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1. �à ¢¥¨¥ �«¨ää®à¤ 

�®áâà®¨¬ âà¥å¨¤¥ªáë¥ ®¯¥à â®àë, ª®â®àë¥ ï¢«ïîâáï ®á®¢®© 8-¬¥à®£® á¯¨®à®£® ä®à-
¬ «¨§¬ . �«ï íâ®£® ¯®¯ëâ ¥¬áï  ©â¨ à¥è¥¨¥ ãà ¢¥¨ï �«¨ää®à¤  ([1], á. 519), § ¤ ®£®
  8-¬¥à®¬ ¯à®áâà áâ¢¥ C8:

�	 + 	� = �2g�	I; �;	; : : : = 1; 8; (1)

£¤¥ I | ¥¤¨¨ç ï ¬ âà¨æ . �®áª®«ìªã 8 ç¥â®, â® ¬®¦® ¯®«®¦¨âì ([1], á. 522)

� :=
p
2i
�

0 ��
AR

e��SB 0

�
; A;B; : : : = 1; 8: (2)

�à¨ íâ®¬   ¯à®áâà áâ¢¥ C8 ¤¥©áâ¢ã¥â ¬¥âà¨ç¥áª¨© â¥§®à g�	, çâ® ¯à¥¢à é ¥â íâ® ¯à®áâà -
áâ¢® ¢ ª®¬¯«¥ªá®-¥¢ª«¨¤®¢® ¯à®áâà áâ¢® CR8. �ãáâì § ¤ ® ¯à®áâà áâ¢® eC8,   ª®â®à®¬
®¯à¥¤¥«¥ ¬¥âà¨ç¥áª¨© ¡¨â¥§®à

"ABCD := ��AB�
	
CDg�	;

á ¯®¬®éìî ª®â®à®£® ¬®¦® ®¯ãáª âì ¨ ¯®¤¨¬ âì â®«ìª® ¯ àë¥ ¨¤¥ªáë. �£® à §«®¦¥¨¥
¤®«¦® ¨¬¥âì ¢¨¤

"ABCD = b"ABCD +
1
2
(e"AC e"BD � e"ABe"CD � e"ADe"BC + "AC"BD + "AB"CD � "AD"BC);

"AB(CD) =
1
2
"AB"CD; "A(BjCjD) =

1
2
"AC"BD:

(3)

�¤¥áì e"AC | ª®á®á¨¬¬¥âà¨ç¥áª¨© â¥§®à, "AC | á¨¬¬¥âà¨ç¥áª¨© â¥§®à. �¥§®à ¦¥ b"ABCD ª®-
á®á¨¬¬¥âà¨ç¥ ¯® ¢á¥¬ á¢®¨¬ ¨¤¥ªá ¬, ¯à¨ç¥¬ ¢ ¥ª®â®à®¬ ¡ §¨á¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯àï¬ãî
áã¬¬ã â¥§®à  "abcd ¨ ¥¬ã ¤ã «ì®£® | "abcd (a; b; c; d = 1; 4). 4-¢¥ªâ®à "abcd ï¢«ï¥âáï ¬¥âà¨ç¥-
áª¨¬   ¯à®áâà áâ¢¥ ¡¨¢¥ªâ®à®¢ ¯à®áâà áâ¢  C4 ([1], á. 83). �â¬¥â¨¬, çâ® ¯®¤®¡ ï áå¥¬  à á-
á¬ âà¨¢ « áì ¢ áâ âì¥ [2]. �à®¬¥ â®£®, ¯à¥¤¯®«®¦¨¬, çâ® á¨¬¬¥âà¨ç¥áª¨© â¥§®à "AC ï¢«ï¥âáï
¬¥âà¨ç¥áª¨¬   ¯à®áâà áâ¢¥ eC8, â. ¥. á ¯®¬®éìî ¥£® ¬®¦® ¯®¤¨¬ âì ¨ ®¯ãáª âì ®¤¨®çë¥
¨¤¥ªáë. �®íâ®¬ã â¥§®à "BS ¯à¥¢à â¨â ¯à®áâà áâ¢® eC8 ¢ ª®¬¯«¥ªá®-¥¢ª«¨¤®¢® ¯à®áâà -
áâ¢® gCR8. �ãáâì ¢ ¯à¥¤áâ ¢«¥¨¨ (2) â¥¯¥àì e��SB := ��BS = 1

