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I. ��������� ������

1. �¢¥¤¥¨¥

� ¯¥à¢®© ç áâ¨ ¯à¥¤« £ ¥¬®© à ¡®âë ¯à®¢®¤¨âáï ¯®«ë© £àã¯¯®¢®©   «¨§ ãà ¢¥¨ï

ut = (u2f(v))x; v = uux: (1.1)

�à ¢¥¨ï ¢¨¤  (1.1) ®¯¨áë¢ îâ ¤¨ ¬¨ªã ¯®¢¥àå®áâ¨ ¥ìîâ®®¢áª®© ¦¨¤ª®áâ¨ á à¥®«®£¨ç¥-
áª¨¬ § ª®®¬ �¥©¥à {�¨¢«¨  [1], ¯à®æ¥áá âãà¡ã«¥â®© ä¨«ìâà æ¨¨ £ §  ¢ ¯®à¨áâ®© áà¥¤¥ [2],
¯à®æ¥ááë £¨¤à®à §àë¢  ¨ ¤àã£¨¥. � ¯à¨«®¦¥¨ïå ¤«ï ¯à®¨§¢®«ì®© äãªæ¨¨ f (¯à®¨§¢®«ì®£®
í«¥¬¥â  ¯® â¥à¬¨®«®£¨¨ [3], ª®â®à®© ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï ¨¦¥) ¢á¥£¤  ¢ë¯®«ï¥âáï

ãá«®¢¨¥ A : f(0) = 0:

�  áâ®ïé¥¥ ¢à¥¬ï ¨§¢¥áâ¥ æ¥«ë© àï¤ ãà ¢¥¨© á ¯à®¨§¢®«ìë¬ í«¥¬¥â®¬, ¯à¥¤áâ -
¢«ïîé¨å § ç¨â¥«ìë© ¨â¥à¥á ¤«ï ¯à¨«®¦¥¨©, ¤«ï ª®â®àëå ã¤ «®áì ¯à®¢¥áâ¨ ¨å ¯®«ë©
£àã¯¯®¢®©   «¨§: á¨áâ¥¬  ãà ¢¥¨© £ §®¢®© ¤¨ ¬¨ª¨ [3]{[6], ãà ¢¥¨ï ¯®£à ¨ç®£® á«®ï
�à ¤â«ï, ãà ¢¥¨¥ ¥«¨¥©®© â¥¯«®¯à®¢®¤®áâ¨ ¡¥§ ¨áâ®ç¨ª  ¨ á ¨áâ®ç¨ª®¬, § ¢¨áïé¨¬
®â â¥¬¯¥à âãàë, ãà ¢¥¨¥ ¥«¨¥©®© ä¨«ìâà æ¨¨ ¨ ¤àã£¨¥ [3], [7]; ç áâ¨ç®¥ à¥è¥¨¥ ¯®-
«ãç¨«  § ¤ ç  £àã¯¯®¢®£®   «¨§  ¥«¨¥©®£® ¢®«®¢®£® ãà ¢¥¨ï [8] (¤®áâ â®ç® ¯®«ë©
®¡§®à ¯®«ãç¥ëå à¥§ã«ìâ â®¢ ¨¬¥¥âáï ¢ [1]). �¥«ìî ¯¥à¢®© ç áâ¨ ¯à¥¤« £ ¥¬®© à ¡®âë ï¢«ï-
¥âáï ¯®¯®«¥¨¥ íâ®£® á¯¨áª  á¨áâ¥¬®© ãà ¢¥¨© (1.1). �® ¢â®à®© ç áâ¨ à ¡®âë ¨áá«¥¤ãîâáï
¨¢ à¨ âë¥ à¥è¥¨ï ¯®«ãç¥ëå ¨¢ à¨ âëå ãà ¢¥¨©. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ á«ãç ¥
¢ë¯®«¥¨ï ãá«®¢¨ï A ãà ¢¥¨¥ (1.1) ï¢«ï¥âáï ãà ¢¥¨¥¬ á ¤¢®©ë¬ ¢ëà®¦¤¥¨¥¬ (¯® ¥-
¨§¢¥áâ®© äãªæ¨¨ ¨ ¥¥ ¯à®¨§¢®¤®©), á¢®©áâ¢  à¥è¥¨© â ª¨å ãà ¢¥¨© ¢  áâ®ïé¥¥ ¢à¥¬ï
¨â¥á¨¢® ¨§ãç îâáï [9].

� ª ¨§¢¥áâ® [3], ¤«ï ãà ¢¥¨© á ¯à®¨§¢®«ìë¬ í«¥¬¥â®¬ ¯®«ë© £àã¯¯®¢®©   «¨§ ¤®«-
¦¥ á®¤¥à¦ âì á«¥¤ãîé¥¥: 1) ®¯¨á ¨¥ ®á®¢®©  «£¥¡àë ãà ¢¥¨ï (1.1) á ¯à®¨§¢®«ì®© f ;
2) ®¯¨á ¨¥ ¥£® £àã¯¯ë ¯à¥®¡à §®¢ ¨© íª¢¨¢ «¥â®áâ¨; 3) ª« áá¨ä¨ª æ¨î ¢á¥å ¢®§¬®¦ëå
á«ãç ¥¢ à áè¨à¥¨ï ®á®¢®©  «£¥¡àë (á â®ç®áâìî ¤® ¯à¥®¡à §®¢ ¨© ¨§ £àã¯¯ë íª¢¨¢ «¥â-
®áâ¨) ¨ ®¯¨á ¨¥ íâ¨å à áè¨à¥¨©. �¡é ï áå¥¬  à¥è¥¨ï íâ¨å § ¤ ç ¡ë«  à §¢¨â  ¥é¥ �.�¨,
®¤ ª® ¥¥ ¯à¨¬¥¥¨¥ ¤«ï ª ¦¤®© ª®ªà¥â®© ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ á¢ï§ ®, ª ª ¯à ¢¨«®, á
¯à¥®¤®«¥¨¥¬ § ç¨â¥«ìëå âàã¤®áâ¥©, ® ç¥¬ ¨ á¢¨¤¥â¥«ìáâ¢ã¥â ¥ á«¨èª®¬ ¡®«ìè®© á¯¨á®ª
¤® ª®æ  à¥è¥ëå § ¤ ç, ª®â®àë© ¡ë« ¯à¨¢¥¤¥ ¢ëè¥.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò00-01-00128).
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2. �á®¢ ï  «£¥¡à  ãà ¢¥¨ï (1.1)

