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� â¥®à¨¨ ªà ¥¢ëå § ¤ ç ¤«ï   «¨â¨ç¥áª¨å äãªæ¨© ¢ ¦®¥ § ç¥¨¥ ¨¬¥¥â § ¤ ç  ® áª ç-
ª¥:  ©â¨ ªãá®ç®-  «¨â¨ç¥áªãî äãªæ¨î ¯® à §®áâ¨ ¥¥ ¯à¥¤¥«ìëå § ç¥¨©   ®á®¡®© «¨-
¨¨. � áâ®¥ à¥è¥¨¥ íâ®© § ¤ ç¨ | ¨â¥£à « â¨¯  �®è¨ | ¤ ¥â ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥
ªãá®ç®-  «¨â¨ç¥áª¨å äãªæ¨©, ª®â®à®¥ ¯à¨¬¥ï¥âáï ¯à¨ à¥è¥¨¨ ¬®£¨å ¤àã£¨å § ¤ ç. �®-
â¥æ¨ «ë ¯à®áâ®£® ¨ ¤¢®©®£® á«®ï, è¨à®ª® ¨á¯®«ì§ã¥¬ë¥ ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥, â ª¦¥
ï¢«ïîâáï ç áâë¬¨ à¥è¥¨ï¬¨ § ¤ ç ® áª çª¥ ¤«ï ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨.

� ¤ ®© à ¡®â¥ ¨áá«¥¤®¢   ¤¢ã¬¥à ï § ¤ ç  ® áª çª¥ ¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  ¢ ¯«®-
áª®¯ à ««¥«ì®© á«®¨áâ®© áà¥¤¥, ¯à¨ íâ®¬ áª çª¨ ¨áª®¬®£® à¥è¥¨ï ¨ ¥£® ®à¬ «ì®© ¯à®¨§-
¢®¤®© § ¤ îâáï   ¯àï¬ëå, à §¤¥«ïîé¨å á®á¥¤¨¥ á«®¨. � ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì®© § ¤ ç¨
à áá¬®âà¥  § ¤ ç  �®è¨ ¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  ¢ á«ãç ¥ ¯®«ã¯«®áª®áâ¨ ¨ ¯®«®áë, ¨å
à¥è¥¨ï ¯®«ãç¥ë ¬¥â®¤®¬ ¯à¥®¡à §®¢ ¨ï �ãàì¥. �ª § ë ãá«®¢¨ï, ¯à¨ ª®â®àëå áãé¥áâ¢ã¥â
¥¤¨áâ¢¥®¥ à¥è¥¨¥ íâ®© ¯¥à¥®¯à¥¤¥«¥®© § ¤ ç¨. � ¤ ç  �®è¨ ¤«ï ãà ¢¥¨ï �¥«ì¬£®«ì-
æ  ¢ á«ãç ¥ ¯®«ã¯«®áª®áâ¨ ¨ ¯®«ã¯®«®áë (¯à¨ ã«¥¢ëå £à ¨çëå ãá«®¢¨ïå   ¯ à ««¥«ìëå
áâ®à® å),   â ª¦¥ § ¤ ç  ® áª çª¥   áâëª¥ ¤¢ãå ¯®«ã¯«®áª®áâ¥© ¨«¨ ¯®«ã¯®«®á   «®£¨çë¬
¬¥â®¤®¬ ¨§ãç «¨áì à ¥¥ ¢ [1] (á¬. â ª¦¥ [2], [3]).

�ªâã «ìë¬  ¯à ¢«¥¨¥¬ í«¥ªâà®¤¨ ¬¨ª¨ ¨ ¬¥å ¨ª¨ á¯«®èëå áà¥¤ ( ªãáâ¨ª¨) ï¢«ï-
¥âáï ¨§ãç¥¨¥ ¢®«®¢ëå ¯à®æ¥áá®¢ ¢ á«®¨áâëå áà¥¤ å [4], [5]. �¥¯®áà¥¤áâ¢¥® ª § ¤ ç¥ ® áª çª¥
¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  ¯à¨¢®¤¨âáï § ¤ ç  ® ¯ ¤¥¨¨ ¯«®áª®© TE-¯®«ïà¨§®¢ ®© í«¥ª-
âà®¬ £¨â®© ¢®«ë   ¬®£®á«®©ãî ¤¨í«¥ªâà¨ç¥áªãî áâàãªâãàã. �á«¨   £à ¨æ å à §¤¥« 
áà¥¤ § ¤ ë ã«¥¢ë¥ áª çª¨, â® § ¤ ç  ® áª çª¥ ¬®¦¥â ¡ëâì ¨â¥à¯à¥â¨à®¢   ª ª § ¤ ç  ®
á®¡áâ¢¥ëå ¢®« å ¯«  à®£® ¤¨í«¥ªâà¨ç¥áª®£® ¢®«®¢®¤  ( ¯à., [6]).

� à ¡®â¥ ¯®ª § ®, ª ª á ¯®¬®éìî ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï à¥è¥¨ï § ¤ ç¨ ® áª ç-
ª¥ ¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  ¯à¨¢®¤¨âáï ª ¨â¥£à «ì®¬ã ãà ¢¥¨î á «®£ à¨ä¬¨ç¥áª®©
®á®¡¥®áâìî ¢ ï¤à¥ § ¤ ç  ¤¨äà ªæ¨¨ í«¥ªâà®¬ £¨â®© ¢®«ë   á¨áâ¥¬¥ ¬¥â ««¨ç¥áª¨å
«¥â ¢ ¯«®áª®á«®¨áâ®© áà¥¤¥. �  áâ®ïé¥¥ ¢à¥¬ï § ¤ ç¨ ¤¨äà ªæ¨¨ í«¥ªâà®¬ £¨âëå ¢®«
  ¯à®¢®¤ïé¨å â®ª¨å íªà  å  ¨¡®«¥¥ ç áâ® ¯à¨¢®¤ïâáï ª ¨â¥£à «ìë¬ ¨«¨ ¨â¥£à®-
¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ á ¯®¬®éìî ¯®â¥æ¨ «®¢ ¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  [7] (¨«¨
á¯¥æ¨ «ìëå ¢¥ªâ®àëå ¯®â¥æ¨ «®¢ ¢ âà¥å¬¥à®¬ á«ãç ¥ [8]). �¥â®¤ § ¤ ç¨ ® áª çª¥ ¯®§¢®-
«ï¥â ¯®«ãç¨âì   «®£¨çë¥ ¨â¥£à «ìë¥ ãà ¢¥¨ï. �â«¨ç¨¥ íâ®£® ¬¥â®¤  ®â ¬¥â®¤®¢ â¥®à¨¨
¯®â¥æ¨ «  á®áâ®¨â ¢ â®¬, çâ® äã¤ ¬¥â «ìë¥ à¥è¥¨ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  ¤«ï á«®¨áâëå
áà¥¤ ¥¯®áà¥¤áâ¢¥® ¥ ¨á¯®«ì§ãîâáï.