4
��

PQ"BSPQ = ��
PQ"BP "SQ, â®£¤ 

ãà ¢¥¨¥ �«¨ää®à¤  (1) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

��
AR�	BR + �	

AR��BR = g�	�B
A; (4)

  ®¤®§ ç® ®¯à¥¤¥«¥ë¥ ¥¢ëà®¦¤¥ë¥ ®¯¥à â®àë ��
AR ¡ã¤ãâ ¨áª®¬ë¬¨.
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2. �¢ã«¨áâ®¥  ªàëâ¨¥ £àã¯¯®© Spin (8) £àã¯¯ë SO(8,C). �«£¥¡à  ®ªâ ¢

�ã¤¥¬ à áá¬ âà¨¢ âì ¤¢  ¢¨¤  à áá«®¥¨© á ¡ §®© CR8:
1. ª á â¥«ì®¥ à áá«®¥¨¥ �C(CR8) á® á«®ï¬¨, ¨§®¬®àäë¬¨ CR8;
2. á¯¨®à®¥ à áá«®¥¨¥ AC(CR8) á® á«®ï¬¨, ¨§®¬®àäë¬¨ gCR8.
�®£¤  ¤«ï ¢¥ªâ®à  r� 2 CR8 ¬®¦® ®¯à¥¤¥«¨âì ¥£® ®¡à § ¢ á¯¨®à®¬ à áá«®¥¨¨ AC(CR8)

¯® ¯à ¢¨«ã rAB := ��
ABr�, çâ® ®¯à¥¤¥«¨â á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¢¥ªâ®à ¬¨ ¯à®áâà áâ¢  CR8 ¨

¡¨â¥§®à ¬¨ ¯à®áâà áâ¢  gCR8.

�¥®à¥¬  1 (® à §«®¦¥¨¨). �«ï ¢á¥å r� 2 CR8 ¨ ¥ª®â®àëå XA; Y A 2 gCR8 ¨¬¥¥â ¬¥áâ®

à §«®¦¥¨¥

r� = ��ABX
AY B: (5)

�®ª § â¥«ìáâ¢®. �§ (4) á«¥¤ã¥â

rKL�A
B = rAR"KL

BR + rBR"KLAR: (6)

�á«¨ á¢¥àãâì (6) á PKPA, ¯®« £ ï, çâ® PK | ¯à®¨§¢®«ìë© ¥¢ëà®¦¤¥ë© ¢¥ªâ®à (p :=
1
2
"AKP

APK 6= 0) ¨ QL := rKLP
K , â® ¨§ (3) ¯®«ãç¨âáï rBL = 1

p
QRPK(�RL�KB � "K

LB
R) =

1
p
QRPK"BLKR. �®«®¦¨¬ XA := 1p

p
PA, Y B := 1p

p
QB, çâ® ¤®ª §ë¢ ¥â â¥®à¥¬ã.

�¥¯¥àì ¢®§¬®¦® ¯®áâà®¨âì áâàãªâãàë¥ ª®áâ âë  «£¥¡àë ®ªâ ¢ ¨§ ã¦¥ ¨¬¥îé¨åáï ®¯¥-
à â®à®¢ ��AB. �¯à¥¤¥«¨¬ ¤«ï íâ®£® ¥ª®â®àë¥ ®¯¥à â®àë

P�
B := ��ABX

A; XAXA := 2: (7)

�®£¤    ®á®¢ ¨¨ (3) ¨ (4) ¡ã¤ãâ ¢¥àë â®¦¤¥áâ¢ 

P�
AP

	
B"

AB = g�	; P�
AP

	
Bg�	 = "AB: (8)

