥àá «ì®£® à¥è¥¨ï (16) ¨â¥à¢ «ì®£® ãà ¢¥¨ï (11) ®â
ã¨¢¥àá «ì®£® |  ¨¬¥ìè¥£® ¯® áã¬¬¥ ¥¢ï§®ª | ¯à®¯®àæ¨® «ì® ®à¬¥ ¬ âà¨æë �C.

4. �¨â¥§ ã¯à ¢«¥¨ï

�¥à¥¬áï ª ¯à¨¡«¨¦¥®¬ã à¥è¥¨î ãà ¢¥¨ï (6) á ¨â¥à¢ «ìë¬¨ ®æ¥ª ¬¨ ª®íää¨æ¨-
¥â®¢ (8), (9). �®«®¦¨¬

C = (B;AB; : : : ; Ap�1B); d = �Apx:

�®£¤  ãà ¢¥¨¥ (6) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ (11), £¤¥ ¢¥ªâ®à y 2 Rpr á®áâ ¢«¥ ¯®á«¥¤®¢ â¥«ì®
¨§ ª®®à¤¨ â ¨áª®¬ëå ¢¥ªâ®à®¢ ut+p�1; ut+p�2; : : : ; ut. �â¥à¢ «ë ¨§¬¥¥¨ï C, d ®¯à¥¤¥«ïîâáï
¯ à ¬¥âà ¬¨

C0 = (B0; A0B0; : : : ; A
p�1
0 B0); d0 = �Ap

0x;

�C = (�B;�(AB); : : : ;�(Ap�1B)); (23)

�d = [(jA0j+�A)p � jA0j
p]jxj

¨ ä®à¬ã« ¬¨ (10). �® ¯à¥¤¯®«®¦¥¨î ¬ âà¨æ  C0 ¨¬¥¥â à £ n, ¯®íâ®¬ã ¯® ªà¨â¥à¨î �à ¬ 
[11] ¬ âà¨æ  C0C

0

0 ¥®á®¡¥ ï. �® ä®à¬ã«¥ (16), ¯®« £ ï

K = (C0C
0

0)
�1 =

� p�1X
k=0

Ak
0B0B

0

0A
k
0

0

��1
; (24)

 å®¤¨¬ áã¡ã¨¢¥àá «ì®¥ à¥è¥¨¥ ¨â¥à¢ «ì®£® ãà ¢¥¨ï (6), (8), (9) ¢ ¢¨¤¥

but+p�1(x) = �B0

0KAp
0x;but+p�2(x) = �B0

0A
0

0KAp
0x;

: : : : : : : : :

but(x) = �B0

0A
p�1
0

0KA
p
0x:

(25)
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� á¨«ã ä®à¬ã«ë (17) á®®â¢¥âáâ¢ãîé ï à¥è¥¨î (25) ¥¢ï§ª  b"(x) ãà ¢¥¨ï (6) à ¢ 
b"(x) = p�1X

k=0

�(AkB)jbut+p�k�1(x)j +�(Apx): (26)

�âáî¤  á ãç¥â®¬ (10), (25)  å®¤¨¬ ®æ¥ªã ¥¢ï§ª¨

b"(x) �Mpjxj; (27)

£¤¥ ¥®âà¨æ â¥«ì ï ¬ âà¨æ  Mp ¯®àï¤ª  n ¨¬¥¥â ¢¨¤

Mp = Lp +Np; (28)

Lp = (jA0j+�A)p � jA0j
p;

Np =
p�1X
k=0

jLk(jB0j+�B) + jA0j
k�Bj jB0

0A
k
0

0KA
p
0j:

�¡®§ ç¨¬ ç¥à¥§ ��(x) ¬¨¨¬ã¬ áã¬¬ë ¥¢ï§®ª ãà ¢¥¨ï (6) á ¨â¥à¢ «ìë¬¨ ª®íää¨-
æ¨¥â ¬¨ (8), (9), â. ¥.   «®£ ç¨á«  �� ¤«ï ãà ¢¥¨ï (11). �® ä®à¬ã«¥ (22) á ¨á¯®«ì§®¢ ¨¥¬
(23), (26), (28) ¯®«ãç¨¬

e0b"(x)� ��(x) � e0Npjxj: (29)

�â¬¥â¨¬, çâ® à¥è¥¨¥ (25) ¥ § ¢¨á¨â ®â t ¨, á«¥¤®¢ â¥«ì®, ¬®¦¥â ¨á¯®«ì§®¢ âìáï   «î¡®¬
è £¥,  ¯à¨¬¥à,  ç¨ ï á t = 0. �à®¬¥ â®£®, ¢ ®æ¥ª å (27), (29) ¬ âà¨çë¥ ª®íää¨æ¨¥âë Lp,
Mp, Np áâà¥¬ïâáï ¯® ®à¬¥ ª ã«î, ¥á«¨ k�Ak+ k�Bk ! 0. � ç áâ®áâ¨, ¯à¨ �A = 0, �B = 0
ä®à¬ã«ë (25) ¤ îâ â®ç®¥ à¥è¥¨¥ ãà ¢¥¨ï (6).