1. �®áâ ®¢ª  § ¤ ç¨ ® áª çª¥

�ãáâì h1 < h2 < � � � < hn. �àï¬ë¥ z = hj à §¤¥«ïîâ ¯«®áª®áâì (x; z)   ®¡« áâ¨: ¯®«ã¯«®á-
ª®áâ¨ D0 : z < h1, Dn : z > hn ¨ ¯®«®áë Dj : hj < z < hj+1, j = 1; : : : ; n�1. � ª ¦¤®© ¨§ ®¡« áâ¥©
Dj  ©â¨ à¥è¥¨ï ãà ¢¥¨ï �¥«ì¬£®«ìæ 

@2u

@x2
+
@2u

@z2
+ k2ju(x; z) = 0; (x; z) 2 Dj ; (1)
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ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

u(x; hj + 0)� u(x; hj � 0) = aj(x);
@u

@z
(x; hj + 0)� @u

@z
(x; hj � 0) = bj(x); j = 1; : : : ; n; (2)

§¤¥áì kj | ¢¥é¥áâ¢¥ë¥ ç¨á« .
�®®¯à¥¤¥«¨¬ äãªæ¨¨ uj(x; z) ã«¥¬ ¢¥ ®¡« áâ¥©Dj . �ã¤¥¬ ¨áª âì à¥è¥¨ï § ¤ ç¨ ¢ ª« áá¥

à á¯à¥¤¥«¥¨© ¬¥¤«¥®£® à®áâ    ¡¥áª®¥ç®áâ¨. �â®¡ë ¨¬¥«¨ á¬ëá« á«¥¤ë ¨áª®¬ëå à á¯à¥-
¤¥«¥¨© ¨ ¨å ¯à®¨§¢®¤ëå ¯® z   £à ¨æ å z = hj ®¡« áâ¥© Dj , ã¦® ¯à¥¤¯®« £ âì, çâ®
uj(x; z) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã �®¡®«¥¢  Hs(Dj), s > 3=2 ([9], £«. I, x 3). �«ï à¥è¥¨© ãà ¢-
¥¨ï �¥«ì¬£®«ìæ  ¤®áâ â®ç® áç¨â âì [8], çâ® uj(x; z) 2 H loc

1 (Dj). �®á«¥ â®£®, ª ª ¡ã¤ãâ ¯®-
«ãç¥ë ä®à¬ã«ë, ¤ îé¨¥ à¥è¥¨ï à áá¬ âà¨¢ ¥¬ëå § ¤ ç, ¬®¦® ¯®ª § âì, çâ® ¯à¨ £« ¤ª¨å
£à ¨çëå äãªæ¨ïå ®¡®¡é¥ë¥ à¥è¥¨ï á®¢¯ ¤ îâ á ª« áá¨ç¥áª¨¬¨.

� ¯¨è¥¬ uj(x; z) ª ª ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥

uj(x; z) =
1
2�

Z +1

�1

Z +1

�1

Uj(�; �) e
�i�x e�i�z d� d�; (3)

§¤¥áì Uj(�; �) | ®¡à § �ãàì¥ à á¯à¥¤¥«¥¨ï uj(x; z). �ã¤¥¬ £®¢®à¨âì, çâ® à¥è¥¨¥ § ¤ ç¨ (1), (2)
¢ ®¡« áâïå D0 ¨ Dn ¯à¨ ¤«¥¦¨â ª« ááã ãå®¤ïé¨å   ¡¥áª®¥ç®áâì à¥è¥¨© ¨«¨ ª« ááã ¯à¨-
å®¤ïé¨å á ¡¥áª®¥ç®áâ¨ à¥è¥¨© ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, ª ª¨¥ à á¯à®áâà ïîé¨¥áï ¯«®áª¨¥
¢®«ë ¯à¨áãâáâ¢ãîâ ¢ à §«®¦¥¨ïå (3) ¯à¨ j = 0 ¨ ¯à¨ j = n. � [1] ¯®ª § ®, çâ® ®¯à¥¤¥«¥-
¨ï â ª¨å ª« áá®¢ à¥è¥¨© ¬®£ãâ ¡ëâì ¤ ë   ï§ëª¥ á¨£ã«ïàëå ®á¨â¥«¥© à á¯à¥¤¥«¥¨©
U0(�; �) ¨ Un(�; �) á®®â¢¥âáâ¢¥®. � ª¦¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® à¥è¥¨¥ § ¤ ç¨ (1), (2) ã¤®¢«¥â¢®-
àï¥â ãá«®¢¨î ¨§«ãç¥¨ï, ¥á«¨ íâ® à¥è¥¨¥ ¢ ®¡« áâïå D0 ¨ Dn ¯à¨ ¤«¥¦¨â ª« ááã ãå®¤ïé¨å
  ¡¥áª®¥ç®áâì à¥è¥¨©.

�®«ãç¨¬ ¢ ª ¦¤®¬ á«®¥ Dj ¯à¥¤áâ ¢«¥¨ï à¥è¥¨© ãà ¢¥¨ï �¥«ì¬£®«ìæ  (1) ç¥à¥§ ®¡à §ë
�ãàì¥ £à ¨çëå äãªæ¨© § ¤ ç¨ �®è¨. �§¢¥áâ®, çâ® § ¤ ç  �®è¨ ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢-
¥¨© ï¢«ï¥âáï ¯¥à¥®¯à¥¤¥«¥®©. �®íâ®¬ã £à ¨çë¥ äãªæ¨¨ ¥ ¬®£ãâ ¡ëâì § ¤ ë ¯à®¨§-
¢®«ì®.

2. � ¤ ç  �®è¨ ¤«ï ¯®«ã¯«®áª®áâ¨

�ãáâì ¢ à §à¥§ ®© ¯® ®âà¥§ªã [�kj ; kj ] ª®¬¯«¥ªá®© ¯«®áª®áâ¨ _� ¢ë¡à   ®¤®§ ç ï
¢¥â¢ì   «¨â¨ç¥áª®© äãªæ¨¨

( _�) =
q
k2j � _�2;

¯à¨¨¬ îé ï ¯®«®¦¨â¥«ìë¥ § ç¥¨ï   ¢¥àå¥¬ ¡¥à¥£¥ à §à¥§ . �¡®§ ç¨¬ ¥¥ ¯à¥¤¥«ì®¥
§ ç¥¨¥ ¨§ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨   ¢¥é¥áâ¢¥®© ®á¨

+j (�) =
�
� < �kj : i

q
�2 � k2j ; �kj < � < kj :

q
k2j � �2; � > kj : �i

q
�2 � k2j

	
:

�ãáâì â ª¦¥

0j (�) =
�j�j > kj : i

q
�2 � k2j ; j�j < kj : �

q
k2j � �2

	
(íâ  äãªæ¨ï ã¦¥ ¥ ï¢«ï¥âáï ¯à¥¤¥«ìë¬ § ç¥¨¥¬ äãªæ¨¨,   «¨â¨ç¥áª®© ¢ ¢¥àå¥© ¯®-
«ã¯«®áª®áâ¨).

�¥¬¬  1. � á¯à¥¤¥«¥¨¥ un(x; z) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ Dn, ã¤®¢«¥-

â¢®àï¥â £à ¨çë¬ ãá«®¢¨ï¬

un(x; hn + 0) = u+n (x);
@un
@z

(x; hn + 0) = v+n (x) (4)

¨ ¯à¨ ¤«¥¦¨â ª« ááã ãå®¤ïé¨å   ¡¥áª®¥ç®áâì à¥è¥¨© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë-

¯®«ï¥âáï à ¢¥áâ¢®

V +
n (�)� i0n(�)U

+
n (�) = 0: (5)
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�à¨ íâ®¬ Un(�; �) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

(k2n � �2 � �2) Un(�; �) =
1p
2�

eihn�
�
V +
n (�)� i�U+

n (�)
�
: (6)

�®ª § â¥«ìáâ¢®. �ãáâì un(x; z) | à¥è¥¨¥ § ¤ ç¨ (1), (4). �¥à¥©¤¥¬ ¢ ãà ¢¥¨¨ (1) ª
®¡à §ã �ãàì¥ ¯® ®¡¥¨¬ ¯¥à¥¬¥ë¬ á ãç¥â®¬ £à ¨çëå ãá«®¢¨© (4). �®«ãç¨¬, çâ® ®¡à § �ãàì¥
Un(�; �) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (6).

