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1�. �ãáâì 0 = �0 < �n " 1, n!1,   àï¤ �¨à¨å«¥

F (s) =
1X
n=0

an expfs�ng; s = � + it; (1)

¨¬¥¥â  ¡áæ¨ááã  ¡á®«îâ­®© áå®¤¨¬®áâ¨ �a = A 2 (�1;+1]. �«ï � < A ¯ãáâì �(�; F ) =
maxfjanj expf��ng : n � 0g | ¬ ªá¨¬ «ì­ë© ç«¥­ àï¤  (1). �¥à¥§ 
(A) ®¡®§­ ç¨¬ ª« áá ¯®-
«®¦¨â¥«ì­ëå ­¥®£à ­¨ç¥­­ëå ­  (�1; A) äã­ªæ¨© � â ª¨å, çâ® ¯à®¨§¢®¤­ ï �0 ­¥¯à¥àë¢-
­ ï, ¯®«®¦¨â¥«ì­ ï ¨ ¢®§à áâ ¥â ª +1 ­  (�1; A). �ãáâì ' | äã­ªæ¨ï, ®¡à â­ ï ª �0,  
	(x) = x� �(x)=�0(x) | äã­ªæ¨ï,  áá®æ¨¨à®¢ ­­ ï á � ¯® �ìîâ®­ã. �®£¤  äã­ªæ¨ï ' ­¥¯à¥-
àë¢­ ï ¨ ¢®§à áâ îé ï ª A ­  (0;+1),   äã­ªæ¨ï 	 ­¥¯à¥àë¢­ ï ¨ ¢®§à áâ îé ï ª A ­ 
(�1; A) [1]. � [1] ¤®ª § ­®, çâ® ¥á«¨ ln janj � ��n	('(�n)) ¤«ï ¢á¥å n � 0, â® ln�(�; F ) � �(�)
¤«ï ¢á¥å � < A. �¤¥áì à áá¬®âà¨¬ á«ãç ©, ª®£¤  ln janj � ��n	('(�n)) ¤«ï ¢á¥å n � 0, ¨ ¤«ï
ln�(�; F ) ¯®«ãç¨¬ ®æ¥­ª¨ á­¨§ã. �­¨ § ¢¨áïâ ª ª ®â ¯«®â­®áâ¨ ¯®ª § â¥«¥© àï¤  (1), â ª ¨ ®â
à®áâ  äã­ªæ¨¨ �.

2�. �«ï � 2 
(A) ¨ ç¨á¥« 0 � a < b < +1 ¯®«®¦¨¬

G1(a; b; �) =
ab

b� a

Z b

a

�('(t))
dt

t2
; G2(a; b; �) = �

�
1

b� a

Z b

a

'(t)dt
�
:

�®£¤  [2] G1(a; b; �) < G2(a; b; �),   ®á­®¢­®© ¢ íâ®© áâ âì¥ ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì A 2 (�1;+1], � 2 
(A), àï¤ �¨à¨å«¥ (1) ¨¬¥¥â  ¡áæ¨ááã  ¡á®«îâ­®©

áå®¤¨¬®áâ¨ �a = A ¨ ln janj � ��n	('(�n)) ¤«ï ¢á¥å n � 0. �®£¤ , ¥á«¨ � 2 ['(�n); '(�n+1)], â®

ln�(�; F ) � �(�) +G1(�n; �n+1; �)�G2(�n; �n+1; �): (2)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ àï¤ �¨à¨å«¥

F (1)(s) =
1X
n=1

a(1)n expfs�ng; a(1)n = expf��n	('(�n))g: (3)

�®£« á­® ¯à¨¢¥¤¥­­®¬ã ¢ëè¥ à¥§ã«ìâ âã ¨§ [1] ln�(�; F (1)) � �(�) ¤«ï ¢á¥å � 2 (�1; A),   á
¤àã£®© áâ®à®­ë, lna(1)n +'(�n)�n = ��n	('(�n))+'(�n)�n = �('(�n)), â ª çâ® ln�('(�n); F (1)) =
�('(�n)). �â¬¥â¨¬ ¥é¥ á¯à ¢¥¤«¨¢®¥ ¤«ï ¢á¥å � < A ­¥à ¢¥­áâ¢® ln�(�; F ) � ln�(�; F (1)).