5. �â ¡¨«¨§ æ¨ï á¨áâ¥¬ë

�ã¤¥¬ áç¨â âì, çâ® ¤«ï ãà ¢¥¨ï (3)  ç «ì ï â®çª  x0 2 Rn ¢ë¡à   ¯à®¨§¢®«ì® ¨
ã¯à ¢«¥¨ï

u� = bu� (x�); u�+1 = bu�+1(x� ); : : : ; u�+p�1 = bu�+p�1(x� ) (30)

¢¨¤  (25) à¥ «¨§ãîâáï ¯®á«¥¤®¢ â¥«ì® ¤«ï � = 0; p; 2p; : : : �®®â¢¥âáâ¢ãîéãî ¯®á«¥¤®¢ â¥«ì-
®áâì ä §®¢ëå ¢¥ªâ®à®¢ á¨áâ¥¬ë (3), (30) ®¡®§ ç¨¬ bx0; bx1; bx2; : : : ; £¤¥ bx0 � x0. � á¨«ã ®¯à¥¤¥-
«¥¨ï ã¯à ¢«¥¨© (30) ¨ ®æ¥ª¨ (27) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

jbxp � 0j � b"(bx0) �Mpjbx0j;
jbx2p � 0j � b"(bxp) �Mpjbxpj;

: : : : : : : : :

�âáî¤ 
jbxkpj �Mk

p jx
0j; k = 1; 2; : : : ;

á«¥¤®¢ â¥«ì®, ¥á«¨ ¥¢ª«¨¤®¢  ®à¬  kMpk ¬ âà¨æë Mp ¬¥ìè¥ 1, â® bxkp ! 0 ¯à¨ k ! 1
¤«ï «î¡®© â®çª¨ x0 2 Rn. � á¨«ã «¨¥©®áâ¨ ã¯à ¢«¥¨© (30) ¯® x� ¨ «¨¥©®áâ¨ à¥ªãàà¥â-
®© á¨áâ¥¬ë (3) ¨§ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ bx0; bxp; bx2p; : : : ª ã«î ¢ëâ¥ª ¥â áå®¤¨¬®áâì
¯®á«¥¤®¢ â¥«ì®áâ¨ bx0; bx1; bx2; : : : ª ã«î.

�â ª, ãáâ ®¢«¥ 

�¥®à¥¬ . �«ï â®£® çâ®¡ë à¥ªãàà¥â®¥ ãà ¢¥¨¥ (3) á ¨â¥à¢ «ìë¬¨ ª®íää¨æ¨¥â ¬¨

(4), § ¬ëª ¥¬®¥ ã¯à ¢«¥¨ï¬¨ (30) ¯à¨ � = 0; p; 2p; : : : ; ¨¬¥«®  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®¥ ¢

æ¥«®¬ ¯®«®¦¥¨¥ à ¢®¢¥á¨ï x = 0, ¤®áâ â®ç®, çâ®¡ë ¯à¨ ¥ª®â®à®¬  âãà «ì®¬ p, pr � n,

¡ë«¨ ¢ë¯®«¥ë ®¤®¢à¥¬¥® ¤¢  ãá«®¢¨ï:

1) à £ ¬ âà¨æë (B0; A0B0; : : : ; A
p�1
0 B0) à ¢¥ n,
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2) kMpk � 1 ¤«ï ¬ âà¨æë Mp, ®¯à¥¤¥«¥®© ä®à¬ã« ¬¨ (28), (24).

�â¬¥â¨¬, çâ® ãá«®¢¨¥ 1) â¥®à¥¬ë ®§ ç ¥â ¯®«ãî ã¯à ¢«ï¥¬®áâì ¤¥â¥à¬¨¨à®¢ ®© á¨-
áâ¥¬ë

x�+1 = A0x
� +B0u

� ; � = 0; 1; : : : ; (31)

§  p â ªâ®¢ ã¯à ¢«¥¨ï. �á«®¢¨¥ 2) ¢ë¯®«ï¥âáï ¤«ï «î¡ëå A0, B0, ¥á«¨ ¬ âà¨æë �A, �B
¤®áâ â®ç® ¬ «ë ¯® ®à¬¥.