�à¨ � < �kn ¨ � > kn ¯®«¨®¬ k2n� �2� �2 ª ª äãªæ¨ï � ¨¬¥¥â ª®¬¯«¥ªáë¥ ª®à¨ �+n (�).
�®íâ®¬ã

Un(�; �) =
1p
2�

eihn�
P (�)

� � +n (�)
+

1p
2�

eihn�
Q(�)

� + +n (�)
;

P (�) =
�V +

n (�) + i+n (�)U
+
n (�)

2+n (�)
; Q(�) =

V +
n (�) + i+n (�)U

+
n (�)

2+n (�)
:

�à¨ �kn < � < kn ª®à¨ ¯®«¨®¬  ¢¥é¥áâ¢¥ë¥. �¥â®¤®¬ ¢ëå®¤  ¢ ª®¬¯«¥ªáãî ¯«®áª®áâì (¢
¢¥àåîî ¯®«ã¯«®áª®áâì) ¯®«ãç¨¬

Un(�; �) =
1p
2�

eihn�
P (�)

� + i0� +n (�)
+

1p
2�

eihn�
Q(�)

� + i0 + +n (�)
:

�ëç¨á«¨¬ ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥. �à¨ z > hn

un(x; z) =
�ip
2�

Z �kn

�1

Q(�) ei
+
n (�)(z�hn) e�i�x d� +

�ip
2�

Z +1

kn

P (�) e�i
+
n (�)(z�hn) e�i�x d� +

+
Z kn

�kn

�
P (�) e�i

+
n (�)(z�hn) +Q(�) ei

+
n (�)(z�hn)

�
e�i�x d� (7)

¨ ¯à¨ z < hn

un(x; z) =
ip
2�

Z �kn

�1

P (�) e�i
+
n (�)(z�hn) e�i�xd� +

ip
2�

Z +1

kn

Q(�) ei
+
n (�)(z�hn) e�i�xd�:

�® à á¯à¥¤¥«¥¨¥ Un(�; �)   «¨â¨ç¥áª¨ ¯à®¤®«¦¨¬® á ¢¥é¥áâ¢¥®© ®á¨ ¢ ¢¥àåîî ª®¬¯«¥ªá-
ãî ¯®«ã¯«®áª®áâì ¯® ¯¥à¥¬¥®© �. �®£¤  ¢ë¯®«ïîâáï à ¢¥áâ¢  V +

n (�) � i+n (�)U
+
n (�) = 0

¯à¨ � < �kn ¨ V +
n (�) + i+n (�)U

+
n (�) = 0 ¯à¨ � > kn. �«¥¤®¢ â¥«ì®, P (�) = 0 ¯à¨ � < �kn ¨

Q(�) = 0 ¯à¨ � > kn. �®£¤  un(x; z) = 0 ¯à¨ z < hn.
� «¥¥, ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (7) ¯¥à¢ë¥ ¤¢  á« £ ¥¬ëå á®¤¥à¦ â ¢®«ë, § âãå îé¨¥ ¢

 ¯à ¢«¥¨¨ ®á¨ z, ¯à¨ç¥¬ ¯«®â®áâ¨ ¨â¥£à «®¢ P (�) = iU+
n (�) = �V +

n (�)=
+
n (�) ¯à¨ � > kn

¨ Q(�) = iU+
n (�) = V +

n (�)=
+
n (�) ¯à¨ � < �kn. �â®¡ë ¢ âà¥âì¥¬ á« £ ¥¬®¬ ¥ á®¤¥à¦ «®áì

¯à¨å®¤ïé¨å á ¡¥áª®¥ç®áâ¨ ¢®«, ¤®«¦® ¢ë¯®«ïâìáï ãá«®¢¨¥

Q(�) = 0 ¨«¨ V +
n (�) + i+n (�)U

+
n (�) = 0; �kn < � < kn:

�®£¤  P (�) = iU+
n (�) = �V +

n (�)=
+
n (�) ¯à¨ �kn < � < kn.

�à¨ ®ª®ç â¥«ì®© ä®à¬ã«¨à®¢ª¥ à¥§ã«ìâ â  ã¤®¡¥¥ ¨á¯®«ì§®¢ âì äãªæ¨î 0n(�) ¢¬¥áâ®
+n (�).

� ¤àã£®© áâ®à®ë, ¥á«¨ Un(�; �) | à¥è¥¨¥ ãà ¢¥¨ï (6) ¨ ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5), â®
ä®à¬ã«  (7) ¤ ¥â à¥è¥¨¥ § ¤ ç¨ �®è¨

un(x; z) =
�ip
2�

Z �kn

�1

Q(�) ei
+
n (�)(z�hn) e�i�x d� +

�ip
2�

Z +1

�kn

P (�) e�i
+
n (�)(z�hn) e�i�x d� =

=
1p
2�

Z +1

�1
U+
n (�) e

i0n(�)(z�hn) e�i�x d� =
�ip
2�

Z +1

�1

V +
n (�)
0n(�)

ei
0
n(�)(z�hn) e�i�x d�; z > hn; (8)

¢ ª« áá¥ ãå®¤ïé¨å   ¡¥áª®¥ç®áâì à¥è¥¨©.
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� ¬¥ç ¨¥ 1. �¥£ª® ¢¨¤¥âì, çâ® ¯à ¢ ï ç áâì (7) ã¤®¢«¥â¢®àï¥â £à ¨çë¬ ãá«®¢¨ï¬ (4)
¨ ¢ â®¬ á«ãç ¥, ª®£¤  ¯à¨ �kn < � < kn ãá«®¢¨¥ (5) ¥ ¢ë¯®«ï¥âáï. �á«¨ ¢¬¥áâ® (5) ¢§ïâì
ãá«®¢¨¥

V +
n (�) + i0n(�)U

+
n (�) = 0; (9)

â® ¯®«ãç¨¬ à¥è¥¨¥ § ¤ ç¨ �®è¨ ¢ ª« áá¥ ¯à¨å®¤ïé¨å á ¡¥áª®¥ç®áâ¨ à¥è¥¨© (¯à¨ íâ®¬
¯à ¢ ï ç áâì ãà ¢¥¨ï (6) ¨§¬¥¨âáï).

�®ç® â ª ¦¥ ¤®ª §ë¢ ¥âáï

�¥¬¬  2. � á¯à¥¤¥«¥¨¥ u0(x; z) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D0, ã¤®¢«¥-

â¢®àï¥â £à ¨çë¬ ãá«®¢¨ï¬

u0(x; h1 � 0) = u�1 (x);
@u0
@z

(x; h1 � 0) = v�1 (x) (10)

¨ ¯à¨ ¤«¥¦¨â ª« ááã ãå®¤ïé¨å   ¡¥áª®¥ç®áâì à¥è¥¨© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë-

¯®«ï¥âáï à ¢¥áâ¢®

V �
1 (�) + i00(�)U

�
1 (�) = 0: (11)

�à¨ íâ®¬ U0(�; �) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

(k20 � �2 � �2)U0(�; �) = � 1p
2�

eih1�
�
V �
1 (�)� i�U�

1 (�)
�
: (12)

�§ (12) á«¥¤ã¥â, çâ® ¯à¨ z < h1

u0(x; z) =
1p
2�

Z +1

�1

U�
1 (�) e

�i00 (�)(z�h1) e�i�x d� =
ip
2�

Z +1

�1

V �
1 (�)
00(�)

e�i
0
0 (�)(z�h1) e�i�x d�: (13)

3. � ¤ ç  �®è¨ ¤«ï ¯®«®áë

�¡®§ ç¨¬ �hj = hj+1 � hj . � áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  ¢ á«ãç ¥
¯®«®áë.