� æ¥«ìî á®ªà é¥¨ï § ¯¨á¨ ä®à¬ã« ®¡®§ ç¨¬ (t; x) = (x1; x2), u1 = u, u2 = uux; f 1 = f ; f 2 =
f 0, f 3 = f 00 | ¯à®¨§¢®¤ë¥ äãªæ¨¨ f(u2) ¯®  à£ã¬¥âã u2. � íâ¨å ®¡®§ ç¥¨ïå ãà ¢¥¨¥(1.1)
¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

u1
1
= 2u1u1

2
f(u2) + (u1)2u2

2
f 2(u2); u2 = u1u1

2
: (2.1)

�ä¨¨â¥§¨¬ «ìë© ®¯¥à â®à â®ç¥ç®© ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë á¨¬¬¥âà¨¨ ãà ¢¥¨ï
(2.1) ¨¬¥¥â ¢¨¤X = ai @

@xi
+bi @

@ui
(§¤¥áì ¨ ¨¦¥ ¯à¥¤¯®« £ ¥âáï áã¬¬¨à®¢ ¨¥ ¯® ¯®¢â®àïîé¥¬ãáï

¨¤¥ªáã i = 1; 2), £¤¥ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë ai, bi ï¢«ïîâáï äãªæ¨ï¬¨ ®â x1, x2, u1, u2

(¤«ï â ª¨å äãªæ¨© ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ a1, a2 ç áâë¥ ¯à®¨§¢®¤ë¥ á®®â¢¥âáâ¢¥® ¯®
 à£ã¬¥â ¬ x1, x2, ç¥à¥§ a2+i | ç áâë¥ ¯à®¨§¢®¤ë¥ ¯® ui). �¥à¢®¥ ¯à®¤®«¦¥¨¥ ®¯¥à â®à  X
§ ¯¨è¥âáï ¢ ¢¨¤¥ X+ cij @

@ui
j

, i; j = 1; 2, £¤¥ ª®íää¨æ¨¥âë cij ¢ëà ¦ îâáï ç¥à¥§ ª®íää¨æ¨¥âë

®¯¥à â®à  X á ¯®¬®éìî á«¥¤ãîé¨å ä®à¬ã« [3]:

cij = Djb
i � uikDja

k; (2.2)

Dj | ®¯¥à â®à ¯®«®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¯® xj . �®íää¨æ¨¥âë cij § ¢¨áïâ ¥ â®«ìª® ®â
xs, us, ® ¨ ®â ¯à®¨§¢®¤ëå usr. �à¨¬¥ïï ª ãà ¢¥¨î (2.1) ¨ä¨¨â¥§¨¬ «ìë© ªà¨â¥à¨©
¨¢ à¨ â®áâ¨, ¯®«ãç¨¬ ®¯à¥¤¥«ïîé¨¥ ãà ¢¥¨ï

b2 � b1u12 � u1c12 = 0; (2.3)

c11 �H1f 1 �H2f 2 �H3f 3 = 0; (2.4)

H1 = 2(b1u12 + u1c12); H2 = u1(2(b2u12 + b1u22) + u1c22);

H3 = (u1)2u22b
2:

�à ¢¥¨ï (2.3), (2.4) ¤®«¦ë ¢ë¯®«ïâìáï   ¬®£®®¡à §¨¨ R, ®¯à¥¤¥«¥®¬ ãà ¢¥¨ï¬¨
(2.1) ¢ ¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå xi, ui, uij . �«ï ¯¥à¥å®¤    ¬®£®®¡à §¨¥ R ¢ ãà ¢¥¨ïå (2.3),
(2.4) á«¥¤ã¥â u11 § ¬¥¨âì ¯à ¢®© ç áâìî ¯¥à¢®£® ¨§ ãà ¢¥¨© (2.1) ¨ ¯®«®¦¨âì u12 = u2=u1.
�®á«¥ ¯¥à¥å®¤    ¬®£®®¡à §¨¥ R ¯¥à¥¬¥ë¥ f 1, f 2, f 3 ®ª §ë¢ îâáï á¢®¡®¤ë¬¨ ( ¯®¬¨¬,
çâ® ¢ íâ®¬ ¯ãªâ¥ äãªæ¨ï f ¯à®¨§¢®«ì ), ¨ ¯® ¨¬ ¬®¦® ¢ë¯®«ïâì à áé¥¯«¥¨¥.

�§ (2.4) ¥¬¥¤«¥® ¢ëâ¥ª ¥â H3 = 0, á«¥¤®¢ â¥«ì®, b2 = 0. �®¤áâ ¢¨¢ ¢ (2.3) c12 ¨§ (2.2),
¯®á«¥ ¯¥à¥å®¤  ¢ ¯®«ãç¥®¬ à ¢¥áâ¢¥   ¬®£®®¡à §¨¥ R ¨ ¯®á«¥¤ãîé¥£® à áé¥¯«¥¨ï ¯®
á¢®¡®¤ë¬ ¯¥à¥¬¥ë¬ f 1, f 2, u22, u

2 ¯®«ãç¨¬ a1 = a1(x1),

u2a24 = u1b14; u2b1 + (u1)2b12 + u1u2(b13 � a22)� (u2)2a23 = 0: (2.5)