� ª¨¬ ®¡à §®¬, ®¯¥à â®àë P�
A ®¯à¥¤¥«ïîâ ¨§®¬®àä¨§¬ ¯à®áâà áâ¢ CR8

�= gCR8, ª®â®àë©
¢ëà ¦ ¥âáï ä®à¬ã«®© r� = P�

BY
B, çâ® á«¥¤ã¥â ¨ ¨§ (5). �®«®¦¨¬ ¯® ®¯à¥¤¥«¥¨î

��
	� := ��

ABP	
AP

�
B: (9)

�â® ®§ ç ¥â, çâ® â®¦¤¥áâ¢ ¬¨ �(�j�j��	)�
� = �(�	)

����
�, ��(	

��j�j�)
� = �(	�)

����
�,

�(�

��	)
� = 1

2
g�	��

�, á«¥¤ãîé¨¬¨ ¨§ (3), (4), (8) ¨ (9), ®¯à¥¤¥«¨âáï  «£¥¡à  ®ªâ ¢ á® áâàãª-
âãàë¬¨ ª®áâ â ¬¨ ��	�. �¬®¦¥¨¥ ¢ íâ®©  «£¥¡à¥ ¡ã¤¥â ¤¨ªâ®¢ âìáï â¥®à¥¬®© 1,   ¨¬¥®:

y� = �	�
�r	x�; (10)

â. ¥. ¤«ï «î¡ëå ®ªâ ¢ r�; x� ¬®¦® ¯®áâà®¨âì ¥¤¨áâ¢¥ãî ®ªâ ¢ã y�(r	; x�) ¯® ãª § ®¬ã
¯à ¢¨«ã. �«¥¤®¢ â¥«ì®, æ¥âà «ì®¥ â®¦¤¥áâ¢® �ãä £ ¬®¦® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à -
§®¬: r����
��	��
��r� = r����

���

��	�


r�. �â¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® íâ®£® â®¦¤¥áâ¢ 
¢ ®â«¨ç¨¥ ®â ¤®ª § â¥«ìáâ¢ , ¨§«®¦¥®£® ¢ ([3], á. 331), ¬®¦® ¯à®¢¥áâ¨ ¥¯®áà¥¤áâ¢¥ë¬¨
¢ëª« ¤ª ¬¨, ¨á¯®«ì§ãï â®«ìª® (3), (4), (8) ¨ (9).

�à¥¤«®¦¥¨¥ 1. � ¡®à®¬ ¢¥ªâ®à®¢ (ri)�, £¤¥ (ri)�(ri)� = 2,   i ¯à®¡¥£ ¥â ª®¥çë©  ¡®à

§ ç¥¨©, £¥¥à¨àã¥âáï  ¡®à ¢à é¥¨© S�
	(ri); ª®¬¡¨ æ¨¥© â ª¨å ¢à é¥¨© ¬®¦® ¯®«ã-

ç¨âì «î¡®¥ ¯à¥®¡à §®¢ ¨¥ ¨§ £àã¯¯ë SO(8; C).

�®ª § â¥«ìáâ¢®. �®£« á® â®¦¤¥áâ¢ã (1) ¨ ®¯à¥¤¥«¥¨î (2) ¬®¦® ¯®áâà®¨âì ¯à®¨§¢¥¤¥-
¨¥ rxr = r�x	r��	� á«¥¤ãîé¨¬ ®¡à §®¬: r
�
CDx���CAr	�	BA = ((x�r�)r	 � x	)�	BD.
�â¬¥â¨¬, çâ® ¤ ®¥ ã¬®¦¥¨¥ ¥ ¡ã¤¥â â ª®¢ë¬ ¢ á¬ëá«¥ (10). �¢¥àã¢ íâ® â®¦¤¥áâ¢® á
1
4
��BD, ¯®áâà®¨¬ ®â®¡à ¦¥¨¥ �0(r),

S�
�(r) = r�r

� � ��
�; �0(r) : x� 7�! (r�x�)r� � x�;
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á®¢¯ ¤ îé¥¥ á ®â®¡à ¦¥¨¥¬ ([3], á. 273{274), á ¯®¬®éìî ª®â®à®£® ¤®ª §ë¢ ¥âáï ¯à¥¤«®¦¥¨¥ 4
([3], á. 273); ¯à¨ íâ®¬ Ker�0 = f�1g.