�¥¬¬  3. � á¯à¥¤¥«¥¨¥ uj(x; z) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ Dj, j =
1; : : : ; n� 1, ¨ ã¤®¢«¥â¢®àï¥â £à ¨çë¬ ãá«®¢¨ï¬

uj(x; hj + 0) = u+j (x);
@uj
@z

(x; hj + 0) = v+j (x);

uj(x; hj+1 � 0) = u�j+1(x);
@uj
@z

(x; hj+1 � 0) = v�j+1(x)
(14)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«ïîâáï à ¢¥áâ¢ 

[V +
j (�)� i0j (�)U

+
j (�)]� ei�hj

0
j (�) [V �

j+1(�)� i0j (�)U
�
j+1(�)] = 0; (15)

ei�hj
0
j (�) [V +

j (�) + i0j (�)U
+
j (�)]� [V �

j+1(�) + i0j (�)U
�
j+1(�)] = 0: (16)

�à¨ íâ®¬ Uj(�; �) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

(k2j � �2 � �2)Uj(�; �) =
1p
2�

eihj�
�
V +
j (�)� i�U+

j (�)
�� 1p

2�
eihj+1�

�
V �
j+1(�)� i�U�

j+1(�)
�
: (17)
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�®ª § â¥«ìáâ¢®. �¥à¥©¤¥¬ ¢ (1) ª ®¡à §ã �ãàì¥ ¯® ¤¢ã¬ ¯¥à¥¬¥ë¬ á ãç¥â®¬ ãá«®¢¨©
(14). �®«ãç¨¬ ãà ¢¥¨¥ (17). �î¡®¥ ¥£® à¥è¥¨¥ ¢ ª« áá¥ à á¯à¥¤¥«¥¨© ¬¥¤«¥®£® à®áâ 
  ¡¥áª®¥ç®áâ¨ ¡ã¤¥â ®¡à §®¬ �ãàì¥ ¨áª®¬®£® à¥è¥¨ï § ¤ ç¨ (1), (14), ¥á«¨ â®«ìª® ¯à¨
®¡à â®¬ ¯à¥®¡à §®¢ ¨¨ �ãàì¥ ¯®«ãç¨¬, çâ® uj(x; z) = 0 ¯à¨ z > hj+1 ¨ z < hj .

� ª ª ª uj(x; z) = 0 ¯à¨ z < hj , â® à á¯à¥¤¥«¥¨¥ e�ihj� Uj(�; �) ¯® �   «¨â¨ç¥áª¨ ¯à®¤®«¦¨-
¬® ¢ ¢¥àåîî ¯®«ã¯«®áª®áâì. �®£¤ , ¥á«¨ ¯®«¨®¬ k2j ��2��2 ®¡à é ¥âáï ¢ ã«ì ¯à¨ ¥ª®â®à®¬
�, «¥¦ é¥¬ ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨, â® ¨ ¯à ¢ ï ç áâì ãà ¢¥¨ï (17) ®¡à é ¥âáï ¢ ã«ì ¯à¨
íâ®¬ �. �à¨ j�j > kj ¯®«¨®¬ ¨¬¥¥â ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ ã«ì 0j (�), ¯®íâ®¬ã à ¢¥áâ¢®
(15) ¢ë¯®«ï¥âáï ¯à¨ j�j > kj . � «®£¨ç®, â. ª. uj(x; z) = 0 ¯à¨ z > hj+1, â® à á¯à¥¤¥«¥¨¥
e�ihj+1� Uj(�; �) ¯® �   «¨â¨ç¥áª¨ ¯à®¤®«¦¨¬® ¢ ¨¦îî ¯®«ã¯«®áª®áâì. �®íâ®¬ã ¯à¨ j�j > kj
¢ë¯®«ï¥âáï à ¢¥áâ¢® (16).

�á«¨ uj(x; z) { à¥è¥¨¥ § ¤ ç¨ (1), (14), â®

uj(x; z) = uj;1(x; z) + uj;2(x; z);

£¤¥

uj;1(x; z) =
1
2�

Z
j�j>kj

�Z +1

�1
Uj(�; �) e

�i�z d�

�
e�i�x d�;

uj;2(x; z) =
1
2�

Z
j�j<kj

�Z +1

�1

Uj(�; �) e�i�z d�
�
e�i�x d�:

�à¨ j�j > kj ¯®«¨®¬ k2j � �2 � �2 ¯® � ¥ ¨¬¥¥â ¢¥é¥áâ¢¥ëå ª®à¥©, ¯®íâ®¬ã

Uj(�; �) =
1p
2�

eihj�
V +
j (�)� i�U+

j (�)
[0j (�)� �][0j (�) + �]

� 1p
2�

eihj+1�
V �
j+1(�)� i�U�

j+1(�)
[0j (�)� �][0j (�) + �]

:

� §« £ ï   ¯à®áâë¥ ¤à®¡¨, ¯®«ãç¨¬

Uj(�; �) =
1p
2�

eihj�
�

P (�)
� � 0j (�)

+
Q(�)

� + 0j (�)

�
� 1p

2�
eihj+1�

�
R(�)

� � 0j (�)
+

S(�)
� + 0j (�)

�
;

£¤¥

P (�) =
�V +

j (�) + i0j (�)U
+
j (�)

20j (�)
; Q(�) =

V +
j (�) + i0j (�)U

+
j (�)

20j (�)
;

R(�) =
�V �

j+1(�) + i0j (�)U
�
j+1(�)

20j (�)
; S(�) =

V �
j+1(�) + i0j (�)U

�
j+1(�)

20j (�)
:

�¥¯¥àì à ¢¥áâ¢  (15) ¨ (16) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

P (�) = ei�hj
0
j (�)R(�); ei�hj

0
j (�)Q(�) = S(�): (18)

�ëç¨á«¨¬ ¢ãâà¥¨© ¨â¥£à « ¢ uj;1(x; z). �®«ãç¨¬ ¯à¨ z < hj

i
p
2�
�
P (�) e�i

0
j (�)(z�hj) �R(�) e�i

0
j (�)(z�hj+1)

�
¨ ¯à¨ z > hj+1

i
p
2�
��Q(�) ei0j (�)(z�hj) + S(�) ei

0
j (�)(z�hj+1)

�
;

®¡  íâ¨ ¢ëà ¦¥¨ï à ¢ë ã«î, ¥á«¨ ¢ë¯®«ïîâáï ãá«®¢¨ï (18); ¯à¨ hj < z < hj+1

�i
p
2�
�
Q(�) ei

0
j (�)(z�hj) +R(�) e�i

0
j (�)(z�hj+1)

�
:
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�®£¤  á ãç¥â®¬ (18) ¯à¨ hj < z < hj+1

uj;1(x; z) =
1p
2�

Z
j�j>kj

�
iV +

j (�) + 0j (�)U
+
j (�)

20j (�)
e�i

0
j (�)(z�hj) +

+
�iV +

j (�) + 0j (�)U
+
j (�)

20j (�)
ei

0
j (�)(z�hj)

�
e�i�x d� (19)

¨«¨

uj;1(x; z) =
1p
2�

Z
j�j>kj

�
iV �

j+1(�) + 0j (�)U
�
j+1(�)

20j (�)
e�i

0
j (�)(z�hj+1) +

+
�iV �

j+1(�) + 0j (�)U
�
j+1(�)

20j (�)
ei

0
j (�)(z�hj+1)

�
e�i�x d�: (20)

�à¨ j�j < kj ¯®«¨®¬ k2j � �2 � �2 ¯® � ¨¬¥¥â ¢¥é¥áâ¢¥ë¥ ª®à¨ �0j (�). �®íâ®¬ã ¬¥â®¤®¬
¢ëå®¤  ¢ ª®¬¯«¥ªáãî ¯«®áª®áâì (¢ ¢¥àåîî ¯®«ã¯«®áª®áâì) ¯®«ãç¨¬

Uj(�; �) =
1p
2�

eihj�
�

P (�)
� + i0� 0j (�)

+
Q(�)

� + i0 + 0j (�)

�
�

� 1p
2�

eihj+1�
�
e+ih�

R(�)
� + i0� 0j (�)