� ãç¥â®¬  ©¤¥ëå á®®â®è¥¨© ¨§ (2.3) â¥¯¥àì á«¥¤ã¥â H1 = 0, ¨ à ¢¥áâ¢® (2.4) ¯à¨¨¬ ¥â
¢¨¤

c11 = H2f 2: (2.6)

� ¬¥¨¬ ¢ (2.6) c11 ¨ c22 á ãç¥â®¬ ã¦¥  ©¤¥ëå á®®â®è¥¨© ¨å ¢ëà ¦¥¨ï¬¨ ¨§ ä®à¬ã«
¯à®¤®«¦¥¨ï (2.2). �®á«¥ ¯¥à¥å®¤  ¢ ¯®«ãç¥®¬ à ¢¥áâ¢¥   ¬®£®®¡à §¨¥ R ¨ ¯®á«¥¤ãîé¥£®
à áé¥¯«¥¨ï ¯® f 1, f 2, u22, (u

2
2)

2, u2  ©¤¥¬

b14 = a24 = a23 = a21 = b11 = 0; 2b1 = a22u
1; b13 = a11: (2.7)

�§ (2.7) á«¥¤ã¥â a2 = a2(x2), a22 = 2a11, b
1 = a11u

1, ®âáî¤   ©¤¥¬

a1 = ax1 + b; a2 = 2ax2 + c; b1 = au1; a; b; c | const : (2.8)
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� ¢¥áâ¢® (2.5) â®¦¤¥áâ¢¥® ¢ë¯®«ï¥âáï ¢ á¨«ã (2.8). �®§¢à é ïáì ª áâ àë¬ ®¡®§ ç¥¨ï¬
¯¥à¥¬¥ëå, ¯®«ãç¨¬ á ¯®¬®éìî á®®â®è¥¨© (2.8), çâ® ¡ §ã ®á®¢®©  «£¥¡àë á¨áâ¥¬ë ãà ¢-
¥¨© (1.1) á®áâ ¢«ïîâ ®¯¥à â®àë

X1 = @t; X2 = @x; X3 = t@t + 2x@x + u@u:

3. �àã¯¯  ¯à¥®¡à §®¢ ¨© íª¢¨¢ «¥â®áâ¨ ãà ¢¥¨ï (1.1)

�«ï ¢ëç¨á«¥¨ï £àã¯¯ë ¯à¥®¡à §®¢ ¨© íª¢¨¢ «¥â®áâ¨ ãà ¢¥¨ï (1.1), § ¯¨á ®£® ¢
¢¨¤¥ (2.1), ¯®á«¥¤¥¥ á«¥¤ã¥â ¤®¯®«¨âì ãà ¢¥¨ï¬¨

fk
i = fk

3 = fk
ij = 0; f 2 = f 14 (fk

ij = @fk=@uij ; k; i; j = 1; 2); (3.1)

¢ëà ¦ îé¨¬¨ § ¢¨á¨¬®áâì äãªæ¨¨ f «¨èì ®â ¯¥à¥¬¥®© u2. �à ¢¥¨ï (2.1), (3.1) ¢ë¤¥«ïîâ
¢ ¯à®áâà áâ¢¥

R = (xi; ui; uij ; f
k; fk

i ; f
k
i+2; f

k
ij)

¬®£®®¡à §¨¥ R0. �ä¨¨â¥§¨¬ «ìë© ®¯¥à â®à ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë ¯à¥®¡à §®¢ ¨©
íª¢¨¢ «¥â®áâ¨ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

Y = ai
@

@xi
+ bi

@

@ui
+ di

@

@f i
;

£¤¥ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë ai, bi § ¢¨áïâ «¨èì ®â xj , uj ,   di | ¥é¥ ¨ ®â f j, uij . �¥à¢®¥
¯à®¤®«¦¥¨¥ ®¯¥à â®à  Y § ¯¨è¥âáï ¢ ¢¨¤¥

Y 1 = Y + cij
@

@uij
+ V k;i @

@fk
i

+ V k;i+2 @

@fk
i+2

+ V k;ij @

@fk
ij

;

¯à¨ç¥¬ ¤«ï ª®íää¨æ¨¥â®¢ cij ¯®-¯à¥¦¥¬ã á¯à ¢¥¤«¨¢ë ä®à¬ã«ë (2.2),   ¤«ï ª®íää¨æ¨¥â®¢
V ¨¬¥¥¬ [8], [10]

V k;i = eDi(d
k)� fk

j
eDi(a

j)� fk
j+2

eDi(b
j)� fk

sr
eDi(c

sr); (3.2)

£¤¥ eDi = @
@xi

+ fk
i

@
@fk

.
�à¨ § ¯¨á¨ à ¢¥áâ¢ (3.2) ãç¨âë¢ «®áì â®, çâ® ª®íää¨æ¨¥âë ai, bi, di ¥ § ¢¨áïâ ®â ¯à®¨§-

¢®¤ëå äãªæ¨© fk, ¨ ¡ë«¨ ®áâ ¢«¥ë ¢ ®¯¥à â®à å eDi «¨èì áãé¥áâ¢¥ë¥ á« £ ¥¬ë¥. � «®-
£¨çë¥ (3.2) ä®à¬ã«ë á¯à ¢¥¤«¨¢ë ¨ ¤«ï ª®íää¨æ¨¥â®¢ V k;i+2, V k;ij , ® á § ¬¥®© ®¯¥à â®à eDi á®®â¢¥âáâ¢¥®   ®¯¥à â®àë

eDi+2 =
@

@ui
+ fk

i+2

@

@fk
; eDij =

@

@uij
+ fk

ij

@

@fk
:

�®áª®«ìªã ®¯à¥¤¥«ïîé¨¥ ãà ¢¥¨ï, ¯®«ãç îé¨¥áï á ¯®¬®éìî ¨ä¨¨â¥§¨¬ «ì®£® ªà¨â¥à¨ï
¨¢ à¨ â®áâ¨, á«¥¤ã¥â à áá¬ âà¨¢ âì   ¬®£®®¡à §¨¨ R0, â® á ãç¥â®¬ (3.1) ¬®¦¥¬ ¯®«®¦¨âì

eDi =
@

@xi
; eD3 =

@

@u1
; eD4 =

@

@u2
+ f 14

@

@f 1
+ f 24

@

@f 2
; eDij =

@

@uij
: (3.3)