�á«¨ ¢ á¨áâ¥¬¥ (3), (4) à £ ¬ âà¨æë B0 à ¢¥ n ¨ ¢ë¯®«¥® ãá«®¢¨¥

k�A+�BjB0

0
KA0j k � 1 (K = (B0B

0

0
)�1);

â® ¤«ï áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ë ¬®¦® ¨á¯®«ì§®¢ âì   ª ¦¤®¬ è £¥ ã¯à ¢«¥¨¥ â¨¯  ®¡à â®©
á¢ï§¨

u(xt) = bu(xt) = �B0

0
KA0x

t; t = 0; 1; : : : ;

á®®â¢¥âáâ¢ãîé¥¥ p = 1. �® â¥®à¥¬¥ ®® ®¡¥á¯¥ç¨¢ ¥â ¯à¨âï¦¥¨¥ à¥è¥¨© § ¬ªãâ®© á¨áâ¥¬ë
(5) ª  ç «ã ª®®à¤¨ â ¤«ï «î¡®©  ç «ì®© â®çª¨ x0 2 Rn.

6. �¡®¡é¥¨ï à¥§ã«ìâ â®¢

�â®à®¥ ãá«®¢¨¥ â¥®à¥¬ë á¢ï§ë¢ ¥â áâ ¡¨«¨§¨àã¥¬®áâì ¬®¤¥«¨ (3), (4) á ¥¥ â®ç®áâìî. �
ãá«®¢¨ïå ã¯à ¢«ï¥¬®áâ¨ ¥¢®§¬ãé¥®© á¨áâ¥¬ë (31) áâ ¡¨«¨§ æ¨ï ¢®§¬ãé¥®© á¨áâ¥¬ë (3)
£ à â¨à®¢   ¯à¨ ¬ «ëå ¤¨ ¯ §® å ¢®§¬ãé¥¨© (4). �®¦® ¯®áâ ¢¨âì ¢®¯à®á ¢ â ª®© ¯«®áª®-
áâ¨. �á«¨ ¥¢®§¬ãé¥ ï á¨áâ¥¬  (31) ã¯à ¢«ï¥¬  (§  p â ªâ®¢), ® ¤«ï § ¤ ëå �A, �B ãá«®-
¢¨¥ áâ ¡¨«¨§¨àã¥¬®áâ¨ kMpk < 1 ¥ ¢ë¯®«¥®, â®  áª®«ìª®  ¤® ¯®¢ëá¨âì â®ç®áâì ¬®¤¥«¨,
â. ¥. ã¬¥ìè¨âì í«¥¬¥âë ¬ âà¨æ �A, �B, çâ®¡ë ®¡¥á¯¥ç¨âì áâ ¡¨«¨§¨àã¥¬®áâì ¢®§¬ãé¥®©
á¨áâ¥¬ë (3). � á«ãç ¥, ¥á«¨ í«¥¬¥âë �A, �B ã¬¥ìè âì ¯à®¯®àæ¨® «ì®, ®â¢¥â   ¢®¯à®á
¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë. �¥©áâ¢¨â¥«ì®, § ¬¥¨¬ ¢ ¯®áâ ®¢ª¥ § ¤ ç¨ ¨ ¢ë¢®¤ å ¬ âà¨æë �A, �B
  �A, �B, £¤¥  | ¥®âà¨æ â¥«ìë© ¯ à ¬¥âà. �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á (28) ¬ âà¨æë Lp(),
Np(), Mp() áâ ®¢ïâáï ¬ âà¨çë¬¨ ¬®£®ç«¥ ¬¨ ®â®á¨â¥«ì® , ¯à¨ç¥¬

Lp(0) = Np(0) =Mp(0) = 0:

�«¥¤®¢ â¥«ì®,  ©¤¥âáï â ª®¥ ¬ ªá¨¬ «ì®¥ ç¨á«® 0, 0 < 0 < 1, çâ® kMp()k < 1 ¤«ï 0 <

 < 0. �ç¥¢¨¤®, ç¨á«® 0 ¨ á«ã¦¨â ¯®à®£®¬ â®ç®áâ¨ ¬®¤¥«¨,  ç¨ ï á ª®â®à®£® ¥¥ ¥«ì§ï
áâ ¡¨«¨§¨à®¢ âì ¯à¥¤«®¦¥ë¬ á¯®á®¡®¬.

�â®à®¥  ¯à ¢«¥¨¥ ®¡®¡é¥¨ï à¥§ã«ìâ â®¢ | ®âª § ®â ¯à¥¤¯®«®¦¥¨ï ® ¯®«®©  ¡«î¤ -
¥¬®áâ¨ ä §®¢®£® ¢¥ªâ®à  xt. �®£¤  á«¥¤ã¥â ¢¢¥áâ¨ ãà ¢¥¨¥  ¡«î¤¥¨ï

yt = Cxt; t = 0; 1; : : : ;

á ¨â¥à¢ «ì®© m � n-¬ âà¨æ¥© C, jC � C0j � �C, m � n, ¨ ¤®¯®«¨âì á¨áâ¥¬ã ãà ¢¥¨© (6)
¨â¥à¢ «ìë¬ ãà ¢¥¨¥¬

Cx = y;

áç¨â ï y = yt ¨§¢¥áâë¬,   x = xt | ¥¨§¢¥áâë¬ ¢¥ªâ®à ¬¨. � ¯¨áë¢ ï áã¡ã¨¢¥àá «ì®¥
à¥è¥¨¥ ¤ ®© á¨áâ¥¬ë, ¯®«ãç¨¬   «®£ ä®à¬ã« (30), ¢ ª®â®àëå ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï
¡ã¤ãâ ¢ëà ¦¥ë ç¥à¥§ ¢¥ªâ®à ¨§¬¥à¥¨© yt.