�à¥®¡à §®¢ ¨¥�S��(r) ¥áâì á¨¬¬¥âà¨ï ¢ £¨¯¥à¯«®áª®áâ¨, ¯¥à¯¥¤¨ªã«ïà®© ¢¥ªâ®àã r. �®-
íâ®¬ã «î¡®¥ ¯à¥®¡à §®¢ ¨¥ ®àâ®£® «ì®© £àã¯¯ë O(8; C) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ª®¥ç®£®
¯à®¨§¢¥¤¥¨ï â ª¨å á¨¬¬¥âà¨©; ¯à¨ íâ®¬ ¤«ï á®¡áâ¢¥ëå ¢à é¥¨© ¥®¡å®¤¨¬®, çâ®¡ë ç¨á«®
â ª¨å á¨¬¬¥âà¨© ¡ë«® ç¥âë¬. � ª¨¬ ®¡à §®¬, ¬®¦® ®¯à¥¤¥«¨âì á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ¨ï
(§¤¥áì i ¯à®¡¥£ ¥â ª®¥çë©  ¡®à § ç¥¨© ®â 1 ¤® ¥ª®â®à®£® ª®¥ç®£® k):

S�1
�2k+1 :=

2kY
i=1

S�i

�i+1(ri); S�
	S�

�g	� = g��;

(Ri)AB := (ri)��
�
AB; (Ri)AB(Ri)

AC = �B
C ; (Ri)BA(Ri)

CA = �B
C ;

eSC2k+1C1 :=
kY
i=1

(Ri)C2i�1C2i(Ri)C2i+1C2i ; eSAB eSCD"BD = "AC ;

~~SC2k+1
C1 :=

kY
i=1

(Ri)C2iC2i�1(Ri)C2iC2i+1 ;
~~SAB

~~SCD"BD = "AC ;

çâ® ¯®§¢®«ï¥â ¯¥à¥©â¨ ª ï¢ë¬ ¯à¥¤áâ ¢«¥¨ï¬, ª®â®àë¥ ®¯¨áë¢ îâáï á«¥¤ãîé¨¬¨ ¤¢ã¬ï â¥-
®à¥¬ ¬¨.

�¥®à¥¬  2 (® ¤¢ã«¨áâ®¬  ªàëâ¨¨). �¢ã«¨áâ®¥  ªàëâ¨¥ Spin(8)=f�1g �= SO(8; C) ¢

ï¢®¬ ¢¨¤¥ ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬

S�
	 =

1
4
��

AB�	CD eSAC��S����KD eSBK ; (11)

£¤¥ ª ¦¤®¬ã ¯à¥®¡à §®¢ ¨î S�
	 ¨§ £àã¯¯ë SO(8; C) á®®â¢¥âáâ¢ãîâ ¤¢  ¨ â®«ìª® ¤¢  ¯à¥-

®¡à §®¢ ¨ï � eSAC ¨§ £àã¯¯ë Spin(8; C).

�  ®á®¢ ¨¨ (3) ãà ¢¥¨¥

��AB + ��BA =
1
4
"AB��

CD"CD; �� :=
1
4
"CD��

CD; ���
� = 2; (12)

¯¥à¥¯¨áë¢ ¥âáï ª ª

��AB = P�
	�	BA; P�

	 := ���	 + ���
	: (13)

�à¨ íâ®¬ ¬ âà¨æ  â¥§®à  P�	 ®àâ®£® «ì , ¥¥ ®¯à¥¤¥«¨â¥«ì à ¢¥ �1. �à®¬¥ â®£®, ¢à é¥¨¥,
®¯à¥¤¥«ï¥¬®¥ â¥§®à®¬ P�

	S	
�, £¤¥ S	� ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ 2, ¡ã¤¥â ¥á®¡áâ¢¥ë¬.