�á«®¢¨¥ ¨¢ à¨ â®áâ¨ ãà ¢¥¨© (3.1) ¯à¨¢®¤¨â ª á«¥¤ãîé¥© £àã¯¯¥ ®¯à¥¤¥«ïîé¨å ãà ¢¥-
¨©:

V k;i = 0; V k;3 = 0; V k;ij = 0; V 1;4 = d2: (3.4)

� ãç¥â®¬ á®®â®è¥¨© (3.2) ¨ (3.3) ¯®«ãç ¥¬ dki = b2i f
k
4 , ® dk, bk ¨ ¨å ¯à®¨§¢®¤ë¥ ¯® xi ¥

§ ¢¨áïâ ®â ¯à®¨§¢®¤ëå äãªæ¨© fk ¯® ui, á«¥¤®¢ â¥«ì®, dki = b2i = 0. � «®£¨ç®  ©¤¥¬
dk3 = b23 = 0. �®á«¥¤¥¥ ãà ¢¥¨¥ á¨áâ¥¬ë (3.4) ¤ ¥â

d2 = d14 + f 14
@d1

@f 1
+ f 24

@d1

@f 2
� f 14 b

2

4;

66



®âªã¤  ¯®«ãç ¥¬ d2 = d14,
@d1

@f2
= 0, @d1

@f1
= b24. �¡ê¥¤¨ïï ¯®«ãç¥ë¥ à¥§ã«ìâ âë,  ©¤¥¬

b2 = b2(u2); d1 = d1(u2; f 1) = (b2)0f 1 + a(u2) (3.5)

(§¤¥áì ¨ ¤ «¥¥ 0 ®§ ç ¥â ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® u2 äãªæ¨¨, § ¢¨áïé¥© â®«ìª® ®â u2). �â®à®¥
ãà ¢¥¨¥ á¨áâ¥¬ë (2.1) ¯à¨¢®¤¨â ª ®¯à¥¤¥«ïîé¥¬ã ãà ¢¥¨î

c12 =
�
b2 �

u2

u1
b1
�.

u1; (3.6)

  ¯¥à¢®¥ | ª ®¯à¥¤¥«ïîé¥¬ã ãà ¢¥¨î, ª®â®à®¥ á ãç¥â®¬ á®®â®è¥¨© (3.5), (3.6) ¯à¥®¡à §ã-
¥âáï ª ¢¨¤ã

c11 � 2b2f 1 � 2u2((b2)0f 1 + a(u2))� 2u1u22b
1f 2 � (u1)2(f 2c22 + u22((b

2)00f 1 + a0)) = 0: (3.7)

� áé¥¯«ïï (3.6) ¯® á¢®¡®¤ë¬ ¯¥à¥¬¥ë¬ f 1, f 2, u22 (¯à¨ íâ®¬ ¥®¡å®¤¨¬® ãç¨âë¢ âì, çâ®
¢ á¨«ã á®®â®è¥¨© (2.2), (2.1) c12   ¬®£®®¡à §¨¨ R0 ¢ëà ¦ ¥âáï ç¥à¥§ f 1, f 2), ¯®«ãç¨¬
a1 = a1(x1),

b14 �
u2

u1
a24 = 0; (3.8)

b12 +
u2

u1

�
b13 � a22 �

u2

u1
a23 +

b1

u1

�
�

b2

u1
= 0: (3.9)

� ª®¥æ, à áé¥¯«ïï á ãç¥â®¬ ã¦¥ ¯®«ãç¥ëå á®®â®è¥¨© ãà ¢¥¨¥ (3.7) ¯® ¯¥à¥¬¥ë¬ f 1,
f 2u22, f

2(u22)
2, u21, u

2
2, f

1u22,  ©¤¥¬

b13 � a11 �
u2

u1
a23 �

b2

u2
� (b2)0 = 0; (3.10)

b13 � a11 � 2
b1

u1
� b24 + a22 = 0; (3.11)

b11 �
u2

u1
a21 � 2u2a = 0; (3.12)

a24 = 0; a0 = 0; b14 = 0; (b2)00 = 0: (3.13)

�§ (3.13)  å®¤¨¬ a(u2) = a, b2 = ku2 + l, d1 = kf 1 + a (k, l, a | ¯®áâ®ïë¥), d2 = 0,   ¨§
(3.12)  å®¤¨¬ a21 = �2au1, b1 = b1(x2; u1). �®®â®è¥¨¥ (3.8) ¢ë¯®«ï¥âáï â®¦¤¥áâ¢¥®,  
à áé¥¯«¥¨¥ ¯® áâ¥¯¥ï¬ u2 à ¢¥áâ¢  (3.9) ¤ ¥â

a2
3 = 0; b1

2 =
l

u1
; b1

3 +
b1

u1
� a2

2 � k = 0: (3.14)

� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ a = 0, d1 = kf 1, a2 = a2(x2),   á®®â®è¥¨ï (3.10), (3.11) á¢®¤ïâáï ª
á®®â®è¥¨ï¬

l = 0; b1 = b1(u1); b13 � a11 = 2k; 2
b1

u1
� a22 = k: (3.15)

�§ (3.14), (3.15) ¯®«ãç ¥¬ a1 = mx1 + r, a2 = (2m + 3k)x2 + s, b1 = (m + 2k)u1, b2 = ku2,
d1 = kf 1, d2 = 0, ®âªã¤  á«¥¤ã¥â, çâ® ¡ §ã  «£¥¡àë �¨ ¥¯à¥àë¢®© £àã¯¯ë ¯à¥®¡à §®¢ ¨©
íª¢¨¢ «¥â®áâ¨ á®áâ ¢«ïîâ ®¯¥à â®àë (á®¢  ¢®§¢à é ¥¬áï ª ¨áå®¤ë¬ ®¡®§ ç¥¨ï¬)