�à¥âì¥  ¯à ¢«¥¨¥ | ®¡®¡é¥¨¥ à¥§ã«ìâ â®¢   ¥áâ æ¨® àë¥ á¨áâ¥¬ë ¢¨¤ 

xt+1 = Atx
t +Btu

t; t = 0; 1; : : : ;

á ¨â¥à¢ «ìë¬¨ ¬ âà¨æ ¬¨

jAt �Aj � �A; jBt �Bj � �B; t = 0; 1; : : : ;

§ ç¥¨ï ª®â®àëå «¥¦ â ¢ ®¤¨å ¨ â¥å ¦¥ ¨â¥à¢ « å ¨§¬¥¥¨ï. � íâ®¬ á«ãç ¥ ª®íää¨æ¨¥âë
®¯à¥¤¥«ïîé¥£® ãà ¢¥¨ï (6) ¬¥ïîâáï, ® â¥å®«®£¨ï ¨å ®æ¥ª¨ ¨ ¬¥â®¤ à¥è¥¨ï ãà ¢¥¨ï
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®áâ îâáï ¯à¥¦¨¬¨. � ª®¥æ, ª®¬¡¨ æ¨ï âà¥âì¥£® ¨ ç¥â¢¥àâ®£®  ¯à ¢«¥¨© ®¡®¡é¥¨ï ¯®-
§¢®«ï¥â à¥è¨âì § ¤ çã áâ ¡¨«¨§ æ¨¨ ¥áâ æ¨® à®© ¬®£®è £®¢®© á¨áâ¥¬ë ¯® à¥§ã«ìâ â ¬
¨§¬¥à¥¨© ä §®¢®£® ¢¥ªâ®à .

� ª«îç¥¨¥

� à ¡®â¥ ¯à¥¤«®¦¥ á¯®á®¡ ¯®áâà®¥¨ï áâ ¡¨«¨§¨àãîé¥£® ã¯à ¢«¥¨ï â¨¯  ®¡à â®© á¢ï§¨
¤«ï ¬®£®è £®¢®© á¨áâ¥¬ë á ¬ã«ìâ¨¯«¨ª â¨¢ë¬¨ ¨â¥à¢ «ìë¬¨ ¥®¯à¥¤¥«¥®áâï¬¨. � â¥®-
à¨¨  ¢â®¬ â¨ç¥áª®£® à¥£ã«¨à®¢ ¨ï â ª¨¥ ¬®¤¥«¨ âà ¤¨æ¨®® áç¨â îâáï âàã¤ë¬¨ ¤«ï   «¨-
§ , ¯®áª®«ìªã á®¤¥à¦ â ¯à®¨§¢¥¤¥¨ï ¥®¯à¥¤¥«¥ëå ª®íää¨æ¨¥â®¢   ä §®¢ë¥ ¯¥à¥¬¥ë¥
¨ ã¯à ¢«¥¨ï. �á®¡¥®áâìî áâ ¡¨«¨§¨àãîé¥£® ã¯à ¢«¥¨ï ï¢«ï¥âáï â®, çâ® ®® § ¢¨á¨â ®â
®¤®£® ä §®¢®£® á®áâ®ï¨ï á¨áâ¥¬ë ¢ â¥ç¥¨¥ ¥áª®«ìª¨å ¬®¬¥â®¢ ª¢ â®¢ ¨ï ¢à¥¬¥¨. �â®
¤ ¥â ®¯à¥¤¥«¥ë¥ ã¤®¡áâ¢  ¤«ï ¯®áâà®¥¨ï ¨ ¨á¯®«ì§®¢ ¨ï ã¯à ¢«¥¨ï ¢ à¥ «ì®¬ ¬ áèâ ¡¥
¢à¥¬¥¨. �áâ ®¢«¥ë ®æ¥ª¨ ¡«¨§®áâ¨ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨ à¥è¥¨© § ¬ªãâ®©
á¨áâ¥¬ë ª ¯®«®¦¥¨î à ¢®¢¥á¨ï. � ¬¥ç¥ë ¯ãâ¨ ®¡®¡é¥¨ï à¥§ã«ìâ â®¢.
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