�®áª®«ìªã (x	('(x)))0 = (x'(x) � �('(x)))0 = '(x) + x'0(x) � �0('(x))'0(x) = '(x), â®, ¥á«¨

¯®«®¦¨¬ {
(1)
n =

ln a(1)
n
�ln a

(1)
n+1

�n+1��n
, ¨¬¥¥¬

{
(1)
n =

1
�n+1 � �n

Z �n+1

�n

'(t)dt = ��1(G2(�n; �n+1; �)): (4)
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� ª ª ª äã­ªæ¨ï ' ¢®§à áâ ¥â ª A ­  (�1; A), â® '(�n) < {
(1)
n < '(�n+1). �¥£ª® ¢¨¤¥âì,

çâ® lna(1)n + {
(1)
n �n = lna(1)n+1 + {

(1)
n �n+1, lna(1)n + ��n � lna(1)n+1 + ��n+1 ¯à¨ � 2 ['(�n);{(1)

n ] ¨
lna(1)n + ��n � lna(1)n+1 + ��n+1 ¯à¨ � 2 [{(1)

n ; '(�n+1)]. �®íâ®¬ã

ln�(�; F (1)) =

(
lna(1)n + ��n; � 2 ['(�n);{(1)

n ];

lna(1)n+1 + ��n+1; � 2 [{(1)
n ; '(�n+1)]:

(5)

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® '(�n) � � � {
(1)
n . �®£¤ , ãç¨âë¢ ï (5), ¨¬¥¥¬ fln�(�; F (1)) �

�(�)g0 = fln a(1)n + ��n � �(�)g0 = �n � �0(�) � �n � �0('(�n)) = 0, ¨ ¢ á¨«ã (4)

ln�(�; F (1))� �(�) � ln�({(1)
n ; F (1))� �({(1)

n ) =

= lna(1)n + {
(1)
n �n � �({(1)

n ) =

=
�n+1 lna(1)n � �n lna

(1)
n+1

�n+1 � �n
� �({(1)

n ) =

=
��n+1�n	('(�n)) + �n�n+1	('(�n+1))

�n+1 � �n
� �({(1)

n ) =

=
�n+1�n

�n+1 � �n
(	('(�n+1))�	('(�n)))� �({(1)

n ) =

=
�n+1�n

�n+1 � �n

Z �n+1

�n

�('(x))
dx

x2
� �({(1)

n ) =

= G1(�n; �n+1; �)�G2(�n; �n+1; �): (6)

�ãáâì â¥¯¥àì {
(1)
n � � � '(�n+1). �­®¢ , ãç¨âë¢ ï (5), ¨¬¥¥¬ fln�(�; F (1)) � �(�)g0 =

flna(1)n+1 + ��n+1 � �(�)g0 = �n+1 � �0(�) � �0('(�n+1)) � �0('(�n+1)) = 0, ¨ ¯®íâ®¬ã, ª ª
¯à¨ ¤®ª § â¥«ìáâ¢¥ (6), ln�(�; F (1)) � �(�) � ln�({(1)

n ; F (1)) � �({(1)
n ) = G1(�n; �n+1; �) �

G2(�n; �n+1; �). � ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢® (6),   á ­¨¬ ¨ ­¥à ¢¥­áâ¢® (2) ¢ë¯®«­ï¥âáï ¤«ï
¢á¥å � 2 ['(�n); '(�n+1)].

� ¬¥ç ­¨¥ 1. �æ¥­ª  (2) â®ç­ ï, â. ª. ¤«ï ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î â¥®à¥¬ë 1 àï¤  (3),
ª ª ¢¨¤­® ¨§ ¥¥ ¤®ª § â¥«ìáâ¢ ,

ln�({(1)
n ; F (1)) = �({(1)

n ) +G1(�n; �n+1; �)�G2(�n; �n+1; �):

3�. � « £ ï â¥ ¨«¨ ¨­ë¥ ãá«®¢¨ï ­  (�n) ¨ ¨á¯®«ì§ãï âã ¨«¨ ¨­ãî èª «ã à®áâ , ¨§ â¥®à¥¬ë 1
¬®¦­® ¯®«ãç âì ®æ¥­ª¨ ¢¨¤  ln�(�; F ) � �(�)��1(�) ¤«ï ¢á¥å � < A, £¤¥ äã­ªæ¨ï �1 ã¡ë¢ î-
é ï ¨«¨ à áâ¥â ¬¥¤«¥­­¥¥, ç¥¬ �. � íâ®© æ¥«ìî ¤«ï ä¨ªá¨à®¢ ­­ëå 0 � a < b < +1 ®¡®§­ ç¨¬
G�(x) = G2(a; x; �) �G1(a; x; �), G�(x) = G2(x; b; �) �G1(x; b; �) ¨ ¤®ª ¦¥¬ á«¥¤ãîéãî «¥¬¬ã.