@t; @x; t@t + 2x@x + u@u; 3x@x + 2u@u + u2
@

@u2
+ f 1

@

@f 1
: (3.16)

�¥ ¯à¥¤áâ ¢«ï¥â âàã¤  á ãç¥â®¬ ®¯¥à â®à®¢ (3.16) ¨ ®â®¡à ¦¥¨© t ! �t, x ! �x ¢ë¯¨á âì
¨ ª®¥çë¥ ¯à¥®¡à §®¢ ¨ï ¯®«®© £àã¯¯ë ¯à¥®¡à §®¢ ¨© íª¢¨¢ «¥â®áâ¨, ® ¢ ¤ «ì¥©è¥¬
®¨ ¥ ¨á¯®«ì§ãîâáï.
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4. �« áá¨ä¨ª æ¨ï ¢®§¬®¦ëå á«ãç ¥¢ à áè¨à¥¨ï ®á®¢®©  «£¥¡àë

�¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ¨î ¢®§¬®¦®áâ¥© à áè¨à¥¨ï ®á®¢®©  «£¥¡àë ãà ¢¥¨ï (1.1),  ©-
¤¥®© ¢ ¯. 2. �«ï ª®íää¨æ¨¥â®¢ ai, bi, cij ¯¥à¢®£® ¯à®¤®«¦¥¨ï ¨ä¨¨â¥§¨¬ «ì®£® ®¯¥à -
â®à  ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë á¨¬¬¥âà¨© ¯®-¯à¥¦¥¬ã á¯à ¢¥¤«¨¢ë ®¯à¥¤¥«ïîé¨¥ ãà ¢-
¥¨ï (2.3), (2.4) ¨ ä®à¬ã«ë ¯à®¤®«¦¥¨ï (2.2). �¤ ª® â¥¯¥àì äãªæ¨ï f(u2) ã¦¥ ¥ ï¢«ï¥âáï
¯à®¨§¢®«ì®©, ¨ ¥«ì§ï ¯à®¢®¤¨âì à áé¥¯«¥¨¥ ¯® ¯¥à¥¬¥ë¬ f 1, f 2, f 3. �¨¦¥ ¡ã¤¥¬ ¯à¥¤¯®« -
£ âì f 00(u2) 6= 0 (0 | ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® u2 äãªæ¨¨, § ¢¨áïé¥© â®«ìª® ®â íâ®£®  à£ã¬¥â ),
®áâ ¢«ïï ¡¥§ à áá¬®âà¥¨ï á«ãç © ¥«¨¥©®£® ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨, à ¥¥ ¯®«®áâìî
¨§ãç¥ë© [3].

�®á«¥ ¯¥à¥å®¤  ¢ ®¯à¥¤¥«ïîé¥¬ ãà ¢¥¨¨ (2.3)   ¬®£®®¡à §¨¥ R ¨ à áé¥¯«¥¨ï ¯® ¯¥à¥-
¬¥ë¬ u22, (u

2
2
)2 ¯®«ãç¨¬

b1
4
� (u1)2f 0

�
a1
2
+

u2

u1
a1
3

�
�

u2

u1
a2
4
= 0; a1

4
= 0; (4.1)

b2 �
u2

u1
b12 � u1

�
b12 +

u2

u1
b13 � 2u2f

�
a12 +

u2

u1
a13

�
�

u2

u1

�
a22 +

u2

u1
a23

��
= 0: (4.2)

� «®£¨ç® ¯®á«¥ ¯®¤áâ ®¢ª¨ ¢ ®¯à¥¤¥«ïîé¥¥ ãà ¢¥¨¥ (2.4) § ç¥¨© c11, c22 ¨§ (2.2) ¨ c12 ¨§
(2.3) á ãç¥â®¬ (4.1), ¯¥à¥å®¤    ¬®£®®¡à §¨¥ R ¨ ¯®á«¥¤ãîé¥£® à áé¥¯«¥¨ï ¯® ¯¥à¥¬¥ë¬
u22, (u

2
2)

2, u21 ¯®«ãç¨¬ à ¢¥áâ¢ 

a1 = a1(x1); a2 = a2(x1; x2; u1); b1 = b1(x1; x2; u1) (4.3)

(a1, a2, b1 | ¯®ª  ¥¨§¢¥áâë¥ äãªæ¨¨ á¢®¨å  à£ã¬¥â®¢) ¨ ãà ¢¥¨ï

b11 + 2u2f
�
b13 � a11 �

u2

u1
a23

�
�

u2

u1
a21 � 2b2f � 2u2b2f 0 � (u1)2f 0

�
b22 +

u2

u1
b23

�
= 0; (4.4)

(f 0b2)4 = cf 0; (4.5)

£¤¥

c = b13 � a11 + a22 � 2
b1

u1
; c = c(x1; x2; u1): (4.6)

� á¨«ã á®®â®è¥¨© (4.3) ª®íää¨æ¨¥â ¯à¨ f ¢ ãà ¢¥¨¨ (4.2) à ¢¥ ã«î, ¨ b2 ®ª §ë¢ ¥âáï
ª¢ ¤à âë¬ âà¥åç«¥®¬ b2 = p+ qu2 + r(u2)2, £¤¥

p = u1b12; q =
b1

u1
+ b13 � a22; r = �

a23
u1
: (4.7)

�à ¢¥¨¥ (4.5) ï¢«ï¥âáï ª« áá¨ä¨æ¨àãîé¨¬. �á«¨ b2 = 0, â® ¨ c = 0. � ãç¥â®¬ á®®â®è¥¨©
(4.4), (4.6), (4.7) ¥âàã¤® ã¡¥¤¨âìáï, çâ® ¢ íâ®¬ á«ãç ¥ äãªæ¨ï f ®áâ ¥âáï ¯à®¨§¢®«ì®© ¨
¤®¯ãáâ¨¬ ï  «£¥¡à  á®¢¯ ¤ ¥â á  ©¤¥®© ¢ ¯. 2 ®á®¢®©  «£¥¡à®©. �â ª, b2 6= 0. �§ ãá«®¢¨ï A
¨ ãà ¢¥¨ï (4.5)  ©¤¥¬

f 0b2 = cf + d; d = lim f 0b2 (u2 ! 0): (4.8)