+ e+ih�
S(�)

� + i0 + 0j (�)

�
:

�ëç¨á«¨¬ ¢ãâà¥¨© ¨â¥£à « ¢ uj;2(x; z). �®«ãç¨¬ ã«ì ¯à¨ z < hj ¨

�2�i �P (�) e�i0j (�)(z�hj) +Q(�) ei
0
j (�)(z�hj) �R(�) e�i

0
j (�)(z�hj+1) � S(�) ei

0
j (�)(z�hj+1)

�
¯à¨ z > hj+1 (® íâ® ¢ëà ¦¥¨¥ à ¢® ã«î, ¥á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (18) ¯à¨ j�j < kj );
 ª®¥æ,

�2�i �P (�) e�i0j (�)(z�hj) +Q(�) ei
0
j (�)(z�hj)

�
¯à¨ hj < z < hj+1 . �®£¤  ¯à¨ hj < z < hj+1

uj;2(x; z) =
1p
2�

Z
j�j<kj

�
iV +

j (�) + 0j (�)U
+
j (�)

20j (�)
e�i

0
j (�)(z�hj) +

+
�iV +

j (�) + 0j (�)U
+
j (�)

20j (�)
ei

0
j (�)(z�hj)

�
e�i�x d� (21)

¨«¨

uj;2(x; z) =
1p
2�

Z
j�j<kj

�
iV �

j+1(�) + 0j (�)U
�
j+1(�)

20j (�)
e�i

0
j (�)(z�hj+1) +

+
�iV �

j+1(�) + 0j (�)U
�
j+1(�)

20j (�)
ei

0
j (�)(z�hj+1)

�
e�i�x d�: (22)

�®ç® â ª¨¥ ¦¥ ¢ëà ¦¥¨ï ¬®¦® ¯®«ãç¨âì ¨ ¬¥â®¤®¬ ¢ëå®¤  ¢ ¨¦îî ¯®«ã¯«®áª®áâì.

� ¬¥ç ¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® à¥è¥¨¥ § ¤ ç¨ (1), (14) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¨§«ãç¥-
¨ï, ¥á«¨ ¢á¥ ¯à¨å®¤ïé¨¥   ¯àï¬ãî z = hj £ à¬®¨ª¨ ï¢«ïîâáï ãå®¤ïé¨¬¨ ®â ¯àï¬®© z = hj+1

¨,  ®¡®à®â, ¢á¥ ¯à¨å®¤ïé¨¥   ¯àï¬ãî z = hj+1 £ à¬®¨ª¨ ï¢«ïîâáï ãå®¤ïé¨¬¨ ®â ¯àï¬®©
z = hj . �¥£ª® ¢¨¤¥âì, çâ® uj(x; z) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¨§«ãç¥¨ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¯à¨ j�j < kj ¢ë¯®«ïîâáï à ¢¥áâ¢  (15), (16).
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� ¬¥ç ¨¥ 3. �§ ä®à¬ã« (15), (16) ¬®¦® ¢ëà §¨âì V +
j (�), V

�
j+1(�) ç¥à¥§ U

+
j (�), U

�
j+1(�)

¨«¨,  ®¡®à®â, U+
j (�), U

�
j+1(�) ç¥à¥§ V +

j (�), V
�
j+1(�). �á«¨ ¯®¤áâ ¢¨âì ¯®«ãç¥ë¥ ¢ëà ¦¥¨ï

¢ ä®à¬ã«ë (19), (21) ¨«¨ (20), (22), â® ¯®«ãç¨¬ ï¢ë¥ à¥è¥¨ï § ¤ ç �¨à¨å«¥ ¨ �¥©¬  
¤«ï ¯®«®áë Dj . �à¥®¡à §ãï ¯®«ãç¥ë¥ ä®à¬ã«ë, ¬®¦®  ©â¨ ¢ëà ¦¥¨ï äã¤ ¬¥â «ì®£®
à¥è¥¨ï ãà ¢¥¨ï �¥«ì¬£®«ìæ  ¨ äãªæ¨© �à¨  § ¤ ç �¨à¨å«¥ ¨ �¥©¬   ¤«ï ¯®«®áë. �®
¦¥ á ¬®¥ ¬®¦® ¡ë«® á¤¥« âì ¨ ¢ á«ãç ¥ ¯®«ã¯«®áª®áâ¨.

4. �¥è¥¨¥ § ¤ ç¨ ® áª çª¥

�¥¯®áà¥¤áâ¢¥® ¨§ «¥¬¬ 1{3 á«¥¤ã¥â

�¥®à¥¬  1. �¥è¥¨¥ § ¤ ç¨ ® áª çª¥ ¢ ¯«®áª®á«®¨áâ®© áà¥¤¥ ¢ ®¡« áâïå Dj ¤ îâ ä®à¬ã«ë

(8), (13) ¨ (19){(22), £¤¥ ®¡à §ë �ãàì¥ £à ¨çëå à á¯à¥¤¥«¥¨© V �
j (�); U

�
j (�) ã¤®¢«¥â¢®àïîâ

á¨áâ¥¬¥ ãà ¢¥¨© (5), (11), (15), (16) ¨

U+
j (�)� U�

j (�) = Aj(�); V +
j (�)� V �

j (�) = Bj(�); j = 1; : : : ; n: (23)

�¥©áâ¢¨â¥«ì®, ¡ã¤¥¬ ¨áª âì à¥è¥¨ï § ¤ ç¨ ® áª çª¥ ¢ ®¡« áâïå Dj ª ª à¥è¥¨ï ¯¥à¥®¯à¥-
¤¥«¥ëå § ¤ ç �®è¨ ¤«ï ¯®«ã¯«®áª®áâ¥© ¨«¨ ¯®«®á. �¡à §ë �ãàì¥ £à ¨çëå à á¯à¥¤¥«¥¨©
¤®«¦ë ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬ (5), (11), (15) ¨ (16) ¨§ «¥¬¬ 1 { 3. �§ £à ¨çëå ãá«®¢¨© (2)
¯®á«¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¯®«ãç¨¬ à ¢¥áâ¢  (23). �

� áá¬®âà¨¬ § ¤ çã ® áª çª¥ ¯à¨ n = 1. �ãáâì h1 = h. � íâ®¬ á«ãç ¥   ¯àï¬®© z = h ãá«®¢¨ï
(2) ¨¬¥îâ ¢¨¤

u(x; h+ 0)� u(x; h� 0) = a(x);
@u

@z
(x; h + 0)� @u

@z
(x; h� 0) = b(x); (24)

  â¥®à¥¬  1 ¤ ¥â á¨áâ¥¬ã ¨§ ç¥âëà¥å ãà ¢¥¨©

V +
1 (�)� i 01(�)U

+
1 (�) = 0; V �

1 (�) + i 00(�)U
�
1 (�) = 0;

U+
1 (�)� U�

1 (�) = A(�); V +
1 (�)� V �

1 (�) = B(�):

�¥ à¥è¥¨¥

U+
1 (�) =

�iB(�) + 00(�)A(�)
00(�) + 01(�)

; U�
1 (�) =

�iB(�)� 01(�)A(�)
00(�) + 01(�)

;

¨ â®£¤  ¨§ ä®à¬ã« (8) ¨ (13)

u1(x; z) =
1p
2�

Z +1

�1

�iB(�) + 00(�)A(�)
00(�) + 01(�)

ei
0
1 (�)(z�h)e�i�x d�; z > h; (25)

u0(x; z) =
1p
2�

Z +1

�1

�iB(�)� 01(�)A(�)
00(�) + 01(�)

e�i
0
0 (�)(z�h) e�i�x d�; z < h: (26)