�¥¬¬ . �ã­ªæ¨ï G� ¢®§à áâ ¥â ­  (a;+1),   äã­ªæ¨ï G� ã¡ë¢ ¥â ­  [0; b).

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¢®§à áâ ­¨¥ äã­ªæ¨¨ G� ä ªâ¨ç¥áª¨ ¤®ª § ­® ¢ [2], â® ®áâ -
«®áì ¤®ª § âì «¨èì ã¡ë¢ ­¨¥ äã­ªæ¨¨ G�. � ª ª ª

G0

1(x; b; �) =
b

(b� x)2

�
b

Z b

x

�('(t))d
�
�
1
t

�
�

b

x
�('(x)) + �('(x))

�
=

=
b

(b� x)2

�
� �('(b)) +

b

x
�('(x)) + b

Z b

x

�0('(t))'0(t)
t

dt�
b

x
�('(x)) + �('(x))

�
=

=
b

(b� x)2

�
� �('(b)) + �('(x)) + b

Z b

x

'0(t)dt
�
=

b

(b� x)2

Z b

x

(b� t)'0(t)dt
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¨

G0

2(x; b; �) =

= �0

�
1

b� x

Z b

x
'(t)dt

�
1

(b� x)2

�
� (b� x)'(x) +

Z b

x
'(t)dt

�
=

= �0

�
1

b� x

Z b

x

'(t)dt
�

1
(b� x)2

Z b

x

(b� t)'0(t)dt;

  ¢ á¨«ã ¢®§à áâ ­¨ï äã­ªæ¨¨ '

�0

�
1

b� x

Z b

x

'(t)dt
�
< b;

â® G0

2(x; b; �)�G0

1(x; b; �) < 0 ¨ äã­ªæ¨ï G� ã¡ë¢ ¥â ­  [0; b).

�ãáâì äã­ªæ¨ï f ¯®«®¦¨â¥«ì­ ï, ­¥¯à¥àë¢­ ï, ¢®§à áâ îé ï ª +1 ­  [0;+1) ¨ f(x) > x.
�§ «¥¬¬ë ¢ëâ¥ª ¥â, çâ® ¥á«¨ �n+1 � f(�n), â®G2(�n; �n+1; �)�G1(�n; �n+1; �) � G2(�n; f(�n); �)�
G1(�n; f(�n); �) ¨G2(�n; �n+1; �)�G1(�n; �n+1; �) � G2(f�1(�n+1); �n+1; �)�G1(f�1(�n+1); �n+1; �).
�¤¥áì ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® á«ãç ©, ª®£¤  f(x) = x + h, â. ¥. �n+1 � �n � h, £¤¥
h � const > 0,   äã­ªæ¨î � ¡ã¤¥¬ ¯®¤¡¨à âì â ª, çâ®¡ë ®­  á®®â¢¥âáâ¢®¢ «  ª« áá¨ç¥áª¨¬
èª « ¬ à®áâ  (¯®«®¦¨â¥«ì­®¬ã ­¨¦­¥¬ã R-¯®àï¤ªã ¨ ¯®«®¦¨â¥«ì­®¬ã «®£ à¨ä¬¨ç¥áª®¬ã ¯®-
àï¤ªã).

�«¥¤áâ¢¨¥ 1. �á«¨ àï¤ �¨à¨å«¥ (1) æ¥«ë© (â. ¥. A = +1), �n+1 � �n � h < +1 (n � 0) ¨
ln janj � ��n

%
ln �n

eT%
, 0 < %; T < +1, ¤«ï ¢á¥å n � 0, â®

ln�(�; F ) � Te%� �
(1 + o(1))h2

8T%2
e�%�; � ! +1: (7)

�¥©áâ¢¨â¥«ì­®, ¢ë¡¥à¥¬ �(�) = Te%�. �®£¤  '(x) = 1
%
ln x

T%
, 	(�) = �� 1

%
, x	('(x)) = x

%
ln x

eT%
,

 