�¥®à¥¬  3 (® ¥á®¡áâ¢¥ëå ¢à é¥¨ïå). � ¦¤®¬ã ¥á®¡áâ¢¥®¬ã ¯à¥®¡à §®¢ ¨î S�
	

¨§ £àã¯¯ë O(8; C) á®®â¢¥âáâ¢ãîâ ¤¢  ¨ â®«ìª® ¤¢  ¯à¥®¡à §®¢ ¨ï � eSAB ¨§ £àã¯¯ë Spin(8),
çâ® ¢ ï¢®¬ ¢¨¤¥ ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬ S�

	 = 1
4
��

BA�	CD eSAC��S����KD eSBK.
�¥¯¥àì ¢®§¬®¦® ¯®áâà®¨âì ï¢®¥ ¯à¥¤áâ ¢«¥¨¥ ¨§®¬®àä¨§¬   «£¥¡à �¨ so(8; C) �= so(8; C),

á®®â¢¥âáâ¢ãîé¥¥ ¤¢ã«¨áâ®¬ã  ªàëâ¨î Spin(8)=f�1g �= SO(8; C). �ãáâì § ¤ ë ®¤®¯ à ¬¥-
âà¨ç¥áª¨¥ á¥¬¥©áâ¢  S�

�(�), eS��(�), S��(0) = ��
�, eSAB(0) = �A

B. � ãç¥â®¬ íâ®£® ¯à®¤¨ä-

ä¥à¥æ¨àã¥¬ (11), ¯®« £ ï T�
� :=

�
d

d�
S�

�(�)
���
�=0

= �T�
�, eTAB :=

h
d

d�
eSAB(�)i���

�=0
= � eTB

A

¨ ãç¨âë¢ ï â®¦¤¥áâ¢® �	
K
C�[�jAjC�
 ]

A
K = 4g	[��
 ]. �®£¤  ¯®á«¥ à áªàëâ¨ï ¢á¥å áª®¡®ª

¯®«ãç¨¬ �4T[ �j�jP	 ]
� = (��CB�	AB + ��

BC�	BA) eTCA. �®á¯®«ì§ã¥¬áï ä®à¬ã« ¬¨ (12){(13),
çâ® ®¯à¥¤¥«¨â ®¯¥à â®àë bA�	

AB := 1
4
(�[ �CA�	]C

B + �[ �
AC�	]

B
C), bA�	

AB bA�

AB = �[ �

[�P	]

 ],bA�	

AB bA�	
CD = 1

2
�[C

A�D ]
B + 1

4
"C

[A
D
B ], A�	

AB := 1
2
�[ �

CA�	]C
B, A�	

ABA�

AB = �[ �

[��	]

 ],

A�	
ABA�	

CD = �[C
A�D ]

B. �â¬¥â¨¬, çâ® ¯®¤®¡ë© ®¯¥à â®à áãé¥áâ¢ã¥â ¨ ¤«ï 6-¬¥à®£® ¯à®-
áâà áâ¢  CR6 [4].
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3. �¢®«îæ¨¨ ¢ 8-¬¥à®¬ ¯à®áâà áâ¢¥

�¥®à¨ï, ¨§«®¦¥ ï ¢ áâ âì¥ [5], ¯®§¢®«ï¥â ¯¥à¥©â¨ ®â ª®¬¯«¥ªáëå ¯à®áâà áâ¢ ª ¤¥©áâ¢¨-
â¥«ìë¬ ¢«®¦¥¨ï¬. �ãáâì ¢ ¯à®áâà áâ¢¥ CR8 § ¤  ®¯¥à â®à ¢«®¦¥¨ï Hi

� (i; j; : : : = 1; 8).