�ã¤¥¬ à áá¬ âà¨¢ âì ¤¢  á«ãç ï B1 ¨ B2.
�«ãç © B1, p = 0. �ã¤¥¬ ¨¬¥âì d = q limf 0u2. �¥âàã¤® ¯®ª § âì, çâ® ãà ¢¥¨¥ (4.8) ¡ã¤¥â

¨¬¥âì à¥è¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î A «¨èì ¯à¨ d = 0, á«¥¤®¢ â¥«ì®, ¨ limf 0u2 = 0,
¯à¨ç¥¬ íâ® à¥è¥¨¥ ¡ã¤¥â § ¢¨á¥âì â®«ìª® ®â ¯¥à¥¬¥®© u2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  q = eqc,
r = erc, £¤¥ eq, er | ¯®áâ®ïë¥. �®«ãç¨¬

f = m

�
u2eq + eru2

�1=~q

; eq > 0; f = m exp
�
�

1eru2
�
; eq = 0; eru2 > 0: (4.9)
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�¥à¥©¤¥¬ ª ®¯à¥¤¥«¥¨î £àã¯¯ë á¨¬¬¥âà¨¨, ¤®¯ãáª ¥¬®© ãà ¢¥¨¥¬ (2.1) á äãªæ¨¥© f
(4.9). � ãç¥â®¬ ãà ¢¥¨ï (4.8) ¯à¨ d = 0 à ¢¥áâ¢® (4.4) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

b1
1
�

u2

u1
a2
1
+ f

�
2u2

�
b1
3
� a1

1
�

u2

u1
a2
3

�
� 2b2 � 2u2c� (u1)2

�
c2 +

u2

u1
c3

��
= 0: (4.10)

�§ (4.10) ¨ (4.7)  å®¤¨¬ b11 = 0 ¨ b12 = 0, â ª çâ® b1 = b1(u1),   ¢ á«ãç ¥ eq 6= 1 ¨ a21 = 0. �ãáâì
á ç «  eq 6= 1. �®£¤ , à áé¥¯«ïï ¯® áâ¥¯¥ï¬ u2 ¢ëà ¦¥¨¥ ¢ ª¢ ¤à âëå áª®¡ª å ¢ (4.10),
 ©¤¥¬ á ãç¥â®¬ ¯®á«¥¤¥£® à ¢¥áâ¢  (4.7)

c2 = 0; 2(b13 � a11)� 2(eq + 1)c � u1c3 = 0: (4.11)

�§ (4.11) ¯®«ãç ¥¬ c = c(u1), a11 = V = const, â ª çâ® a1 = V x1 + V 1, V 1 = const, ¨ ãà ¢¥¨¥

2b13 � 2(eq + 1)c� u1c3 = 2V: (4.12)

�®®â®è¥¨¥ (4.6) ¨ ¢â®à®¥ à ¢¥áâ¢® (4.7) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

b13 � c+ a22 � 2
b1

u1
= V; eqc = b1

u1
+ b13 � a22: (4.13)

�®áª®«ìªã a23 ¨ a22 § ¢¨áïâ «¨èì ®â u1, â® a2 = Rx2 + p(u1), R = const. �®®â®è¥¨ï (4.13)
¯à¨¢®¤ïâ ª ãà ¢¥¨î

b13(1� eq) + (1 + 2eq) b1
u1

= (1 + eq)R� eqV; (4.14)

¯®§¢®«ïîé¥¬ã  ©â¨ b1 ¨ c:

b1 =
R(1 + eq)� V eqeq + 2

u1 + S(u1)
1+2~q

~q�1 ; S = const; c =
R� 2Veq + 2

+
3Seq � 1

(u1)
~q+2

~q�1 : (4.15)

�®á«¥ ¯®¤áâ ®¢ª¨ ¢ëà ¦¥¨© (4.15) ¢ (4.12), ¯®áª®«ìªã eq � 0,  å®¤¨¬, çâ® S = 0. � ãç¥-
â®¬ à ¢¥áâ¢  a23 =

dp
du1

= �eru1c ¤«ï ª®íää¨æ¨¥â®¢ ¨ä¨¨â¥§¨¬ «ì®£® ®¯¥à â®à  ¯®«ãç ¥¬
á«¥¤ãîé¨¥ ®ª®ç â¥«ìë¥ ¯à¥¤áâ ¢«¥¨ï:

a1 = V x1 + V 1; a2 = 2V x2 +
R� 2Veq + 2

�
(eq + 2)x2 �

er(u1)2
2

�
+ T; T = const;

b1 = V u1 +
R� 2Veq + 2

(eq + 1)u1; b2 =
R� 2Veq + 2

(eq + eru2)u2: (4.16)

�®§¢à é ïáì ª ¨áå®¤ë¬ ®¡®§ ç¥¨ï¬ ¯¥à¥¬¥ëå, ¨§ (4.16)  å®¤¨¬, çâ® ¢ á«ãç ¥ äãªæ¨¨
f (4.9) ¯à¨ eq 6= 1 ®á®¢ ï  «£¥¡à  à áè¨àï¥âáï §  áç¥â ®¯¥à â®à 

X =
�
(eq + 2)x�

eru2
2

�
@x + (eq + 1)u@u + v(erv + eq)@v:

� áá¬®âà¨¬ à ¥¥ ¨áª«îç¥ë© á«ãç © äãªæ¨¨ f (4.9) á eq = 1. �¥¯¥àì à áé¥¯«¥¨¥ ãà ¢-
¥¨ï (4.10) ¯® áâ¥¯¥ï¬ u2 ¯à¨¢®¤¨â ª á®®â®è¥¨ï¬

a21 = �m(u
1)3c2; m[2(b13 � a11)� 4c� u1c3] =

era21
u1

: (4.17)

�«®¦¨¢ (4.6) ¨ ¢â®à®¥ à ¢¥áâ¢® (4.7), ¯®«ãç¨¬ 2c = 2b13 � a11 �
b1

u1
, ®âªã¤  á«¥¤ã¥â, çâ® c ¥

§ ¢¨á¨â ®â x2, á«¥¤®¢ â¥«ì®, c2 = 0 ¨ a21 = 0. � ª¨¬ ®¡à §®¬, á®®â®è¥¨ï (4.17) á¢®¤ïâáï ª
á®®â®è¥¨ï¬ (4.11) ¯à¨ eq = 1. �âáî¤  á®¢  ¯®«ãç ¥¬ a1 = V x1+ V 1 (V , V 1 | ¯®áâ®ïë¥),  
§ â¥¬ ¨ à ¢¥áâ¢  (4.12), (4.13) ¯à¨ eq = 1. �«¥¤®¢ â¥«ì®, ä®à¬ã«ë (4.16) ¤«ï ª®íää¨æ¨¥â®¢
®¯¥à â®à  X ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¢ á«ãç ¥ eq = 1.

�®«®¦¨¬ er = 0, ® eq 6= 0. �ãªæ¨î f ¨§ ãà ¢¥¨ï (4.8)  ©¤¥¬ ¢ ¢¨¤¥ f = m(u2)1=~q (á®¢ eq > 0, ¢ ¯à®â¨¢®¬ á«ãç ¥ ¥ áãé¥áâ¢ã¥â à¥è¥¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î A). �¥¯¥àì ¢
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á«ãç ¥ eq = 1 ãà ¢¥¨¥ (1.1) ®ª §ë¢ ¥âáï ç áâë¬ á«ãç ¥¬ ¯®«®áâìî ¨§ãç¥®£® ¥«¨¥©®£®
ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨, ¨ ¬ë ¥£® à áá¬ âà¨¢ âì ¥ ¡ã¤¥¬. � á«ãç ¥ eq 6= 1 ¢ à¥§ã«ìâ -
â¥ à áé¥¯«¥¨ï (4.10) ¯® áâ¥¯¥ï¬ u2 ¯®«ãç¨¬ á®®â®è¥¨¥ (4.11), ªà®¬¥ â®£®, ¢ íâ®¬ á«ãç ¥
®ª §ë¢ ¥âáï b1 = b1(u1), a1 = a1(x1), a2 = a2(x2), b2 = eqcu2, c = c(x1; u1). � ¯®¬®éìî ¢â®à®£®
á®®â®è¥¨ï (4.7)  å®¤¨¬, çâ® c ¥ § ¢¨á¨â ®â x1: c = c(u1), ¯®á«¥ ç¥£® ¨§ (4.6) á®¢  ¯®«ãç ¥¬
a1 = V x1 + V 1. �®®â®è¥¨ï (4.12), (4.13) ¯®-¯à¥¦¥¬ã á¯à ¢¥¤«¨¢ë, ¢ à¥§ã«ìâ â¥ ¯®«ãç ¥¬
a2 = Rx2 + T (R ¨ T | ¯®áâ®ïë¥). �«ï b1 á®¢  ¨¬¥¥¬ ãà ¢¥¨¥ (4.14), á«¥¤®¢ â¥«ì®, ¨
¢ëà ¦¥¨ï (4.15) ¤«ï b1, c ¯à¨ S = 0 (¨ ç¥ a2 ®ª §ë¢ ¥âáï § ¢¨áïé¨¬ ®â u1). �ª®ç â¥«ì®
 å®¤¨¬, çâ® ¢ á«ãç ¥ ãà ¢¥¨ï (1.1) á® áâ¥¯¥�®© äãªæ¨¥© f = m(u2)1=~q ®á®¢ ï  «£¥¡à 
à áè¨àï¥âáï §  áç¥â ®¯¥à â®à 

eX =
eq + 1eq t@t + x@x � v@v:

� ¬¥ç ¨¥. �à ¢¥¨¥ (1.1) á® áâ¥¯¥�®© äãªæ¨¥© f à áá¬ âà¨¢ «®áì ¢ [11], £¤¥ ¡ë« 
ãª §    «£¥¡à  á ®¯¥à â®à ¬¨ X1, X2, X3, eX, ® ¢®¯à®á ® ¥¥ ¬ ªá¨¬ «ì®áâ¨ ¢ íâ®© à ¡®â¥ ¥
¡ë« à áá¬®âà¥.

�«ãç © B2, p 6= 0. �à ¢¥¨¥ (4.8) ¯à¨¨¬ ¥â ¢¨¤

f 0b2 = cf + pf 0(0); (4.18)

â ª çâ® ¤«ï à¥è¥¨ï f ãà ¢¥¨ï (4.8), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î A, áãé¥áâ¢ã¥â ¨ ª®¥ç®
§ ç¥¨¥ f 0(0). �â® à¥è¥¨¥ ¡ã¤¥â § ¢¨á¥âì â®«ìª® ®â u2 «¨èì ¢ á«ãç ¥ p = epc, q = eqc, r = erc
(ep, eq, er | ¯®áâ®ïë¥) ¨ § ¯¨è¥âáï ¢ ¢¨¤¥

f = epf 0(0) exp�Z u2

0

(eb 2)�1du2�Z u2

0

(eb 2)�1 exp�� Z u2

0

(eb 2)�1du2�du2;
eb 2 = ep+ equ2 + er(u2)2:

�®á«¥ ¯®¤áâ ®¢ª¨ f 0 ¨§ (4.18) ¢ (4.4) ¯®«ãç¨¬ á®®â®è¥¨ï

epf 0(0)(u1)2c2 = b11; (4.19)

epc+ 1
2
(u1)