�¥£ª® ¯à®¢¥à¨âì, çâ® ãá«®¢¨ï § ¤ ç¨ ® áª çª¥ ¢ë¯®«¥ë.
� ¤ çã ® áª çª¥ ¯à¨ n = 1 «¥£ª® ¨â¥à¯à¥â¨à®¢ âì ª ª § ¤ çã ® ¯ ¤¥¨¨ í«¥ªâà®¬ £¨âëå

TE-¢®«   ¯«®áªãî £à ¨æã à §¤¥«  áà¥¤. �¥£ª® ¢¨¤¥âì, çâ® ¯®«¥ ®â ¢¥è¨å ¨áâ®ç¨ª®¢
¬®¦¥â ¡ëâì § ¤ ® ª ª ¢ ¢¥àå¥©, â ª ¨ ¢ ¨¦¥© ¯®«ã¯«®áª®áâïå. �à¨ íâ®¬ äãªæ¨¨ a(x); b(x)
®¯à¥¤¥«ïîâáï ª ª à §®áâ¨ ¯à¥¤¥«ìëå § ç¥¨©   z = h ¯®â¥æ¨ «ìëå äãªæ¨© ¯ ¤ îé¨å
¯®«¥© ¨ ¨å ®à¬ «ìëå ¯à®¨§¢®¤ëå.

� ¬¥ç ¨¥ 4. �á«¨   ¯«®áªãî £à ¨æã à §¤¥«  ¤¢ãå áà¥¤ ¯ ¤ ¥â ¯«®áª ï í«¥ªâà®¬ £¨â-
 ï ¢®« , â® ¨§ ä®à¬ã« (25) ¨ (26) «¥£ª® ¯®«ãç¨âì, çâ® ®âà ¦¥ ï ¨ ¯à¥«®¬«¥ ï ¢®«ë
â®¦¥ ¯«®áª¨¥ ¨ ®¯à¥¤¥«ïîâáï ®¤®§ ç®.

� ¬¥ç ¨¥ 5. � ®¡é¥¬ á«ãç ¥ à¥è¥¨¥ § ¤ ç¨ ® áª çª¥ ¥ ¥¤¨áâ¢¥®. �®ª ¦¥¬, çâ® ®¤-
®à®¤ ï § ¤ ç  ® áª çª¥ ¬®¦¥â ¨¬¥âì ¥ã«¥¢ë¥ à¥è¥¨ï.
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� áá¬®âà¨¬ á«ãç © n = 2. �ãáâì h1 = 0; h2 = �h ¨ áª çª¨ ¨áª®¬®£® à¥è¥¨ï   ¯àï¬ëå
z = 0 ¨ z = �h (¢ ®¡à § å �ãàì¥)

U+
1 (�)� U�

1 (�) = A1(�); V +
1 (�)� V �

1 (�) = B1(�);

U+
2 (�)� U�

2 (�) = A2(�); V +
2 (�)� V �

2 (�) = B2(�):

�§ ãá«®¢¨© (5) ¨ (11)

V +
2 (�) = i 02(�)U

+
2 (�); V �

1 (�) = �i 00(�)U�
1 (�);

  ãá«®¢¨ï (15), (16) ¯à¨ j = 1 ¨¬¥îâ ¢¨¤

[V +
1 (�)� i 01(�)U

+
1 (�)]� ei�h

0
1 (�) [V �

2 (�)� i 01(�)U
�
2 (�)] = 0;

ei�h
0
1 (�) [V +

1 (�) + i 01(�)U
+
1 (�)]� [V �

2 (�) + i 01(�)U
�
2 (�)] = 0:

�®á«¥¤®¢ â¥«ì® ¨áª«îç ï ¥¨§¢¥áâë¥, «¥£ª® ¯®«ãç¨¬ á¨áâ¥¬ã â®«ìª® ¨§ ¤¢ãå ãà ¢¥¨©,
 ¯à¨¬¥à,

[00(�) + 01(�)]U
+
1 (�) + ei�h

0
1 (�) [02(�)� 01(�)]U

�
2 (�) =

= 00(�)A1(�)� iB1(�)� ei�h
0
1 (�) [02(�)A2(�) + iB2(�)];

ei�h
0
1 (�) [00(�)� 01(�)]U

+
1 (�) + [02(�) + 01(�)]U

�
2 (�) =

= ei�h
0
1 (�) [00(�)A1(�)� iB1(�)]� 02(�)A2(�)� iB2(�):

(27)

�ãáâì k2 � k0 < k1 . �¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (27)

�(�) = [00(�) + 01(�)] [
0
2 (�) + 01(�)]� ei2�h

0
1 (�) [00(�)� 01(�)] [

0
2 (�)� 01(�)]

¬®¦¥â ®¡à é âìáï ¢ ã«ì ¢ ª®¥ç®¬ ç¨á«¥ â®ç¥ª ¨â¥à¢ «  (k0; k1). �¥©áâ¢¨â¥«ì®, ¯à¥®¡à -
§ã¥¬ ãà ¢¥¨¥ �(�) = 0 ª ¢¨¤ã�

1 +
00(�)
01(�)

��
1 +

02(�)
01(�)

�
e�i�h

0
1 (�) �

�
1� 00(�)

01(�)

��
1� 02(�)

01(�)

�
ei�h

0
1 (�) = 0

¨«¨

i tg [�h01(�)] =

00(�)
01(�)

+
02(�)
01(�)

1 +
00(�)
01(�)

02(�)
01(�)

: (28)

� ª ¨§¢¥áâ®, íâ® ãà ¢¥¨¥ ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ (¤¨á¯¥àá¨®ë¬) ãà ¢¥¨¥¬
¤«ï ®¯à¥¤¥«¥¨ï íää¥ªâ¨¢ëå ¯®ª § â¥«¥© ¯à¥«®¬«¥¨ï TE-¯®«ïà¨§®¢ ëå ¢®«®¢®¤ëå ¬®¤
¯«  à®£® ¤¨í«¥ªâà¨ç¥áª®£® ¢®«®¢®¤  [6]. �à ¢¥¨¥ (28) ¨¬¥¥â ª®à¨, ¥á«¨  ¤ ¨â¥à¢ «®¬
(k0; k1) ¯¥à¥á¥ª îâáï £à ä¨ª¨ äãªæ¨©, áâ®ïé¨å ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå ãà ¢¥¨ï. �§¢¥áâ®,
çâ® áãé¥áâ¢ã¥â ¥ ¡®«¥¥ ç¥¬ ª®¥ç®¥ ç¨á«® â ª¨å ª®à¥©. �â® ç¨á«® â¥¬ ¡®«ìè¥, ç¥¬ ¡®«ìè¥
â®«é¨  ¢®«®¢®¤®£® á«®ï �h ¨ ç¥¬ ¡®«ìè¥ à §®áâì k1 � k0.

� ¬¥ç ¨¥ 6. �«¥¤®¢ â¥«ì®, ¯à¨ ª®àà¥ªâ®© ¯®áâ ®¢ª¥ £à ¨çëå § ¤ ç ¤«ï ãà ¢¥¨ï
�¥«ì¬£®«ìæ  ¢ á«®¨áâ®© áà¥¤¥ ã¦® ¢ àï¤¥ á«ãç ¥¢ áã¦ âì ª« áá ¨áª®¬ëå à¥è¥¨© â ª, çâ®¡ë
¥ ¢®§¨ª «® á®¡áâ¢¥ëå ¢®« ¢ ¢®«®¢®¤®© ¤¨í«¥ªâà¨ç¥áª®© áâàãªâãà¥.