G1(a; b; �) =
1
%

ab

b� a
ln

b

a
; G2(a; b; �) =

1
e%

exp
�
b ln b� a ln a

b� a

�
:

�®íâ®¬ã ¢ á¨«ã ã¡ë¢ ­¨ï äã­ªæ¨¨ G� ¨¬¥¥¬

G2(�n; �n+1; �)�G1(�n; �n+1; �) �

� G2(�n+1 � h; �n+1; �)�G1(�n+1 � h; �n+1; �) =

=
1
e%

exp
�
�n+1 ln�n+1 � (�n+1 � h) ln(�n+1 � h)

h

�
�

�
1
%

(�n+1 � h)�n+1
h

(ln�n+1 � ln(�n+1 � h)) =

=
�n+1
%

�
1�

h

2�n+1
�

h2

24�2n+1
+O

�
1

�3n+1

��
�

�
�n+1
%

�
1�

h

2�n+1
�

h2

6�2n+1
+O

�
1

�3n+1

��
=
(1 + o(1))h2

8%�n+1
; n!1: (8)

�®íâ®¬ã ¯® â¥®à¥¬¥ 1 ¤«ï ¢á¥å � 2 [ 1
%
ln �n

T%
; 1
%
ln �n+1

T%
] ¨¬¥¥¬

ln�(�; F ) � Te%� �
(1 + o(1))h2

8%�n+1
= Te%� �

(1 + o(1))h2

8T%2
e�%� ; � ! +1:
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�«¥¤áâ¢¨¥ 2. �á«¨ àï¤ �¨à¨å«¥ (1) æ¥«ë©, �n+1 � �n � h < +1 (n � 0) ¨ ln janj � �(p �
1)T�1=(p�1)p�p=(p�1)�p=(p�1)n , 1 < p < +1, 0 < T < +1, ¤«ï ¢á¥å n � n0, â®

ln�(�; F ) � T�p �
(1 + o(1))h2

8Tp(p� 1)
�2�p; � ! +1: (9)

�¥©áâ¢¨â¥«ì­®, ¢ë¡¥à¥¬ � 2 
(+1) â ª, çâ®¡ë �(�) = T�p ¤«ï ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å �.
�®£¤  '(x) = ( x

Tp
)1=(p�1), 	(�) = p�1

p
�, x	('(x)) = (p� 1)T�1=(p�1)p�p=(p�1)xp=(p�1),  

G1(a; b; �) = (p� 1)T�1=(p�1)p�p=(p�1)
ab

b� a
fb1=(p�1) � a1=(p�1)g;

G2(a; b; �) = (p� 1)pT�1=(p�1)p�p
2=(p�1)

�
bp=(p�1) � ap=(p�1)

b� a

�p
:

�®íâ®¬ã, ª ª ¨ ¢ëè¥,

G2(�n; �n+1; �)�G1(�n; �n+1; �) �

� (Tpp)�1=(p�1)�p=(p�1)n+1

�
1�

p

p� 1
h

2�n+1
�

p(p� 5)h2

24(p� 1)2�2n+1
+O

�
1

�3n+1

��
�

� (Tpp)�1=(p�1)�p=(p�1)n+1

�
1�

p

p� 1
h

2�n+1
�

p(p� 2)h2

6(p� 1)2�2n+1
+O

�
1

�3n+1

��
=

= (Tp)�1=(p�1)
(1 + o(1))h2

8(p� 1)
�
�(p�2)=(p�1)
n+1 ; n!1; (10)

¨ ¢ á¨«ã â¥®à¥¬ë 1 «¥£ª® ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® (9).

�«¥¤áâ¢¨¥ 3. �á«¨ àï¤ �¨à¨å«¥ (1) ¨¬¥¥â ­ã«¥¢ãî  ¡áæ¨ááã  ¡á®«îâ­®© áå®¤¨¬®áâ¨, �n+1�
�n � h < +1 (n � 0) ¨ ln janj � (p+ 1)T 1=(p+1)p�p=(p+1)�p=(p+1)n , 0 < p; T < +1, ¤«ï ¢á¥å n � 0, â®

ln�(�; F ) �
T

j�jp
�
(1 + o(1))h2

8(p+ 1)
(Tp)�1j�jp+2; � ! 0: (11)