2c2 = 0; (4.20)

a21
u1
+ epf 0(0)(2c + u1c3) = 0 ¨ ¢â®à®¥ á®®â®è¥¨¥ (4.11). �§ (4.20), ãá«®¢¨ï á®¢¬¥áâ®áâ¨ (4.19) ¨

¯¥à¢®£® à ¢¥áâ¢  (4.7)  ©¤¥¬

c = S(u1) exp l(x1; x2; u1); l =
4ep 2f 0(0)x1

u1
�

2epx2
(u1)2

;

b11 = �2ep 2f 0(0)S(u1) exp l; b12 =
ep
u1
S(u1) exp l;

(4.21)

S(u1) | ¯à®¨§¢®«ì ï äãªæ¨ï. �§ (4.21)  å®¤¨¬

b1 = �
u1

2
S(u1) exp l + n(u1); (4.22)

n(u1) | ¯à®¨§¢®«ì ï äãªæ¨ï. �®á«¥¤¥¥ à ¢¥áâ¢® (4.7) ¤ ¥â

a232 = 2ep erS(u1)
u1

exp l; (4.23)

  ¨§ (4.6) ¨ ¢â®à®£® à ¢¥áâ¢  (4.7)  ©¤¥¬

c3(1� eq) = 2a223 � 3
�
b13 �

b1

u1

�
(u1)�1: (4.24)
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�®á«¥ ¯®¤áâ ®¢ª¨ (4.21){(4.23) ¢ (4.24) ¯®«ãç¨¬, çâ® ¢®§¬®¦®áâì à áè¨à¥¨ï ®á®¢®©  «£¥-
¡àë ¢ á«ãç ¥ B2 ®áâ ¥âáï «¨èì ¤«ï eq = �1=2, er = 0, äãªæ¨ï S(u1) ¯®ª  ¯à®¨§¢®«ì ,   n = ku1,
k = const. �¤ ª® ¨§ ¢â®à®£® à ¢¥áâ¢  (4.7) ¢ íâ®¬ á«ãç ¥  å®¤¨¬

a2
2
= 2k �

1
2

�
u1S0 + S

�
1 + u1

@l

@u1

��
exp l;

¨ ¯®á«¥ ¯®¤áâ ®¢ª¨ ¯®«ãç¥ëå ¢ëà ¦¥¨© ¢ à ¢¥áâ¢® (4.6) ¯®«ãç ¥¬ á ãç¥â®¬ § ¢¨á¨¬®áâ¨
a1 «¨èì ®â x1, çâ® ep = 0, â ª çâ® à áè¨à¥¨¥ ®á®¢®©  «£¥¡àë ¢ á«ãç ¥ B2 ®ª §ë¢ ¥âáï
¥¢®§¬®¦ë¬. �ä®à¬ã«¨àã¥¬ ¯®«ãç¥ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

1) �á®¢®©  «£¥¡à®© ãà ¢¥¨ï (1:1) á ¯à®¨§¢®«ì®© äãªæ¨¥© f , ã¤®¢«¥â¢®àïîé¥© ãá«®-

¢¨î A, ï¢«ï¥âáï  «£¥¡à  L3 á ¡ §®©

X1 = @t; X2 = @x; X3 = t@t + 2x@x + u@u:

2) � §ã  «£¥¡àë £àã¯¯ë ¯à¥®¡à §®¢ ¨© íª¢¨¢ «¥â®áâ¨ ¤«ï ãà ¢¥¨ï (1:1) á®áâ ¢«ïîâ
®¯¥à â®àë X1, X2, X3 ¨ ®¯¥à â®à

3x@x + 2u@u + v@v + f@f :

3) �à ¢¥¨¥ (1:1) ¤®¯ãáª ¥â à áè¨à¥¨¥ ®á®¢®©  «£¥¡àë L3 «¨èì ¢ á«¥¤ãîé¨å âà¥å

á«ãç ïå :
a) f = mvn, n > 0;  «£¥¡à  L3 à áè¨àï¥âáï §  áç¥â ®¯¥à â®à 

Xa
4 = (n+ 1)t@t + x@x � v@v;

b) f = m
�

av
av+b

�1=b
, b > 0;  «£¥¡à  L3 à áè¨àï¥âáï §  áç¥â ®¯¥à â®à 

Xb
4 =

�
(2 + b)x�

au2

2

�
@x + (b+ 1)u@u + v(av + b)@v;

c) f = m exp
�
� 1

av

�
, av > 0;  «£¥¡à  L3 à áè¨àï¥âáï §  áç¥â ®¯¥à â®à 

Xc
4 =

�
2x�

au2

2

�
@x + u@u + av2@v:

�¥âàã¤® § ¬¥â¨âì, çâ® ¢ á«ãç ïå a) ¯à¨ n = �2 ¨ b) ¯à¨ b = �1=2 â¥®à¥¬ë 1 ¯®áâ®ï ï
S ¢ á®®â®è¥¨ïå (4.15) ®ª §ë¢ ¥âáï ¯à®¨§¢®«ì®©, çâ® ¯à¨¢®¤¨â ª à áè¨à¥¨î  «£¥¡àë La

4 á
¡ §®© X1, X2, X3, Xa

4 ¨ Lb
4 á ¡ §®© X1, X2, X3, Xb

4 . �¤ ª® ¤«ï äãªæ¨¨ f ãá«®¢¨¥ A ¢ íâ¨å
á«ãç ïå ¥ ¢ë¯®«ï¥âáï,  «£¥¡à  L3 à áè¨àï¥âáï ¤® ¯ïâ¨¬¥à®©  «£¥¡àë ¨ ¢ á«ãç ïå a) ¯à¨
n = �1=2 ¨ b) ¯à¨ b = �2, ¯à¨ç¥¬ ãá«®¢¨¥ A á®¢  ¥ ¢ë¯®«ï¥âáï.
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