�®£¤  ¬®¦® ®¯à¥¤¥«¨âì íà¬¨â®¢ã ¨¢®«îæ¨î S	
�0 := Hi

	H
i

�0 , S	
�0 = S�0

	, S
�0

	S
	
�0 = ��

0

�0 ,
r�

0

= S	
�0r	. �®«®¦¨¬ ��	0

�0

:= S�
�0��0	0

�0

, ��0	� := S�
�0��	

�.

�¥®à¥¬  4 (®¡ ¨¢®«îæ¨¨). �  «£¥¡à¥ ®ªâ ¢ ¨¬¥¥â ¬¥áâ® ¬®¤¨ä¨æ¨à®¢ ®¥ æ¥âà «ì®¥

â®¦¤¥áâ¢® �ãä £

r�
0

��0	0

�0

��0�

��0


�r� = r�
0

��0�0

�0

�	0�0
�0

��0

�r
: (14)

�®ª § â¥«ìáâ¢®. �®à¬ã«  (14) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á   ¢ ¢¨¤¥

S	
	0�	�

� = �	0�0
�0

S�
�0S�

�0 : (15)

�¢¥¤¥¬ ®¯à¥¤¥«¥¨ï á ãç¥â®¬ â®£®, çâ® XAXA = 2, SBA0 := S�
�0P

�0

A0P�
B, P�B := ��A

BXA,
P �0

B0

:= ��0A0

B0

XA0

, â®£¤  (15) ¯à¨¬¥â ¢¨¤

S	
	0�	

AB = �	0

A0B0

SAA0SBB0 : (16)

� ¬¥â¨¬, çâ® ¢ á¯¥æ¨ «ì®¬ ¡ §¨á¥ ¬ âà¨æ  â ª®© ¨¢®«îæ¨¨ ¡ã¤¥â ®àâ®£® «ì®©. �â® § ç¨â,
çâ® ª â¥§®àã ¨¢®«îæ¨¨ ¬®¦® ¯à¨¬¥¨âì à §«®¦¥¨¥ (11), çâ® ¨ ¤®ª §ë¢ ¥â ä®à¬ã«ã (16).

4. �à¨æ¨¯ âà®©áâ¢¥®áâ¨ ¤«ï ¤¢ãå ª¢ ¤à¨ª

� ª ç¥áâ¢¥ ¡ §ë à áá«®¥¨© ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® ¢§ïâì ª®¬¯«¥ªá®¥ à¨¬ ®¢®
¯à®áâà áâ¢® CV8. �¤ ª® ¢á¥ à¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ëè¥, ¡ã¤ãâ ¢¥àë «¨èì «®ª «ì® |
¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ¥¢ëà®¦¤¥®© â®çª¨ ¡ §ë. � «¥¥, £¥®¬¥âà¨ç¥áª®© ¨â¥à¯à¥â æ¨¥©
ãà ¢¥¨ï (3) ¨ á®®â¢¥âáâ¢¥® ®¯¥à â®à®¢ ��

AB ¡ã¤¥â á«ã¦¨âì â¥®à¥¬  5 ¨§ [4].
�¥à¢ë© ¯ãªâ íâ®© â¥®à¥¬ë á®®â¢¥âáâ¢ã¥â ¯à¨æ¨¯ã âà®©áâ¢¥®áâ¨ � àâ   ([6], á. 175),  

âà¥â¨© | ®¡®¡é¥¨î á®®â¢¥âáâ¢¨ï �«ï©  ([1], á. 363). �à®¬¥ â®£®, ¨á¯®«ì§ãï ®¯¥à â®àë (7),
íâ¨ ¤¢¥ ª¢ ¤à¨ª¨ ¬®¦® ®â®¦¤¥áâ¢¨âì, ¯®«ãç ï ¨§ ¯®á«¥¤¥£® ¯ãªâ  â¥®à¥¬ë 5 ([4]) £¥®¬¥âà¨-
ç¥áª®¥ ¨áâ®«ª®¢ ¨¥ áâàãªâãàëå ª®áâ â  «£¥¡àë ®ªâ ¢.

�¨â¥à âãà 
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