�¥©áâ¢¨â¥«ì­®, ¢ë¡¥à¥¬ �(�) = T j�j�p. �®£¤  �0(�) = Tpj�j�p�1, '(x) = �(Tp=x)1=(p+1),
	(�) = �(p+ 1)=p, x	('(x)) = �(p+ 1)T 1=(p+1)p�p=(p+1)xp=(p+1),  

G1(a; b; �) = (p+ 1)T 1=(p+1)p�p=(p+1)
ab

b� a
fa�1=(p+1) � b�1=(p+1)g;

G2(a; b; �) = (p+ 1)�pT 1=(p+1)pp
2=(p+1)

�
bp=(p+1) � ap=(p+1)

b� a

��p
:

�®íâ®¬ã, ª ª ¨ ¢ëè¥,

G2(�n; �n+1; �)�G1(�n; �n+1; �) �

� (Tp�p)1=(p+1)�p=(p+1)n+1

�
1�

ph

2(p+ 1)�n+1
�

p(p+ 5)h2

24(p + 1)2�2n+1
+O

�
1

�3n+1

��
�

� (Tp�p)1=(p+1)�p=(p+1)n+1

�
1�

ph

2(p+ 1)�n+1
�

p(p+ 2)h2

6(p+ 1)2�2n+1
+O

�
1

�3n+1

��
=

= (Tp)1=(p+1)
(1 + o(1))h2

8(p+ 1)
�
�(p+2)=(p+1)
n+1 ; n!1; (12)

¨, ª ª ®¡ëç­®, ¨§ â¥®à¥¬ë 1 ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® (11).

� ¬¥ç ­¨¥ 2. �æ¥­ª¨ (7), (9) ¨ (11) ­¥ã«ãçè ¥¬ë¥ ¢ á¨«ã â®ç­®áâ¨ ®æ¥­ª¨ (2) ¨ â®£®, çâ®
¢ á«ãç ¥, ª®£¤  �n+1 = �n + h, ¢á¥ ­¥à ¢¥­áâ¢  (8), (10) ¨ (12) ¯à¥¢à é îâáï ¢ à ¢¥­áâ¢ .
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4�. �á¯®«ì§ãï â¥®à¥¬ã 1 ¨ «¥¬¬ã ¤«ï ®¯à¥¤¥«¥­­ëå ª« áá®¢ äã­ªæ¨© � ¤®¢®«ì­® ®¡é¥£®
¢¨¤ , ¬®¦­® ¯®«ãç¨âì ®æ¥­ª¨ ¢¨¤  ln�(�; F ) � �(�) � �1(�). �ë ®£à ­¨ç¨¬áï §¤¥áì â®«ìª®
á«¥¤ãîé¨¬ ãâ¢¥à¦¤¥­¨¥¬.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1, äã­ªæ¨ï �(�)=�0(�) ­¥¢®§à áâ îé ï ­ 
(�1; A) ¨ �n+1 � �n � h < +1, n � 0. �®£¤ 

ln�(�; F ) � �(�)�
h

2
�(�)
�0(�)

(1 + o(1)); � " A:

�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã «¥¬¬ë ¨ ­¥¢®§à áâ ­¨ï äã­ªæ¨¨ �('(t))=t ¨¬¥¥¬

G2(�n; �n+1; �)�G1(�n; �n+1; �) �

� �(
1
h

Z �n+1

�n+1�h
'(t)dt) �

(�n+1 � h)�n+1
h

Z �n+1

�n+1�h

�('(t))
t

dt

t
�

� �('(�n+1))�
(�n+1 � h)�n+1

h

�('(�n+1))
�n+1

ln
�n+1

�n+1 � h
=

= �('(�n+1))
�
1�

�n+1 � h

h
ln
�
1 +

h

�n+1 � h

��
=

= �('(�n+1))
�
1�

�n+1 � h

h

�
h

�n+1 � h
�

h2

2(�n+1 � h)2
+O

�
1

�3n+1

���
=

=
(1 + o(1))h

2
�('(�n+1))

�n+1
; n!1:

� ª ª ª ¯à¨ '(�n) � � � '(�n+1) ¢ á¨«ã ­¥¢®§à áâ ­¨ï äã­ªæ¨¨ �('(t))=t ¢ë¯®«­ï¥âáï ­¥à -
¢¥­áâ¢® �('(�n+1))=�n+1 � �(�)=�0(�), â® ¨§ â¥®à¥¬ë 1 «¥£ª® ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢®.
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