�®ª ¦¥¬, ª ª ¬®¦® ã¯à®áâ¨âì á¨áâ¥¬ã «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (5), (11), (15),
(16) ¨ (23) ¯à¨ «î¡®¬ n ¨ ¯à¨¢¥áâ¨ ¥¥ ª á¨áâ¥¬¥ ¢á¥£® ¨§ ¤¢ãå ãà ¢¥¨©. �¢¥¤¥¬ ¢¥ªâ®àë
W�

j (�) = (V �
j (�); U

�
j (�)), Cj(�) = (Bj(�); Aj(�)), j = 1; : : : ; n, ¨ ¬ âà¨æë

Mj(�) =
�
cos[�hj0j (�)] � sin[�hj0j (�)]
sin[�hj0j (�)] cos[�hj0j (�)]

�
; �j(�) =

�
1 0
0 0j (�)

�
:

52



�®£¤  ãá«®¢¨ï (23) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

W+
j (�) =W�

j (�) + Cj(�); j = 1; : : : ; n; (29)

  ãá«®¢¨ï (15), (16) | ¢ ¢¨¤¥

W�
j+1(�) = ��1j (�)Mj(�) �j(�)W

+
j (�): (30)

� ¯®¬®éìî à ¢¥áâ¢  (29) ¬®¦® ¯¥à¥®á¨âì £à ¨çë¥ ãá«®¢¨ï ¤«ï ¨áª®¬ëå à á¯à¥¤¥«¥-
¨© á ®¤®© áâ®à®ë ¯àï¬®© z = hj   ¤àã£ãî,   á ¯®¬®éìî à ¢¥áâ¢  (30) | á ®¤®© £à ¨æë
¯®«®áë Dj   ¤àã£ãî, â. ¥. á ¨¦¥© áâ®à®ë ¯àï¬®© z = hj+1   ¢¥àåîî áâ®à®ã ¯àï¬®©
z = hj .

�¥©áâ¢¨â¥«ì®, ¯ãáâì   ¯àï¬®© z = hj+1 § ¤ ® ãá«®¢¨¥

hGj+1(�);W+
j+1(�)i = hj+1(�);

§¤¥áì h�; �i | áã¬¬  ¯à®¨§¢¥¤¥¨© ª®¬¯®¥â ¢¥ªâ®à®¢ (áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ ¢¥é¥áâ¢¥®¬
á«ãç ¥). �®£¤  ¨§ à ¢¥áâ¢  (29)

hGj+1(�);W
�
j+1(�)i = hj+1(�)� hGj+1(�); Cj+1(�)i;

  ¨§ ãá«®¢¨ï (30)
hNj(�)Gj+1(�);W

+
j (�)i = hj+1(�)� hGj+1(�); Cj+1(�)i;

£¤¥
Nj(�) =

�
��1j (�)Mj(�) �j(�)

�0
;

§¤¥áì A0 | âà á¯®¨à®¢  ï ¬ âà¨æ  A. � ª¨¬ ®¡à §®¬, £à ¨ç®¥ ãá«®¢¨¥ á ¢¥àå¥© áâ®à®ë
¯àï¬®© z = hj+1 ¯¥à¥¥á¥® ¢¨§,   ¢¥àåîî áâ®à®ã ¯àï¬®© z = hj .

� ¯¨è¥¬ ãá«®¢¨ï (5)   z = hn ¨ ãá«®¢¨¥ (11)   ¯àï¬®© z = h1 ¢ ¢¨¤¥

hGn(�);W
+
n (�)i = 0; Gn(�) = (1;�i0n(�));

hG1(�);W
�
1 (�)i = 0; G1(�) = (1; i00(�)):

(31)

�®£¤    ¯àï¬®© z = hn�1

hNn�1(�)Gn(�);W
+
n�1(�)i = �hGn(�); Cn(�)i;

  z = hn�2

hNn�2(�)Nn�1(�)Gn(�);W+
n�2(�)i = �hGn(�); Cn(�)i � hNn�1(�)Gn(�); Cn�1(�)i

¨ â ª ¤ «¥¥. �  ¯àï¬®© z = h1 ¯®«ãç¨¬

hN1(�) : : : Nn�1(�)Gn(�);W+
1 (�)i = �hGn(�); Cn(�)i �
� hNn�1(�)Gn(�); Cn�1(�)i � � � � � hN2(�) : : : Nn�1(�)Gn(�); C2(�)i;

  â®£¤  ¢ á¨«ã à ¢¥áâ¢  (29)

hN1(�) : : : Nn�1(�)Gn(�);W�
1 (�)i = �hGn(�); Cn(�)i �

� hNn�1(�)Gn(�); Cn�1(�)i � � � � � hN1(�) : : : Nn�1(�)Gn(�); C1(�)i: (32)

�â ª, ¡®«ìè ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¨§ â¥®à¥¬ë 1 ¯à¥®¡à §®¢   ª ¤¢ã¬ ãà ¢¥¨-
ï¬ (31), (32). �á«¨ ç¨á«® á«®¥¢ n ®â®á¨â¥«ì® ¥¢¥«¨ª®, â® ¤«ï á¨áâ¥¬ë ãà ¢¥¨© (5), (11),
(15), (16) ¨ (23) ¬®¦® ¨á¯®«ì§®¢ âì ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì®£® ¨áª«îç¥¨ï ¥¨§¢¥áâëå. �®£¤ 
¯à¨¤¥¬ ª ãà ¢¥¨ï¬ ¢¨¤  (24). � §ã¬¥¥âáï, ¬®¦® ¯¥à¥®á¨âì £à ¨çë¥ ãá«®¢¨ï ¨ ¢ ¤àã£®¬
 ¯à ¢«¥¨¨, á ¨¦¥£® á«®ï   ¢¥àå¨©.
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5. � ¤ ç  ¤¨äà ªæ¨¨   ¬¥â ««¨ç¥áª¨å «¥â å

�ãáâì   £à ¨æ å à §¤¥«  áà¥¤ à §¬¥é¥ë ¨¤¥ «ì® ¯à®¢®¤ïé¨¥ ¡¥áª®¥ç® â®ª¨¥ ¬¥â «-
«¨ç¥áª¨¥ «¥âë, ¯à¨ç¥¬ ¢ ¯«®áª®áâ¨ y = 0   ¯àï¬®© z = hj , j = 1; : : : ; n, «¥â ¬ á®®â¢¥âáâ¢ãîâ
®âà¥§ª¨ [�jk; �jk ], k = 1; : : : ;mj . �ã¦®  ©â¨ ¯®«¥, ¢®§¨ª îé¥¥ ¯à¨ ¯ ¤¥¨¨   á¨áâ¥¬ã «¥â
¨§ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ z > hn ¯«®áª®© TE-¢®«ë á ¯®â¥æ¨ «ì®© äãªæ¨¥© eu(x; z).

�ã¤¥¬ ¨áª âì ãå®¤ïé¨¥   ¡¥áª®¥ç®áâì à¥è¥¨ï ãà ¢¥¨ï (1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨-
ï¬ á®¯àï¦¥¨ï

u(x; hn + 0) = �eu(x; hn + 0); u(x; hn � 0) = 0; x 2 (�nk; �nk);

u(x; hj � 0) = 0; x 2 (�jk ; �jk); j = 1; : : : ; n� 1;

u(x; hn + 0)� u(x; hn � 0) = �eu(x; hn + 0); x =2 (�nk; �nk);

@u

@z
(x; hn + 0)� @u

@z
(x; hn � 0) = �@eu

@z
(x; hn + 0); x =2 (�nk; �nk);

u(x; hj + 0)� u(x; hj � 0) = 0;
@u

@z
(x; hj + 0)� @u

@z
(x; hj � 0) = 0;

x =2 (�jk; �jk); j = 1; : : : ; n� 1:

(33)

�¥®à¥¬  2. �ãáâì äãªæ¨¨ 'j(x), j = 1; : : : ; n, ®¯à¥¤¥«¥ë   á¨áâ¥¬ å ¨â¥à¢ «®¢

(�jk; �jk), k = 1; : : : ;mj . � ¤ ç  ¤¨äà ªæ¨¨ TE-¢®«ë   á¨áâ¥¬¥ ¬¥â ««¨ç¥áª¨å «¥â ¢ ¯«®á-

ª®á«®¨áâ®© áà¥¤¥ íª¢¨¢ «¥â  ¨â¥£à «ì®¬ã ãà ¢¥¨î

1
2�

Z +1

�1

Z +1

�1

Uj(�; �) e�i�x e�i�hj d� d� =

(
j = n : �eu(x; hn + 0); x 2 (�nk; �nk);

j 6= n : 0; x 2 (�jk; �jk);
(34)

®â®á¨â¥«ì® äãªæ¨© 'j(x), j = 1; : : : ; n, £¤¥ Uj(�; �) | ®¡à §ë �ãàì¥ à¥è¥¨ï uj(x; z), j =
1; : : : ; n, § ¤ ç¨ ® áª çª¥ ¯à¨

aj(x) = 0; j = 1; : : : ; n� 1; an(x) = �eu(x; hn + 0);

bj(x) =
�
'j(x); x 2 (�jk ; �jk); 0; x =2 (�jk; �jk)

	
; j = 1; : : : ; n� 1; (35)

bn(x) =
�
'n(x); x 2 (�nk; �nk); �@eu

@z
(x; hn + 0); x =2 (�jk; �jk)

�
:

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ ¤¨äà ªæ¨¨ ª ª à¥è¥¨¥ § ¤ ç¨ ® áª çª¥.
�§ ãá«®¢¨© á®¯àï¦¥¨ï ¯®«¥© áà §ã á«¥¤ã¥â, çâ®   £à ¨æ å à §¤¥«  áà¥¤ ¢¥ «¥â

aj(x) = 0; bj(x) = 0; j = 1; : : : ; n� 1;

an(x) = �eu(x; hn + 0); bn(x) = �@eu
@z

(x; hn + 0):

�  «¥â å
aj(x) = 0; j = 1; : : : ; n� 1; an(x) = �eu(x; hn + 0);

  äãªæ¨¨ bj(x), j = 1; : : : ; n, ®áâ îâáï ¯®ª  ¥¨§¢¥áâë¬¨. � ¯¨è¥¬ à¥è¥¨¥ § ¤ ç¨ ® áª çª¥
¨ ¯®âà¥¡ã¥¬, çâ®¡ë ¢ë¯®«ï«¨áì ãá«®¢¨ï

uj(x; hj + 0) = 0; j = 1; : : : ; n� 1; un(x; hn + 0) = �eu(x; hn + 0): �

� áá¬®âà¨¬ ¯®¤à®¡¥¥ ¯à¨ n = 1 § ¤ çã ¤¨äà ªæ¨¨ í«¥ªâà®¬ £¨â®© ¢®«ë, ¯ ¤ îé¥© ¨§
¯®«ã¯à®áâà áâ¢  z > h   ¬¥â ««¨ç¥áªãî «¥âã � < x < �, z = h, à á¯®«®¦¥ãî   £à ¨æ¥
à §¤¥«  ¤¢ãå áà¥¤. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2 ¡ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ ¤¨äà ªæ¨¨ ª ª
à¥è¥¨¥ § ¤ ç¨ ® áª çª¥ ¯à¨

a(x) = �eu(x; h+ 0); b(x) =
�
'(x); x 2 (�; �); �@eu

@z
(x; h+ 0); x =2 (�; �)

�
;
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£¤¥ '(x) | ¨áª®¬ ï äãªæ¨ï. �®¤áâ ¢¨¬ a(x), b(x) ¢ ä®à¬ã«ë, ¤ îé¨¥ à¥è¥¨¥ § ¤ ç¨ ® áª çª¥.
�§ £à ¨ç®£® ãá«®¢¨ï   ®¤®© ¨§ áâ®à® ¬¥â ««¨ç¥áª®© «¥âë (¯à¨ ¢ëç¨á«¥¨¨ a(x) ¨á¯®«ì-
§®¢   â®«ìª® à §®áâì £à ¨çëå ãá«®¢¨©) ¯®«ãç¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¤«ï ®¯à¥¤¥«¥¨ï
'(x).

�®¦® à ááã¦¤ âì ¥¬®£® ¨ ç¥. �ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ ¤¨äà ªæ¨¨ ¢ ¢¨¤¥

u(x; z) = uD(x; z) + uM (x; z);

£¤¥ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ | à¥è¥¨¥ § ¤ ç¨ ® ¯ ¤¥¨¨ ¢®«ë   £à ¨æã à §¤¥« 
áà¥¤ ¡¥§ ¬¥â ««¨ç¥áª®© «¥âë,   ¢â®à®¥ á« £ ¥¬®¥ | ®¢ ï ¨áª®¬ ï äãªæ¨ï. �®¢ ï ¨áª®¬ ï
äãªæ¨ï â ª¦¥ ¤®«¦  ¡ëâì à¥è¥¨¥¬ § ¤ ç¨ ® áª çª¥ ¯à¨

aM(x) = 0; bM (x) =
�
'M (x); x 2 (�; �); 0; x =2 (�; �)

	
:

�¡®§ ç¨¬ eu(x) = eu(x; h + 0); ev(x) = @eu
@z

(x; h+ 0):

�§ ãá«®¢¨ï (9) ¤«ï ¯à¨å®¤ïé¥© á ¡¥áª®¥ç®áâ¨ ¢®«ë á«¥¤ã¥âeV (�) + i01(�) eU(�) = 0:

�®£¤  ¨§ £à ¨ç®£® ãá«®¢¨ï   ¢¥àå¥© áâ®à®¥ ¬¥â ««¨ç¥áª®© «¥âë á«¥¤ã¥âZ �

�

'M (t)
��i
2�

Z +1

�1

1
00(�) + 01(�)

ei(t�x)� d�

�
dt =

= �eu(x)� 1p
2�

Z +1

�1

01(�)� 00(�)
00(�) + 01(�)

eU(�) e�i�x d�; x 2 (�; �): (36)

�á«¨ ¤¨í«¥ªâà¨ª¨ ¢ ¢¥àå¥© ¨ ¨¦¥© ¯®«ã¯«®áª®áâïå ®¤¨ ª®¢ë, â. ¥. k0 = k1, â® ¨ 00(�) =
01(�). �®£¤  Z �

�

'M (t)
��i
4�

Z +1

�1

1
00(�)

ei(t�x)� d�

�
dt = �eu(x); x 2 (�; �):

�ëç¨á«¨¢ ¢ãâà¥¨© ¨â¥£à « ¯® ä®à¬ã« ¬ (130) ¨ (134) ¨§ [10], ¯®«ãç¨¬ ¨â¥£à «ì®¥ ãà ¢-
¥¨¥

i

4
p
�
�(1=2)

Z �

�

'M (t)H(1)
0 (kjt� xj) dt = �eu(x); x 2 (�; �); (37)

á®¢¯ ¤ îé¥¥ á ¨§¢¥áâë¬ ãà ¢¥¨¥¬ ¨§ x 5.6 ª¨£¨ [11].
�â¥£à «ìë¥ ãà ¢¥¨ï 1-£® à®¤  á «®£ à¨ä¬¨ç¥áª®© ®á®¡¥®áâìî ¢ ï¤à¥ (36), (37) ¨ ¤àã-

£¨¥ ç áâë¥ á«ãç ¨ ãà ¢¥¨ï (34) ¬®£ãâ ¡ëâì à¥è¥ë ç¨á«¥® ¬¥â®¤®¬ � «�¥àª¨  á à §«®-
¦¥¨¥¬ ¨áª®¬®© äãªæ¨¨ ¯® ¯®«¨®¬ ¬ �¥¡ëè¥¢  á ¢¥á®¬ ([8], ¯. 1.3).
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